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Abstract: The need to mitigate the impacts of climate change has been a worldwide consensus. Cap
and trade regulations have been introduced to make the world achieve carbon peaks and neutrality.
There are also growing concerns regarding low carbon management. Considering both cap and
trade regulations and low-carbon preferences from customers, this study focuses on reducing carbon
emissions and pricing decisions in the dual-channel supply chain based on game theory. Furthermore,
it analyzes the effects of low-carbon preference (LCP) on emission-reduction efforts and the profits
of supply chain members. Finally, it investigates the impact of promoting low-carbon products on
optimal decisions and profits. The results conclude that (1) the growth of customers’ LCP level
motivates the manufacturer to have more investment in emission reduction with the BOPS unit
compensation or full-sales transfer mode; (2) the increase in customers’ LCP level would benefit the
supply chain members; (3) the joint emission-reduction strategy can strengthen the positive impact of
LCP level on the manufacturer’s emission-reduction effort and the profits supply chain members;
and (4) the joint emission-reduction strategy is preferable for the supply chain members compared
to the single emission-reduction strategy. However, the joint emission strategy is not always better
than the single emission strategy with respect to the selling price. Finally, it provides managerial
implications for decision-makers and potential issues for future research.

Keywords: BOPS; dual channel low-carbon supply chain; cap and trade regulations; customer’s
low-carbon preference; carbon-emission reduction

MSC: 90B06

1. Introduction

Mitigating the impacts of climate change has been a worldwide consensus [1]. Over
the past 200 years, the global temperature has risen 1.1 ◦C, and the emission levels keep
rising. Net zero commitment has been backed by the United Nations, rallying all members
(companies, cities, regions, institutions) to take transparent and immediate actions to reduce
global emissions by 45% and achieve a fairer zero world by 2050, which is in line with the
Paris Agreement [2]. To reach this ambitious goal, multiple government regulations have
been proposed to reduce carbon emissions, such as carbon tax and carbon labeling [3,4].
The Cap and Trade (CAT) policy, used mainly across countries, is designed to reduce
greenhouse gas emissions. The government sets the cap to limit companies emitting carbon
dioxide within a given allowance. Trade allows firms to exchange their credits in a market
when short or in surplus [5].

In addition to government regulations, green customers are the key to mitigating envi-
ronmental degradation and nonrenewable depletion. End-customer demand is the tipping
point that motivates the supply chain to take responsibility for environmental protection [6].
According to [7], a green consumption attitude affects purchasing intention, positively
influencing purchasing behavior. More corporations take environmental protection as their
social responsibility, stimulating green consumption [8]. The growing green consciousness
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increases market competition for green products. It is reported that 30% of customers
would like to pay a higher price for green products and energy. In addition, Law, Hills
and Hau stated that people with environmental consciousness could more easily present
the character of loyalty and commitment. Firms that adopt green promotions strengthen
customers’ trust and loyalty by portraying their image of sustainable development [9].

Rising competition in retailing forces retailers to seek an enriched shopping experience
to gain and retain customers. Omnichannel fulfillment services such as Buy Online Pick-up
in-Store (BOPS) blend online and offline experiences to provide more accessibility and
flexibility for shoppers [10,11]. Customers can complete purchases at home and collect
them at the selected pickup location [12,13]. They experience the convenience of shopping
online without lengthy wait times and the sting of shipping. Returns or exchanges can also
be processed on the same visit if the item does not fit customers’ expectations. This can
also reduce carbon emissions from the transportation procedure [14,15]. Moreover, BOPS
increases foot traffic to physical stores, giving retailers opportunities for cross-selling and
upselling [16]. A survey by the International Council of Shopping Centers (2019) showed
that over half of the online shoppers use BOPS services, and 67% make additional in-store
purchases. Hence, it is worthy of further study.

To our best knowledge, this study is the first attempt to investigate how customers’
environmental awareness and retailers’ low-carbon promotion affect the manufacturer’s
emission-reduction decision and the profits of supply chain members by adopting the
BOPS strategy under the single or the joint emission-reduction strategy.

To deal with the above issues, this study establishes a game model to study a two-
echelon supply chain including a leading manufacturer and a following retailer, in which
the optimal manufacturer’s emission-reduction effort, the optimal wholesale price, the
optimal retailer’s selling price, the optimal low-carbon promotion level and the optimal
profits of supply chain members will be derived from the game model.

The contributions of this work are new and interesting. Firstly, there is still little work
using BOPS modes and the joint emission-reduction strategy to analyze the manufacturer’s
emission-reduction effort and pricing decisions. Secondly, it concludes that the customers’
low-carbon preference (LCP) level positively affects the manufacturer’s emission-reduction
effort and the profits of supply chain members, which enriches the research of LCP in
the field of BOPS. Furthermore, the joint emission strategy can enlarge the positive im-
pacts of LCP level, and it is preferable for the supply chain members compared to the
single emission-reduction strategy, which extends the related conclusion in the field of a
dual-channel low-carbon supply chain (LCSC). In addition, it is surprising that the joint
emission strategy is not always better than the single emission strategy with respect to the
selling price.

The rest of the paper is structured as follows: Section 2 reviews and analyzes some
key related literature. Problem descriptions, assumptions, and notations are presented
in Section 3. Section 4 provides model formulations and analysis, which is followed by
numerical analysis in Section 5. Concluding remarks and future issues are demonstrated
in Section 6. An appendix about proofs of all the technical results is provided in the final
pages (Appendix A).

2. Literature Review

The literature concerning this topic can be sorted out into two categories. The first
category focuses on primary streams of BOPS. The other deals with various aspects of the
LCSC with the CAT regulations.

2.1. BOPS Research

Due to the growing popularity of BOPS, its economic significance has drawn continu-
ous attention. Ref. [17] researched the BOPS’s cross-channel selling and channel-shift effects.
They found that additional offline sales happen when customers buy online and pick up
in-store. Furthermore, BOPS shifts customers from online platforms to brick-and-mortar
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channels. Ref. [18] studied the impact of cross-selling benefits, fixed cost of BOPS, heteroge-
neous customer behavior, BOPS convenience, operation cost and competitive intensity on
the optimal profit. The impacts on quality, prices, and profits of a supply chain have been
studied by Ref. [19].

Channel strategy is discussed in a competitive environment to explore whether intro-
ducing BOPS into dual-channel retailing is always profitable. Ref. [20] studied the price
competition between leaders and followers in various scenarios from the perspective of
channel integration to examine the implementation conditions for BOPS and the effects of
market factors (product return) on two retailers’ profitability. Ref. [21] found that adopting
BOPS and its price and service strategies depend on the experience sensitivity and the
proportion of BOPS customers. Ref. [22] derived the optimal channel strategy (in which
retailers can benefit from BOPS adoption) for single brick-and-mortar and double online
and offline channels. Overserving the performance of service and profit, Ref. [23] found
that a contract wherein a lump fee is paid from retailers to manufacturers coordinates the
supply chain better than a revenue-sharing contract.

After adopting BOPS, the operation strategies are analyzed in many papers. Ref. [24]
built an analytical model to investigate the relationship between store visiting costs and
BOPS’ profit. Ref. [25] investigated the effects of the power structures (between retailers
and manufacturers) on the optimal price and service decisions. With the information on
customer behavior, hassle, and delivery costs, optimal store inventory is analyzed for
retailers [26]. Other optimal decisions, including sales price, ordering quantity, service
decisions, delivery schedule, cooperative advertising, and base-stock level in different
inventory policy scenarios, are also discussed by various researchers [27–32].

Additionally, environmental protection performance has drawn some attention from a
few scholars. Ref. [33] pointed out that BOPS reduces energy consumption by integrating
online and store inventory and decreasing transshipment costs (i.e., lighting, packing,
shipping). Ref. [34] studied sustainable retailing concerning the overpackaging problem,
finding that BOPS has decreased environmental impacts. As BOPS increases the LCSC’s
profit and reduces energy consumption, Ref. [35] designed a contract to incorporate BOPS
into a low-carbon dual-channel supply chain, considering customers’ low-carbon preference
(LCP). Hence, based on a low-carbon dual-channel supply chain adopting BOPS, this work
derives optimal carbon-emission-reduction strategies from CAT regulations, considering
customers’ green consciousness.

The above four streams of BOPS literature center primarily around its economic
performance and operations. The existing literature rarely considers BOPS’s environmental
benefits, with no mention of the channel integration and optimal strategies of LCSC with
the BOPS channel in different scenarios. Based on an LCSC wherein customers can buy
online and pick up in-store, this research analyzes the carbon-emission-reduction strategies
with customers’ preference for low carbon under the CAT policy.

2.2. Low-Carbon Supply Chain under CAT Regulations

Several scholars focused on the channel strategy (single channel or dual channel)
in an LCSC under CAT regulations. Ref. [36] took carbon trading into account. They
conducted corresponding game models to compare manufacturers’ decision behaviors in
dual channels, respectively. The impact of channel selections on carbon emission has also
been explored. Ref. [37] derived the optimal channel strategy under the CAT regulation
and stochastic demand pattern, considering customers’ low-carbon preferences. They also
proved that buyback and task-sharing-reduction contracts could coordinate supply chain
members in decentralized dual channels.

The prevalent issues of coordination mechanisms between retailers and manufacturers
are also analyzed under the CAT policy. Ref. [38] studied dual-channel coordination and
decision behaviors with the aspects of LCP and channel substitution. They found that low-
carbon choice positively impacts the supply chain profit, and an improved revenue-sharing
contract leads to Pareto improvement. Ref. [39] combined optimal emission abatement
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and production decisions and investigated a make-to-order supply chain coordinated by
wholesale and cost-sharing contracts. A lump-sum-subsidy contract has been designed
that achieves Pareto’s improvement of the efficiency between the two firms.

Various operation strategies of the LCSC are derived from CAT regulations. Ref. [40]
studied the effects of carbon footprint and customers’ LCP on production strategy and
profits under a CAT system. Decision behaviors in a two-echelon supply chain, including
sustainability investment and selling price, are investigated in Ref. [39]. Additionally, it
also revealed that trading prices affected optimal decisions. The impacts on a dual-channel
supply chain’s profit were explored by Ref. [41] from emission abatement cost coefficient
variables and low-carbon advertising effort strategies.

Optimal emission-reduction decision making is a primary focus among researchers
considering different impact factors. Ref. [42] explored the influence of social preferences,
customers, and low-carbon awareness on emission reduction, promotion, pricing decisions,
supply chain profits, utilities, and system efficiency. They developed a contract to make the
supply chain Pareto-optimal based on side payments, considering the social preferences’
effect. Ref. [43] conducted a game model in the cases of retailer dominance and power
balance, respectively, to study the impacts of two joint carbon reduction contracts (whole-
sale price premium contract and the cost-sharing contract) on the firms’ profits and carbon
reduction rate. Ref. [44] investigated remanufacturing’s impact on carbon-emission reduc-
tion and supply chain profits and identified an optimal collecting mode for the producer.
Ref. [45] compared the optimal equilibrium strategies, including emission-reduction level,
advertising effort, and selling price between retail and dual channel. They discussed the
impacts of cooperative advertising and cost-sharing contracts on optimal decisions and
dual-channel supply chain coordination. Ref. [5] examined the impact of CAT policy inten-
sity and LCP on carbon-emission-reduction decisions and firms’ profits. Ref. [46] focused
on the emission-reduction decisions under the retail and dual channels, respectively, con-
sidering low-carbon awareness. Furthermore, they studied the effects of CAT regulation on
the firms’ profit and joint emission-reduction strategy on both carbon-emission-reduction
behaviors and supply chain performance.

After discussing the related literature, the low-carbon customer preference and joint
emission-reduction strategy are significant in the field of LCSCs. LCP is discussed by
Refs. [5,42,46] to explore its impacts on emission reduction and supply chain profits. A
joint emission-reduction strategy includes the carbon-emission-reduction behaviors of the
manufacturer and low-carbon product advertising efforts of the retailer, which are widely
used by Ref. [45]. Refs. [41,45] analyzed the effect of a retailer’s advertising campaign on
emission reduction and profits. Ref. [46] compared joint and single emission-reduction
strategies’ performance. Taking advantage of previous studies, this study focuses on
carbon-emission-reduction decisions with the impact of LCP under CAT regulations. It
investigates the benefits of a low-carbon product advertising strategy.

Although various issues in the LCSC with retail/dual channels under CAT regulations
are developed soundly and widely, more environment-related discussion in BOPS has not
been made. Above all, channel integration and operations are the heated topics in the
BOPS and LCSC literature, respectively. Ref. [35] designed a supply contract to improve
the performance of an LCSC with the BOPS channel.

This study contributes to the existing research by introducing the one form of omni-
retailing channel, BOPS, into the LCSC. It also enriches BOPS literature gaps on the decisions
for reducing carbon emissions and pricing under the single or the joint emission-reduction
strategy in the field of an LCSC.

Table 1 compares the existing key related literature with this study and highlights its
innovation and contribution.
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Table 1. Key related literature.

Key Related
Literature BOPS Cap and

Trade
Low-Carbon
Preference

Emission-
Reduction
Decisions

Low-Carbon
Promotion

Du et al. [40] yes yes

Wang et al. [43] yes yes

Yang et al. [44] yes yes

Zhou and Ye [45] yes yes yes

Xia et al. [42] - yes yes yes yes

Ji et al. [46] - yes yes yes yes

Wang et al. [5] - yes yes yes -

He et al. [34] yes - - - -

Zhang et al. [35] yes yes yes - -

This study yes yes yes yes yes

3. Problem Description and Assumption
3.1. Problem Description

The manufacturer is located in an area conducting the CAT regulations, where the
manufacturer has some specific carbon quotas and limits the carbon emission during
production. If it improves the technology and emits less carbon than the given cap, the
emission quotas can be sold in the carbon trading market to gain profit and vice versa.
Furthermore, it will attract more customers with higher environmental consciousness.

The manufacturer can determine the reduction level of carbon emission, weighing
technology investment cost, low-carbon regulations, and market preference. The man-
ufacturer sells its product from the direct online and offline retail channel. Therefore, a
two-echelon supply chain composed of the leading manufacturer and the following re-
tailer is established. The retailers can choose whether to promote their products and the
effort level of promotion. With promotion efforts, single and joint strategies for emission
reduction are discussed separately.

Customers can visit e-commerce platforms, buy online and pick up in brick-and-
mortar stores (see Figure 1). Considering the extra cost of offering service for BOPS-channel
customers by retailers, two common strategies of BOPS including unit compensation and
BOPS full-sales transfer are adopted to compensate retailers.
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Therefore, the following decision issues are involved: (1) the manufacturer’s optimal
wholesale prices and reducing emission effort, (2) the retailer’s optimal selling price and
promotion level according to the wholesale price and emission-reduction level offered
by the manufacturer, (3) the influence of low-carbon preference (LCP) on manufacture’s
emission-reduction level, (4) the effect of LCP on supply chain members’ profits, (5) whether
retailer’s low-carbon product promotion can stimulate manufacturer’s reducing emission
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level, and (6) whether a retailer’s low-carbon product promotion can improve the supply
chain profit. The technical route can be seen in Figure 2.
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3.2. Notation

Before the formulation of the model, some notation is defined in Table 2. Parameters
are dimensionless, and all coefficients range between 0 and 1 except for the cost coefficients
k and φ, which are both no less than 1. To simplify calculations, the potential market
demand a for the offline and the online channels is equal [47,48].

Table 2. Related notation.

Parameters

λ0 Sensitivity coefficient of market demand to price

a Initial potential market demand in the online (including BOPS)/offline channel

x Customers’ propensity to online channels (exclude BOPS)

m The promotion effort coefficient to the market demand

η Customers’ low-carbon preference level
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Table 2. Cont.

Parameters

pe The trading price of carbon emission permits

e0 Initial carbon emission amount in the production procedure

E Free carbon quotas

k Cost-effectiveness of carbon-emission reduction

φ Cost-effectiveness of low-carbon promotion

b Unit compensate price

Di
r

Demand function of offline channel (single emission reduction if i = d;
joint emission reduction if i = s)

Di
o Demand function of e-commerce channel (exclude BOPS)

Di
p Demand function of BOPS channel

πi
m Profit function of the manufacturer

πi
r Profit function of retailer

πi
sc Profit function of supply chain

Decision variables

pi Selling price

wi Wholesale price

si Low-carbon promotion effort of retailers

ei Emission-reduction level of manufacturers

3.3. Assumptions

Assumption 1. Offline retailers offer customers the same promotion service level as
BOPS channels and brick-and-mortar stores [35].

Assumption 2. The promotion service effort has the same impact on BOPS and offline
customers [35].

Assumption 3. Direct sale channels and retail channels adopt the same selling price to
avoid free-riding and channel crossing [35,49–51].

Assumption 4. Customers have environmental consciousness and can notice the
carbon-emission-reduction level of products when purchasing [42].

Assumption 5. The extra cost of employing low-carbon technologies is a quadratic
function of the emission-reduction level. Parameter k can be regarded as the cost coefficient
of emission reduction, which is significantly large as the cost of emission reduction is
assumed to be a lumpsum investment [52,53].

C(e) = ke2/2

Assumption 6. The cost for low-carbon promotion is a quadratic function of promotion
effort level 1 ≤ ∅ ≤ k [46]:

C(s) = φs2/2

4. Model Formulation and Analysis

Equilibrium solutions are derived in four scenarios: single and joint emission-reduction
strategies under either BOPS unit compensation or full-scale transfer modes. The impacts
of customers’ low-carbon preference level on reducing emission effort and profits are
also analyzed. Finally, the emission-reduction level and profits between single and joint
emission-reduction strategies are compared to investigate whether adopting a retailer’s
low-carbon promotion effort is effective.
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4.1. Demand Function

According to [21,35,46], the joint emission-reduction model (retailers promote low-
carbon products) is formulated as follows.

Ds
r = a − λ0 p + ηe + ms

Ds
o = xa − λ0 p + ηe

Ds
p = (1 − x)a − λ0p + ηe + ms

(1 − x) of online customers pick up products in brick-and-mortar stores, which is a
behavior that is influenced by offline retailer’s promotion efforts. According to Assump-
tions 1 and 2, promotion impacts offline and BOPS channel customers equally, whereas the
direct e-commerce channel avoids the influence of the store’s promotion.

The demand function of the single emission-reduction strategy (manufacturer’s emis-
sion abatement effort only) follows:

Dd
r = a − λ0p + ηe

Dd
o = xa − λ0p + ηe

Dd
p = (1 − x)a − λ0p + ηe

Retailers do not conduct promotion services, which does not impact demand enlarge-
ment. According to Assumption 4, the more effort there is in emission reduction, the more
sales happen by green consciousness customers.

4.2. Model Analysis under BOPS Unit Compensation

BOPS unit compensation offers retailers a unit price for a single customer [48]. In prac-
tice, manufacturers will compensate retailers adopting BOPS to pay for their BOPS service
cost and improve the serving performance. Solutions under single and joint emission-
reduction strategies are derived separately.

4.2.1. BOPS Unit Compensation with Single Emission Reduction

Based on [46,47], the profit functions are established.

πld
m0

= wDr + p
(

Do + Dp
)
− bDp −

[
(e0 − e)

(
Dr + Do + Dp

)
− E

]
pe − ke2/2 (1)

πld
r0
= (p − w)Dr + bDp (2)

πld
sc0

= p
(

Dr + Do + Dp
)
−
[
(e0 − e)

(
Dr + Do + Dp

)
− E

]
pe − ke2/2 (3)

Lemma 1. The manufacturer firstly determines eldand wld; then, the retailer decides pld. When
k > 9(η + λ0 pe)

2/8λ0, the equilibrium solutions (eld∗, wld∗, pld∗) are below.

eld∗ =
(4a−9e0λ0 pe)(η+λ0 pe)

8λ0k−9(η+λ0 pe)
2

wld∗ =
a(η−λ0 pe)

2−9ηe0λ0 pe(η+λ0 pe)−4aλ2
0 p2

e+6akλ2
0 pe

8kλ2
0−9λ0(η+λ0 pe)

2 + b

pld∗ =
−2aη2−8ηaλ0 pe+4akλ0−6aλ0 p2

e−9e0η2λ0 pe−9e0ηλ0 p2
e+3e0kλ0 pe

λ0(8λ0k−9(η+λ0 pe)
2)
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By substituting equilibrium solutions into (1) and (2), the optimal profits are

πld∗
m = Epe + abx +

2a2(η + λ0 pe)
2 − 8ae0λ2

0kpe + 9ke2
0λ3

0 p2
e

2λ0

(
8λ0k − 9(η + λ0 pe)

2
) (4)

πld∗
r =

(
4aλ0k − 3a(η + λ0 pe)

2 − 3e0kλ2
0 pe

)2

λ0

(
8λ0k − 9(η + λ0 pe)

2
)2 − abx (5)

Lemma 1 implies that an enterprise has a relatively high investment cost in technology
for reducing carbon emission, and it can execute the above equilibrium solutions when the
investment cost in technology achieves some threshold.

Next, we analyze the effects of customers’ LCP level on the manufacturer’s emission-
reduction effort and optimal profits in Proposition 1.

Proposition 1. When 4a − 9e0λ0 pe > 0 and k > max
(

9(η+λ0 pe)
2

(8λ0)
, 3a

4aλ0−3e0λ2
0 pe

(η + λ0 pe)
2
)

,

we have ∂eld

∂η > 0, ∂πld
m

∂η > 0, ∂πld
r

∂η > 0, and ∂πld
sc

∂η > 0.

Proposition 1 indicates that the manufacturer’s emission-reduction level and profits
of supply chain members are all positively related to the customers’ LCP level when the
manufacturer’s investment in emission reduction arrives a given point. Furthermore, it
implies that raising customers’ LCP can benefit all the LCSC members.

4.2.2. BOPS Unit Compensation with Joint Emission Reduction

Apart from the manufacturer’s effort on carbon-emission reduction, retailers promote
low-carbon products simultaneously. The profit functions are:

πls
m0

= wDr + p
(

Do + Dp
)
− bDp −

[
(e0 − e)

(
Dr + Do + Dp

)
− E

]
pe − ke2/2 (6)

πls
r0
= (p − w)Dr + bDp − φs2/2 (7)

πls
sc0

= p
(

Dr + Do + Dp
)
−
[
(e0 − e)

(
Dr + Do + Dp

)
− E

]
pe − ke2/2 − φs2/2 (8)

Lemma 2. When 2λ0φ − m2 > 0 and

k >

(
3 − m2

λ0φ

)2

(η + λ0 pe)
2/

[
2λ0

(
2− m2

λ0φ 0

)2]

then the equilibrium solutions
(

els∗, wls∗, pls∗
, sls∗

)
are as follows.

els∗ =
C0λ0(η + λ0 pe)

Ckk − λ2
3(η + λ0 pe)

2

wls∗ =
Cw(λ3+λ0φ)λ0k−(η+λ0 pe)(η((b+e0 pe)λ2

3+aφ(m2−λ0φ))−λ0λ3 pe(aφ−bλ3))
Ckk−λ2

3(η+λ0 pe)
2

pls∗ =
Cpλ0k−(2aλ0ηφ2−2aλ3λ0φpe+e0 peηλ2

3)(η+λ0 pe)

Ckk−λ2
3(η+λ0 pe)

2

sls∗ =
m(aλ3(η+λ0 pe)

2−λ0k(2a(λ 0+λ3)−λ3λ0e0 pe))
Ckk−λ2

3(η+λ0 pe)
2

where λ3 = m2 − 3λ0φ
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Ck = 2λ0
(
m2 − 2λ0φ

)2

C0 = −
(
λ2

3e0 pe + 2m2aφ − 4aλ0φ2
)

Cp = λ3
(
m2 + λ0φ

)
e0 pe − 2m2aφ + 4aλ0φ2

Cw = λ3(2b + e0 pe) + 2bλ0φ
By substituting optimal solutions into (6) and (7), the optimal profits are

πls∗
m = Epe + abx

+
λ0

(
m2e0λ0 pe(e0 pe+4aφ−6e0λ0φpe)k+2φ2a2(η+λ0 pe)

2−8aφ2e0λ2
0kpe

)
2(Ckk−λ2

3(η+λ0 pe)
2)

+
λ0(9kφ2e2

0λ3
0 p2

e)
2(Ckk−λ2

3(η+λ0 pe)
2)

(9)

πls∗
r = −abx+

φ(−m2+2λ0φ)((2m2aλ0−m2e0λ
2
0 pe−4aλ2

0φ+3e0λ
3
0 peφ)k−aλ3(η+λ0 pe)

2)
2

2(Ckk−λ2
3(η+λ0 pe)

2)
2

(10)

Lemma 2 indicates that the manufacturer and the retailer can find the equilibrium
solutions when the investment of the manufacturer reaches a threshold under the joint
emission reduction.

Proposition 2. When C0 > 0, 2λ0φ − m2 > 0 and Ckk − λ2
3(η + λ0 pe)

2 > 0, then we have
∂els

∂η > 0 and ∂πls
m

∂η > 0.

Proposition 2 states that the manufacturer’s emission-reduction level and profit in-
crease as customers’ green consciousness grows when retailers promote low-carbon prod-
ucts, which encourages the manufacturer to make more effort toward emission reduction.

4.2.3. Joint Emission Reduction’s Impacts on Firms’ Decisions and Profit

This subsection mainly investigates whether the retailer’s low-carbon promotion
can improve a manufacturer’s performance on emission-reduction levels and supply
chain profits.

Proposition 3. Ckk − λ2
3(η + λ0 pe)

2 > 0, C0λ0
λ2

3
>
(

4a
9 − e0λ0 pe

)
> 0, m2 < 3λ0φ

2 ,

k > (η + λ0 pe)
2, (1) els > eld; (2) ∂els

∂η > ∂eld

∂η .

According to Proposition 3, the reducing emission effort level under a joint emission-
reduction strategy is higher than that under a single emission-reduction strategy, which
implies that the retailer’s promotion of low-carbon products can encourage the manufac-
turer to put more efforts on emission reduction. Furthermore, the growth of the emission-
reduction effort of the manufacturer with the retailer’s low-carbon promotion is higher than
that under a single emission-reduction strategy as the LCP increases. The LCSC informs
more customers, and the LCP significantly affects emission reduction.

Proposition 4. When Ckk − λ2
3(η + λ0 pe)

2 > 0, (1) m2 < 3λ0φ/2, 4a> 6e0λ0 pe, πls
m > πld

m ;

(2) k <
4(η+λ0 pe)

2

3aλ0
, m2 < 3λ0φ/2, πls

r > πld
r ; and (3) ∂πls

m
∂η > ∂πld

m
∂η , ∂πls

r
∂η > ∂πld

r
∂η .

Proposition 4 suggests that the profits of the manufacturer, the retailer and the whole
supply chain are better under a joint emission-reduction strategy when the investment
from the manufacturer achieves a threshold, and the difference between the two strategies
is noticeable as customers’ LCP level increases.
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Hence, in the BOPS unit compensation mode, the joint emission reduction is a prefer-
able strategy. Promoting low-carbon products improves customers’ trust in the brand and
willingness to pay, bringing more benefits to the LCSC.

4.3. Model Analysis under BOPS Full-Sales Transfer

BOPS’s full-sales transfer strategy transfers all BOPS orders to offline retailers. Hence,
the retailer’s profit involves the BOPS channel’s demand.

4.3.1. BOPS Full-Sales Transfer with Single Emission Reduction

Supply chain members’ profit functions are as follows.

πad
m0

= w
(

Dr + Dp
)
+ pDo −

[
(e0 − e)

(
Dr + Do + Dp

)
− E

]
pe − ke2/2 (11)

πad
r0

= (p − w)
(

Dr + Dp
)

(12)

πad
sc0

= p
(

Dr + Do + Dp
)
−
[
(e0 − e)

(
Dr + Do + Dp

)
− E

]
pe −

ke2

2
(13)

Lemma 3. Equilibrium solutions
(

ead∗, wad∗, pad∗
)

are obtained if k > 9(η + λ0 pe)
2/10λ0 holds.

ead∗ =
(2a + 6ax − 9e0λ0 pe)(η + λ0 pe)

10λ0k − 9(η + λ0 pe)
2

wad∗ =
−a(2−3x)(η−λ0 pe)

2+
(

12a+18η e0)λ0 pe(η+λ0 pe)−4aλ2
0 p2

e+12e0kλ2
0 pe

20kλ2
0−18λ0(η+λ0 pe)

2

+
kλ0(2ax+4a)+(8a−12ax)λ2

0 p2
e+12e0kλ2

0 pe

20kλ2
0−18λ0(η+λ0 pe)

2

pad∗ =
(6axη−9ηe0λ0 pe)(η+λ0 pe)−2kλ0ax+3ke0λ2

0 pe
λ0(10λ0k−9(η+λ0 pe)

2)

+
−aη(4η+10λ0 pe)+2kλ0a−6kaλ2

0 p2
e

λ0(10λ0k−9(η+λ0 pe)
2)

By substituting optimal solutions into (11) and (12), the optimal profits are

πad∗
m = Epe + a2x2/(2λ0)

−(12x−4)(λ0k+a2)(η+λ0 pe)
2
+λ0k(4ae0λ0 pe+4a2x−(2ax−3e0λ0 pe)

2)
2λ0(10λ0k−9(η+λ0 pe)

2)

(14)

πad∗
r =

(
(6ax − 8a)λ0k + (6a − 9ax)(η + λ0 pe)

2 + 6e0kλ2
0 pe

)2

2λ0

(
10λ0k − 9(η + λ0 pe)

2
)2 (15)

Lemma 3 suggests that an enterprise has a relatively lower investment cost in technol-
ogy under BOPS full-sales transfer with respect to BOPS unit compensation so as to reduce
carbon emission and execute the above equilibrium solutions.

Proposition 5. When 6ax + 2a − 9e0λ0 pe > 0, k > max
(

9 (η+λ0 p e)
2

10λ0
, (9ax−6a) (η+λ0 p e)

2

(6ax−8a)λ0+6e0λ2
0 pe

)
,

then ∂ead

∂η > 0; ∂πad
m

∂η > 0, ∂πad
r

∂η > 0, ∂πad
sc

∂η > 0.

Similarly, under the BOPS full-sales transfer strategy, the emission-reduction effort,
the profits of the manufacturer, the retailer and the supply chain increase as customers’
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LCP level grows. The rising environmental consciousness enhances the advantages of the
LCSC, and the supply chain members can achieve a win–win status.

4.3.2. BOPS Full-Sales Transfer with Joint Emission Reduction

With the retailer’s promotion, the profit functions of supply chain members are

πas
m0

= w
(

Dr + Dp
)
+ pDo −

[
(e0 − e)

(
Dr + Do + Dp

)
− E

]
pe − ke2/2 (16)

πas
r0
= (p − w)

(
Dr + Dp

)
− φs2/2 (17)

πas
sc0

= p
(

Dr + Do + Dp
)
−
[
(e0 − e)

(
Dr + Do + Dp

)
− E

]
pe − ke2/2 − φs2/2 (18)

Lemma 4. When k > (η+λ0 p e)
2/λ0, and 4λ0φ − m2 > 0, then eas∗, was∗, pas∗, sas∗ are

eas∗ =
C3(η + λ0 pe)

−
(

m2 − 3λ0φ
2

)2
(η+λ0 p e)

2 + 2kλ0(m2 − λ0φ)
2 + kλ3

0φ2/2

was∗ =
(η + λ0 pe)(Cbη + Cd)− kCa

−
(

m2 − 3λ0φ
2

)2
(η+λ0 p e)

2 + 2kλ0(m2 − λ0φ)
2 + kλ3

0φ2/2

pas∗ =
−2aφ + aφx
4m2 − 4λ0φ

+
(η + λ0 pe)

((
4m2 − 2λ0φ

)
((Cbη + Cd)− kCa)− 2C3ηφ

)
(
−
(

m2 − 3λ0φ
2

)2
(η+λ0 p e)

2 + 2kλ0(m2 − λ0φ)
2 +

kλ3
0φ2

2

)(
4m2 − 4λ0φ

)
sas∗ =

max − 2ma
2m2 − 2λ0φ

+

(η + λ0 pe)((λ 0Cb − C3)mη + mCdλ0 − mλ0kCa)(
−
(

m2 − 3λ0φ
2

)2
(η+λ0 p e)

2 + 2kλ0(m2 − λ0φ)
2 + kλ3

0φ2/2
)
(m2 − λ0φ)

where

C3 = m4ax − m4e0λ0 pe − 1.5m2aλ0xφ − m2aλ0φ + 3m2e0λ
2
0 peφ + 1.5aλ2

0xφ2

+0.5aλ2
0φ2 − 2.25e0λ

2
0 peφ2

Ca = m4ax + m4e0λ0 pe −
3m2aλ0φx

2
− 5m2e0λ

2
0 peφ

2
+

aλ2
0φ2x
4

+
aλ2

0φ2

2
+ 3e0λ

3
0 peφ2/2

Cd = −m4apex +
9m2aλ0 peφx

4
+

m2aλ0φ pe

2
− 9aλ2

0 peφ2x
8

− 3aλ2
0 peφ2/4

Cb = −m4e0 pe +
3m2aφx

4
− m2aφ

2
+ 3m2e0λ0 peφ +

3m2aλ0φ2x
8

− aλ0φ2

4
− 9e0λ

2
0 peφ2/4



Mathematics 2023, 11, 2736 13 of 26

By substituting optimal solutions into (16) and (17), optimal profits are

πas
m= Epe +

Cmsk + a2λ0φ2(3x − 2)2
(η + λ0 pe)

2

4
(
−
(

m2 − 3λ0φ
2

)2
(η+λ0 p e)

2 + 2kλ0(m2 − λ0φ)
2 + kλ3

0φ2/2
) (19)

πas
r =

φ
(
λ0φ − m2)(2Crsλ0k − a

(
2m2 − 3λ0φ

)
(3x − 2)(η + λ0 pe)

2
)2.

32
(
−
(

m2 − 3λ0φ
2

)2
(η+λ0 p e)

2 + 2kλ0(m2 − λ0φ)
2 + kλ3

0φ2/2
)2 (20)

where
Cms= 4m4(ax − e0λ0 pe)

2 + m2λ0φ(−8ax + 12e0λ0 pe)(ax − e0λ0 pe)

+a2λ
2
0φ2(−6x2 + 16x − 4

)
− 12aλ3

0 pexφ2 − 4ae0λ
3
0 peφ2 + 9λ4

0e2
0 p2

e φ2

Crs = 4m2ax − 4m2a + 2m2e0λ0 pe − 3aλ0φx + 4aφλ0 − 3e0λ
2
0 peφ

Lemma 4 claims that supply chain members under joint emission reduction have
a similar investment cost in technology and can achieve an optimal status with BOPS
full-sales transfer.

Proposition 6. (1) When m2 < λ0φ
2 , C3 > 0, k >

(η+λ0 p e)
2

λ0
, ∂eas

∂η > 0; ∂πas
m

∂η > 0;

(2) When m2 < λ0φ/2, Cps > 0, k/ (η+λ0 p e)
2 > max

(
2

λ0
,

a(2m2−3λ0φ)(3x−2)
2Crsλ0

)
, Crs > 0, then

∂πas
r

∂η > 0.

Where Cps = 4m4ax − 4m4e0λ0 pe − 6m2aλ0xφ − 4m2aλφ0 + 12m2e0λ
2
0 peφ + 6aλ2

0xφ2 +

2aλ2
0φ2 − 9e0λ

2
0 peφ2.

Proposition 6 states that under BOPS full-sales transfer with a joint emission-reduction
strategy, the increasing LCP can stimulate the growth of emission-reduction levels and lead
to the profit increase enjoyed by the manufacturer and the retailer.

4.3.3. Impacts of Joint Emission Reduction on Firms’ Decisions and Profits

Proposition 7. When k > (η+λ0p e
)2/λ0, 9C3(

m2− 3λ0φ
2

)2 >
(
2a + 6ax − 9e0λ0pe

)
, m2 < λ0φ

2 ,

the we have (1) eas > ead; (2) ∂eas

∂η > ∂ead

∂η .

Similar to BOPS unit compensation, the retailer’s promotion can lead to the growth of
emission-reduction efforts by the manufacturer during production process. The increase
rate of emission-reduction levels with LCP under a joint emission-reduction strategy is
higher than that under a single emission-reduction strategy.

Proposition 8. When m2 < λ0φ
2 , k >

(η+λ0 p e)
2

λ0
, we have

(1) πas
m > πad

m if a2λ0φ2(3x−2)2

4
(

m2− 3λ0φ
2

)2 >
(12x−4)(λ0k+a2)

2
+9a2x2

18λ0
> 0, and Cms

a2λ0φ2(3x−2)2 >

(4ae0λ0 pe+4a2x−(2ax−3e0λ0 pe)
2)+10a2x2

(12x−4)(λ0k+a2)
2
+9a2x2

> 0;

(2) πas
r > πad

r with
φ(λ0φ−m2)

32
(

m2− 3λ0φ
2

)2
(a(2m2−3λ0φ)(3x−2))2

>

((6ax−8a)λ0k+(6a−9ax)(η+λ0 pe)
2+6e0kλ2

0 pe)
2

162λ0

6Crs
−2m2+3λ0φ

> (6ax − 8a) + 6e0λ0 pe > 0;

(3) ∂πas
m

∂η > ∂πad
m

∂η , ∂πas
r

∂η > ∂πld
r

∂η .
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Similarly, the joint emission-reduction strategy in BOPS full-sales transfer increases
the profits of retailers and manufacturers. With the growth of the customers’ LCP level, the
profit difference between the two strategies becomes significant.

It indicates again that the environmental performance of supply chains improves,
and economic benefit grows when the retailer and manufacturer make emission-reduction
efforts simultaneously. Hence, the joint emission-reduction strategy is a better strategy
under either of the two BOPS modes.

4.4. Result and Discussion

The theoretical results can be derived based on Propositions 1–8, and some of them
are obtained through the comparative analysis among the eight propositions as follows.

4.4.1. Impacts of Low-Carbon Preference on Carbon-Emission Reduction and Firms’ Profits
According to Propositions 1, 2, 5 and 6, the emission-reduction level of the manufac-

turer increases with the growth of customers’ LCP under either BOPS unit compensation
or full-sales transfer modes. Hence, it is critical to raise the customers’ low-carbon sense so
as to encourage the manufacturer’s effort on carbon-emission reduction.

Propositions 1 and 5 show that the profits of the manufacturer and the retailer posi-
tively relate to customers’ LCP with a single emission-reduction strategy under BOPS unit
compensation or full-sales transfer modes, respectively. Hence, it is fundamental to raise
the customers’ environmental consciousness so as to benefit the whole supply chain.

Similarly, Propositions 2 and 6 indicate that the results from Propositions 1 and 5 also
hold under the joint carbon-emission reduction.

In summary, the growth of customers’ environmental consciousness stimulates manu-
facturers to invest more in carbon-emission reduction, thus bringing more benefits to the
manufacturer, the retailer and the whole supply chain. Hence, it is important to strengthen
the awareness of low-carbon environmental protection in order to keep the LSC sustainable.

4.4.2. Impacts of Joint Emission Reduction on Carbon-Emission Reduction and
Firms’ Profits

Propositions 3, 4, 7, and 8 show that the joint emission-reduction strategy is superior
to the single emission-reduction strategy under either BOPS unit compensation or full-sales
transfer modes. So, it is vital for the retailer to involve the joint emission-reduction strategy.

Propositions 3 and 7 state that the emission-reduction effort level of the manufacturer
under the joint emission-reduction strategy is higher than that under the single emission re-
duction. Moreover, the positive impact of customers’ LCP on the manufacturer’s reduction
effort under the joint emission-reduction strategy is more significant.

Propositions 4 and 8 suggest that the profits of the manufacturer and the retailer are
positively related to customers’ LCP with the joint emission-reduction strategy under BOPS
unit compensation or full-sales transfer modes, respectively. Furthermore, the positive
impact of customers’ LCP on the supply chain member’s profit under the joint emission-
reduction strategy is higher than that under the single emission-reduction strategy.

Therefore, a joint emission-reduction strategy performs better than the single emission-
reduction strategy with BOPS unit compensation or full-sales transfer modes, which can
be proposed as a better way to achieve net zero commitment and motivate economic
improvement. In practice, the manufacturer should cooperate with the retailer and set up a
joint emission-reduction strategy so as to keep the low-carbon supply chain sustainable.

5. Numerical Examples

In the following, some numerical examples are conducted to investigate more insights
from the models (Win 11/CPU 3.2G/RAM 16.0G). The following parameter assignments
are based on [21,35,46] (Table 3).
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Table 3. Parameter assignment.

Parameter Value Parameter Value

a 0.5 m 0.4

x 0.6 pe 0.4

λ0 0.6 e0 0.5

k 3.5 E 0.5

φ 1.4 b 0.1

5.1. The Impact of Low-Carbon Preference Level on Firms’ Decisions

Figure 3a,b show that the emission-reduction level increases as customers’ LCP grows
in all scenarios. When the retailer promotes low-carbon products, manufacturers would
like to reduce carbon emissions. The difference between joint and single emission-reduction
strategies grows with the increase in the LCP level.
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Figure 3. The impact of low-carbon preference level on emission-reduction level.

The emission-reduction level increases as LCP increases in all scenarios. When re-
tailers promote low-carbon products, manufacturers are more willing to reduce carbon
emissions. The difference between joint and single emission-reduction strategies with BOPS
unit compensation or full-sales transfer modes grows with the increasing LCP. Hence, it
illustrates that the joint emission-reduction strategy is a better strategy with either of the
two BOPS modes.

Figure 4a,b depict that the selling price under a joint emission-reduction strategy is
always higher than that under a single emission-reduction strategy with BOPS unit com-
pensation or full-sales transfer modes. The difference is more significant when customers’
LCP grows. It indicates that customers prefer to pay for environmentally friendly products
with the growing green consciousness.

At the same time, the increased price may compensate retailer’s promotion cost. Hence,
in the market where customers have a high low-carbon preference level, the retailer has
some advantage for the pricing.
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5.2. The Impact of Low-Carbon Preference Level on Firms’ Profits

Figure 5a,b describe the increasing trend of retailer’s profits with the growth of cus-
tomers’ LCP level. A joint emission-reduction strategy improves the retailer’s profit. Thus,
the retailer prefers the joint emission-reduction strategy, in which the retailer would like
to promote low-carbon products. The increase in customers’ LCP level can significantly
improve the retailer’s profit. Hence, it is also vital for the retailer to promote customer’s
environmental awareness.

Figure 5. The impact of low-carbon preference level on the retailer’s profit.

Figure 6b shows that promotion can significantly improve the profit of the manufac-
turer under the BOPS full-sales transfer strategy, and the difference becomes prominent as
it increases. The manufacturer’s profit with the joint emission-reduction strategy under
BOPS unit compensation is lower than that of the single emission-reduction strategy when
customers’ LCP level is low. As the LCP grows, the profit of a joint emission-reduction
strategy surpasses the profit of single emission reduction when the LCP level is more than
0.74. This case implies that the joint emission strategy is not always better than the single
emission strategy.

In summary, the low-carbon promotion can improve the entire supply chain profit. In
all scenarios, the impact of the LCP level is positive on the profits of the manufacturer, the
retailer and the whole supply chain.
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Figure 6. The impact of low-carbon preference level on the manufacturer’s profit.

6. Conclusions and Future Research
6.1. Conclusions

Omnichannel retailing has mainly been neglected in the discussion of enterprises’
low-carbon decisions. This study discusses the BOPS strategy in the LCSC, considering
customers’ LCPs under the CAT regulations. Assuming that carbon is emitted during
the manufacturing process and market demand is influenced by customers’ low-carbon
preferences and retailers’ low-carbon promotions, a two-echelon supply chain is established
to investigate the pricing and emission-reduction decisions. The relationship between
emission-reduction level and LCP level is analyzed as well as the comparison with the
single or the joint emission-reduction strategy. The conclusions and the corresponding
managerial implications are summarized as follows.

(1) Customers’ LCP stimulates manufacturers to raise their emission-reduction invest-
ment with either of two BOPS modes under the single or the joint emission-reduction
strategy, which implies that the public green consciousness is the key to creating
a low-carbon manufacturing environment. Enhancing the purchasing behavior on
eco-friendly products provides intense motivation for the supply chain to cut down
carbon emissions during the producing procedure.

(2) The growth of customers’ LCP improves the profits of the manufacturer, the retailer
and the whole supply chain. The increasing demand for green products can reduce
the firm’s carbon emissions and benefit the LCSC. More specifically, with the growth
of customers’ low-carbon preference, more technology and capital are invested for
carbon-emission reduction. In turn, the effort made on low-carbon performance will
benefit the supply chain. LCSC is suggested to take advantage of market low-carbon
preference. On the one hand, brick-and-mortar stores may be located in areas with
higher environmental consciousness. On the other hand, advertising on awareness
and cultures of environmental protection is beneficial for an LCSC.

(3) With retailers’ promotion of low-carbon information of products, less carbon is emitted
during the production stages. Meanwhile, the higher the LCP, the more reduction is
made compared to the single emission-reduction strategy. Based on the first finding,
the retailer’s promotion on low-carbon products strengthens the positive impact
of LCP on emission-reduction behaviors. It illustrates that the more low-carbon
information about products is exposed, the more customers with green awareness
are attracted.

(4) The profits of the manufacturer, the retailer and the whole supply chain are also
improved due to the promotion behavior of retailers on low-carbon products. Fur-
thermore, with the growing LCP, the gap in emission reduction between the two cases
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with the promotion of the retailer or not is more significant. According to promotion
benefits, stepping up advertising, such as more promotion channels, and inputting
more capital and human resources is an effective way to gain more profits. For the
government, increasing the exposure of eco-friendly firms can motivate them to im-
prove the level of emission reduction and encourage more supply chain members to
involve low-carbon management.

(5) The price observed in numerical examples is positively affected by LCP, which implies
that customers with more green consciousness are willing to pay a higher price for
low-carbon products, bringing more profits to the supply chain. In addition, the joint
emission strategy is not always better than the single emission strategy with respect
to the selling price.

6.2. Future Research

Although this study contributes to the LCSC literature, there are some interesting
extensions available for future work.

(1) A supply chain usually has more than two echelon members in practice. It may
include suppliers, manufacturers, retailers, and so on. Multi-echelon members will
involve more complex decisions. Future research can study more complex supply
chains to find more insights.

(2) This work focuses on the BOPS channel, which is one form of omnichannel retailing.
Other forms of omnichannel retailing are also exciting issues in the LCSC.

(3) In the real world, enterprises may be weak on carbon disclosure, and the information
on the carbon market may be asymmetric. More research can be conducted under
more practical scenarios of incomplete and asymmetric information.

(4) Offline retailers and e-commerce platforms can make joint low-carbon promotions.
Further research can take online and offline promotion efforts together into consideration.
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Appendix A

Proof of Lemma 1. Firstly, find the optimal p for πr0 . It is easy to obtain that
∂2πld

r0
∂p2 = −2λ0 < 0, which implies that there exists an optimal p for πr0 . Let the first

derivative of πr0 with respect to p be equal to 0. That is,

∂πld
r0

∂p
= a − bλ0 + eη− 2λ0 p + λ0w = 0

Hence, we have p∗ = ( eη + a)/(2λ0 ) + (w − b)/2.
Secondly, we find the optimal e and w for πld

m0
. In this case, the Hessian matrix is

Hessian(πld
m0
) =

[
∂2πm
∂w2

∂2πm
∂w∂e

∂2πm
∂e∂w

∂2πm
∂e2

]
=

[
−2λ0

η−3λ0pe
2

η−3λ0pe
2 η2/λ0 + 3ηpe − k

]
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Thus, the determinant of the Hessian matrix is
Det(Hessian(πld

m0
)) = = 1

4

(
8λ0k − 9(η + λ0 pe)

2
)

.

Then, the matrix is negatively definite when 8λ0k − 9(η + λ0 pe)
2 > 0 holds. Hence,

we can find the optimal solutions for e and w. �

Proof of Proposition 1. Based on Lemma 1, the first derivative of eld with respect to η

∂eld

∂η =
(4a−9e0λ0 pe)

8λ0k−9(η+λ0 pe)
2 +

18(4a−9e0λ0 pe)(η+λ0 pe)
2

(8λ0k−9(η+λ0 pe)
2)

2

= (4a − 9e0λ0 pe)(
1

8λ0k−9(η+λ0 pe)
2 +

18(η+λ0 pe)
2

(8λ0k−9(η+λ0 pe)
2)

2 ) > 0

Furthermore, when it holds for

k > max
(

9(η+λ0 pe)
2

(8λ0)
, 3a

4aλ0−3e0λ
2
0 pe

(η + λ0 pe)
2
)

, the first derivatives of πld
m and πld

r with

respect to η are both positive. That is, ∂πld
m

∂η = 12k(η+λ0 pe)(4a−9λ0e0 pe)
2

(8λ0k−9(η+λ0 pe)
2)

2 > 0, and

∂πld
r

∂η
=

12k(η + λ0 pe)(4a − 9λ0e0 pe)
(

4aλ0k − 3a(η + λ0 pe)
2 − 3e0kλ2

0 pe

)
(

8λ0k − 9(η + λ0 pe)
2
)3 > 0

Hence, we have that ∂πld
sc

∂η = ∂πld
r

∂η + ∂πld
m

∂η > 0. �

Proof of Lemma 2. Find the first derivatives of πls
r0

with respect to p and s as
∂πls

r0
∂p = ms + a − bλ0 + eη− 2λ0 p + λ0w = 0

∂πls
r0

∂s = mb + m(p − w)− φs = 0
(A1)

Then, we obtain the Hessian matrix

Hessian(πls
r0
) =

 ∂2πls
r0

∂p2

∂2πls
r0

∂s∂p
∂2πls

r0
∂p∂s

∂2πls
r0

∂s2

= [−2λ0 m
m −φ

]

When 2λ0φ − m2 > 0 and Ckk − λ2
3(η + λ0 pe)

2 > 0, the Hessian matrix is negatively
definite. Thus, the optimal solutions of (p ∗, s∗

)
can be derived from Equation Group (A1)

as follows.

p∗ =
(
−m2b − aφ + bλ0φ

)
/
(
m2 − 2λ0φ

)
+w
(
m2 − λ0φ

)
/
(
m2 − 2λ0

)
+− eηφ/

(
m2 − 2λ0φ

)
s∗ = −ma−mbλ0

m2−2φλ0
+ w(mλ0)/(m2 − 2λ0)− e(mη)/(m2 − 2λ0φ).

�

Proof of Proposition 2. Based on Lemma 2 and Ckk − λ2
3(η + λ0 pe)

2 > 0, it is easy to
check that

∂els

∂η = C0λ0

(
1

Ckk−λ2
3(η+λ0 pe)

2 +
2λ0λ2

3(η+λ0 pe)
2

(Ckk−λ2
3(η+λ0 pe)

2)
2

)
> 0

∂πls
m

∂η =
kλ2

0(η+λ0 pe)(2m2aφ−4aλ0φ2+λ2
3e0 pe)

2

(Ckk−λ2
3(η+λ0 pe)

2)
2 > 0.

�
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Proof of Proposition 3.

(1) Since C0λ0
λ2

3
>
(

4a
9 − e0λ0 pe

)
> 0, then C0λ0

λ2
3
(η + λ0 pe) >

(
4a
9 − e0λ0 pe

)
(η + λ0 pe).

m2 < 3λ0φ
2 , then 0 < 6λ0φ − 3m2 < 6λ0φ − 2m2, leading to 9

(
2λ0φ − m2

)2
<

4
(

3λ0φ − m2
)2

and Ck/λ2
3 < 8λ0/9. When k > (η + λ0 pe)

2,

els = C0λ0(η+λ0 pe)

Ckk−λ2
3(η+λ0 pe)

2 =
C0λ0(η+λ0 pe)/λ2

3
Ckk

λ2
3
−(η+λ0 pe)

2 >

(4a/9−e0λ0 pe)(η+λ0 pe)

8/9λ0k−(η+λ0 pe)
2 =

(4a−9e0λ0 pe)(η+λ0 pe)

8λ0k−9(η+λ0 pe)
2 = eld

(2) Based on (1), we have

C0λ0/λ2
3

Ckk
λ2

3
− (η + λ0 pe)

2 >
(4a/9 − e0λ0 pe)

8/9λ0k − (η + λ0 pe)
2 (A2)

2C0λ0/λ2
3(η + λ0 pe)

2(
Ckk
λ2

3
− (η + λ0 pe)

2
)2 >

2(4a/9 − e0λ0 pe)(η + λ0 pe)
2(

8/9λ0k − (η + λ0 pe)
2
)2 (A3)

According to (A2) and (A3), we have that

C0λ0/λ2
3

Ckk

λ2
3
−(η+λ0 pe)

2 +
2C0λ0/λ2

3(η+λ0 pe)
2(

Ckk

λ2
3
−(η+λ0 pe)

2
)2

>
(4a/9−e0λ0 pe)

8/9λ0k−(η+λ0 pe)
2 +

2(4a/9−e0λ0 pe)(η+λ0 pe)
2

(8/9λ0k−(η+λ0 pe)
2)

2

That is, ∂els

∂η > ∂eld

∂η . �

Proof of Proposition 4.

(1) According to Proposition 3, k > (η + λ0 pe)
2, m2 < 3λ0φ

2 ; then, Ckk
λ2

3
− (η + λ0 pe)

2 <

8λ0/9k − λ2
3(η + λ0 pe)

2.

Since 9λ0
2φ2/λ

2
3 = 9λ0

2φ2

(m2−3λ0φ)
2 > 9λ0

2φ2

(3λ0φ)2 = 1, then λ0φ2/λ
2
3 > 1

9λ0
,

λ0φ2

2
(

Ckk − λ2
3(η + λ0 pe)

2
)> 1

2λ0

(
8λ0k − 9(η + λ0 pe)

2
) > 0 (A4)

For another, 4a> 6e0λ0 pe, thus we have e0 pe + 4aφ − 6e0λ0 peφ > 0,

m2e0λ0 pe(e0 pe + 4aφ−6e0λ0 peφ)k/φ2 + 2a2
(η + λ0 pe)

2 − 8ae0λ2
0kpe + 9kφ2e2

0λ3
0 p2

e
> 2a2(η + λ0 pe)

2 − 8ae0λ2
0kpe + 9ke2

0λ3
0 p2

e
(A5)

Based on (A4) and (A5), we obtain that

λ0

(
m2e0λ0 pe(e0 pe+4aφ−6e0λ0φpe)k+2a2φ2(η+λ0 pe)

2−8aφ2e0λ2
0kpe+9kφ2e2

0λ3
0 p2

e

)
2(Ckk−λ2

3(η+λ0 pe)
2)

>

2a2(η+λ0 pe)
2−8ae0λ2

0kpe+9ke2
0λ3

0 p2
e

2λ0(8λ0k−9(η+λ0 pe)
2)

That is, πls
m > πld

m .
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(2) According to (1) of Proposition 4, 0 < Ckk
λ2

3
− (η + λ0 pe)

2 < 8λ0/9k − (η + λ0 pe)
2, and(

Ckk
λ2

3
− (η + λ0 pe)

2
)2

<
(

8λ0/9k − (η + λ0 pe)
2
)2

, then we have

9λ0φλ2
3
(
2λ0φ − m2)
2λ4

3
=

9λ0φ
(
2λ0φ − m2)

2(3λ0φ − m2)
2 =

2
(
3λ0φ − m2)2

+ m2(3λ0φ − 2m2)
2(3λ0φ − m2)

2 > 1.

That is,

φλ2
3
(
−m2 + 2λ0φ

)
2
(

Ckk − λ2
3(η + λ0 pe)

2
)2 >

9

λ0

(
8λ0k − 9(η + λ0 pe)

2
)2 (A6)

For another,

(4aλ2
0φ−2m2aλ0+m2e0λ

2
0 pe−3e0λ

3
0 peφ)

3λ0φ−m2 =
4a
(
λ0φ− m2

2

)
3
(
λ0φ−m2

3

) − e0λ
2
0 pe

< 4aλ0
3 − e0λ

2
0 pe

In this case, we have that(
4aλ2

0φ − 2m2aλ0 + m2e0λ
2
0 pe−3e0λ

3
0 peφ

)
3λ0φ − m2 k <

(
4aλ0

3
− e0λ

2
0 pe

)
k

Thus, it holds that

4aλ0

3
(1 −

λ0φ − m2

2

λ0φ − m2

3

)k <
4aλ0

3
(

m2

6

λ0φ − m2

3

)k <
8aλ0

3
k < 2(η + λ0 pe)

2

Hence, we obtain that∣∣∣∣λ0φ − m2/2
λ0φ − m2/3

4aφλ0
3

k−a(η + λ0 pe)
2 − e0kλ2

0 peφ

∣∣∣∣ > ∣∣∣∣4aλ0

3
k−a(η + λ0 pe)

2 − e0kλ2
0 pe

∣∣∣∣ (A7)

Based on (A6) and (A7), it is not difficult to check that

(4aλ0k−3a(η+λ0 pe)
2−3e0kλ2

0 pe)
2

λ0(8λ0k−9(η+λ0 pe)
2)

2 <

φ(−m2+2λ0φ)((2m2aλ0−m2e0λ
2
0 pe−4aλ2

0φ)k−aλ3(η+λ0 pe)
2+3e0kλ3

0 peφ)
2

2(Ckk−λ2
3(η+λ0 pe)

2)
2

That is, πls
r > πld

r .

(3) The proof is similar to that under (2) of Proposition 4. �

Proof of Lemma 3. The proof is similar to that of Lemma 2. �

Proof of Proposition 5.
If 6ax + 2a − 9e0λ0 pe > 0, then we have that

∂ead

∂η =
(6ax+2a−9e0λ0 pe)

10λ0k−9(η+λ0 pe)
2 +

18(2a+6ax−9e0λ0 pe)(η+λ0 pe)
2

(10λ0k−9(η+λ0 pe)
2)

2

= (6ax + 2a − 9e0λ0 pe)(
1

10λ0k−9(η+λ0 pe)
2 +

18(η+λ0 pe)
2

(10λ0k−9(η+λ0 pe)
2)

2 ) > 0

Furthermore, based on Lemma 3, it is easy to check that
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∂πad
m

∂η = λ0k(η+λ0 pe)(6ax+2a−9λ0e0 pe)
2

2λ0(10λ0k−9(η+λ0 pe)
2)

2 > 0 and

∂πad
r

∂η
=

12k(η + λ0 pe)(6ax + 2a − 9λ0e0 pe)
(
(6ax − 8a)λ0k + (6a − 9ax)(η + λ0 pe)

2 + 6e0kλ2
0 pe

)
2λ0

(
10λ0k − 9(η + λ0 pe)

2
)3 > 0.

Hence ∂πad
sc

∂η = ∂πad
m

∂η + ∂πad
r

∂η > 0. �

Proof of Lemma 4. The proof is similar to that of Lemma 2. �

Proof of Proposition 6.

(1) Based on Lemma 4, since k >
2 (η+λ0 p e)

2

λ0
, then we have that

2λ0k
(
m2 − λ0φ

)2
> (η+λ0p e)

2(2m2 − 2λ0φ
)2, which leads to the following inequality,

(
2m2 − 2λ0φ

)2
>

(
3λ0φ

2
− m2

)2
(A8)

Hence, we conclude that

∂eas

∂η
=

C3

−
(

m2 − 3λ0φ
2

)2
(η+λ0 p e)

2 + 2kλ0(m2 − λ0φ)
2 +

kλ3
0φ2

2

+

2C3

(
m2 − 3λ0φ

2

)2
(η+λ0 p e

)
(
−
(

m2 − 3λ0φ
2

)2
(η+λ0 p e)

2 + 2kλ0(m2 − λ0φ)
2 +

kλ3
0φ2

2

)2 > 0, and

∂πas
m

∂η =

k(η+λ0 pe)(4m4ax−4m4a−6m2aλ0xφ−4m2aλ0φ+12m2e0λ
2
0 peφ+6aλ2

0xφ2+2aλ2
0φ2−9e0λ

3
0 peφ2)

2

16
(
−
(

m2− 3λ0φ
2

)2
(η+λ0 p e)

2+2kλ0(m2−λ0φ)
2
+

kλ3
0φ2

2

)2 > 0.

(2) Based on (1), when m2 < λ0φ/2, we have that

−
(

m2 − 3λ0φ
2

)2
(η+λ0 p e)

2 + 2kλ0
(
m2 − λ0φ

)2
+

kλ3
0φ2

2 > 0. That is,

2Crsλ0k − a
(

2m2 − 3λ0φ
)
(3x − 2)(η + λ0 pe)

2 > 0.

Thus, we have that

∂πas
r

∂η
=

kφλ0
(
m2 − λ0φ

)(
2m2 − 3λ0φ

)
(η+λ0 p e

)
16
(
−
(

m2 − 3λ0φ
2

)2
(η+λ0 p e)

2 + 2kλ0(m2 − λ0φ)
2 +

kλ3
0φ2

2

)3

=
Cps(2Crsλ0k−a(2m2−3λ0φ)(3x−2)(η+λ0 pe)

2)

16
(
−
(

m2− 3λ0φ
2

)2
(η+λ0 p e)

2+2kλ0(m2−λ0φ)
2
+

kλ3
0φ2

2

)3 > 0. �

Proof of Proposition 7.

(1) When m2 < λ0φ/2, m2(8m 2 − 6λ0φ
)
< 0 holds, which derives that
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10
(

m2 − 3λ0φ
2

)2
> 9

(
λ2

0φ2

2 + 2
(
m2 − λ0φ

)2
)

and

10λ0

9
k − (η + λ0 pe)

2 >
2
(
m2 − λ0φ

)2
+

λ2
0φ2

2(
m2 − 3λ0φ

2

)2 λ0k − (η + λ0 pe)
2 > 0.

For another, since C3(
m2− 3λ0φ

2

)2 >
(2a+6ax−9e0λ0pe)

9 > 0, so we have that

C3(
m2 − 3λ0φ

2

)2
(

2(m2−λ0φ)
2
+λ2

0φ2/2(
m2− 3λ0φ

2

)2 λ0k − (η + λ0 pe)
2

) >

(
2a + 6ax − 9e0λ0pe

)
9
(

10λ0
9 k − (η + λ0 pe)

2
) > 0

Hence, it is true that

eas =
C3(η + λ0 pe)

−
(

m2 − 3λ0φ
2

)2
(η+λ0 p e)

2 + 2kλ0(m2 − λ0φ)
2 + kλ3

0φ2/2
>

(2a + 6ax − 9e0λ0 pe)(η + λ0 pe)

10λ0k − 9(η + λ0 pe)
2 = ead.

(3) Similarly, we can obtain tha ∂eas

∂η > ∂ead

∂η . �

Proof of Proposition 8.

(1) According to Proposition 7, when m2 < λ0φ/2, k > (η+λ0pe
)2/λ0, we can derive that

10λ0

9
k − (η + λ0 pe)

2 >
2
(
m2 − λ0φ

)2
+

λ2
0φ2

2(
m2 − 3λ0φ

2

)2 λ0k − (η + λ0 pe)
2 > 0

Since a2λ0φ2(3x−2)2

4
(

m2− 3λ0φ
2

)2 >
(12x−4)(λ0k+a2)

2
+9a2x2

18λ0
> 0, that is,

Cms

a2λ0φ2(3x − 2)2 >

(
4ae0λ0 pe + 4a2x − (2ax − 3e0λ0 pe)

2
)
+ 10a2x2

(12x − 4)
(
λ0k+a2

)2
+9a2x2

> 0.

Thus, πas
m = Epe +

Cmsk+a2λ0φ2(3x−2)2
(η+λ0 pe)

2

4
(
−
(

m2− 3λ0φ
2

)2
(η+λ0 p e)

2+2kλ0(m2−λ0φ)
2
+kλ3

0φ2/2
)

> Epe +
(12x−4)(λ0k+a2)

2
+9a2x2

18λ0

(4ae0λ0 pe+4a2x−(2ax−3e0λ0 pe)
2)+10a2x2

(12x−4)(λ0k+a2)
2
+9a2x2

k−(η+λ0 pe)
2

10λ0
9 k−(η+λ0 pe)

2

= πad
m .

(2) Based on the induction of Proposition 7, it is true that

10λ0

9
k − (η + λ0 pe)

2 >
2
(
m2 − λ0φ

)2
+ λ2

0φ2/2(
m2 − 3λ0φ

2

)2 λ0k − (η + λ0 pe)
2 > 0
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Thus, we have that

πas
r =

φ(λ0φ−m2)(2Crsλ0k−a(2m2−3λ0φ)(3x−2)(η+λ0 pe)
2)

2.

32
(
−
(

m2− 3λ0φ
2

)2
(η+λ0 p e)

2+2kλ0(m2−λ0φ)
2
+kλ3

0φ2/2
)2 >

((6ax−8a)λ0k+(6a−9ax)(η+λ0 pe)
2+6e0kλ2

0 pe)
2

2λ0(10λ0k−9(η+λ0 pe)
2)

2 = πad
r .

(3) Similarly, we can prove that ∂πas
m

∂η > ∂πad
m

∂η , ∂πas
r

∂η > ∂πld
r

∂η . �
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