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1. Introduction

Most multidimensional (nD) systems such as dynamical control systems, distributed
control systems and delay-differential systems are often represented by multivariate (1 D)
polynomial matrices [1-9]. The equivalence of systems is a significant concept in nD
systems. From the perspective of system theory, the reduction involved must maintain the
relevant system properties. It is usually valuable to simplify the given system representation
to a simpler equivalent form. It is well-known that the equivalence of nD systems can be
reflected by the unimodular equivalence of nD polynomial matrices. Because the Smith
normal form of the polynomial matrix has good structure and properties, the unimodular
equivalence plays a key role for multivariate polynomial matrices simplified to their Smith
normal form. One of the purposes of reducing an nD polynomial matrix to its Smith
normal form is to be capable of simplifying a corresponding system to a new system while
including fewer equations and unknowns. Therefore, the problem of the unimodular
equivalence for the Smith normal form and nD polynomial matrices have made great
progress in the past decades.

For 1D polynomial matrices, the unimodular equivalence problem of a matrix to its Smith
normal form is well solved [2,4]. Storey and Frost gave an example for bivariate polynomial
matrices which is not unimodular equivalent to its Smith normal form [10]. For nD(n > 2)
polynomial matrices, because 7D polynomial rings are not Euclidean, Euclidean division prop-
erties do not hold in such rings, which become greatly difficult in algebra. Consequently, the
unimodular equivalence problem is still open. The unimodular equivalence and Smith normal
form problems of several special classes of polynomial matrices have been investigated and
some judgment conditions have been obtained [11-20]. For instance, Lin et al. [11] presented
that a polynomial matrix F(x) € K'"*![x,x2,- - -, x,] with det(F) = x; — f(xp,---, %) is
unimodular equivalent to its Smith normal form. Furthermore, Li et al. [13] generalized
the above result to a new case when det(F) = (x1 — f(x2,-- -, x,))7, where g is a positive
integer. Moreover, Lu et al. [20] derived a tractable criterion under which matrix F may
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be unimodular equivalent to its Smith normal form diag{I;_1, pq} for F € K"*![x,y] and
det(F) = pq, where p,q € K[x] are irreducible and distinct polynomials.

In this paper, we mainly study the unimodular equivalence for several classes of nD
polynomial matrices and their Smith normal form. Li et al. [14] showed that a polynomial
matrix F(x) € K™ [xq,xp, -+, xn], det(F) = (x1 — fi(xa, -+, x0))(x2 — fa(x3,- -+, %n))
is unimodular equivalent to its Smith normal form diag{I; 1,det(F)} if and only if the
(I—=1) x (I = 1) minors of F(x) have no common zeros. By extending the above conclusion,
we focus on the Smith normal forms of some nD polynomial matrices with special determi-
nants. Let F(x) € K"*[xy,x,,- -+, x,] with det(F) = d]'df? = (x1 — fi(xa, -+, x0)) 1 (22 —
fa(xz, - -+, xn))%2, where g1, g5 are positive integers. We study the question as to what is the
sufficient and necessary condition for the polynomial matrix F(x) unimodular equivalent
to its Smith normal form. Moreover, we extended the above results to the non-square case.
The following problems are investigated.

Problem 1. Let F(x) € K'™![x] and det(F) = did}, di = x1 — fi(xa, -+, xn),
dy = xp — fo(xs, -+, xn), where q is a positive integer. When is the F(x) unimodular equiv-
alent to its Smith normal form

d? dgl g
S(x) = e ?
a

Problem 2. Let F(x) € K'![x] and det(F) = (dd5)", d1 = x1 — fi(xa, -+, xn),
dy = xp — fo(xz,- -+, xu), where s, t are two positive integers. When is the F(x) unimodular
equivalent to its Smith normal form

Iy ;
dsd
S(x) = v ?

dyd

We now summarize the rest of this paper. Some basic concepts on the unimodular
equivalence of a polynomial matrix, the main results of this paper and the positive answers
of Problems 1 and 2 are presented in Section 2. In Section 3, we give an executable algorithm
and an example to illustrate the usefulness of our method. In Section 4, we provide some
concluding comments.

2. Preliminaries and Results

Let R = K[x1,xp,- - - , x,] denote the set of polynomials in n variables xq,xp,- - , X,
with coefficients in the field K. Ry = K]xp, - -+, xy]. RI*™M denotes the set of I x m matrices
with entries from R. I, denotes the r x r identity matrix and 0, denotes the r X t zero
matrix. For convenience, we use diag{fy, - -, fi} to denote the diagonal matrix in R'*/,
where diagonal elements are f1,- - -, fj,and f1,- - -, f; € R. Inaddition, we use A(x) ~ B(x)
to denote that A(x) is unimodular equivalent to B(x). As long as the omission of parameter
(x) does not lead to confusion, we omit it.

Definition 1 ([21]). Let F(x) € R with rank r, where 1 < r < min{l,m}. For any integer
kwithl <k<vrletay,--- ,ap be all the k x k minors of F(x) and denote the greatest common
divisor (g.c.d.) of a1, - - - ,ap by di(F). Extracting di(F) from ay, - - - , ag yields

ai:dk(F)'bi,i:1,"' ,ﬁ.
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The k x k reduced minors of F(x) are denoted by by, - - -, bg. For simplicity, Jy(F) denotes the ideal
in R generated by by, - - - ,bﬁ.

Definition 2. Let F(x) € R*™ (I < m) be of rank r. The Smith normal form of F(x) is defined as

S = (diag{®i} Opx(m—1)),

where

di/dl‘fll 1 S i S r,
;= .
0, r<i<m,

and let dy = 1, where d; is the greatest common divisor of the i x i minors of F(x) and ®; satisfies
the following property:
DDy |- | Dy

Definition 3 ([22]). Let F(x) € R be of full row(column) rank. F(x) is said to be zero left
prime (zero right prime) if the | x I(m x m) minors of F(x) have no common zeros. If F(x) € R/>*™
is zero left prime (zero right prime), we simply say that F(x) is ZLP (ZRP).

Definition 4. Let Fy(x) and F,(x) be two matrices in R™*™. Fj(x) and F(x) are said to be
unimodular equivalent if there exist two invertible matrices P(x) € R>! and Q(x) € R™™ such
that Fy(x) = P(x)F(x)Q(x).

We first provide several important lemmas, which are of great help to prove our main
results.

Lemma 1 ([14]). Let F(x) € R™™(1 < m) be of rank r. If the reduced minors of F(x) generate
unit idea R, then there is a ZLP matrix V (x) € RU=")%! such that V(x) - F(x) = 0(1—r)xm-

Lemma 2 ([17]). Let g(x) € Rand f(x) € Ry. Ifg(f, x2,- -+ ,xn) =0, then xy — f(xp,- -+, xn)
is a divisor of g(x).

Lemma 3 ([17]). Let F(x), Fy(x), F2(x) € R, F(x) = Fy(x) - By (x). Ifthe (I — ) x (I — 1)
minors of F(x) have no common zeros, then the (I —r) x (I — r) minors of F;(x) (i = 1,2) have no
common zeros.

In 1976, Quillen [23] and Suslin [24] proved Serre’s conjecture independently, and then
found a relationship between a unimodular matrix and a ZLP matrix. Now, we introduce
this conclusion.

Lemma 4 ([23,24]). Let F(x) € R>™ (1 < m) be a ZLP matrix. Then, there exists a unimodular
matrix H(x) € R™ ™ such that

F(x)-H(x)= (I Op(m-r) )-

Lemma 5. Let F(x) € R and detF(x) = djd], where di = x1 — fi(xa, -+, xn),

dy = xp — fo(x3,- -+, x,) and p, q are nonnegative integers.

(1) Ifd,(F) = 1, J,(F) = R and dy|d,1(F), then there exists a unimodular matrix
Ui (x) € R such that

where Gy (x) € R
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(2)

(3)

If di(F) = 1, J,(F) = R and dy|d,1(F), then there exists a unimodular matrix
Up(x) € R such that

) Fw = (7 )G,

where Gy(x) € R,
If d,(F) = 1, J;(F) = R and didy|d,1(F), then there exists a unimodular matrix
Usz(x) € R such that

where G3(x) € R,

Proof. Suppose that the r X r minors of F(x) are ay, ay, - - - ,ap, let F'(x) = F(f1,x2, - ,Xn),
and the r x ¥ minors of F'(x) are by, by, - - -, bg. It is obvious that (f1,x2,- -+, xy) is a zero of
det F(x) for every (xz,- -+ ,x,) € Ry and dy|d,.1(F). Therefore, rank(F'(x)) < r.

)

@)

®)

Assume exists (xo9, -+, X0) € Ry such that
bi(x0,- -+ ,xp0) =0,i=1,2,---,B.
Let x10 = f1(x20, -+, Xn0), and then
a;(x10, %20, - ,Xp0) =0,i =1,2,---,B.

Because d,(F) =1, J;(F) = R, we have the r x r minors of F(x) generate R. Leads to
a contradiction. Thus, the r X r minors of F/(x) generate R, rank(F'(x)) > r, and then
rank(F'(x)) = r. By Lemma 1, there exists a ZLP matrix T(x) € RU="*! such that

T(x) - F'(x) = 0(1—p)xs-
By Lemma 4, a unimodular matrix U; (x) € R**! can be established and T(x) is its

last I — r row. By Lemma 2, the last I — r row of U (x) - F(x) has the common divisor
d1, i.e.,

Ui(x)-F(x) = ( Iy i, ) - Gy(x).

Ifd,(F) =1, J,(F) = Rand d|d, 1 (F), we apply a similar method to prove that there
exists a unimodular matrix Uy (x) € R/ such that

) K = (7 )Gt

Ifd,(F) =1, J;(F) = Rand d1dy|d,;1(F). Obviously, d1|d,1(F), and then there exists
a unimodular matrix Uy (x) € R/ such that

Uy (x) - F(x) = ( Iy o ) LGy ().

Note that Uj (x) is unimodular, assume r x * minors of G (x) are r1, 7, - -, rg, because

the  x r minors of F(x) generate unit idea R, by Lemma 3, the r X r minors of G; (x) have
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no common zeros and d,,1(F) = d,H(( I

: _ )
L, > Gi(x)), let G1(x) = ( W(x) )
where W (x) € R™!, W, (x) € RU=")% and then

< ’ dil—, ) G = ( dlw‘l’\(/;()x) >

Note that dr+1(< Iy 0 ) -Gy1(x)) =dy - d;11(Gy(x)) and dp|d, 41 (F), and thus
14 —r

dy|dy - dy41(Gy(x)), combined with d5 t dy, so that dp|d,1(G1(x)). Therefore, there exists a
unimodular matrix Uy (x) € R™*! such that

Ly

-G = (7 )G

further, we can obtain

Uy (x) - F(x) = ( Iy e ).u;l(x). < Iy . > -Gy (x).

According to Lemma 2.6 in Li et al. [16], there are two unimodular matrices U(x),
V(x) € R such that

( I o > U () - ( I . > _ u(x)-( I e )'V(x)_

Setting Us(x) = U~ (x) - Uy (x), G3(x) = V(x) - G4(x), we have

I
) F = (7 ) Gl
The proof is completed. [

Lemma 6 ([19]). Let matrices A(x), B(x) € R™>*™ if A(x) is unimodular equivalent to B(x),
then diy(A) = di(B) and Ji(A) = Jx(B), wherek = 1,2,--- ,min{m, [ }.

Let F( ]1.1;.2 - .;t ) be a t x s submatrix of F(x) consisting of the iy-th, ip-th, - - - ,i~th
1J2° " Js
rows and ji-th, jo-th, - - -, js-th columns of F(x).

Lemma?7. Let F(x) € R be of full row rank, d(F) = (d1d»)9, wheredy = x1 — f1(x2, -, xn),
dy = xp — fo(x3,- -+, xn), and q is a positive integer. If there exist two subsets {i1,ip,- - - , i} and
{j1,j2, =+ ,jx} of {1,2,- - - , 1} such that

dldzfdet< o * ),d1d2|det( h B I Zk+1>
uon Tk p1 P2 Pk Pk+1

for any ixy 1 (ixy1 # i1,---,dx) and any permutation py--- pgprsq of 1,2,---,1. Then,
drdy | djey1 (F).

Proof. The proof is similar to Lemma 3.6 in [19], so we omit it here. [

M(x) - N(x). For some

Lemma 8 ([19]). Let F(x),M(x),N(x) € R™! and F(x) =
R, d(N) =1, y(N) = R.

k(1 <k <1), ifde(M) = di(F), Jx(F) = R, then Jy(M) =
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Lemma9. Let F(x),D(x),C(x) € R™!, F(x) = D(x) - C(x), d;(F) =dTd},i=1,2,-- k+
1, and

T T
dlldzl
D(x) = ' de ) ,
d;k-%—l d;k-H Ilfk
where di = x1 — fi(xo, -+ ,xn), do = x2— fo(xz,--+ ,x5), 11 < 12 < o0 < 1pyn,

gi=ri+-+r,i =12k IfJ{(F) =R, g1 > 11+ +rre1. Then, di(C) =1,
Jx(C) = R, d1dy | diy1(C).

Proof. By assumption Ji(F) = R, qx.1 > 11+ -+ + rpyq1. Because dy(F) = dg(D) =
(d1dy)" "%, by Lemma 8, di.(C) = 1, J;(C) = R. Because

detp( 91 92 7 M) = (dydp)' ™o . det C e Ay
h b - 1 Lo - 1
(1) Ifry=ry=---=rryq, because dy(C) = 1, it is obvious that there exists a k x k minor

A(x) of C(x) such that d1dy t A(x). For any permutation iy - - - ixig1 and j - - - jxjks1

inl,---,l, combined with 7y =r, = - - - = 11, we have that
+

detF( i e e > -
uojzor e Tk
(dydy)" e -detC< iy e ik e >

Ju j2 o Jk Tk

Because dy, 1(F) = (d1d2)™' and gx,1 > 11 + - - + r¢41, we have

dyd, | detc< SO o )
oo e Je
By Lemma 7, d1d;|dj1(C).
(2)  If there is an integer ko with kg < k such that r, < 141 = rq2 - = g orrg <
ri41. Because di(F) = (d1dp)" """ 7'%, there are ig, 1, - - ,iy and jy, - - - , ji such that

d1d2TdetC<,1 2 ko iy e 1.")
Ju o2 Tk Jke+1 Tk

If the assertion would not hold, then we have g5 > 11 + - - - + ¢ + 1, and this is a con-
tradiction. For any ix ;1 (ix41 > ko, ik41 7 iky+1,- -, ix), any permutation j; - - - jiji1.

We have
detF(.l o ko g l’.kﬂ)—
Ju o Tk Tkt Tk
(dldz)“'“*’kﬂ.detc(.l o ko g e ?kﬂ)
o Jkg T+l Jk1

Because dy 1 (F) = (dydy)™" and giyq > 71 + - - - + rr41, we have

d1d2|detC(.1 o Ko l.k+1>
Ju o Jky T+l Jk1

By Lemma 7, d1d;|dy1(C).
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Theorem 1. Let F(x),G(x) € R, dy(F) = dld}, di = x1 — fi(xa, -+, xn),
dy = xp — fa(x3,- -, xn), Ji(F) = R, where q; are positive integers, i = 1,2,--- ,1; and,

d?d?
F(x) = -G(),
Tk 7k
di*d, -
di'dy Iy
where qo =0,r; =q; —gj—1andi=1,2,--- ,k+1.
Ifry <1y <+ <rp <71 < rgyq, then F(x) is unimodular equivalent to M(x), where
d?d;l
M(x) = ’ d;kdgk * N(x)/
d;t+1d£t+lll7k

and N(x) € R,
Proof. It is obvious that q; = rH +rn+---+r, i = 1,2,---,k+ 1, and then

Q41 =11+ 1+ rep >4 e+, by Lemma 9, di(G) = 1, Ji(G) = R, dqds |
di+1(G). By Lemma 5, there exists a unimodular matrix U; (x) € R/ such that

Ui (x) - G(x) = ( Ik didal,_ > -Gp(x).

1) Ifri=rp=---=r,=rthen
d'il d?
I
F(x) = U (x ( k > -Gy(x
( ) d;kdgk - 1 ( ) dleIlfk 1( )
dy'dy Ik
d;l dgl
= U (x) G1(x).
dFd
d’it+1d;t+l Il—k
Thus, F(x) is unimodular equivalent to
d’il dgl
M(x) = - Gi(x).
d;kdgk ri+1 gri+1
dif " dy T
(2) If there is an integer m with 1 < m < ksuch thatry, < ryy1 = tpip - =1p = 11

Setting P(x) = Lll_l(x), let
_ (P P
P(x) = ( P P >,
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where P, € R™*k p, ¢ Rmx(=k) p; ¢ RU-m)xk p, ¢ RI=m)x(I-k),
Then,

" 4"
did,

.. Ik
F(x) = : - P(x) - -Gy (x).
(.X) d;mdgm (x) < dleIlfk > 1( )
drdy

We claim that (P, d1dy P>) is a ZLP matrix. Otherwise, the m x m minors of (Py, ddy P>)
have a common zero. We compute all the m x m reduced minors of F(x), because
dm(F) = (dqdy)"1+m and every m x m minor of Pj is a factor of some m x m reduced
minors of F(x) and the other m x m reduced minors of F(x) have a common divisor d1d5.
Then, the m x m reduced minors of F(x) have a common zero, and this contradicts that the
hypothesis ], (F) = R.

By Lemma 4, there exists a unimodular matrix Q € R™! such that (P, d1daP) - Q =

(Im Omx(l—m)>'
Setting (P5,d1dyPy) - Q = (P31, P32), furthermore, we partition Ps; to

P31 = (all" : /am)r

where P31 € R(l_m)xm,sz IS R(l_m)x(l_m),rxl,‘ ey € R(l_m)“, and then we have

di'dy!
Py d1d2P2> 1
F(x) = . .0- -G (x
( ) d‘imdgm ( P3 d1d2P4 Q Q l( )
T,
diidy)!
. I Opi—m ) -1
— . . % . - Gi(x
d;"’dgm ( P31 P32 Q 1( )
At d T,
dgldgl
B .' d”nld"m Om,l—m ’ Q_l ) Gl (x)
1 "2
Qi o A, dtdPy

By elementary transformations, we have that F(x) is unimodular equivalent to C(x), where
dgl dgl
C(x) = e Q71 Gi(x),
dy"dy .
dy'dy Py

In the following, we prove that didy | di_p,11(P32).

m
Lete = Y ri+ (k—m+1)r;+ 1. Because (d1dy)® | dx.1(F) and F(x) ~ C(x), we

=1

=
have (dqdp)° | diy1(C). Assume W is one of all (k —m + 1) x (k — m + 1) submatrices of

Ps;; therefore,
T T
dll dz1
C'(x) =
Ym 3'm
e Altdltw
192
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isa (k+1) x (k4 1) submatrix of C(x). So, (d1d2)¢ | diy1(C") implies that did, | det(W).
It is easy to see that didy | di_,,41(P32). Then, by Lemma 5, there exists a unimodular

matrix U(x) € RU=*(=m) such that

I

where Gy (x) € RIE=mx(I=m),
By some elementary transformations, we have

1 37
dl dz

dy"dy” ' ( e ) et

dd

d;t-i-ld;t-l-] Ilfk
From the transmissibility of matrix equivalent, F(x) is unimodular equivalent to

11 g7
di'dy!
M(x) = R N(x),
k Tk
dl d2 +1 4r1+1
T, T
didy T

where N(x) = ( In 6o ).Ql(x).Gl(x).

(B)Ifr; <rp <--- <1 < 1. Through the above methods, we can obtain the same

conclusion.

Theorem 2. Let F(x) € R, detF(x) = didl, di = x — filxa-, %),
dy = xp — fo(x3,- -+, xu), where q is a positive integer. Then, J;(F) = R and d;(F) = (dqdp)% if

and only if F(x) is unimodular equivalent to its Smith normal form S(x), where
1"
di'd, e
S(x) = 1%
d’ildg

andri=q;—qi_1,0=0,i=1,2,---,L

Proof. Sufficiency: Suppose that F(x) ~ S(x) = diag{d}'dy!,d2d}, - ,d]d}}. By Lemma

6, Ji(F) = Ji(S) = Rand d;(F) = d;(S) = (d1d2)%, where q; = r1 + -~ +r;,i =1,-- L.

Necessity: Because dq(F) = (d1dy)", then we have F = (d1d,)"I; - N;. Furthermore,
we assume that dy (F) = (d1d;)"1 "2, by Definition 2, we have r, > r1, and then we consider
two cases. If r, = rq, it is obvious that F(x) ~ diag{d|'dy!,d?d?2,- - ,d2d}*} - Np, where
Ny = Nj. Ifr, > ry, by Theorem 1, we have F(x) ~ diag{d}'d},d} ', ... ditiantty.

2
Nj1. Repeating the preceding procedure 1, — rq times, we obtain

F(x) ~ diag{d{'dy!,d?dp,- - - ,d?d}} - No.

Repeat the above steps | — 2 times, and we have F(x) ~ diag{dy'dy', d2d}?, -, d;’ dy}-N.

It is clear that N is a unimodular matrix. Thus, we have that
F(x) ~ diag{d}'dy},d2d2, - ,did}}.

Thus, F(x) is unimodular equivalent to its Smith normal form S(x). O
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Remark 1. Based on Theorem 2, we give a positive answer to Problem 1. In the following, we
generalize the above result to the case of a non-square matrix.

We first give a useful lemma.

Lemma 10 ([25]). Let F(x) € R"*™ be of full row rank, and denote the greatest common divisor
of all the 1 x 1 minors of F(x) by d. If the | x | reduced minors of F(x) generate R, then there
exist G(x) € R and Fy(x) € R™™ such that F(x) = G(x)F;(x), detG(x) = d and F(x) isa
ZLP matrix.

Denote _—
d1 dy T
Alx) = 1 %2

dd;
Theorem 3. Let F(x) € R*" (1 < m) have full row rank, d;(F) = d]dj, dy = x1 — fi(xa,- -+ , xn),

dy = xp — fo(xz,- -+, xu), where q is a positive integer. Then, J;(F) =R, i=1,2,--- 1 ifand
only if F(x) is unimodular equivalent to its Smith normal form S(x), where

S(x) = (A(x) Op(m—r) )-

Proof. Sufficiency: If F(x) is unimodular equivalent to the Smith normal form S(x), it is
obvious that J;(S) =R,i=1,---,1. By Lemma 6, [;(F) = J;(S) = Rfori=1,2,--- 1.

Necessity: According to Lemma 10, there exists a matrix G(x) € R**! and a ZLP
matrix F; (x) € R”™ such that F(x) = G(x)F;(x), where det G(x) = d]d]. By Lemma 8, we
can obtain that J;(G) = R. From Theorem 2, there exist two [ x [ unimodular polynomial
matrices P(x), Q(x) such that G(x) = P(x)A(x)Q(x). Then, we have

F(x) = P(x) A(x)Q(x) Fy (x).

It is obvious that Q(x)Fy (x) is also a ZLP. According to Lemma 4, there exists an m x m
unimodular matrix Uy (x) such that Q(x)Fy (x)Uy(x) = ( I Ojx(u—r) ). Then, we have

F(x)Uy(x) = P(x)A(x)Q(x) Fy (x)Us (x) = P(x)A(x)( I Opx(m—ry ) = P(x)S(x).
Therefore, F(x) is unimodular equivalent to S(x). O

So as to prove Problem 2, we first give a helpful lemma.

Lemma 11. Let U(x) € R/ be an invertible matrix, F(x) = P (x) - U(x) - Pa(x) = diag{I,_,, pL,} - U(x)-
diag{l;_,,ql,}, where p,q € R satisfy q | p. Then, F(x) is equivalent to diag{I;_,, pql,} if and
only if the (1 — r) x (I — r) minors of F(x) generate R.

Remark 2. The above lemma is a generalization of Theorem 3 in Li et al. [16], so the proof is
omitted here. When p | g, the Lemma still holds.

Based on Lemma 11, we can solve Problem 2.

Theorem 4. Let F(x) € R with detF(x) = (d5dy)", dv = x1— fi(xa, -+, %),
dy = xp — fo(xs, -+, xn), where s, t are positive integers. Then, all the (1 —r) x (I —r) mi-
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nors of F(x) generate R and d5d | d;_,,1(F) if and only if F(x) is unimodular equivalent to its
Smith normal form
Iy ;
dsd
S(x) = 192

dsdt,

Proof. Sufficiency: Because F(x) is unimodular equivalent to the Smith normal form
S(x). By Lemma 3 and Lemma 6, the (I —r) x (I — r) minors of F(x) generate R and
didy | di— i1 (F).

Necessity: Without loss of generality, suppose that 1 < s < t. Using Lemma 5
repeatedly, we have

F(x) ~ Py(x)Us (x)Pa(x) Vi (x) - - - Py (x) Us (x) Pa () Va () Po () Ve (%) - - Vi (x) Pa(x),

where Py (x) = diag{ll_r, dllr}, Pz(X) = dillg{[l_r, dZIy}, and Ui(x), V](x) c R are
unimodular matrices. According to Lemma 2.6 in Li et al. [16], we obtain

F(x) ~ L(x)Wy(x)L(x)Wa(x) - - L(x)Ws(x) P2(x) Vsy1(x) - - Vi1 (x) Pa(x),

where L(x) = diag{I,_,,d1d>I,} and W;(x) € R*! are unimodular matrices. If all the
(I —r) x (I — r) minors of F(x) generate R and d3d5 | d;_,.1(F), then by Lemma 6 and
Lemma 11 repeatedly we obtain that F(x) is unimodular equivalent to its Smith normal
form S(x). O

In the following, we generalize the above result to a more general case where F(x) is a
non-square matrix. Denote

I, ;
d;d
B(X) _ 172

d5db

Theorem 5. Let F(x) € R>™(1 < m) be of full row rank, J;(F) = R, dj(F) = (djdb)",
dy =x1— fi(xo, -+, xn), do = x — fo(x3,- -, xn), where s, t are positive integers. Then, the
(I—r) x (I —r) minors of F(x) generate R and djd’ | d;_, 1 (F) if and only if F(x) is unimodular
equivalent to its Smith normal form

S(x) = ( B(x) Orx(m-1) )-

Proof. Sufficiency: Because F(x) is unimodular equivalent to S(x), it is clear that the
(I —7) x (I = r) minors of S(x) generate R and djdb | d;_,.1(S). By Lemma 6, we can
obtain that the (I — ) x (I — r) minors of F(x) generate R and djd} | d;_,1(F).

Necessity: According to Lemma 10, there is a matrix G(x) € R"*! and a ZLP matrix
Fi(x) € R™™ such that F(x) = G(x)F(x), where det G(x) = (d{d5)". Combining with
Lemma 8, we can obtain that all the (I — r) x (I — r) minors of G(x) generate R and
didl | dj_,+1(G). By Theorem 4, there exist two I x | unimodular polynomial matrices
P(x),Q(x) such that G(x) = P(x)B(x)Q(x). Then, we have

F(x) = P(x)B(x)Q(x) Fy ().
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It is obvious that Q(x)F; (x) is also a ZLP matrix. According to Lemma 4, there exists
an m x m unimodular matrix Uj (x) such that Q(x)Fy (x)Uy(x) = ( I Ojx(u—s) )- Then,
we have

F(x)Un(x) = P(x)B(x)Q(x) Py (x)Us(x) = P(x)B(x)( I Op(mr) ) = P(x)S(x).
Therefore, F(x) is unimodular equivalent to S(x). O

3. Example

In this section, we propose an executable algorithm to handle the unimodular equiv-
alence of the matrices we discussed to their Smith normal forms. Meanwhile, we give a
3D example to illustrate the main results of this paper and the computation process of
Algorithm 1.

Algorithm 1: Smith normal form.

Input: F ¢ R¥! with detF = (d1d2)q = (X1 - f1 (Xz,' 3 ,xn))‘?(xz — f2(X3, cee ,xn))q.
Output: U,V € R are two unimodular matrices such that F = USV,
S is the Smith normal form of F.
1. Calculate d;(F) and J;(F), wherei =1,- - ,Isuch that S = {(d1d)",- -, (d1dp)" }.
2.If there exist some integers i such that J;(F) # Rfori=1,---,I
Return: matrix F is not unimodular equivalent to S.
3. Extract (d1d)" from every row of F, then obtain a polynomial matrix Nj that satisfies
F = (did2)" I} Ny;
4. Presume U, V are two identity matrices;
5. When 2 < i < [, perform step 6; otherwise, go to step 11.
6. Check that r; # r;_1. If yes, perform step 7; otherwise, i = i + 1, go to step 5;
7
8

.Forjfrom1tor; —r;_1 do
. Calculate two unimodular matrices U’, V' and a matrix N’ such that
Ny = U'diag{I;_1,d1d21; ;41 }N'V';
Then,
9. Calculate two unimodular matrices U”, V" and a matrix N’ such that
dlﬂg{ (dldz)rl, cee, (dldz)rifl, (dldz)r"*l—"_j_l, cee, (dldz)ri*ﬁf‘l}U’diag{li,l, d1d211_i+1}
= U"diag{(dydo)"1,- - -, (d1do)"i1, (dldz)mw‘,. . (dldz)r,;ﬁf}v//;
10. Ny =V'N, U=UU"and V = V'V;
1.V =N, V;
12. Return U, V.

Example 1. Consider a 3D polynomial matrix of R3*3

1 —22 x—y
F(x,y,z) = xX—y a2 (x-y* |,

where
ap = (x—y)*(y—2)* — (x —y)2,
a3 = (x —y)*(y —2)° + (x —y)*(y — 2)*.

By computing dy(F) = 1, da(F) = (x —y)*(y —2)?, detF(x,y,2) = (x —y)°(y — 2)°.
Let dy = x —y, dy = y — z. Then, calculate the reduced Grobner bases of the ideal generated by the
i X i reduced minors of F(x,y,z) which is {1}, so we have that J;(F) = R, i = 1,2,3. According
to Theorem 2, F(x,y,z) is unimodular equivalent to its Smith normal form S(x,y, z), where

1
S(x,y,z) = (d1dp)?
(dydy)?
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We first consider

1 —z2 X—z
F(xzz)=| x—z —(x—2)22 (x—2)* |.
0 0 0

Then, construct a unimodular matrix

1 0 0
U= —(x—-z) 1 0 |,
0 01

such that
1 —22 x—z
U -F(x,zz)=( 0 0 0
0 0 0
Then,
1
U1 F = d2 Fl/
dy
where
1 —z2 —y+x
F = -1 ~(y-x’z-y+2 y-x |
y—0)(z—y) —2y—x(z-y) as,

and dyy = (x —y)*(y — 2)* + (x —y)*(y — 2).

Then, consider Fy again
1 —22 0
F(yyz)=| -1 22 0 |,
0 0 O

Construct a unimodular matrix

such that
1 —z22 0
U -F(y,yz)=1 0 0 0 [,
0O 0 O
then
1
U, -F = dl B,
dy
where

1 —z? —y+x
F, = 0 (—x)(z-y O ,
—z+y  Z%(z—y) b
and b = (x —y)?(y — 2)2 + (x — y) (y — z). Now, we have

1 1
F=u;" dy u,! dq b.
dy dq



Mathematics 2023, 11, 2745 14 of 15

By Lemma 2.6 in Li et al. [16], we obtain

1 1 1
dy u, ! d = U3 d1d, /
dy dy d1da

1 00
where U3 = ( —dy, 1 0 ) is a unimodular matrix, then repeat the above process for Fp, and
0 1

0
we have
1
F=1U, did; B,
didy
where
1 00 1 -z x—y
u, = 0 10 |,E=(0 1 0
d 0 1 0 0 (x-yy—2
Hence,
1
F=U;'usuy (dydy) Fs,
(d1d>)
where

It is obvious that

( 1 22 x—y )
whereFy, = 0 1 0 is a unimodular matrix.
0 o0 1
Thus,
1
F = U;tusly (dydy)? A
(did2)?
1
=Uu (d1dy)? v,
(didy)’

where U = U, 1, Uy and V = Fy are unimodular matrices.

4. Conclusions

In this paper, we considered the unimodular equivalence problem for two classes of nD
polynomial matrices, and we obtained some tractable necessary and sufficient conditions
that such polynomial matrices are unimodular equivalent to their Smith normal forms.
Meanwhile, we designed an algorithm for simplifying such matrices to their Smith normal
forms and provided an example at the end of the article to illustrate our approach. All of
these are helpful for reducing nD systems.

However, the unimodular equivalence problem of many other types of multivariate
polynomial matrices has not been solved, such as F(x) € R/ with det(F) = d]'d]? =
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(x1 — fi(xg, -+, x0)) 1 (x2 — fa(x3,- -+, x,))72, where g1, g2 are two positive integers. What
is the criteria for the unimodular equivalence between F(x) and its Smith normal form

diag{ddy),d2d2, - ,ddy ).
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