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Abstract: The optimal control problems for stationary magnetohydrodynamic equations under the
inhomogeneous mixed boundary conditions for a magnetic field and the Dirichlet condition for
velocity are considered. The role of controls in the control problems under study is played by normal
and tangential components of the magnetic field given on different parts of the boundary and by the
exterior current density. Quadratic tracking-type functionals for velocity, magnetic field or pressure
are taken as cost functionals. The global solvability of the control problems under consideration
is proved, an optimality system is derived and, based on its analysis, a mathematical apparatus
for studying the local uniqueness and stability of the optimal solutions is developed. On the basis
of the developed apparatus, the local uniqueness of solutions of control problems for specific cost
functionals is proved, and stability estimates of optimal solutions are established.

Keywords: magnetohydrodynamics; mixed boundary conditions; optimal control; optimality system;
uniqueness; stability estimates
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1. Introduction

Great attention has recently been paid to optimal control problems for the models of
magnetohydrodynamics (MHD) for a viscous conducting incompressible fluid. There are
a number of papers devoted to the theoretical study of such problems. Among these, we
mention the papers [1-8], devoted to studying the control problems for a stationary MHD
system, and papers [9-12], where the authors study control problems in a nonstationary
case. In these papers, solvability of the control problems is proved, and optimality systems
that describe the necessary conditions of the extremum are constructed and studied. In [5],
the uniqueness and stability of the solutions of control problems are studied for some
particular cases.

Along with optimal control problems, inverse or identification problems for the MHD
models as well as for other hydrodynamic models play a key role in applications. In these
problems, some parameters (constant or functional) that are included into a boundary value
problem under study are unknown and are required to be determined together with the
solution by using additional information about the state of the system. It is significant that
the identification problems can be reduced to appropriate control problems by choosing a
suitable tracking-type cost functional. As a result, control and identification problems can
be analyzed using a common approach based on the theory of smooth-convex extremum
problems in Hilbert or Banach spaces [13,14] (see also [15]).

In this paper, we study control problems for the stationary MHD model in which
magnetohydrodynamic equations are considered under mixed boundary conditions for
a magnetic field and under the Dirichlet boundary condition for velocity (see Section 2).
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The role of controls in control problems under study is played by normal and tangential
components of the magnetic field given on the different parts of the boundary and by
exterior current density given within the flow region. Our goal is to construct a theory
for studying local uniqueness and the stability of optimal solutions. Reaching of this
goal will be based on generalization of the approach developed in [5,16] for studying the
stability of optimal solutions for the stationary Navier-Stokes and MHD systems related to
small perturbations of the cost functionals to be minimized. In this approach, there is no
requirement to determine the second derivative of the cost functional under minimization,
since it is based on the analysis of fundamental properties of the optimality system for
the control problem under study and the use of special estimates for the difference of
solutions of the original and perturbed control problems. The method is rather simple,
natural and applicable for the models of hydrodynamics, heat convection, mass transfer
and other hydrodynamic models based on the Navier-Stokes system [15]. The use of this
approach allows us to obtain stability estimates for optimal solutions with respect to small
perturbations of the cost functional in an explicit and sufficiently easy-to-interpret form.

One of the features of this work consists in proving the solvability of optimal control
problems under minimum requirements on normal and tangential components of the
magnetic field given on the different parts of boundary and playing the role of controls
in control problems. This result, in contrast to [5], allows the use of simple L2 norms for
the normal and tangential components of the magnetic field instead of the standard H'/?
norms of boundary controls as Tikhonov regularizers while studying control problems for
the MHD system. This regularization is needed to prove the local uniqueness and stability
of the control problem solutions. The latter is the main goal of the study.

The structure of this paper is as follows. In Section 2, the boundary value problem is
formulated for stationary MHD equations under inhomogeneous mixed boundary con-
ditions for a magnetic field, and some notations that will be used throughout the paper
are introduced along with the presentation of some additional facts that are necessary for
studying optimal control problems. Presented in Section 3 are two lemmas on the existence
of lifting of the velocity and of the magnetic component of the solution of the boundary
value problem under consideration. In addition, the unique solvability of a generalized
linear analogue of the original MHD boundary value problem is proved. In Section 4, two
optimal control problems are formulated, and their solvability is proved, the optimality
system describing the first-order necessary optimality conditions is derived and, on the
basis of its analysis, the additional properties of optimal solutions are established. Finally,
in Section 5, we will prove the local uniqueness and stability of the solutions for the control
problems for “magnetic field-tracking” or “velocity-tracking” cost functionals.

2. Statement of the Boundary Value Problem and Notation

While studying the flows of electrically conducting fluids in real-life devices, the
necessity often arises in flows of conducting fluid modeling in domains with boundaries
consisting of parts with different electrophysical properties. Mathematical modeling of
conducting flows in such types of domains gives rise to the study of boundary value
problems for MHD equations under the mixed boundary conditions for a magnetic field.

Let Q) be a bounded domain of space R* with boundary ¥ = 9Q) consisting of two
parts 2 and Z,. In this paper, we study control problems for the stationary magnetohydro-
dynamic equations of a viscous incompressible fluid

—vAu+ (u-V)u+Vp—«krotHxH=f, divu=0, 1)

virotH — palE +xHxu=wvj, divH=0, rotE=0, 2)

considered in domain () under the following inhomogeneous boundary conditions:

uly =g H-n|z, =g, Hxn|zy, =q, Exnly, =k (©)]
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Here u is the velocity vector, H and E are magnetic and electric fields, respectively,
p = P/po, where P is the pressure, pp = const is a fluid density, x = u/po, v1 = 1/po0 = Ky,
v and vy, are constant kinematic and magnetic viscosity coefficients, o is a constant electrical
conductivity, ¢ is a constant magnetic permeability, n is the outer normal to 02, and j is the
exterior current density. Further, we will refer to problem (1)-(3) for given f,j, 8,4, q and k
as Problem 1. It should be noted that all the quantities used in (1)—(3) are dimensional and,
moreover, their physical dimensions are defined in terms of SI units.

We emphasize that Equations (1) and (2) are considered under mixed boundary
conditions with respect to electromagnetic field (H, E) in (3). These conditions generalize
two types of previously used boundary conditions. The first type is described by relations
H-n = 0and Exn = 0 on d(), corresponding to a perfectly conducting boundary
(see, e.g., [2-5,17-20]). The second type is described by the condition H X n = 0 on d()
(see [8,21,22]) corresponding to a perfectly insulating boundary.

For the first time, global solvability of the homogeneous analogue of Problem 1 was
proved in [23]. In this work, mathematical tools from [24-26] were essentially used. Global
solvability of the inhomogeneous mixed Problem 1 was proved in [27]. In [28], the results
obtained in [27] were generalized for the model of heat conducting magnetohydrodynamics.
It should be noted that papers [29-31], magnetohydrodynamic equations are studied under
mixed boundary conditions with respect to velocity and under the standard boundary
conditions of the first type for an electromagnetic field. In [32], the author proves the
existence of a very weak solution of the MHD boundary value problem using the Dirichlet
boundary condition for a magnetic field. In [33], the MHD boundary value problem is
studied in the case where a pressure and zero tangential velocity component are specified on
an entire boundary. A local solvability of boundary value and boundary control problems
for the model of magnetomicropolar flow is proved in paper [6], where the optimality
systems are also derived and analyzed for the control problem.

Papers [4,28] and a number of others study the solvability of boundary value problems
for stationary and nonstationary magnetohydrodynamics—Boussinesq systems. In [34],
the authors study the properties of solutions (and, in particular, solvability) of the heat
conducting magnetic hydrodynamic equations with the buoyancy effects due to temper-
ature differences in the flow, Joule and viscous heating effects. In [35,36], the authors
study the solvability of boundary value problems respectively for a steady or nonsteady
MHD-Boussinesq system considered under mixed boundary conditions for temperature,
magnetic field and velocity, in the general case when the thermal conductivity viscosity
coefficient, electrical conductivity, magnetic permeability and specific heat of the fluid
depend on the temperature.

We will assume below that the domain () and the boundary X partitioning into parts
¢ and ¥, satisfy

(i) Q is a bounded domain in the space R3, and its boundary ¥ = 9Q) consists of m+1
disjoint closed C? - surfaces Xy, X1,. .., L, each of which has a finite area where X is the
outer boundary of Q).

(ii) Sets X and X, are not empty, open and the following conditions take place:

T=3U%, NI, =2a.

The conditions in (ii) mean that each of the parts >; and X, consists of a finite number
of connected components of the boundary X.

It is assumed that, in the general case, () is a multi-connected domain and by n > 1,
we denote the number of handles of .. The case n = 0 corresponds to a simply connected
domain.

The numbers 1 and m are respectively called the first and second Betti numbers (see,
e.g., [15] (p. 277) and [37]). Typical examples of domain () are shown in Figures 1 and 2,
where a simply connected domain () with a disjoint boundary ¥ = Xy U X U X, (with
Betti numbers m = 2 and n = 0) and multi-connected toroidal domain () with a disjoint
boundary . (with Betti numbers m = 2 and n = 1), respectively, are presented.
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Figure 1. Example of simply connected domain withn =0, m = 2.

20

Figure 2. Example of multi-connected domain withn =1, m = 2.

Similarly to [37], we denote, by 71 + 1, the number of connected components of the
part ¥, of the boundary %, by %;,i = 1,...,mg < m we denote the internal connected
components of the boundary X contained in %;. It is clear that 1 = mg if £y C X, and
m =mgy—1if £y C 2. Similarly, by n7 (or n,), we denote the number of handles of the
part 2, (or £). Clearly, 11 + np = n (where n is the number of handles of ¥).

Below we will use the Sobolev spaces H*(D), s € R, H*(D) = L?(D), where D denotes
Q) or the boundary X or a part Xy C X. The corresponding spaces of vector functions are
denoted by H*(D)? and L?(D)3. The inner products and norms in the spaces H*(D) and
H*(D)3 are denoted by (,)sp and || - ||s,p- The inner products and norms in L2(Q)) and
L2(Q)3 are denoted by (+,-) and || - |- By || - 1,0 and | - | o we denote norm and seminorm
in H'(Q) or in H'(Q)3. For arbitrary Hilbert space H by H* we denote the dual space of
H. By H$(X) we will denote the subspace in H*(£()? consisting of tangential on £y C £
vector functions. Set H*(X;) = H*(X.)*, H7*(Zy) = H3(%)%, H7 V/2(Z) = HY?(2)*
fors > 0.

Let D(Q) be the space of infinitely differentiable compactly supported functions in
Q, H}(Q) be the closure of D(Q) in H}(Q), V = {v € H}(Q)? : divv = 0}, H1(Q)3 =
(HY(QP)", 13(Q) = {p € L3(Q) : (p,1) = 0}, H(Q,Zy) = {9 € HI(Q) : gls, = 0},
Cs.0(Q) :={veC’(Q)?:v-n|g, =0, vxnlg, = 0}. Inaddition to the spaces defined
above, we will use the spaces H(div, Q) = {v € L?(Q)3 : divv € L?>(Q)}, H(curl, Q) =
{v € L2(Q)3 : curlv € L*(Q)*}, H(curl, Q) = {v € H(curl,Q) : curlv = 0} and the
space Hpc(Q)) = H(div, Q) N H(curl, 0), endowed with Hilbert norm defined by

lullBe == 172 {lull, + [|div ul[g, + [lcurl u]|3,. @
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Here | is a dimensional factor of the dimension [I] = Ly, and its value is equal to 1, Ly
denotes the SI dimension of the length (for more detail, see Section 4).

Any vector v defined on the boundary X (or on a part £y C X) can be decomposed to
the sum of two vectors—the normal and tangential components v, and vr: v = v, + vr.
If v € L?(%)3, the components v, and vt are given by formulas v, = (v-n)n = v,n and
vy = v—vV, = (nXxv) xn. Here v, = v-n decribes the normal component of field v,
v X n describes the tangential vector orthogonal to the normal n and to vr. It is clear that
vr =0onXif v X n|y = 0. By 7,5, (or 7¢|5,) we denote the operator defined on Hpc(Q2),
which is placed in correspondence to every function h € Hpc(Q)) with the normal trace
Yn|g,h = h-nly, (or tangential trace y¢|s,h = h X n|z).

The following Green’s formulae (see, e.g., [38]) will be used below:

/Qv~grad<pdx+/ﬂdivv¢dx:/an~ngodU vv e HY(Q), ¢ c H(Q), (5

/ (v-curlw — w-curlv)dx = /a (vxn)-wrde Yv,w e H(Q)3. (6)
Ja 0

If p € HY(Q,%7) or w € Cy0(Q)3 N H(Q)? the right-hand sides of (5) or (6) become
va v -n @do or fZT (v x n) -wrdo. Based on (5), (6) we say, following [25], that the function
v € Hpc(Q) weakly satisfies condition v-n = 0 on X, if

/Q(v -grad ¢ +divv g)dx = 0 Vo € H(Q,X,).
Similarly, we say that v X n = 0 weakly on X if
/Q(v ~curlw — w - curl v)dx = 0 Yw € Cy o(Q)* N H (Q)°.
Let Hpcy. (QQ) be the closure of Cs ¢(Q)*NH! (Q)? with respect to norm || - || pc in (4).
Set
Hy (Q) = {h € L*(Q)°:divh =0, curlh =0in Q, h-n|g. =0, h x n|g, = 0},

Hy,(Q) ={h € L2(Q)*:divh =0, curlh = 0in Q, h-n|y, =0, h x n|g_ = 0},

Vs, (Q) = {v € Hpcs,(Q) : divv =0in Q} N Hx (Q)*. @)

Equalitiesh-n|y. =0,h xn|y, =0orh-n|y, =0, h x n|y_ = 0in (7) are understood
in the weak sense defined above.

We remind that the spaces Hy_(Q) and Hy, (Q2) are finite dimensional [37]. In partic-
ular, the dimension of Hy_()) under conditions (i), (ii) is exactly 7t + 1y, and the basis of
the space Hx_(Q) consists of gradients VZ; of harmonic functions Z; € H HQ),j=1,...,m
satisfying boundary conditions

82]'/87’42.[ = 0, ﬁjlzv\zj = 0, 2]‘|2], = ]_, ]: 1/- ..,Wl,

and harmonic vector fields y; € Hy (Q),1 =1,..., n; satisfying the condition [ Y ndo =
for any cycle g, k = 1,...,ny, contained in 2+ and not homotopic to zero in (3. Here and
below, Jjk is the Christoffel symbol equal to 1 at! = kand 0 at ] # k.

Similarly, the basis of Hy, (2) consists of gradients VZ; of harmonic functions £; € H'(Q)),
j =11+ 1,...,m satisfying the boundary conditions

02i/dnly, =0, 2jlzax, =0, 2jly, =1, j=r+1,...,m
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and harmonic vector fields y; € Hy, (Q) satisfying the condition |, R ndo = 6y Vg,
k,1 =ny+1,...,n. Here (i denotes a cicle contained in ¥, that is not homotopic to zero
in Q).

A number of important properties inherent in the function spaces defined above and
proved in [25] are presented in the following lemma.

Lemma 1. We assume that conditions (i), (ii) hold. Then:
(1) Hpcs.. (Q) € HY(Q)? and the norm || - || pc is equivalent to the norm || - |10,
(2) there is a positive constant &1 depending on domain ) and X such that the following
holds:
Jeurl B > 61 [[h|3 g Vh € Ve, (Q); ®)

(3) the orthogonal decomposition of the space L>(Q)3 holds:
L?(Q)® = VH'(Q, %) @ curl Hpes, (Q) @ Hs, (Q). )
Along with the spaces Hpc(Q) and H%(curl, Q), their subspaces

HV2(Q) == HV2(Q)3 N {h € Hpe(Q) : divh = 0} NHx, (Q)
HgT(curl,Q) = {e € H(curl, Q) e xnly. € [3(Z;)}, 0<s<1/2,
will be used equipped, respectively, with norms

[Rllys 172y = IIllsi1/20 + lleurlhfo, lellyg (o) == lello + lle x nflz..

The spaces Hzﬁrvl 2(Q)) and H%T (curl, ) will be used below as the solution spaces for
magnetic and electric components, respectively. In turn, the spaces

HHQ) = {ve HY(Q) :v-n|g =0}, H},(Q) := {ve HL(Q) : divv =0},

will play the role of the solution spaces for velocity u. Besides Lemma 1, we also will use
the following lemma (for details, see [25,26,38]).

Lemma 2. Under condition (i) there exist constants C; = C1(Q), &; = 6;(Q2) > 0, 7/(Q),
v =71(Q) >0,i=0,1, B = B(Q), depending on Q such that

[(Vu, Vw)| < [luflalwllo Ya,w e H(Q), (Vv,Vv) > &lvliq ¥v e H)(Q)°,  (10)

(curl ¥, 1ot '¥) > 61[|¥[T o VY € Vx, (Q), (11)
leurlH|o < [[Hllys120) < CillH10 ¥V H € HY(Q)’. (12)
[((w-V)v,w)| < pllullplivialwliie < -
< plullialviLalwl,a Yu, v, we HH(Q)?,
[(curlHy x Hy, v)| < [leurlHy|o]Hz | ;3 1]l 5(0y) < )
< mlH1ll1LalHzlls11/20lvIlLa YH1 € H(curl, Q), Hy € HT1/2(Q)3,
|(curl¥ x h, v)| < [[rot¥|alh][13q @l s ) < )

< nl¥lhalHls20llviho YH € Hi2(Q),v, ¥ € HY(Q).
Moreover, the following equality holds:

(u-V)v,v) =0Vu € H, (Q), ve H(Q)?>. (16)
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The bilinear form defined by —(div-, -) satisfies

sup  —(divv, p)/[IVll,a > Bllpla Vp € L§(Q). (17)
vEH](Q)3,v#0

Below, when formulating a result on the existence of magnetic lifting, we will need
the space
Hy V2 (divs,; 5)={h € H;'/2(%,) : divg, he H/2(5,)},

endowed with a norm

2 2 .
Ih2124ivs, = 12125, + [divs, h||31/2,21/r

and its subspace

A5(%)) = {h € HyV*(divy,; %) : divy, h = 0in H™V2(%,),

(h,m)zv =0Vm € HZV(Q)/ (hIYI)ZV =0,1= np,+1,.. .,n} N H%(Zv), (18)

s > 0, with the norm |/h|| A(s) = |h|lsx,. Here divy, is the linear surface divergence

operator on the part £, of the boundary X (see [15,37]). In the case s = 0, instead of Hr (%),
we will write [7.(Z,).

Let the following conditions for the data take place in addition to conditions (i), (ii):

(iii) f € H1(Q)%, g € HY/*(2), k € (7clz, ) HY (curl, ),

(iv) g € H5(%¢), q € H{(Zy),j € L*(Q)%, s € [0,1/2].

As usual, while studying control problems for the MHD system, we will deal with a
weak form of Problem 1. This consists of finding a triple of functions (u, H, p) € H%(Q) X
HE2(Q) x L3(Q) satistying

v(Vu, Vv) + vy (rotH, rot¥) + ((u - V)u,v) + x[(rot¥ x H,u) — (rotH x H,v)] —
(19)
— (divv,p) = F(v,¥) = (£,v) + v1(j, rot ¥) —I—pal(k,‘l’)zr V(v,¥) € HY(Q)® x Vg (Q),

divu=0in(}, u=gonX, H-n=gqonXx;, Hxn=qonZX,. (20)

In order to obtain (19), one should multiply the first relation in (1) by v € H}(Q)3,
the first relation in (2) by rot ¥ where ¥ € Vx_(Q)), to integrate over (), to apply Green’s
formulas, to add the obtained results and to make use of the identity (see details in [27])

(E, curl ¥) = /Z (Exnls,) - ¥rdo = (k,¥1)z, V¥ € Vg (q). 1)

T

The identity (19) does not contain electric field E € HgT (curl, ), which was eliminated
with the help of (21). However, using a condition on a boundary vector k in (iii), vector E can
be uniquely recovered from triple (u, H, p) € H}, (Q) x Hf;i;l/ 2(Q) x L2(Q) satisfying (19)
such that the first equation in relations (2) holds a.e. in Q) (see [27]). This allows us to refer,
below, to the mentioned triple (u, H, p) satisfying relations (19), (20) as a weak solution to
Problem 1.

3. Lifting of the Velocity and Magnetic Field, Solvability of Problem 1 and Its
Linear Analogue

The proof of the existence of a solution of the inhomogeneous boundary value
problem (1)—(3) essentially uses the results for the existence of lifting of the velocity and
magnetic field corresponding to the boundary conditions in (3). By velocity lifting, we
mean the function ug € H}, (Q) satisfying the boundary condition ug |y = g. By magnetic

field lifting, we mean the function Hy € Hfﬁt}/ 2(Q) satisfying the mixed boundary condi-
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tions Hp - n|y, = gand Hp X n|y, = q . The existence of velocity lifting is ensured by the
following lemma, proved in [3].

Lemma 3. Under condition (i) for each function g € H%/ (%) and arbitrary number e > 0, there
is a function u, € HL(Q) such that

divag =0in Q, ue = I8ll1/25 (el sy < ellgllips (22)

Here C; is a constant depending on € and ().

The existence of the lifting of the magnetic part of the solution is ensured by the
following result, which is a generalization of Theorem 4.2 in [37], where it was proved in
the case s = 0.

Lemma 4. Let conditions (i), (ii) be satisfied. Then for any pair g € H*(Z:) and q € H5(Z,),
where s € [0,1/2], there exists a unique function Hy € Hiﬁ:}/z(ﬂ) such that

rotHy =0, divHy=0inQ, Hy-n=qgonXx; Hyxn=qon X,

Holl 172y = Holls+1/20 < Colllglsx. +llallsz,)- (23)

Here Cs is a constant independent of q and q.

In what follows, the vector Hy alone, defined in Lemma 4, will play the role of magnetic
lifting for Problem 1.
Let us define two linear subspaces of H;J{Vl/ 2(Q):

HH2(Q,8,) = {h € H5H/2(Q) :hxn=0onZ,},

HIV2(Q,50) = {h e 131 V2(Q) th-n=0o0on X} (24)

From Lemma 4, applied for the case q = 0 on X, it follows that for any function

q € H°(X¢), there exists a unique solution h € ’Hf;i;l/ 2(Q), %) of problem (23) for q = 0,
while for any function q € H§(X,) there exists a unique solution h € 7-[3;:}1/ 2(0, %) of

problem (23) for the case 4 = 0. Moreover, when h runs through ”H,zfl;l / 2((), ¥, ), its normal

component h - n|y_runs through the space H°(X). Similarly, when h runs through the

space 7-[331/ 2(Q, %), its tangential component h x nx, runs through the space H3(Z,).

Define the next products of spaces:
X =Hp(Q) x My /2(Q) x LF(Q), H = HH(Q) x My [/2(Q),

W = H{(Q)® x Ve (Q), Y = W* x L3(Q) x HY?(Z) x H*(Z¢) x H}(Zy). (25)

Along with Problem 1, when studying the control problems below, an important
role will be played by a linear analogue of Problem 1. This consists of finding a triple

(uw,H,p) € X = HL(Q) x 7—[311/2( ) x L3(Q)) satisfying the functions

145 ((w,H), (v, ¥)) = v(Vu, Vv) 4 v1 (rotH, rot¥) + ((& - V)u,v) + x(rot¥ x H,w) —

— (rotH x H,v) = (F, (v, ¥)) + (divv, p) V(v,¥) € W, (26)
divu=xinQ, uly =g, H-n|g, =gand H x n|y, = q. (27)

Here F € W* is an arbitrary functional, “velocity” & € HJ. (Q), “magnetic field”

Hec Hiﬂ:}/ 2()and x € L3(QY) are given functions. In fact, we have somewhat generalized
the linear analogue of Problem 1 by replacing the solenoidality condition divu = 0 by the
more general condition divu = x. Another generalization is that by the functional F in (26),
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we mean an arbitrary functional from W*, which does not necessarily coincide with the
functional F defined in (19).
The following lemma about the unique solvability of problems (26), (27) holds.

Lemma 5. Let conditions (i), (ii) be satisfied. Then for any quintuple (F,x,8,q9,q) € Y for
arbitrary s € [0,1/2], there exists a unique solution (u, H, p) € X of problems (26), (27), and for
the solution the following estimates hold:

I

10 < MY, Il s 072 < My, [lplla < M. (28)

Her|f|z MY, MY, ]\712 are nondecreasing continuous functions of ||x|a, [|F|lw+, [18|l1/25
52 19lls,2y-

llq

Proof of Lemma 5. The existence of the solution of (26), (27) and estimate (28) are proved
using the scheme proposed in [3] (see also [15], Chapter 6). For proving the uniqueness, let
us assume that there exist two solutions (u;, H;, p;) € X, i = 1,2, of problem (26), (27). Then
the quantities u = u; —up, H=H; —Hp and p = p; — pp belong to V x Vx_(Q) x L3(Q2)
and satisfy

v(Vu, Vv) + vy (curl H, curl¥) + ((a- V)u,v) +

+ «[(curl¥ x H,w) — (curlH x H,v)] — (divv,p) =0 V(v,¥) € W, (29)
divu=0inQ, u|y =0, H-n|z, =0, Hxn|z, =0. (30)
Setting v = u, ¥ = H in (29) and using (16), we arrive at the relation

v(Vu, Vu) + vy (curl H, curl H) = 0. (31)

where (31) takes place by (10), (11) if u = 0 and H = 0 or u; = up and H; = Hj in Q). Then
from (29), it follows that (divv, p) = 0 for all v € H}(Q2)®. This means by inf-sup condition
(17),thatp =0o0rp; = p2in Q. O

Let us rewrite the problem (26), (27) in an equivalent operator form. To this end, we
put in correspondence with the bilinear continuous forms

ag gt Hx W= (HHQ) x H5/2(Q)) x (HJ(Q)® x Ve (Q)) > R, b: W x LF(Q) = R,

linear continuous operators A : H — W*, B: W — L[3(Q)* = L3(Q), B* : L3(Q) — W*,
acting by

(A(w H),(v,¥Y)) = a;5((wH),(v,¥)) V(u,H) € Hand (v, ¥) € W, (32)

(B(v,¥),r) = b((v,¥),r) = b(v,r) = (B*r,(v,¥)) Vr € L3(Q), (v,F) € W.

Using (32), one can rewrite the identity (26) in the equivalent operator form
A(u,H)+ B*p =F.
Setting x = (u, H, p), we define the operator ® = (®1, Py, O3, Py, Ps5) : X — Y by
®1(x) = A(u, H) + B*p, Op(x) = divu, O3(x) = uly,

q)4(x) :H-n|2T, q)5(x) :HXII|ZV. (33)

By construction, ® belongs to the space of continuous linear operators £(X,Y), and
the original linear problems (26), (27) is equivalent to the operator equation

o(x) =y=(Fx 8499 €Y. (34)
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From Lemma 5, it follows that (34) has a unique solution for any elementy € Y.
This means that the operator ® = (D1, Oy, 3, P4, P5) is surjective and invertible. Then
it follows from Banach’s inverse operator theorem that the operator ® : X — Y is an
isomorphism. Therefore, the following theorem holds.

Theorem 1. Let assumptions (i), (ii) be satisfied. Then the operator ® : X — Y, which is defined
by (32), (33), is the isomorphism of the space X into Y.

We now formulate the following result concerning the sufficient conditions of the
existence of the solution to Problem 1, which was proved in [27].

Theorem 2. Under assumptions (i)—(iv) there exists a weak solution (u, H, p) to Problem 1, and
for this solution the following estimates hold:

Here My, My and My are nondecreasing continuous functions of norms ||f||_1 0, [|jlla,
k=, 1811125 19llsze llallss, - If besides, elements £,j,k, g, q and q are small (or “viscosity
coefficients” v, vy, are, vice versa, great) in the sense

YoMy + 71(VK/2)Myu < Sov, 11Mu + 711(VK/2)Mpu < 61V, (36)

where constants &y, 01, v, y1 were defined in Lemmas 1 and 2, then the weak solution (u, H, p)
is unique.

Remark 1. Theorem 2 was proved in [27] under an additional condition on function g, namely
that g is a tangential vector on X. If this condition does not hold, i.e., g - n|y #0, one can prove
only the local solvability of Problem 1. Thus, the problem of global solvability of inhomogeneous
problem (1)—(3) in the general case when g - n|x 70 is still an open problem (see related discussion
in [15,22]).

4. Statement of Control Problems, Optimality System and Additional Properties of
Optimal Solutions

We note that problems (1)—(3) contain constant parameters v, v1, pg, ¥ and functional
parameters—boundary functions g, k, g, q and “volume” source densities f and j. To solve
problems (1)—(3), one must specify values of respective parameters, boundary functions
and sources. In practice, however, some of their specific elements may be unknown, and
one should determine them and the solution (u, H, p) using certain information about
the solution.

In this section, control problems for the MHD system (1)—(3) will be considered, for
which we prove their global solvability. These problems are to minimize the so-called cost
functionals, which depend on the variables (u, H, p) of the main state and other unknown
functions (controls) satisfying the state Equations (1)—(3). We will choose one specific
cost functional:

Li(w) = |u— gl L(H) = [|[H-Hyl[3, Lp) = lIp - pally- (37)

Here the function u; € L?(Q)? describes, in a subdomain Q C Q velocity field,
given functions H; € L?(Q)% and p; € L?(Q) have a similar sense for magnetic field
or pressure. We note that functionals I3, I, I3 are used to solve inverse problems for the
MHD system (1)—(3) using the optimization method. This method was developed by
A.N. Tikhonov in the process of creating the famous Tikhonov regularization method [39].
Currently, the optimization method is one of the fundamental methods for solving inverse
problems arising in electromagnetism, acoustics, fluid mechanics, heat and mass transfer,
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design of complicated technical devices and in other fields of physics, natural science and
engineering (for more detail, see [40-51]).

As controls in this paper, we choose three functions: g, q and j. The function j will
play the role of distributed control, while g and q will play the role of boundary controls in
the control problems stated below. We assume that the functions g, q and j change over
sets K1, Ky and Kj satisfying the following conditions:

() K1 C H3(Z¢), Ko C H5(y), K3 C L2(Q)? are nonempty convex closed sets.

Setting u = (q,q,j) € K=K; x Ka x K3, x = (u,H,p) € X = HL(Q) x H;Rl/z(ﬂ) X
L3(Q)), we define an operator F = (Fy, B, F3, Fy, F5) : X x K = Y = (H1(Q)? x Vg (Q)*) x
L3(Q) x HY2(Z) x H3 () x F5(Zy) by

(Fi(x,u),(v,¥)) = v(Vu, Vv) + v (rotH, rot¥) + ((u- V)u,v) — (divv, p) +

+ «[(rot¥ x H,u) — (rotH x H,v)] — (f,v) —v1(j,rot¥) —
—po ' (k ¥1)x, V(v,¥) € Hy(Q)° x V5. (Q),
(F(x),r) = —(divu,r) Vr € L3(Q), F(x) =ulx —g¢€ H%/Z(Z),
Fy(x,u) =H-n|g, —q € H(£), F(x,u) =Hxnly, —q € H}(Z)) (38)

and rewrite the weak form (19), (20) of Problem 1 as operator equation
F(x,u) =F(u,H,p,q9,q,j) =0. (39)

Let us introduce a functional I : X — R and nonnegative parameters po, p1, H2, 3,
and let us presuppose that the following conditions take place, in addition to (j):

(i) I : X — Ris a weakly lower semicontinuous cost functional;

Gi)) o > 0, 1 > 0, p2 > 0, uz > 0 and Ky, Ky, K3 are limited sets, or yq > 0, pp > 0,
u3 > 0 and the functional I : X — R is bounded below.

The following problem will be considered below:

Joou) = 22100 + g2, + B llal2y, + B 1jll3 = inf, Foou) =0, (xu) € Xx K. (40)

The parameters o, p1, 2, p3 serve in regulating the relative contribution of each of
the terms in (40) and, moreover, to adjust their dimensions. Another purpose of using y; is
to ensure the uniqueness and stability for the control problems under study (see below).
The last three terms in the structure of | are penalization terms. In what follows, we will
refer to these terms as regularizers (strong in the case s > 0 and weak for s = 0). As will be
shown in Section 5, just the presence of these regularizers in the structure of the functionals
under minimization will allow us to prove the theorems concerning both the uniqueness
and stability for optimal solutions.

Let Z,; = {(x,u) € X xK, F(x,u) =0, J(x,u) < oo} be a set of possible pairs for
problem (40).

Theorem 3. Let the assumptions (i)—(iii), (j)—(jjj) hold, and let the set Z,; be nonempty. Then for
arbitrary s € [0,1/2], the problem (40) has at least one solution (x,u) € X x K.

Proof of Theorem 3. Let us denote by (X, um) = (W, Hu, P, G, Qmsjm) € Zaa,
m € N ={1,2,...} a minimizing sequence, for which
n%il}go](xm’ qm, qm/im) = inf ](x, q, q,]) =T

(%9.9j)€Zaa
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By the conditions of Theorem 3 and in virtue of Theorem 2, we have the following
estimates for u, Qum, jm, Wi, Him, P

|qmllsz. < c1, llamllsz, <2 limlla < 3 |umll1,0 < ca,
||HerH3:rvl/2(Q) S Cs, ||Pm||(2 S Ce-

Here cq, ¢y, . .. are some constants that do not depend on m. From the given estimates,
it follows that there are weak limits g* € H¥(Z¢), q* € H5(Z,), j* € L>(Q)%, u* € HL(Q),
H* € Hfg,l/z(()), p* € L3(Q) of some subsequences of sequences {qu }, {qm}, {jm}, {um},
{Hwu}, {pm}. As usual, one should consider that as m — oo

Gm — q* weakly in H¥(Z7), qm — q* weakly in H3(Zy), jm — j* weakly in L*(Q)3,

pm — p* weakly in L?(Q)), u, — u* weakly in H!(Q)? and strongly in L*(Q))?,

H,, - H" weakly in H3§1/2(Q) N L3(Q)? and strongly in L2(Q)°. (41)

It is clear that u* = (g%,q%j*) € K, Rh(x*) = 0, F3(x*) = 0, Fy(x*,u*) = 0 and
F5(x*,u*) = 0 where x* = (u*, H*, p*). Let us show that F; (x*,u*) = 0, i.e., that

v(Vu*, Vv) + vy (rot H, rot¥) + ((u* - V)u*,v) — (divv, p*) +
+ k[(rot¥ x H",u*) — (rotH* x H,v)| =
= (f,v) +v(j*, rot¥) + o, ' (k, ¥1)s, V(v,¥) € H}(Q)? x V5, (Q). (42)
To this end, we note that u;;, Hy, pi and j,, satisfy the identity

v(Vuy, Vv) 4+ vy (rot Hy, rot YY) + ((um - V)uy, v) — (divy, py) +

+ k[(rotY x Hy,uy) — (rotHy, X Hyy, v)] =

= (£,v) +v1(jm, 10t ¥) + o ' (k, ¥1)z, V(v,¥) € Hy(Q)? x Vi, (Q). (43)

Let us pass to a limit in (43) as m — oo. From (41), it follows that all linear terms in (43)
pass to corresponding linear terms in (42) as m — oo. Let us treat nonlinear terms beginning
with ((wy - V)uy, v). Since u,, € HE(Q), then arguing as in [3], we easily derive that

(- V)uy, v) = ((u* - V)u*,v) Vv € H Q) asm — co. (44)
We now consider the second nonlinear term (rot Hy, X Hy,,, v) in (43). It is clear that
(rotH,, X Hy, v) — (rotH* x H*,v) =

= (rotH,, x (H, — H*),v) + (rot (H,, — H*) x H*,v). (45)

Let us prove firstly that for the first term in (45), we have
(rotH,, x (Hy, —H*),v) = 0Yv € H}(Q)® as m — oo, (46)

For this purpose, it is sufficient to prove that for an arbitrary pair, a number ¢ > 0 and
a test function v € H}(Q)3, there exists a number M = M(¢, v) such that

[(rotH,, x (Hy — H),v)| <& Vv e HY{Q)?, Vm > M. (47)
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As H}(Q) is the closure of D(Q) by norm | - ||, then for mentioned function
v € H}(Q)? there exists a sequence v, € D(Q)3, converging to v by norm || - [|1,q as
n — oo. It is clear that for all m,n € N, we have
|(rotH,, x (Hy, — HY),v)| < |(rotH,, x (Hy, — HY), vy,)| +
+ |(rotHy,, x (Hy, — HY), v, — V)| Ym,n € N. (48)

From (41) follows that the norms |rotHy [l and [[Hy — H*||;5) are uniformly
bounded. Therefore for all m € N there exists a number N=N(¢, v) such that for the second
term in the right-hand side of (48) we have

[(rotHy, x (Hy —H*), v, —v)| <e/2 ¥Yn >N, Vm € N. (49)

Let us consider the first term on the right-hand side of (48). Based on Holder inequality
for three functions, we have

|(rot Hyy X (Hp — H"), vy)| < [[rot Hylloy [Him — H [[o [|Val[ 1 (03-

Since |[rotHy||q < ||H”1||H§W2(Q) < ¢s and Hy, — H* in L2(Q)3 as m — oo by (41),
then there exists a number M = M(e, v, N) such that the estimate |(rotH,, x (H,, —
H*),v,)| < e/2holds for all m > M, n = N. From the obtained inequality and from
(48), (49), the estimate (47) follows. Since ¢ is an arbitrary positive number, the relation (46)
is proved.

Now we turn to the second term on the right-hand side of (45) and prove that

|((rot(H,, — H*) x H),v)| = 0Vv € H (Q)? asm — co. (50)

From the weak convergence of the sequence Hy, in the space 7—[;:}1/ 2(Q), the weak
convergence of rot H,, to rot H* in L?(Q)3 follows. As H* x v € L?(Q)3, we have

rot (H,, — H*) x H*,v) = (rotH,, — rotH*), H* x v) — 0 Vv € H}(Q)% as m — 0.
(rot ( ) )= ) ) 0
Therefore, (50) is proved. From (46) and (50), it follows from (45) that
(rotHy, x Hy, v) — (rotH* x H*,v) Yv € H}(Q)% as m — co. (51)

Using the analogous scheme, one can show that for the last nonlinear term in (43), we
have
(rot¥ x Hy, up) — (rot¥ x H, u*) V¥ € Vy_(Q)) as m — oo. (52)

As a result, passing to the limit in (43) as m — oo, we arrive by (44), (51) and (52)
at (42). Finally, since | below is weakly semicontinuous on X X K functional, we have that
J(x*,u*)y=7J*. O

According to Theorem 3, the solution of the control problem (40) exists for any value
s € [0,1/2]. The case s = 0, corresponding to weak regularizers when g € L?(Z;),
q € L%(%,), is physically the most interesting. Another physically interesting case is the
control problem with weak regularizers having the form

J(x,q) = (1o/2)1(x) + (u1/2)|l91I%, + (n2/2)llqllE, +
+ (u3/2)jll3 — inf, F(x,u) =0, (x,u) € X xK (53)

provided that (x,u) € X x K for s > 0 as in the situation of problem (40) with strong
regularizers. Let the following additional condition apply:

Gv) po > 0; p1 > 0, pp > 0, u3 > 0 and K is a bounded set in H*(X1) X HST(ZV) X
L%(Q)3 for fixed s € (0,1/2].
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The proof of the following theorem is carried out analogously to the proof of Theorem 3.

Theorem 4. Let the assumptions (i)—(iii) and (j), (jj), (jv) hold, and let the set Z,; be nonempty.
Then the problem (53) has a solutuion (x,u) € X x K forany s € (0,1/2].

Our next goal is to analyze the uniqueness and stability of the solutions of our control
problems. For this purpose, we apply the technique developed in [5], which is based on
using the additional properties of optimal solutions obtained by analyzing the optimality
system. Therefore, the next stage of our study is to obtain the required optimality system.
For concreteness, we will consider the case of control problem (40). Preliminarily, we define
the spaces

X* = HEQ)* x H 2(Q) x L3(Q),
Y* = (H}(Q)® x Vo, (Q)) x L§(Q) x HY*(£)" x H*(£c)* x A} (Z0)7,

which are dual of spaces X and Y defined in (25).

By [13], the derivation of the optimality system uses finding of the Fréchet par-
tial derivative with respect to x of F := (F, F, F3,Fy, F5) : X X K — Y defined in (38).
The simple analysis shows that the mentioned partial derivative at any point (%,1) =
(a,H, p.4, q,i) € X x K is a linear continuous operator F,(%,1) : X — Y, which associates
every element (w,h,7) € X with the element F,(X,7)(w, h,7) = (§1,92,93,94,95) € Y.
Here the elements 7; € W* = H 1(Q)? x Vo (Q)*, §» € L3(Q), J3 € HY*(Z), 74 €
H*(%:), 95 € H(Z,) are defined by the triples (4, H, p) and (w, h, r) from relations

(1, (v,¥)) =v(Vw, Vv) 4+ vq(roth, rot¥) + ((w- V)a,v) +

+ (- V)w,v) +«[(rot¥ x h, @) + (rot¥ x H,w) — (roth x H,v)
—(rotH x h,v)] +b(v,7) V(v,¥) € H}(Q)® x V5_(Q),
(92,7) = b(w,1) Vr € L§(Q), §3 = wlx, Ja =h-n[s,, J5 =h x|y, (54)

By Fi(%,1)* : Y*—X*, we denote the operator adjoint to Fy(X, 1), which is defined by
(Fe(% 2)"y", x)xexx = (" B(% ) x)yxy V(xy") € X x Y.

Following to [13] (Chapter 1), let us introduce an element y* = ((&,7), 0, 1,02, 03) €
Y* having the sense of an adjoint state and define the Lagrangian £ : X x K x Rt x Y* —» R
where RT = {x € R: x > 0} by

,C(X, u, )\Oly*) = /\OI(X/Z’[) + <y*/F(x/u)>Y*><Y = AO](xru) + <F1(X,M), (Cf 77)> +

+ (R2(x),0) + (01, B3(x))s + (G2, Fa(x, u))s. + (T3, F5(x, u))x,- (55)

Here and below, (-, )y, (-,-)x, or (-, )y, denote the duality pairings between HY?(Z)
and H;l/z(Z), between H*(X:) and H™*(X¢) or between H3(X,) and H;*(X,), respec-
tively. Based on the results of [13] (Chapter1), one can prove the following theorem
about the justification of the Lagrange principle for problem (40) and the regularity for the
Lagrange multiplier (Ag, y*).

Theorem 5. Let, under assumptions (i)—(iii) and (), (jjj), the element (%, 1) = (4,H,p,4,4,j) €
X x K be a local minimizer for problem (40), and let the cost functional I have the continuous
Fréchet derivative with respect to x at X. Then:

(1) there is a nonvanishing Lagrange multiplier (Ao, y*) = (Ao, (&,1),0,1,02,3) € RT x
Y* for which the Euler—Lagrange equation

EL(%,0)'y* = —Ao(jio/2)1'(R) in X* (56)
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for adjoint state y* is satisfied and the minimum principle holds, having the form
L(%,1,Ao,y") < L(X,u,A0,y") Yu € K. (57)

(2) If, besides, condition (36) holds for each triple u = (q,q,j) € K, then any nonvanishing
Lagrange multiplier (A, y*) satisfying (56) is reqular, i.e., Ao = 1. Moreover, it is determined
uniquely if the value is given.

Proof of Theorem 5. To prove statement 1 of Theorem 5 by [13] Chapter 1 (see also [15],
Chapter 6), it is sufficient to prove that the operator F (X, 7) : X — Y is a Fredholm operator.
By virtue of (54), the operator F = F,(%,1) : X — Y can be written in the form

F=d+d= (P, Dy, D3, Py, P5) + ($1,0,0,0,0). (58)

Here the operators 1, @y, &3, P4, $5 : X — Y are defined by relations (32) and (33),
while the operator &; : X — W* = H~1(Q)3 x Vy_(Q)* is defined by

(&1(w,h, 1), (v,¥)) = ((w-V)a,v) +«[(rot' ¥ x h,a) — (rotH x h,v)]. (59)
Using estimates (13)—(15), we deduce that

(W= V)&, v)| < yllwlipsaplalholviie Vv, w e Hi(Q), (60)

|(rot® x h, @)| < [[rot¥® ||| 3l sy YE € HGL (), Vh e HEL2(Q), (61)

|(rotH x h, v)| < |[rotH||a[lh|| 3y [Vl 16 ¥V € HE(Q), h € HG/2(Q).  (62)

Since the space H'(Q)% and the space Hf{vl/ 2(Q) for any s > 0 are continuously
and compactly embedded into the space L3(Q)3, then estimates (60)—(62) imply that the
operator b = (qA>1,O, 0,0,0) : X — Y where d; is defined by (59) is continuous and
compact. In addition, it follows from Theorem 1 that the operator & : X — Y, defined by
relations (32) and (33) is an isomorphism. This means that the operator F;(X, i) is Fredholm
as the sum of the isomorphism @ and the continuous compact operator ®. Therefore,
statement 1 about existence of nonzero Lagrange multiplier (Ao, y*) is proved.

It remains to prove the regularity of the multiplier (A, y*), i.e., that Ag # 0 under
conditions (36). Arguing as in paper [3], one can verify that (56) is equivalent to three
identities with respect to the adjoint state (&, 7,0, {1, (2, (3) having the form:

v(Vw, V) + vy (roth, roty) + ((a- V)w, ) + ((w- V)1,8) +
+ x[(roty x H,w) + (roty x h,@)] —
— «[(rotH x h, &) + (roth x H,&)] — (divw, o) + (01, W)z + (C2, h-n)x, +
+ (g3 h xn)s,=

= —Ao(po/2)(Ly(%), W) = Ao(po/2)(Iz (%), h) V(w,h) € HF(Q) x HG (), (63)

(divg,r) = Ao(po/2)(L,(%),7) Vr € L§(Q)). (64)

The mentioned statement about the regularity of the multiplier (Ao, y*) is equivalent
to the statement about the nonexistence of nonvanishing solutions of the systems (63),
(64) at Ag = 0, in which the elements X = (&, H, p) and 7 = (4, §,]) are connected by the
relation F(X, ) = 0. To prove this, one should denote by y* = (&,%,0,1,{2,{3) € Y* an
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arbitrary solution of problems (63), (64) at Ay = 0. Setting w = ¢, h = 7 and A9 = 0in (63),
(64) and using (16), we have

v(VE VE) + v (roty, roty) + ((&- V), &) + «[(roty x 17,4) — (rotH x 7,&)] =0,
divg = 0in Q. (65)

Arguing as in [8], i.e., applying inequalities (8), (10), (13)—(15) for estimating all terms
in (65) and using estimates (35) at u = @, H = H, we derive the following inequality
from (65):

(6ov = yoMa — 11 (VK/2)M)IE[IF 0 + (61vm — 11Ma — 11 (V/2) Mg )x||7[§ o < 0. (66)
From (66), it follows under smallness conditions (36) at u = @, H = H that ¢ = 0 and
7 =0in Q.
Setting ¢ = 0, 7 = 0in (63) at Ag = 0, we have
—(divw,0) + ({1, W)z + (G2, h - n)s, + (G3,h x n)z, = 0V(w, h) € HL(Q) x HE/2(Q)  (67)
which in the case h = 0, transforms to
—(divw, o) + (1, w)s = 0 VYw € H-(Q). (68)
From (68), it follows that
(divw, o) = 0 Vw € H}(Q)°. (69)

By inf-sup condition (17), this identity holds if o = 0. Setting ¢ = 0 in (68), we obtain
(C1, W)y, = 0 for all w € HL(Q). This means that {; = 0in H;l/Z(Z).
Setting o = 0, {1 = 0in (67), we arrive at

(G2 h-n)x, + (73, h x n)g, =0 Vh € HI2(0). (70)

Choosing h € "Hfg}/ 2(Q),%,) in (70), where HS;:}/ 2(Q),%,) is defined in (24), we
obtain ({p,h-n)y = O0forallh € 7—[331/2(0, Y,). This means that {, = 0in H°(X¢).
Analogously, we deduce that {3 = 0 in H;*(X,). Thus, we obtained y* = 0, and the
regularity of the Lagrage multiplier is proved. Concerning the uniqueness property of the

Lagrange multiplier (1,y;), it is a consequence of Fredholm property of the linear operator
Fxa):X—=Y. O

We note that the Lagrangian £ defined in (55) is a continuously differentiable function
of controls g € Kj, q € K; and j € K3, and its partial derivatives E;(ﬁ, i, Ao, y*) with
respect to g, Lq(%,1, Ao, y*) with respect to q and L;(%, i1, Ao, y*) with respect to j in any
point (%, 1, /\O,y ) are determined by

(Le(%1,A0,57),0) = Aopr (4, 9)s,5, — (C2,9)x, Vg € Ky,

(Lq(&1,A0,y7), ) = Aop2(4, )5z, — (03, q)x, Vq € Ko,
(L%, 40,5%),j) = Aops(j,§) — va(j, rotn) Vj € Ka.

As the triple # = (4,§,]) is a minimizer of the function £(X,-, Ao, y*) on a closed
convex set K = K; x K x K3 by (57), the following inequalities hold (see, e.g., [52]):

(L&, 20,5%),q— ) = Aopa (9,9 — §)sz, — (L2 —d)s, >0 Vg €Ky, (71)

<£/q(§(r i, Ao, y*)r q-— é[> = /\OVZ(qr q-— Q)S/Zv - <€3r q-— q>2v >0 Vqe Ky, (72)
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(L5 (%1, 20,¥"),j =) = Aos(3,j —J) = v1(j —J,roty) > 0 Vj € Ks. (73)

Identities (63) and (64), the variational inequalities (71)—(73) and the operator constraint
(state equation) (39), which is equivalent to the weak forms (19) and (20) of Problem 1,
constitute the optimality system for our control problem (40). It describes the first-order
necessary conditions of optimality.

Below we will assume that multiplier Ag is dimensionless. Dimensions of adjoint state
variables ¢, 1,0, (1, (2, (3 clearly depend on dimension [p] of parameter jo. We assume
that the dimension [p] is chosen so that the dimensions of the adjoint state variables ¢, 7
and ¢ coincide with those of u, H and p in the main state x = (u, H, p), i.e., so that

(€] = [u] = Lo/ To, [y] = [H] = Ip/ Lo, [0] = [p] = L}/ T§. (74)

Here and below, Ly, Ty, Ip and My denote the SI dimensions of the length, time, electric
current and mass units expressed in meters, seconds, amperes and kilograms, respectively.

This allows us to refer to ¢, 7 and ¢ as “adjoint velocity”, “adjoint magnetic field” and
“adjoint pressure”.

Remark 2. It follows from conditions ¢ € H}(Q)3, 1 € Vs, (Q) and (64) that the adjoint velocity
¢ and adjoint magnetic field 17 possess properties

{le=0,n-nlg, =0, g xn|g, =0, divy = 0and div{ = Ag(ko/2)xol,(X) in Q. (75)

Here xq is a characteristic function of the set Q. We emphasize that the adjoint velocity ¢,
unlike 1, is in a general case a nonsolenoidal vector function except for the case when the cost
functional I is independent of pressure p. Only in this case div { = 0 and, moreover, € V.

To prove the uniqueness and also stability of the solution of (40), we need to introduce
additional conditions for the data depending on the cost functional. Below, we preliminarily
derive one important inequality with respect to the difference of a solution (xq,u;) of
problem (40) and a solution (xp, ) of the perturbed problem (40). In addition, we derive
the estimates for the difference x; — x; via the difference 1 — up = (91 — 42, 91 — 92, j1 — j2)-

Let us denote by (xq,u1) = (u1, Hy, p1,91,91,j1) € X x Kan arbitrary solution to prob-
lem (40). By (xp,up) = (up, Ha, p2, 92, q2,j2) € X x K, we denote the solution to problem

Joou) = 22100 + gl + B llal2y, + B 1jli3 = inf, Foou) =0, (xu) € Xx K. (76)

Here I is a functional which is close to functional I. By virtue of Theorem 2, we have
for triples (u;, H;, p;), i =1,2:

e < M = sup Mu (), 81|12,y < M = sup Mig(w),
uek div uek

Ipilla < M) = su;;M,a(u)- (77)
ue

Let the values M and MY, be such that
(70/80v)My + (11/80v) (VK/2) MYy < 1/2,

(Y1/ 81V ) MO + (71/61vm) (VK /2) MYy < 1/2. (78)

To make conditions (78) more illustrative and to simplify the subsequent presentation,
we define the parameters

Re = yoMS/ (6ov), Rm = 41 M/ (81vm), Ha = y1v/kMY / (gv), Pm = ov/ (51Vm)- (79)
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They are analogues of the hydrodynamic dimensionless parameters [53], namely the
Reynolds number Re, the magnetic Reynolds number Rm, the Hartman number Ha and
the magnetic Prandtl number Pm. We emphasize that parameters Re, Rm, Ha and Pm are
dimensionless. To demonstrate this fact, one should know the dimensions of all parameters
60,01, 70, v1 and B defined in Lemma 2 and also of Mg and M% entering into (78). In order
to determine the dimensions of Re, Rm, Ha and Pm, it will be assumed, below, the norms
|- la and || - |10 of a function u in L?(Q) and in H!(Q) and seminorm | - |; o in H(Q)
are defined as follows:

lulty = [ w20, ufin = [ [Vuld, Juldo=12uld+ ko, 0 =L ©0)

Here [ is the dimensional factor having the dimension [I] = Ly with value equal to 1.
Using (80), one can verify that the dimensions of ||u||q, |u]1,n and ||u||1,q are connected
with the dimension [u] of u by the formulas

lulla) = [#]LY/? and [|u}s 0] = [|[ulla] = [u]L§">.
We recall also (see, e.g., [15] (p. 272)) that
[g] = [u] = Lo/To, [q] = [q] = H] = /Lo, [i] = Io/L3,
[vm] = [v] = L3/ To, [x] = L§/T312.
Combining this with (10)~(15), (17) and (74) yields
=1 [v] =LY% (Bl =1,

[M3] = [lullval = [Iglhal = [Iglh/2z] = L§?/To, IMp] = L5/ T,

[MR] = [ 1720 = U0l = Dalls] = lallls, = [lilla] = /Ly,
div ( )
[\/EHHHHSTVUZ(Q)} =LY/ Ty = [MY). (81)
Using (81), we have that

[Re] = [Rm] = [Ha] = [Pm] =1,

i.e., all the parameters Re, Rm, Ha and Pm defined in (79) are dimensionless. Since
parameters Re and Rm are connected by relation Rm = (71/79)PmRe, we can rewrite
conditions (78) in the following form containing only three nondimensional parameters
Re, Ha and Pm:

Re+ (1/2)Ha < 1/2, (y1/v0)PmRe+ (1/2)PmHa < 1/2. (82)

Denote, by (1,y}) = (1, &, 1, 03, @Y), Qgi), gi)), i = 1,2, the Lagrange multipliers that
correspond to solutions (x1, #1) and (xp, u2) of problems (40) and (76), respectively (these
multipliers are determined uniquely under conditions (82)). By definition, they satisfy
identities

v(Vw, V¢§;) 4 vi (roth, rotr;) + ((w; - V)w, &;) + ((w - V)u;, §;) + «[(roty; x H;, w)
+(roty; x h,u;)] — k[(rotH; x h, ;) + (roth x H;, &;)] — (divw, 0;) + (di),w)): +
+(@ by, + (@ hxn)y, =

= — (o/2)((Iu(x), w) = (o/2){(I)gz(x:), ) ¥(w, h) € HF(Q) x H*(Q), i = 1,2, (83)

(divgi,r) = (o/2)((I')}(x;),7) ¥r € L§(Q), i=1,2. (84)
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Here we renamed I = I', [ = I2. We define the following differences:

u=u—w, H=Hi-Hy, p=p1—p2, 9=q1—q2, 9=q@1— 92, j=j1 —j2,

f=8-0 o=0-0, =000, =0"-0?, =0"-¢%. (v

We now deduce an important inequality for differences (85). While obtaining the
inequality, we will use some ideas and results from [5], which we will sketch here for the
reader’s convenience.

Subtract relations (19), (20), written for uy, Hy, po, up, from (19), (20) for uy, Hy, p1, u1.
Using (85), we obtain

v(Vu, Vv) + vy (rotH, rot¥) + [((u- V)uy, v) + ((uz - V)u,v)] + «[(rot¥ x H,uy)+
+(rot¥ x Hp, u)] — «[(rotH; x H,v) + (rotH x Hp, v)] — (divv, p) =
=11(j, 1ot ¥) V(v,¥) € H}(Q)® x V5_(Q), (86)
divu=0inQ, uly =0, H-n|yx, =g, Hxnly, =q. (87)

Set j = j, in the inequality (73) under Ag = 1, written at j = j;, # = 71, and then we set
j = j1in (73) under Ag = 1, written atj = jo, 77 = #72. We obtain —pu3(j1,j) +v1(j, roty1) > 0
and y3(j2,j) — v1(j, rot ) > 0. Adding these inequalities yields the relation

—v1(j, rotn) < —uslljll. (88)

In the same manner, we derive from (71) and (72) the inequalities

—(Co D)z, < —mllgliis, =G @)z, < —p2llqliy,- (89)

Let us subtract identities (83), (84) for i = 2 from (83), (84) for i = 1 and set
w=uh =H,r = p. Adding the results and using conditions u|y = 0, H-n|x, = g,
H x n|y, = q, we obtain

v(Vu, V) + vy (rotH, rot) + ((u1 - V)u, &) +2((u- V)u, &) + ((w- V)uy, §)+
+x[(roty x Hy,u) + 2(rotyp, X H,u) + (roty x H,uy)]—
—k[(rotH; x H,¢) 4+ 2(rotH x H, &) + (rotH x Hy, )] — (dive, p) =
= (G2 9)x. — (G @)z, — (H0/2)(Iy(x1) — Ty (x2), w)—
—(no/2)(In(x1) — Iu(x2), H) — (po/2)(I,(x1) — I (x2), p)- (90)
We now set v = ¢, ¥ = 7 in (86) and subtract from (90). Using (88), (89) and relations
2((u-V)u, &) + (w1 - V)u, &) — ((u2- V)u, &) = 2((u- V)u,5) + ((u- V)u, &) =
= ((u-V)u, g1 +02),
—2(rotH x H, &) + (rotH x Hp, §) — (rotH x Hy, &) = —(rotH x H, &1 + &),
2(rotnp x H,u) + (roty x Hy,u) — (roty x Hp,u) = (rot(n1 +172) x H,u),
we arrive at

((u-V)u, 1+ &) — x(rotH x H, &1 + &) + x(rot(ny + 12) x H,u)+

+(o/2)(Iy (x1) = I (x2), w) + (po/2) (T (x1) — T (x2), H) + (p0/2) (I (x1) — I (x2), p) <
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< —mlglis, — wollal?s, — pallillh- (91)

This inequality alone will take the important role in Section 5 when studying the local
uniqueness and stability for optimal solutions. It is appropriate to formulate this result as
the next theorem.

Theorem 6. Let, under assumptions of Theorem 3 for cost functionals I and I and under (32), pairs
(xq,u1) = (uy, Hy, p1,91,91,j1) € X x Kand (xp, up) :‘(uz,‘Hz,.pg,qz, q2,j2) € X x K be
solutions to (40) and (76), respectively. Let y}=(C;, 1;, Ui,égl), g),gg))eY*, i =1,2, be adjoint
states which correspond to these solutions. Then the relation (91) for differences u,H, p,q, q,j
defined in (85) holds.

We now consider problems (86), (87) with respect to differencesu = u; —up, H=H; — Hp
and p = p; — p2. In this problem, differences j = j1 —jo, g = g1 —qrand q = q1 — Q2
play the role of the data together with functions uy, up, H; and H;. Below, we will need
estimates for norms of the differences u, H and p via norms of the differences g4, q and
j- In order to derive these estimates, we present the difference H = H; — H; in the form
H = Hy + H where Hj is a unique solution of (23) corresponding to differences ¢ = g1 — 42
and q = q; — qo, while H € V5_(Q) is a certain function. We set v =u and ¥ = H in (86).
Taking into account (16) and condition rotHy = 0, we obtain

v(Vu, Vu) + vy (rotH, rotH) = —((u- V)uy,u) — x(rot H x H,u;) — x(rot H x Hy, uy)—

—x(rotHy x H,u) — x(rot Hy x Hp,u) + v1(j, rot H). (92)

Using estimates (10)—(15), (77) and setting v; = vk, we obtain from (92) that
Sovl[ullf o + S1vmx||H| o < voMylulli q + xy Mo |H||3 o

|H

+xy1 My ||u 1,0 + k11 MyllullL0lHolls+1/20

1,0 1,0

+xy M| H IHolls11/2,0 + Crvmx|ljl| ol H|1,q- (93)

Applying (79) and Young's inequality |ab| < ea®/2 + b*/(2¢) or 2ab < ea®/2 + 2b* /¢,
e = const > 0, ate = dyv/2, e = d1vuk/4 or € = 1, we consequently derive that

1,0

kiMyllullollHllLo < (VE/2)r(lullia +«|[H| o), (94)
3 (v1eMY I Holls11/2,0)?
ki MY [ Holls11/20llull10 < Sllullfn+ = e Y =
oV, 12 2 2
= TH“HLQ + xdovHa“|[Holl5y1 /20 (95)
0 ~ € a2 (71kMY)? 2
ky1My|[Holls+1/20[Hllva < SH[1q + = 7—Holls11/20) =
= (k81vm/8) | H|1T o + 2x60vPm (1 /70)*RelHol|Z,1 /2.0 (96)
. ~ 1. 01KV 1~
Cixvjllal 0 < 260mCiorj[E + =5 [Hl0. (97)

Taking into account (94)—(97), we obtain from (93) that
(6ov — YoMy + 1 (V/2)My) [[ullf o + (S1vm — My + 711 (Vr/2)Mi)x[HF o <

< (Sov/4)lulli o + (Brvmr/4) |H[ o + rxdov(Ha®+
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+2Pm(71/70)*R?)|[Holl341 /2,0 + 2k CEoy Ij - (98)
It follows from (78) that

(60v/2) < Sov — YoMy — M (VE/2) MYy, (610m/2) < 610w — 1My — 11(VK/2) M. (99)
Using (99), we derive from (98) that
50V||“||%,Q + 51Vm’<||1:1||%,0 < 2K50VR2HHO||§+1/2,Q + 8KVmC%51_1||]'||%)) (100)

where

R = 2\/7-[a2 +2Pm(y1/v0)*Re2. (101)

From (100), we conclude that

8xvy, C%(Sl_l
5()1/

C K.
< VRR|Holls12.0 +255 /5 lillas (102)

ljlId)' " <

lulli0 < (26R?(|Hol|2 1 /20 +

8 Sov 8C2 . Cr .
[Hl1,0 < (ZmRZHHOHiH/Z,Q + (TleJH%))l/Z < VPmR|Holls41/2,0 +ZEH]HQ- (103)
1

Since H = Hy + H, from (102), (103), using (11), we obtain the needed estimates for
differences u and H:

[ullio < Cuvi(lglls. + llalls, + [lilla), (104)
1Bl 17200 < CraClalz, + lals, + ) (105)
Here C, and Cy are dimensionless constants defined by

2C; C?
, Cg = max{Cs(1+ C;VPmR),2—-L1. 106
5lm} H { Z( 1 ) (Sl} ( )

Based on (17), we now derive a similar estimate for the difference p = p; — pp. In
view of (17) for function p and for any (small enough) number > 0, there exists a function
vy € H}(Q)3, vg # 0 such that

Cy = max{CsgR,

—(divvo, p) > Bollvo

vollplla, po=(B—36)>0. (107)
Setting v = v, ¥ = 0 in (86), we obtain

v(Vu, Vvp) + [((u- V)uy, vo) + ((uz - V)u,vo)] — x[(rotH; x H,vg)+

+(rotH x Hp, vg)] — (divvy, p) = 0. (108)
Using the previous estimate (107) for —(divvy, p) and (10), (13)—(15) from (108), we
deduce that
Bolvolliallplla < —(divve, p) < vvoll1,allullio+
+2voMylIvoll1,allulla + 271 My [[voll,o Hllysr172(- (109)

Dividing (109) by ||vol|1,o # 0 and using (104), (105) yields

Pl < B [(v +2v0Ma) a0 + 2671 Mg [ ]| s1/2 )] =
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= ‘361(501/[((561 -|—2Re)||u 1,0+ ZﬁHﬂHHHH?l/z(Q)]. (110)
Taking into account (104) and (105), we obtain the following estimate:
Iplle < Cprvr(llglls. + lalls, + lilla)- (111)
Here C, is a dimensionless constant defined by
Cp = d0By (61 +2Re)Cy + 2HaCy]. (112)

Remark 3. We note two peculiarities of the mathematical apparatus used in this paper. On the
one hand, we use the dimensional MHD system (1)—(3) so that all formulae used or obtained in
the paper are dimensional. On the other hand, we essentially use three dimensionless parameters
Re, Ha, Pm defined in (79) and three dimensionless constants Cy, Cy, Cp defined in (106), (112).
These constants depend on Re, Ha and Pm snf contain important information on the MHD
system (1), (2). In particular, using Cy, Cy and Cp, we could write estimates of the norms of
differences uw, H and p via norms of differences q, q and j in the simple form (104), (105) and (111).
We recall that these estimates hold under the condition (82). Based on these estimates and Theorem
6, in Section 5, we establish similar stability estimates for a number of specific control problems for
the MHD system (1)—(3) under study.

5. Analysis of Uniqueness and Stability for Solutions to Control Problems

We begin with consideration of the case when I = I; in (40), i.e., we consider control
problem
Ho

Joxu) = B u—ualy + Ellg

2 3. .
2y + 2 lalZy, + B illh - inf,

F(x,u) =0, (x,u) € X x K. (113)

Here x = (u,H,p), u = (q,9,j). Denote by (x1,u1) = (a1, Hy, p1, 91, qu, j1) a
solution to problem (113) that corresponds to the function u; = utgl) € L*(Q)3. By
(x2,up) = (u2,Hy, P2, 92, 92, j2), we denote a solution to problem (113) that corresponds to

another function @iy = uélz) € L?(Q)3.

We define dimensionless parameter Re’ (Reynolds number for the data ug)) by
1 2
Re = (yo/dovt) max([lug o, g llo) (114)
where [ is a dimensional constant defined in Section 2. We assume that the data for
problem (113) or parameters pg, }1, pi2 and u3 are such that the following condition with
some sufficiently small € > 0 takes place:

min{ (1 —¢&)puy, (1 — &)pz, (1 — e)puz} > 12uoxy(Re + Re) (v0Cq + 11Ch + 11V PmCyCri). (115)

Here C,,, Cy are dimensionless constants defined in (106).
Lemma 6. Let, under assumptions (i)—(iii), (j) and (82), a pair (x;, u;) = (w;, H;, p;, qi, i, ji) be
a solution to problem (113) corresponding to function ug) € L*(Q)3,i=1,2, where Q C Qs

an arbitrary nonempty open subset. Assume that condition (115) is satisfied. Then the following
estimate for u = uy — up holds:

[y —wallo < A = ul) —u? 0. (116)
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Proof of Lemma 6. Setting u; = uc(il) - ub(iz), in addition to (85), we have that (Il);, =0,
(I)u =0,

(1)), w) =200 = u, w)g, ((h)a(x) = (h)a(x),w) =
=2(u—ug,u)g =2(|[ullg - (u,uz)g). (117)
In view of (117), identities (83), (84) for adjoint states y; = (&;, i, 7;, gf), gg"), ggi) ), i=
1,2, corresponding to solutions (u;, H;, p;, #;) and the main inequality (91) for differences u,
H, p, q, q, j defined in (85), take by Remark 2 the form
v(Vw, VE;) + vy (roth, roty;) + ((w; - V)w, &) + ((w- V)u;, &) + «[(rotn; x H;, w)+
+(roty; x h, u;)] — x[(rotH; x h, &) + (roth x H;, &)] — (divw,0;) + (¢, w)s+
+(@5) hen)s, + (g8 hxn)s, =
— —pp(u; —u!, w)o V(w, h) € HH(Q) x HS2(Q); & eV, i=1,2, (118)
((u-V)u, &1 +G2) — x(rotH x H, {1 + &2) + x(rot(i71 +172) x H,u)+
+ro([lullgy — (wug)g) < —pllalis, — w2llalis, — palila: (119)

Our nearest purpose is to estimate adjoint state variables &; and #; via (Re + Re). To
this end, we set w = ¢;, h = #; in (118). Using (16) and conditions div¢; = 0in (), &;|y, = 0,
i -n|y, = 0and 7; X n|g, = 0, we obtain
v(VEi, V&) + va(roty, roty;) + ((8; - V)wy, &) + x(roty; X 17, u;) —

—K(I‘OtH,’ X 1, gz) = —‘uo(ui - ug),{fi)Q. (120)
Taking into account estimates (10)—(15), (77) and (79), (80), (114), we have

(VE, VE) > ollgilliar (& V)u, &) < vollwillollgiliia < voMallGiliag,  (121)

x| (rotH; x 11;, &) < kMY milhalléilla < 11(Ve/2)MY(IE]F o + 73 o), (122)
(rotr;, roty;) > &1|nillf . (ot x 75, ;)| < iM3|17il13 (123)

lui = ullg < llwillg + lu’llg < 1MS + [[ullg < doving(Re+Re).  (124)
In virtue of (121)—(124) and (99), we infer from (120) that

(0v/2)1GillF 0 + (rvm/2)xm:]1F 0 < [ov — YoMy — 11 (Vie/2) Mp] &l o+
+[01vm — 1My — 11 (VE/2) Mgk 7ill3 o <

< ol (IMY + Hu,(ii)||Q)H€i||1,Q < podovy(Re + Re?) [ &ilh 0

where v = 1275 L Using (79) and (124), we conclude from the last inequality that
1Zil,0 < 2u0v(Re+ Re), Vllpillha < 2uoyVPm(Re+ Re°), i=1,2.  (125)
Using (13)—(15), (104), (105), (115) and (125), we have
|((u-V)u, &+ &) —x(rotH x H, & + &) + x(rot(ny +172) x Hyu)| <

< yolulalElha + &lLo) + 71K||H||§_l3.+1/2(0)(“§1”1,0 +182ll1,0)+
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+71K||H”H3i+vl/2(0)”“ allmllia +[In2la) <

< 12uoxy(Re + Re®) (10C3 + 11 Ch + 11V PmCuCr) (925, + llal2s, + A <

< (U -epulqlis, + Q- ep2llalls, + (1 e)uslill (126)

Taking into account (126) from (119), we arrive at
o([[ullg = (wug)g) < —((w- V) g1+ ) + x(rotH x H, §1 + &) —
—k(rot(y1 +12) x Hyw) — ullqlg, — mallallg, — msllilld <

< —epl|ql2s, — epallqlls, — epslljlla- (127)

Omitting the nonpositive term —ep1 ||q EZT —euzlq ?ZV —ep3]|j||%, we derive from (127)

that [[u|g, — [lullgfluallg < Oor
lullo < wgllg- (128)

Sinceu =u; —up, uy = uél) — u(gz), Lemma 6 is proved. 0O

If Q = O, the estimate (116) is the stability estimate in L?(Q)3 norm for the component
4 of the solution (@, H, p,4,q,j) of problem (113) with respect to small disturbances of
function uy € L2(Q)? in the norm of L?(Q)3. The same estimate was obtained in viscous
hydrodynamics [16]. Additionally, if uél) = uéz) we conclude from (116) that u; = up in Q.
This yields together with (127) and (86) that 1 = 92, q1 = q2, j1 = j2. In turn, it follows
from this fact and (104), (105), (111) that u; = up, Hy = Hp, p; = p2 in Q). The latter is
equivalent to the uniqueness for the solution of (113).

We cannot prove the estimates for differences H = H; — Hp and p = p; — pp, which
are analogous to (116). Based on (128), however, one can obtain coarser stability estimates
for all differences u, H and p even in situations in which Q € (), i.e., Q is only a part of ().
Indeed, let us consider inequality (127). Using (128), we deduce from (127) that

ellalis, +enellalis, +enslild < mo(—lulg + luloluallo) < mollually = mod>  (129)

where A is defined in (116). From (104), (105), (111) and (129), we arrive at

g1 = @2llsz. < Vio/emd, g1 = q2llss, < Vio/emads, [lir —jalla < Vio/epad,
lug — woll1,0 < Cuve(VHo/ems + 1o/ epa + 1o/ euz) A,
Iy = Hallys12q) < Ca(V/ o/ e + Vo epa + Vo /epia) A,
Ip1 = p2lla < Covv/k(V/po/eur + o/ epa + /1o / ep3) A. (130)

Let us describe the obtained result as the theorem:

Theorem 7. Let parameter Re® be defined by relation (114) and let assumptions of Lemma 6 be
fulfilled. Then the stability estimates (130) for problem (113) hold where A = ||u;1) - ub(iz) lo-

We now study the uniqueness and stability for solutions to the control problem (40) in
the case when I = I, i.e., we consider control problem

_ 10 1 2 2 1s .
J0ou) = D= Hly+ EHlal2e, + Zllal2s, + Z1jllh — in,

F(x,u) =0, (x,u) € X x K. (131)

Here, as usual, x = (u,H, p), u = (4, q,j). Denote by (x1,u1) = (uy, H1, p1,91, 91, j1)
a solution to the problem (131) that corresponds to the function H; = H;l) € L2(Q)%. By
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(x2,u2) = (w2, Hy, P2, 92, 92, j2), we denote the solution to problem (131) that corresponds
to another function H; = H'(iz) € L?(Q)%.
Let us define a parameter -y and dimensionless Hartman number Ha® for the data Hg) by

v =Pl Ha = (y1/x/ovl) max([HY [ o, [ITHP |1 0)- (132)

We assume that the data for problem (131) or parameters pg, }1, 42 and p3 are such
that the following condition with some sufficiently small ¢ > 0 takes place:

min{(1 —e)p1, (1 —&)pz, (1 — e)us}
> 12p0yVPm(Ha + Ha®) (70C2 + 11C3 + 11V PmCyCh). (133)

Lemma 7. Let, under assumptions (i)—(iii), (j) and (82), a pair (x;,u;) = (w;, H;, pi, 9i, i, ji)
be a solution to problem (131) that corresponds to the function H;l) € L%(Q)3,i = 1,2, where
Q C Qis an arbitrary nonempty open subset. Assume that the condition (133) is satisfied. Then
the following estimate for difference H = Hy — Hj holds:

1 2
IH; —Hyllo <A, A= |HY —HP,. (134)

Proof of Lemma 7. Setting H; = Hfil) - H{gz), in addition to (85), we have that (1)}, =0,
(), =0,

(L) (x),h) = 2(H; —H, h)g, (L)) — (B)i(x), H) = 2(|H|5 — (HHy)g).  (135)

In view of (135), identities (83), (84) and the main inequality (91) become
v(Vw, VE;) + v (roth, rotn;) + ((u; - V)w, ;) + ((w - V)u;, &;) + x[(roty; x Hj, w)+
+(roty; x h,u;)] — «[(rotH; x h,&;) + (roth x H;, &;)] — (divw, 0;) + ( §i),w)z—|—

+ hon)y + (@ h xn)y, =

= —po(H; — HY h)o ¥(w,h) € HL(Q) x HGV2(Q); &V, i=12,  (136)
((u-V)u, 1+ &) —x(rotH x H, &1 + &) + x(rot(ny + 12) x H,u)+
+uo(I[HIG — (H Ha)g) < —mllqlix, — m2llalis, — palille- (137)

We firstly estimate adjoint state variables & and 7; via (Ha + Ha"). To this end, we
set w = §;, h = 7; in (136). In virtue of (16) and conditions |y, = 0, ;- n|y, = 0 and
i X n|y, = 0, we obtain

v(VE;, V&) + v (roty;, rotyy;) + ((8; - V), ;) + x(roty; X 17;,u;)
—x(rotH; x 1;,¢;) = —po(H; — H,Ell),ﬁi)Q- (138)

Using (79), (80), (132), we derive, in addition to (121)—-(123), that

1 = Hy o < 1By ) + IHY o < 105 + 171 [H ) <
< Sovl(Ha + Ha®) / (v1v/x). (139)
Taking into account (99), (121)-(123) and (139), we infer from (138) that

(Gov/2)|1EN3 0 + Grvm /2Kl 0 < po(IHillo) + IHY o) Imillo <
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< ol (MY + 1Y HP ) Imill,a < podovye /2 (Ha + Ha®) il
where v = 12')/1_ L Using (79) and (139), we conclude from the last inequality that
1Gillna < 2uoyx ™ VPm(Ha+ Ha®), Villnillya < 2uoyc™ Pm(Ha + Hal).  (140)
Combining (15), (104), (105), (115) and (140) gives the estimate
|((u . V)ll, ¢+ 52) — K(l‘OtH xH, g1+ 52) + K(I‘Ot(?ﬁ + 172) x H, u)| <
< 12p0yVPm(Ha+Ha) (70Cq + 11Cy + 1V PmCuCar) (19135, + llallis, + 1il7) <
< =omlallis, + 1 —omallalis, + (1 —e)uslljla (141)
Using (141) from (137), we arrive at
wo(|[HIG — (H,Ha)g) < —((u-V)u, & + )+

+x(rotH x H, &1 + &) — k(rot(m +12) x Hyu) — llqllZs, — p2llalls, — mslljlley <

25, —euslillé (142)

Omitting the nonpositive term —epiq ||q||§,2r - sy2|\q||§zu — eusl|j||3, we infer from (142)
that |H|[§, — [[Hllo[[Hallq < Oor [H|lg < |[Hyllg- O

< —epl|ql2s, —ep2llq

If Q = Q, the estimate (134) is the stability estimate in the L?(Q)3 norm for the
magnetic component H of the solution (4, H, p, §, q,j) of problem (131) with respect to
small disturbances of function Hy € L2(Q)3 in (131). If, besides, Hgl) = H;z) in Q it follows
from (134) that H; = Hj in Q. This, together with (104), (105), (111) and (142), yields that
91 = 92, q1 = 92, j1 = j2, w1 = up, Hy = Hjy, p1 = po. The latter is equivalent to the
uniqueness for the solution of (131).

Again, we note that we cannot prove the estimates for differences u = u; — u and
p = p1 — p2, which are analogous to (134), but we can obtain coarser estimates for u, H and
p even if Q is only a part of (). Indeed, using (134), we infer from (142) that

e |lql2s, +epallalls s, +epsllilley < po(—IH|G + [HllolHallo)

< po(~|[HI[G + [HllolHallQ) < pol Hall§y = por? (143)

where A is defined in (134). From (104), (105), (111) and (143), we come to the required
stability estimates having the form (130). Thus, the following result was proved.

Theorem 8. Let parameters y and Ha® be defined by relations (132) and let conditions of Lemma 7
be fulfilled.  Then the stability estimates (130) for control problem (131) hold where

A=|HY —HP | o

Using an analogous scheme, similar theorems can be proved for control problems
corresponding to weak regularizers (y1/2) HqH%T and (y2/2)||q\|%v as in (53), or to the
third cost functional I;(p) defined in (37). We leave the formulations and proofs of the
corresponding theorems to the reader.

6. Conclusions

In this paper, the optimal control problems for stationary magnetohydrodynamic
equations considered under the inhomogeneous mixed boundary conditions for a magnetic
field and the Dirichlet condition for velocity were analyzed. The normal and tangential
magnetic components at different parts of the boundary and the exterior current density
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within the flow region are the controls. A general theory of investigation of the control
problems with special tracking-type cost functionals has been developed and applied for
studying the uniqueness and stability for optimal solutions.

The use of this theory made it possible to prove the existence of solutions of control
problems in the wide class of cost functionals, to deduce an optimality system and, based
on its analysis, to prove theorems on local uniqueness and stability of optimal solutions
for a number of tracking-type functionals. In particular, for problems (113) and (131), it
is shown that the uniqueness as well as stability of their solutions occurs, provided the
conditions (115) or (133) for the data are accordingly fulfilled. This means that the presence
of summands with squared norms of controls, with positive coefficients 1, yp, y3 in the
expressions of functionals to be minimized in (113) and in (131), contributes a regularizing
effect to the control problems under study.
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