

  mathematics-11-02755




mathematics-11-02755







Mathematics 2023, 11(12), 2755; doi:10.3390/math11122755




Article



Application of STEM Technologies on the Example of the Problem of a Thread with a Load



Valery Ochkov 1,*, Inna Vasileva 2[image: Orcid], Ekaterina Borovinskaya 3,4,* and Wladimir Reschetilowski 3





1



Department of Theoretical Bases of Heat Engineering, National Research University Moscow Power Engineering Institute, 111250 Moscow, Russia






2



Department of Mathematics, Military Educational and Scientific Center of the Air Force “N.E. Zhukovsky and Y.A. Gagarin Air Force Academy”, 394064 Voronezh, Russia






3



Faculty of Mechanical Science and Engineering, Technische Universität Dresden, 01062 Dresden, Germany






4



Saint-Petersburg State Institute of Technology, Technical University, 190013 St. Petersburg, Russia









*



Correspondence: ochkovvf@mpei.ru (V.O.); ekaterina.borovinskaya@tu-dresden.de (E.B.); Tel.: +49-351-463-33423 (E.B.)







Academic Editor: Galina Bogdanova



Received: 16 May 2023 / Revised: 8 June 2023 / Accepted: 12 June 2023 / Published: 18 June 2023



Abstract

:

This paper demonstrates the application of STEM technologies using the example of the problem of a thread with a load. As a training problem, parameter finding of a flexible inextensible thread with a load sliding along it, as well as with a fixed load, is considered. A mathematical model of a thread with a load is created without using simplifying assumptions such as a negligibly small mass of the thread, a thread with a small sag or a parabolic approximation of the thread form. When solving the problem, methods of analysis from various branches of mathematics, theoretical mechanics, physics, history of mathematics, as well as various tools of computer mathematical packages (Mathcad), are used. The reasonability of considering such tasks from the perspective of teaching effectiveness for first-year students in engineering as well as in physics and mathematics is proved. Promising educational tasks based on the investigated problem are considered.
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1. Introduction


The application of science, technology, engineering and mathematics (STEM) technologies has become a key area of educational process development in the last decades, especially in science and engineering education [1,2,3,4]. STEM technology is a rather new educational trend that describes an integrative approach to learning. Thereby, the scientific disciplines are not studied in isolation but rather in relationship to each other to solve the problem at hand. This increases interdisciplinary connections and intensifies the cognitive aspect of learning. The main factor promoting the use of STEM technologies is clearly the extensive computational possibilities of modern mathematical computer software such as Mathcad, Matlab, Mathematica, etc. [5,6,7].



Thus, quantum computing ideas have been proposed in literature [1], as well as applications of screencasts and simulations [8]. The development of a high-school physics unit and associated assessment tasks were described [3]. The original technology of training samples used for constructing hybrid neural networks were considered [7]. Studies [2,9] have been devoted to the training of teaching staff for conducting STEM classes.



This paper, on the one hand, follows the trends set in [3,4], which propose ready-made scenarios for STEM classes. On the other hand, a new educational aspect was considered which is not completely taken into account in regular STEM technologies, namely a rational and meaningful choice of the problems to be solved with students using such technologies. Several aspects which form the essence of STEM education should be considered. The problem has to be relevant to the specialty and have a practical application in real engineering construction or physical processes. Moreover, it is necessary to demonstrate a variety of mathematical instruments, as well as capabilities of computer software tools providing practical implementation of such instruments. Finally, in terms of influence on the cognitive process and motivational qualities of students [10], the most effective tasks seem to be illustrative with simple physical interpretations.



In this paper, a problem of parameter estimation for a flexible inextensible thread with a load was solved. It meets all the mentioned requirements. On one hand, this long-term problem is rather well known and studied both for applied and educational purposes [11,12,13,14,15,16,17,18,19,20]. On the other hand, it allows the application of various analysis techniques, application of different mathematical fields, theoretical mechanics, physics, history of mathematics and demonstration of a wide range of computer software tools (in this case, Mathcad). This provides an opportunity to achieve the main goal of STEM technologies—to enhance learning efficiency. This problem can be presented to first-year engineering and physics-mathematics students.



Thus, a new educational approach to STEM technologies is demonstrated in this paper. In addition to the educational aspects, the scientific originality of this paper is the examination of a more accurate mathematical model of a thread with a load without using simplifying assumptions such as a negligibly small mass of the thread, a thread with a small sag or an parabolic approximation of the thread shape, which are often accepted in engineering calculations [21,22,23,24,25].



The paper has the following structure:




	-

	
Composition and analysis of a mathematical model of a flexible inextensible thread with a freely sliding (frictionless) load on it;




	-

	
Composition and analysis of a mathematical model of the flexible inextensible thread with an attached load;




	-

	
Results of testing the proposed approach;




	-

	
Analysis of educational tasks resulting from the mentioned problems.










2. Materials and Methods


In this work, the following research and educational methods were used [26,27,28]. Methods of mathematical modeling were used in compiling models of a flexible inextensible thread with both a sliding and fixed load. At the same time, an educational method known as a problem statement [26], in which the teacher sets the direction of scientific search for students, as well as an explanatory and illustrative method [26] (consideration of graphs, drawings), were implemented.



Further consideration of mathematical models took place with the application of mathematical analysis methods, specifically the study of derivative concepts, integral concepts, formulas of a curve gravity center, etc. Methods of theoretical mechanics related to the concepts of potential energy, as well as the balance of forces and moments, were applied to compose equations describing mathematical models. A heuristic method of education [26] was used to allow students to participate in discussions and to create mathematical apparatus for further research.



Further, for the decision of the received algebraic equations, a method of computer modeling in Mathcad was involved. Methods of linear algebra and numerical solutions of algebraic equations, as well as methods of optimization, were used in the decision process. Here, a reproductive method of education [26] was implemented, where students followed the instructions.



Finally, during the review of the obtained results of the calculations and graphical material, an explanatory and illustrative method [26] were used, as well as a comparative analysis method, which encouraged students to draw the required conclusions.



Such a combination of research and educational methods is one of the manifestations of STEM learning.




3. Results and Discussion


3.1. Mathematical Model of a Thread with a Freely Sliding Load


Let us consider a common engineering structure, such as a hanging cable car which moves along a cable fixed between the supports of different heights (Figure 1).



Then, we will consider a simplified physical model of such a structure: a load (a bead) slides without friction along a flexible inextensible thread hanging from supports of different heights (Figure 2). The students may be asked to think about the question: at which point in the thread will it stop? What would the shape of the thread look like?



When the students have finished their hypotheses, let us move on to creating a mathematical model.



An absolute flexible and inextensible thread has length S and specific mass mc. The thread is suspended at a height h1 on the left and at a height h2 on the right side. The horizontal distance between the suspension points is L. A bead (material point) of mass M can slide along the thread without friction. The question is what forces will act on the thread, how it will sag and what will be the abscissa    x b    and ordinate    h b    of the bead when it stops (Figure 3). Figure 3 shows the raw data in green and the main unknowns in yellow.



Before answering the proposed questions, it is important to discuss with students the fact that a flexible thread without a load sags in the shape of a catenary curve [24]:


  y  ( x )  = a · c h  (   x a   )  ,  



(1)




where a is the parameter which determines the “steepness” of the catenary.



This parameter has a certain physical meaning: the ratio of the horizontal force projection stretching the thread at any place to the specific gravity of the thread [24]. The students’ attention should be focused on the fact that the parameter a is not dimensionless but has the dimension [a] = meters.



Here, it is appropriate to mention the history of catenary curve discovery, in particular the names of mathematicians Leibniz, Huygens and Bernoulli [24,30]. It is also important to note that the parabola formula [22,23] (Figure 4) is used as a simplification for engineering calculations in the case of small, sagged threads:


  y  ( x )  =    x 2   a  .  



(2)







How would the shape of the thread sag shown in Figure 4 change in the presence of a sliding load (bead) (Figure 3)?



With a concentrated load, the shape of the thread will be determined by the two sections AM and MB (see Figure 3). Both of them are parts of two imaginary catenary curves suspended at heights h1 and h2, respectively, and intersecting at point M (see dashed lines in Figure 3). Thus, the problem is reduced to determination of the two catenary equations described above.



In order to describe these catenary curves Formula (1) in modified form, (3) is used, where parameters x0 and h have been added, which are abscissa and ordinate, respectively, of the minimum of the catenary graph (for understanding the problem it is recommended to ask students to determine values of x0 and h for the catenary in Figure 4):


  y  (  x , a ,  x 0  , h  )  = h + a ·  (  c h  (    x −  x 0   a   )  − 1  )  .  



(3)







Using the theory of mathematical analysis, the students are then given the corresponding formulas for the derivative of the catenary    y ′   (  x , a ,  x 0   )    on the coordinate x, its length   s  (   x 1  ,  x 2  , a ,  x 0   )   , and the coordinates of its gravity center    x  c b    (   x 1  ,  x 2  , a ,  x 0   )   ,    y  c b    (   x 1  ,  x 2  , a ,  x 0  ,    h 0   )    [31]:


       y ′   (  x , a ,  x 0   )  = s h  (    x −  x 0   a   )  ,       s  (   x 1  ,  x 2  , a ,  x 0   )  =   ∫    x 1     x 2      1 +  y ′   (  x , a ,  x 0   )    d x ,        x  c b    (   x 1  ,  x 2  , a ,  x 0   )  =     ∫    x 1     x 2    x   1 +  y ′   (  x , a ,  x 0   )    d x   s  (   x 1  ,  x 2  , a ,  x 0   )    ,        y  c b    (   x 1  ,  x 2  , a ,  x 0  ,   h  )  =     ∫    x 1     x 2    y  (  x , a ,  x 0  , h  )  ·   1 +  y ′   (  x , a ,  x 0   )    d x   s  (   x 1  ,  x 2  , a ,  x 0   )    .      



(4)







Then, the equations of the two catenary sections described above are sought in the form   y  (  x ,  a L  ,  x  0 L   ,  h L   )   ,   y  (  x ,  a R  ,  x  0 R   ,  h R   )   , where    (   a L  ,  x  0 L   ,  h L   )   ,    (   a R  ,  x  0 R   ,  h R   )    are parameters characterizing the “left” and “right” sections of catenary curves, respectively (red and blue plots, respectively, in Figure 3).



Let students note that the variables    x 1  ,    x 2   , introduced in Equation (4), are to define the abscissa of the beginning and the end of the two above-described sections of catenary curves: 0 and    x b   ;    x b    and L.



Following STEM principles, now let us move from mathematical analysis to using the basics of theoretical mechanics, that is, the fact that the mechanical system in rest takes a position with minimal potential energy [32,33,34].



The potential energy   P E  (   x b  ,  a L  ,  x  0 L   ,  h L  ,  a R  ,  x  0 R   ,  h R   )    of a thread with a bead is the sum of three quantities: the potential energy of the “left” part of the thread, the potential energy of the suspended bead and the potential energy of the “right” part of the thread:


  P E  (   x b  ,  a L  ,  x  0 L   ,  h L  ,  a R  ,  x  0 R   ,  h R   )  = g ·  (      s  (  0 ,  x b  ,  a L  ,  x  0 L    )  ·  m c  ·  y  c b    (  0 ,  x b  ,  a L  ,  x  0 L   ,    h L   )  +       + M · y  (   x b  ,  a L  ,  x  0 L   ,  h L   )  +       + s  (   x b  , L ,  a R  ,  x  0 R    )  ·  m c  ·  y  c b    (   x b  , L ,  a R  ,  x  0 R   ,    h R   )       )  .  



(5)







Proceeding in the STEM framework, one proceeds to the solution of the optimization problem. The solution of the problem on the sag of a thread with a bead reduces to finding a minimum of potential energy with constraints: one needs to find values of bead abscissa    x b    and catenary parameters    (   a L  ,  x  0 L   ,  h L   )   ,    (   a R  ,  x  0 R   ,  h R   )   , at which the objective function   P E  (   x b  ,  a L  ,  x  0 L   ,  h L  ,  a R  ,  x  0 R   ,  h R   )    will have a minimum value.



The following conditions act as constraints:




	-

	
The “left” part of the thread is fixed at height h1;




	-

	
The “right” part of the thread is fixed at height h2;




	-

	
The “left” and “right” parts of the thread meet at the point with abscissa    x b   ;




	-

	
The sum of lengths of “left” and “right” parts of the thread is equal to initial length S:


      y  (  0 ,  a L  ,  x  0 L   ,  h L   )  =  h 1  ,       y  (  L ,  a R  ,  x  0 R   ,  h R   )  =  h  2   ,       y  (   x b  ,  a L  ,  x  0 L   ,  h L   )  = y  (   x b  ,  a R  ,  x  0 R   ,  h R   )  ,       s  (  0 ,  x b  ,  a L  ,  x  0 L    )  + s  (   x b  , L ,  a R  ,  x  0 R    )  = S .      



(6)













Mathcad was used to solve this optimization problem. It is expected that students are competent in Mathcad and know how to perform the simplest computational operations. The solving of the problem will allow them to learn more complex operators, such as the Minimize search operator.



It should be noted that the application of software tools within STEM makes it possible to demonstrate to students the solution of a rather complex nonlinear programming problem, avoiding the description of the mathematical mechanism for solving such problems (this would make it unacceptable for undergraduates to consider such a problem).



Let us draw students’ attention to such an important point as the choice of initial values of the sought parameters    x b  ,  a L  ,  x  0 L   ,  h L  ,  a R  ,  x  0 R   ,  h R    for numerical minimum search. This point is relevant for most numerical procedures implemented in Mathcad, as an unsuccessful choice leads to an inability to find a numerical solution in the software application [35]. Let us demonstrate a useful educational iterative data fitting technique. The shape of a thread with a suspended load is not known, but the shape of the same thread without a load is available as a catenary (3) with parameters   a ,  x 0  , h  . These parameters can be easily computed in Mathcad by solving a system of three algebraic equations:


   {      y  (  0 , a ,  x 0  , h  )  =  h  1   ,       y  (  L , a ,  x 0  , h  )  =  h  2   ,       s  (  0 , L , a ,  x 0   )  = S .        



(7)







Note that the numerical solution of system (7) also requires the specification of initial values. However, there are only three such values in this case, and their choice is very intuitive. For example,    x 0    can be chosen as half of the support distance L/2, and h as half of the smaller support height    h 2  / 2  . As for the parameter a, a simple empirical choice is sufficient.



The listing of the program for solving system (7) with Find is shown in Figure 5 (here and below we use Mathcad Prime 6.0).



The calculations use following input data for the constants: L = 15 m, S = 25 m,    h 1  = 15   m,    h 2  = 10   m,    m c  = 0.1   kg/m, M = 1 kg. The choice of thread length S for given values L,    h 1   ,    h 2    is not random and should be greater than minimum    S  m i n   =    L 2  −    (   h 2  −  h 1   )   2    = 15.81   m  , determined by simple geometric property (students should derive this relation by themselves).



Students should also note that the length function   s  (   x 1  ,  x 2  , a , h ,  x 0   )    formally has an additional parameter h, although it does not actually depend on it (see Formula (4)).



Then, the obtained solution of system (7) obtained can be used as initial values to find the minimum of potential energy: value a—as starting values for    a L  ,  a R    ,   value    x 0     —for    x b  ,  x  0 L   ,  x  0 R   ,   and value h—for    h L  ,  h R   .



The minimum search procedure in Mathcad can be directly handled by the Minimize operator. The listing of the corresponding program is shown in Figure 6.



Based on the obtained parameter values, a graph of the thread form by its two parts corresponding to functions   y  (  x ,  a L  ,  x  0 L   ,  h L   )  , y  (  x ,  a R  ,  x  0 R   ,  h R   )    can be plotted. However, for educational purposes, the results should be initially analyzed with students. It should be noted that the values of parameters    a L  ,  a R    are the same (as well as the values of    h L  ,  h R   ), and the values of    x  0 L   ,  x  0 R     are symmetric with respect to    x b   :


  Δ =  |   x b  −  x  0 L    |  =  |   x b  −  x  0 R    |  .  



(8)







The resulting equality of the parameters    a L  ,  a R    is not by chance and follows from their physical meaning—the ratio of the horizontal projection modulus of the force stretching the thread at any point to the specific gravity of the thread:


   a L  =  a R  =    |   F  x L    |    g ·  m c    =    |   F  x R    |    g ·  m c    .  



(9)







The modulus of horizontal projection of the tension force is the same at all points of the thread, so the parameters    a L  ,  a R    are the same for both catenary curves.



Based on this explanation, the students can hypothesize what the desired graph of the shape of the thread would look like qualitatively and fix the proposed variants without presenting the graph obtained from Mathcad calculations.



Returning to the questions introduced at the beginning of Section 3.1, the forces (and their projections) acting on the thread at the suspension points and the values of angles between the thread and the OX axis at the left (αL) and right (αR) suspension points remain to be found. At this point, our focus returned to theoretical mechanics, and we drew up a balance of forces.



At the suspension points, the thread is under the action of the horizontal (FxL and FxR) and vertical (FyL and FyR) projections (Figure 3) of the FL (L—left,) and FR (R—right) forces.



Figure 3 does not show the other three forces (the gravity of the load, the gravity of the “left” part of the thread and the gravity of the “right” part) acting down vertically, as they are evenly distributed along the thread. However, these are taken into account in the calculations below.



Finding the angles αL and αR is not difficult given the parameters found for the catenary curves (Figure 6). Here, it is useful to remember the geometric meaning of the derivative and to invite the students to calculate these angles themselves:


         α L  = a r c t g  (   y ′   (  0 ,  a L  ,  x  0 L   ,  h L   )   )  ,        α R  = a r c t g  (   y ′   (  L ,  a R  ,  x  0 R   ,  h R   )   )  .      



(10)







If the angles between the thread and the axis OX at the suspension points on the left (αL) and on the right (αR) are known, then it is easy to calculate the forces FL and FR by solving a system of equations, which represent the equalities of the horizontal and vertical force projections:


   {       F  x L   =  F  x R          F  y L   +  F  y R   = g ·  m c  · S + g · M .          



(11)




or, which is equivalent to:


   {       F L  · cos  (   α L   )  =  F R  · cos  (   α R   )         F L  · sin  (   α L   )  +  F R  · sin  (   α R   )  = g ·  m c  · S + g · M .          



(12)







Students can now see how to solve systems of equations symbolically (analytically) in Mathcad. Figure 7 shows the use of the solve operator for this purpose.



It is also possible to use linear algebra techniques in another way [31].



The system (12) is linear in the form Tx = v, where T is the square matrix of the coefficients for the unknowns, x is the vector of the unknowns and v is the vector of free terms. In order to analyze and solve this system of equations in Mathcad, some special tools can be applied (Figure 8). The Mathcad built-in function rank determines the ranks of the main and extended matrices. Since there are two unknowns, the system has only one solution. This solution can be found from the vector multiplication of the inverted matrix T and the vector v.



Finally, when all the preliminary calculations are done, the students can observe the graphs of the shape of the thread with the freely sliding load together with the calculated values (Figure 9).



Figure 9 shows three graphs for different mass values:




	-

	
Figure 9a for an initial value of M = 1 kg;




	-

	
Figure 9b for a zero value of M = 0 kg (no load);




	-

	
Figure 9c for the case when the mass of the load (M = 1000 kg) is significantly greater than the mass of the thread (2.5 kg).









Students have the opportunity to analyze the graphs and compare them with the hypotheses proposed earlier. Consider the following facts:




	-

	
The sections of the graphs of Figure 9, which are between the level hb of the load suspension and the level h2, are symmetrical about the vertical axis drawn through xb;




	-

	
The diagram Figure 9b (without load) looks like a normal catenary, while the diagram Figure 9c looks like a “funicular polygon” that is often used in engineering calculations [36];




	-

	
The red and blue dots on the graphs represent the centers of gravity of both sections of the thread.









Based on the obtained values of the catenary parameters    a L  ,  a R    (Figure 6) and their physical sense (9), as well as the geometrical property (10), the tension force F(x) and its projections Fx(x), Fy(x) can be calculated for any point of the thread:


       F x   ( x )  = g ·  m c  ·  {       a L  ,   i f   x ≤  x b         a R  ,   i f   x >  x b        ,        F y   ( x )  =  F x   ( x )  ·  {       y ′   (  x ,  a L  ,  x  0 L   ,  h L   )  ,   i f   x ≤  x b         y ′   (  x ,  a R  ,  x  0 R   ,  h R   )  ,   i f   x >  x b              F  ( x )  =    F x     ( x )   2  +  F y     ( x )   2  .         ,  



(13)







It should be explained to students that, according to the tradition of theoretical mechanics, such a calculation is usually illustrated by a graph of the tension force of a thread (Figure 10).



So, we solved the problem together with the students by answering all the questions posed at the beginning of Section 3.1: we identified the shape of the thread, the location of the load and the forces acting on the thread.




3.2. Mathematical Model of a Thread with a Fixed Load


Consider the more complex case where a load (a bead) is attached to a thread so that, after the thread is suspended on supports of different heights, it is at a certain distance    x b    from the left support.



An example of an engineering solution of this kind is the barrage balloons on power lines [37] (Figure 11).



The physical and mathematical interpretation of this case is shown in Figure 12 and Figure 13, respectively. As in Section 3.1, Figure 13 shows the raw data in green and the values to be calculated in yellow.



Just as in Section 3.1, the problem is reduced to finding the parameters    (   a L  ,  x  0 L   ,  h L   )   ,    (   a R  ,  x  0 R   ,  h R   )    of two catenary curves converging to a point with abscissa    x b    which is given in this case. Equation (6) also remains valid.



Since, in this case, the value of    x b    is known, it is possible to dispense with a simpler mathematical apparatus than the search for a minimum, namely an algebraic system of six equations with six unknown parameters    (   a L  ,  x  0 L   ,  h L   )   ,    (   a R  ,  x  0 R   ,  h R   )   .



In addition to four Equation (6), two more equations are added: condition (9) for the equality of parameters    a L  ,  a R    and balance condition for vertical projection of tension forces    F  y L   ,  F  y R    —the second equation of system (11) written using (13). Thus, the required system of equations is obtained:


   {      y  (  0 ,  a L  ,  x  0 L   ,  h L   )  =  h 1  ,       y  (  L ,  a R  ,  x  0 R   ,  h R   )  =  h  2   ,       y  (   x b  ,  a L  ,  x  0 L   ,  h L   )  = y  (   x b  ,  a R  ,  x  0 R   ,  h R   )  ,       s  (  0 ,  x b  ,  a L  ,  x  0 L    )  + s  (   x b  , L ,  a R  ,  x  0 R    )  = S ,        a L  =  a R  ,       g ·  m c  ·  a L  ·  |   y ′   (  0 ,  a L  ,  x  0 L   ,  h L   )   |  + g ·  m c  ·  a R  ·  |   y ′   (  L ,  a R  ,  x  0 R   ,  h R   )   |  = g ·  m c  · S + g · M .        



(14)







The listing of the program for solving system (14) using the Find operator is shown in Figure 14. The calculation uses the same input data as in Section 3.1 and    x b    = 7 m.



To verify that the solution found is correct, the balance of the force moments at the point where the bead is fixed was calculated (the sum of the clockwise force moments with respect to the point where the bead is fixed is equal to the sum of the counterclockwise force moments) [34]:


       F  x R    (   h 2  −  h b   )  + g ·  m c  · s  (   x b  , L ,  a R  ,  x  0 R    )  ·  (   x  c b    (   x b  , L ,  a R  ,  x  0 R    )  −  x b   )  +  F  y L   ·  x b  =           =  F  x L   ·  (   h 1  −  h b   )  + g ·  m c  · s  (  0 ,  x b  ,  a L  ,  x  0 L    )  ·  (   x b  −  x  c b    (  0 ,  x b  ,  a L  ,  x  0 L    )   )  +  F  y L   ·  x b  =       = 253.187   N · m          



(15)







The graph of the thread shape with a fixed load position, based on the results of the calculation, is shown in Figure 15 (the red and blue dots in the graphs indicate the centers of gravity of both sections of thread).



Analysis of Figure 15 shows that, in this case, there is no symmetry of the catenary sections as in the case of the sliding bead (Figure 9). The corresponding force diagram for the thread tension is shown in Figure 16.



The next practical point to discuss with the students is as follows. Students may be asked: at what distance    S 1    from the left end of the thread should the bead initially be secured so that, when the thread is suspended, it will be at the required distance from the left-hand support    x b    (Figure 12)? The following simple and straightforward way for the students is suggested. Based on the above calculations (Figure 14), we can determine at what distance    S 1  = s  (  0 ,  x b  ,  a L  ,  x  0 L    )    from the left end of the thread the bead will end up depending on the value of    x b   . So, for example, with    x b  = 5   m ,      S 1  = 12.46   m  ; with    x b  = 7   m ,      S 1  = 14.07   m  ; with    x b  = 9   m ,      S 1  = 15.49   m  . Thus, it is possible iteratively to find the desired initial value of the bead fixing point.



So, we have analyzed the case of a suspended thread with a fixed load with the students.



Note that a similar educational problem was solved in [21], where a laboratory experiment to experimentally study the equilibrium of a cable under the action of a finite number of vertical, parallel, concentrated and external forces was considered. However, in [21], the emphasis was placed on experimental measurements of the parameters under the simplifying assumption of a negligibly small weight of the thread and, as a consequence, the shape of the thread as a “funicular polygon”. Whereas, in this paper, a full mathematical model of the thread with a load was constructed without simplifications, and a solution close to the analytical one was numerically found.




3.3. Result of the Approach Tests


The educational STEM technology considered in this paper is an integral part of the experimental program conducted in recent decades at the Department of Theoretical Bases of Heat Engineering of National Research University Moscow Power Engineering Institute. Within the framework of the “Information Technology” academic discipline, physical and engineering problems demonstrating practical application of mathematical analysis and theoretical mechanics concepts are considered. Besides, the systems of algebraic and differential equations arising in the process of solving such problems are successfully solved by students with the help of computer mathematical packages.



In particular, the problem of a thread with a load considered in the work allows students to understand in practice what “derivative” and “integral” concepts are needed to solve the problem and to calculate the length of a curve and its center of gravity. Later in the course of theoretical mechanics, students also use this knowledge and skillset.



In addition, the application of Mathcad within the framework of STEM technologies makes it possible to demonstrate to students the solution of a rather complex nonlinear programming problem, avoiding the theoretical description of the mathematical apparatus for solving such problems (this would make it unacceptable for younger students to consider such a problem).



Such an opportunity to obtain a quick and clear (due to graphical material) result of the problem solution increases students’ motivation and stimulates their interest in scientific activity.



The analysis of academic performance [39] in disciplines “Mathematical Analysis” and “Theoretical Mechanics” in groups of students taught using the proposed STEM technology showed that the performance increased by about 20% compared to the study groups with the traditional form of teaching. This proves the effectiveness of the proposed STEM technology.




3.4. Prospective Problems Related to the Problem to Be Solved


The considered problem has a number of promising directions both educationally and scientifically. Here are some of the possible tasks that could be considered with students.



	
Solve the problem of a thread with a load using a system of equations describing balances of forces and moments of forces, rather than through the minimization of potential energy.



	
Hang two (or three or more) fixed beads of different masses from the thread.



	
Find the ratio of the length of the thread without load and the distance between the suspension points (under conditions of equal height of the suspension supports), under which the force of tension of the thread at any point will not exceed the given limit value.



	
Calculate the cross-sectional area of the thread with and/or without load at which the specific tensile force of the thread is a constant value along its length.



	
Calculate the cross-sectional area of the thread without load at which the form of its sag is close to parabola (hyperbola, ellipse arc).



	
Replace the thread with a rubber band whose degree of stretching obeys Hooke’s law. Take into account the change of linear mass of the rubber band during stretching.






Such problems can be considered within the framework of using the innovative STEM technologies described in this paper.





4. Conclusions


The paper demonstrates an innovative STEM technology of the educational process based on the problem of finding the shape of a thread with both a sliding and fixed load. The educational technology was designed for first-year engineering and physics and mathematics students.



The mathematical model of a thread with a load was explored without making simplifying assumptions such as a negligibly small mass of a thread, a thread with a small sag or a parabolic approximation of the shape of the thread.



The solution of the problem showed, in a student-friendly form, the interrelation of different fields of mathematics, the history of mathematics, theoretical mechanics, physics, as well as mathematical and computer modeling. Aspects to be discussed with students were explained in detail.



Diverse tools of computer mathematical package Mathcad Prime 6.0 were demonstrated.



Attention was given to the features of the numerical and analytical methods of the solution of algebraic equations in the Mathcad environment.



Calculation results were accompanied by graphic material, as well as practical examples of engineering structures.



Prospective problems related to the problem being solved, which may be considered within the framework of using STEM technologies in the educational process of engineering and physics and mathematics specialties, were indicated.



The considered STEM technology can be used for the professional training of teachers in the field of STEM technologies, which is directly related to engineering design [2].



The obtained refined mathematical model can be used in scientific and engineering calculations related to the design of suspended structures (a suspended structure), power lines, etc.
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Figure 1. Cable car [29]. 
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Figure 2. Physical model of a thread with a sliding bead. 
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Figure 3. Mathematical model of a thread with a sliding bead. 
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Figure 4. A catenary and its comparison with a parabola x2/a. 
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Figure 5. Solution of the system (7) in Mathcad. 
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Figure 6. Searching for minimum of potential energy in Mathcad for the case of a sliding bead. 
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Figure 7. Solution in Mathcad for the equation system of forces’ balance at the suspension points. 
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Figure 8. Analysis and solution of the system of linear algebraic equations in Mathcad. 
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Figure 9. Graphs of the shape of the thread with a freely sliding load with mass M = 1 kg (a), M = 0 kg (b), M = 1000 kg (c). 






Figure 9. Graphs of the shape of the thread with a freely sliding load with mass M = 1 kg (a), M = 0 kg (b), M = 1000 kg (c).



[image: Mathematics 11 02755 g009a][image: Mathematics 11 02755 g009b]







[image: Mathematics 11 02755 g010 550] 





Figure 10. Tension force diagram for the case of a sliding bead with mass M = 1 kg. 
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Figure 11. Barrage balloons on power lines [38]. 
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Figure 12. Physical model of a thread with a fixed bead. 
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Figure 13. Mathematical model of a thread with a fixed bead. 
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Figure 14. Searching for the solution in Mathcad for the case of a fixed bead. 
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Figure 15. Solution of the problem with a fixed bead. 
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Figure 16. Tension force diagram for a fixed bead with mass M = 1 kg. 
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