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Abstract: In this paper, we study a nonlinear Riemann-Liouville fractional a q-difference system with
multi-strip and multi-point mixed boundary conditions under the Caputo fractional q-derivative,
where the nonlinear terms contain two coupled unknown functions and their fractional derivatives.
Using the fixed point theorem for mixed monotone operators, we constructe iteration functions for
arbitrary initial value and acquire the existence and uniqueness of extremal solutions. Moreover, a
related example is given to illustrate our research results.
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1. Introduction

Fractional calculus come into people’s view in 1695 [1], extending the traditional inte-
gral calculus concept to the whole field of real numbers. It is originally of great significance
in many areas [2]. As we all know, in the research process of these fields, equations need
to be established to describe the specific change process. On the other hand, fractional
calculus has the nice property of being able to accurately describe these processes with
genetic and memory traits. Therefore, the fractional differential equation has gradually
become the focus of people’s research. At the same time, the existence analysis, uniqueness
analysis, stability analysis of solutions in fractional differential equation become an impor-
tant research direction. Many scholars have studied them in recent years, and readers can
refer to the literature [3–13].

At the beginning of the twentieth century, the appearance of Quantum Mechanics
promoted the generation and development of Quantum calculus (q-calculus). F. H. Jack-
son made the first complete study of q-calculus [14,15]. Later W. A. Al-Salam [16] and
R. P. Agarwal [17] proposed the basic concepts and properties of fractional q-calculus.
Q-calculus has been an important bridge between mathematics and physics since its birth.
It plays an extremely important role in quantum physics, spectral analysis and dynamical
systems [18–21]. In recent years, q-calculus has also been increasingly used in engineer-
ing [22,23]. With the application and development of fractional differential equation and
the extensive research and application of q-calculus in mathematics, physics and other
fields, the study of fractional q-difference equation has become a topic of widespread
concern. Increased experts begin to pay attention to the theoretical research of fractional
q-difference equation [24–32].

In 2019, the authors [27] studied the boundary value problem of the following mixed
fractional q-difference by the Guo–Krasnoselskii’s fixed point theorem and the Banach
contraction mapping principle:

Mathematics 2023, 11, 2941. https://doi.org/10.3390/math11132941 https://www.mdpi.com/journal/mathematics

https://doi.org/10.3390/math11132941
https://doi.org/10.3390/math11132941
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com
https://doi.org/10.3390/math11132941
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com/article/10.3390/math11132941?type=check_update&version=1


Mathematics 2023, 11, 2941 2 of 22

{
Dα

q u(t) + f (t, u(t)) = 0, t ∈ [0, 1],

u(0) = cDβ
q u(0) = cDβ

q u(1),

where 0 < β 6 1, 2 < α < 2+ β, Dα
q , cDβ

q are the Riemann–Liouville fractional q-derivative
and Caputo fractional q-derivative of order α, β.

In [30], utilizing the monotone iterative approach, the authors are considered with the
fractional q-difference system involing four-point boundary conditions:

Dα
q u(t) + f (t, v(t)) = 0, t ∈ (0, 1),

Dβ
q v(t) + f (t, u(t)) = 0, t ∈ (0, 1),

u(0) = 0, u(1) = γ1u(η1),

v(0) = 0, v(1) = γ2v(η2),

where 1 < β 6 α 6 2, 0 < η1, η2 < 1, 0 < γ1ηα−1
1 < 1 and 0 < γ2η

β−1
2 < 1.

In [9], in view of the method of mixed monotone operators, the conclusion of the
existence and uniqueness of solutions for the following coupled system is drawn:

Dα
0+x(τ) + f1

(
τ, x(τ), Dη

0+x(τ)
)
+ g1(τ, y(τ)) = 0,

Dβ
0+y(τ) + f2

(
τ, y(τ), Dγ

0+y(τ)
)
+ g2(τ, x(τ)) = 0,

τ ∈ (0, 1), n− 1 < α, β < n,

x(i)(0) = y(i)(0) = 0, i = 0, 1, 2, . . . , n− 2,[
Dξ

0+y(τ)
]

τ=1
= k1(y(1)),

[
Dζ

0+x(τ)
]

τ=1
= k2(x(1)),

where the integer number n > 3 and 1 6 γ 6 ξ 6 n − 2, 1 6 η 6 ζ 6 n − 2, f1, f2:
[0, 1] × R+ × R+ → R+, g1, g2: [0, 1] × R+ → R+and k1, k2: R+ → R+are continuous
functions, Dα

0+ and Dβ
0+ represent the Riemann-Liouville derivatives.

There are many ways to deal with the boundary value problem, such as monotone
iteration techniques, the Banach contraction mapping principle and so on. In these methods,
the constraints are often stringent, one of which is that completely continuity of the operator
must be proved and the proving process is often very complicated. However, The mixed
monotone operators have relatively loose requirements and only need to prove some
properties like the upper bound. Now, there has been some literature using it to prove the
existence and uniqueness of solutions, see [9–13,31,32]. Therefore, this paper also intends
to introduce this method to prove the corresponding conclusion.

Motivated by the above mentioned papers, we investigate the following coupled
nonlinear fractional q-difference system:{

Dα1
q u(t) + f1(t, u(t), v(t), Dγ1

q u(t), Dγ2
q v(t)) = 0, t ∈ (0, 1),

Dα2
q v(t) + f2(t, u(t), v(t), Dγ1

q u(t), Dγ2
q v(t)) = 0, t ∈ (0, 1),

(1)

subject to the multi-strip and multi-point mixed boundary conditions:

u(0) = 0, v(0) = 0,

cDα1−1
q u(1) =

m

∑
i=1

λ1i I
β1i
q v(ξi) +

n

∑
j=1

b1jv(ηj),

cDα2−1
q v(1) =

m

∑
i=1

λ2i I
β2i
q u(ξi) +

n

∑
j=1

b2ju(ηj),

(2)
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where cDα
q , Dα

q are the Caputo fractional q-derivative and Riemann-Liouville fractional

q-derivative of order α respectively, and Iβki
q is the Riemann-Liouville fractional q-integral

of order βki, for k = 1, 2 and i = 1, 2, . . . , m. α1, α2 ∈ [1, 2], γ1, γ2 ∈ [0, 1]; λ1i, λ2i ∈
[0,+∞), β1i, β2i ∈ (0,+∞), ξi ∈ [0, 1], for i = 1, 2, . . . , m; b1j, b2j ∈ [0,+∞), ηj ∈ [0, 1], for
j = 1, 2, . . . , n.

The system has the following four main characteristics: First, it is based on q-calculus,
so it is closely connected with Physics and has practical research significance. Second, there
are two types of derivatives (the Caputo and Riemann-Liouville fractional q-derivative)
in the system, which is more in line with the complex conditions of the real world. Third,
the unknown functions u(t) and v(t) in the system influence each other which can have
better practical applications. Fourth, the nonlinear part, f1and f2, contain two derivative
operators Dγ1

q , Dγ2
q . Due to the complexity of the model, it is difficult to find the Green’s

function and its upper and lower bounds. After that, we choose the mixed monotone
operator method to get the existence and uniqueness of non-negative solution to our
system. Compared with the monotone iterative method for the requirements of fixed initial
values, mixed monotone operators do not need to prove complete continuity, and there
are no restrictions for initial values, that is, the arbitrarily initial value works. Therefore,
the mixed monotone method is more widely applicable.

This article is arranged as the following aspects: In Section 2, some fundamental
definitions and lemmas are introduced. Moreover, some crucial results and their proofs
are discussed. In Section 3, we set out the main conclusion: the existence and uniqueness
results of non-negative solutions. At last, an example is given to illustrate our result.

2. Preliminaries

For the reader’s convenience, we list some important definitions of q-calculus. On the
other hand, there are also basic notion and lemmas for the proof which will be used in the
next section.

Let (E, ‖ · ‖) be a Banach space, partially ordered by a cone P ⊂ E. In other words,
x � y if and only if y− x ∈ P. We use θ to represent the zero element of E. We consider a
cone P to be normal if there exists a constant M > 0 such that for all x, y ∈ E, θ 6 x 6 y
implies ‖x‖ 6 M‖y‖; on this condition M is called the normality constant of P. Giving
h > θ, we denote by Ph the set Ph = {x ∈ E| ∃ λ, µ > 0 : λh 6 x 6 µh}.

Definition 1 ([33,34]). A : P× P → P is said to be a mixed monotone operator of A(x, y) is
increasing in x and decreasing in y, i.e., for xi, yi ∈ P(i = 1, 2), x1 6 x2, y1 > y2 implies that
A(x1, y1) 6 A(x2, y2). Element x ∈ P is called a fixed point of A if A(x, x) = x.

Lemma 1 ([35]). Let P a normal cone of a real Banach space E. Also, let A : P× P → P be a
mixed monotone operator. Assume that

(A1) there exists h ∈ P with h 6= θ such that A(h, h) ∈ Ph;
(A2) for any u, v ∈ P and t ∈ (0, 1), there exists ϕ(t) ∈ (0, 1] such that A(tu, t−1v) >

ϕ(t)A(u, v).
Then operator A has a unique fixed point x∗ in Ph. Moreover, for any initial x0, y0 ∈ Ph,

constructing successively the sequences

xn = A(xn−1, yn−1), yn = A(yn−1, xn−1), n = 1, 2, · · · ,

one has ‖xn − x∗‖ → 0 and ‖yn − x∗‖ → 0 as n→ ∞.

For q ∈ (0, 1) and a ∈ R, define

[a]q =
1− qa

1− q
.
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The q-analogue of the power function is

(a− b)(0)q = 1,

(a− b)(k)q =
k−1

∏
i=0

(a− bqi), k ∈ N, a, b ∈ R.

Generally, if α ∈ R, there is

(a− b)(α)q = aα
∞

∏
i=0

a− bqi

a− bqi+α
.

It is clearly that a(α) = aα for b = 0 and 0(α) = 0 for α ≥ 0.
The q-Gamma function is given by

Γq(x) =
(1− q)(x−1)

(1− q)x−1 , x ∈ R\{0,−1,−2, . . .},

then we have Γq(x + 1) = [x]qΓq(x).
For x, y > 0, we have

Bq(x, y) =
∫ 1

0
tx−1(1− qt)(y−1)dqt, (3)

especially,

Bq(x, y) =
Γq(x)Γq(y)
Γq(x + y)

.

The q-derivative of a function f is defined by

(Dq f )(x) =
f (qx)− f (x)
(q− 1)x

,

(Dq f )(0) = lim
x→0

(Dq f )(x),

and the q-derivative of higher order by

(D0
q f )(x) = f (x),

(Dn
q f )(x) = Dq(Dn−1

q f )(x), n ∈ N.

The q-integral of a function f defined on the interval [0, b] is given by

(Iq f )(x) =
∫ x

0
f (s)dqs = x(1− q)

∞

∑
k=0

f (xqk)qk, x ∈ [0, b].

If a ∈ [0, b] and f is defined in the interval [0, b], then its integral from a to b is
defined by ∫ b

a
f (s)dqs =

∫ b

0
f (s)dqs−

∫ a

0
f (s)dqs,

and similarly the q-integral of higher order is given by

(I0
q f )(x) = f (x),

(In
q f )(x) = Iq(In−1

q f )(x), n ∈ N.
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Definition 2 ([17]). Let α > 0 and f be a real function defined on a certain interval [a, b]. The
Riemann-Liouville fractional q-integral of order α is defined by

(I0
q f )(t) = f (t),

(Iα
q f )(t) =

1
Γq(α)

∫ t

0
(t− qs)(α−1) f (s)dqs, α > 0.

Definition 3 ([17]). The fractional q-derivative of the Riemann-Liouville type of order α > 0 of a
continuous and differential function f on the interval [a, b] is given by

(D0
q f )(t) = f (t),

(Dα
q f )(t) = (Dl

q Il−α
q f )(t), α > 0,

where l is the smallest integer greater than or equal to α.

Definition 4 ([17]). Let α > 0, and the Caputo fractional q-derivatives of f be defined by

(cDα
q f )(t) = (Il−α

q Dl
q f )(t),

where l is the smallest integer greater than or equal to α.

Lemma 2 ([36]). Let α, β > 0 and f : [a, b] → R be a continuous function defined on [a, b] and
its derivative exist. Then the following formulas hold:

(Dα
q Iα

q f )(t) = f (t),

(Iα
q Iβ

q f )(t) = (Iα+β
q f )(t).

Lemma 3 ([36]). Let α > 0 and p be a positive integer. Then the following equality holds:

(Iα
q Dp

q f )(t) = (Dp
q Iα

q f )(t)−
p−1

∑
k=0

tα−p+k

Γq(α− p + k + 1)
(Dk

q f )(0).

Lemma 4 ([36,37]). Let α > 0 and n = [α] + 1. Then we have

(Iα
q

cDα
q f )(t) = f (t) + c0 + c1t + c2t2 + . . . + cn−1tn−1,

where c0, c1, . . . , cn−1 are some constants.

For convenience, we denote
l1 =

1
Γq(α2)

[
m

∑
i=1

λ1i
Γq(β1i)

∫ ξi

0
(ξi − qs)(β1i−1)sα2−1dqs +

n

∑
j=1

b1jη
α2−1
j

]
,

l2 =
1

Γq(α1)

[
m

∑
i=1

λ2i
Γq(β2i)

∫ ξi

0
(ξi − qs)(β2i−1)sα1−1dqs +

n

∑
j=1

b2jη
α1−1
j

]
.

(4)

The following assumptions are introduced for analysis:

(F1) 1 6 αk 6 2, βki > 0, for k = 1, 2 and i = 1, 2, . . . , m;
(F2) 0 6 ηj, ξi 6 1, λ1i, λ2i > 0, b1j, b2j > 0, for i = 1, 2, . . . , m, j = 1, 2, . . . , n;
(F3) 1− l1l2 > 0, where l1, l2 are defined by (4);
(F4) fk : [0, 1]× [0,+∞)4 → [0,+∞) is continuous (k = 1, 2).
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A corresponding linear differential system with BVP (1) and (2) is considered, and the
expression of the corresponding Green’s functions are established.

Lemma 5. Assume that (F1)–(F3) hold. For h1, h2 ∈ C(0, 1), the fractional differential system{
Dα1

q u(t) + h1(t) = 0, t ∈ (0, 1),

Dα2
q v(t) + h2(t) = 0, t ∈ (0, 1),

(5)

with boundary conditions (2) has an integral representation
u(t) =

∫ 1

0
K1(t, qs)h1(s)dqs +

∫ 1

0
H1(t, qs)h2(s)dqs,

v(t) =
∫ 1

0
K2(t, qs)h2(s)dqs +

∫ 1

0
H2(t, qs)h1(s)dqs,

(6)

where

K1(t, qs) = g1(t, qs) +
l1tα1−1

Γq(α1)(1− l1l2)

[
m

∑
i=1

λ2i
Γq(β2i)

∫ ξi

0
(ξi − qτ)(β2i−1)g1(τ, qs)dτ +

n

∑
j=1

b2jg1(ηj, qs)

]
,

H1(t, qs) =
tα1−1

Γq(α1)(1− l1l2)

[
m

∑
i=1

λ1i
Γq(β1i)

∫ ξi

0
(ξi − qτ)(β1i−1)g2(τ, qs)dqτ +

n

∑
j=1

b1jg2(ηj, qs)

]
,

(7)

K2(t, qs) = g2(t, qs) +
l2tα2−1

Γq(α2)(1− l1l2)

[
m

∑
i=1

λ1i
Γq(β1i)

∫ ξi

0
(ξi − qτ)(β1i−1)g2(τ, qs)dτ +

n

∑
j=1

b1jg2(ηj, qs)

]
,

H2(t, qs) =
tα2−1

Γq(α2)(1− l1l2)

[
m

∑
i=1

λ2i
Γq(β2i)

∫ ξi

0
(ξi − qτ)(β2i−1)g1(τ, qs)dqτ +

n

∑
j=1

b2jg1(ηj, qs)

]
,

(8)

and for k = 1, 2,

gk(t, qs) =
1

Γq(αk)

{
tαk−1 − (t− qs)(αk−1), 0 6 qs 6 t 6 1,

tαk−1, 0 6 t 6 qs 6 1.
(9)

Proof. According to Lemma 3, the Equation (5) can be reduced to the following equivalent
integral equations: {

u(t) = −Iα1
q h1(t) + c11tα1−1 + c12tα1−2,

v(t) = −Iα2
q h2(t) + c21tα2−1 + c22tα2−2,

(10)

where c11, c12, c21, c22 are constants.
From u(0) = v(0) = 0, we obtain c12 = c22 = 0. By using Lemma 4, we get

cDα1−1
q u(t) = − cDα1−1

q Iα1
q h1(t) + c11

cDα1−1
q tα1−1 = −Iqh1(t) + c11[α1 − 1]q I2−α1

q tα1−2,
cDα2−1

q v(t) = − cDα2−1
q Iα2

q h2(t) + c21
cDα2−1

q tα2−1 = −Iqh2(t) + c21[α2 − 1]q I2−α2
q tα2−2.

(11)

Then from (3) we get
cDα1−1

q u(1) = −Iqh1(1) + c11[α1 − 1]q I2−α1
q 1 = −

∫ 1

0
h1(s)dqs + c11Γq(α1),

cDα2−1
q v(1) = −Iqh2(1) + c21[α2 − 1]q I2−α2

q 1 = −
∫ 1

0
h2(s)dqs + c21Γq(α2).

(12)



Mathematics 2023, 11, 2941 7 of 22

From the rest of the condition of (2), it can be obtained that
c11 =

1
Γq(α1)

[
m

∑
i=1

λ1i I
β1i
q v(ξi) +

n

∑
j=1

b1jv(ηj) +
∫ 1

0
h1(s)dqs

]
,

c21 =
1

Γq(α2)

[
m

∑
i=1

λ2i I
β2i
q u(ξi) +

n

∑
j=1

b2ju(ηj) +
∫ 1

0
h2(s)dqs

]
.

(13)

Further, we can reduce (10) to
u(t) =

tα1−1

Γ(α1)

[
m

∑
i=1

λ1i
Γq(β1i)

∫ ξi

0
(ξi − qs)(β1i−1)v(s)dqs +

n

∑
j=1

b1jv(ηj)

]
+
∫ 1

0
g1(t, qs)h1(s)dqs,

v(t) =
tα2−1

Γ(α2)

[
m

∑
i=1

λ2i
Γq(β2i)

∫ ξi

0
(ξi − qs)(β2i−1)u(s)dqs +

n

∑
j=1

b2ju(ηj)

]
+
∫ 1

0
g2(t, qs)h2(s)dqs,

(14)

where gk(t, qs)(k = 1, 2) are introduced by (9). Then we can get

m

∑
i=1

λ1i
Γq(β1i)

∫ ξi

0
(ξi − qs)(β1i−1)v(s)dqs +

n

∑
j=1

b1jv(ηj)

=
1

Γq(α2)

[
m

∑
i=1

λ1i
Γq(β1i)

∫ ξi

0
(ξi − qs)(β1i−1)sα2−1dqs +

n

∑
j=1

b1jη
α2−1
j

]

·
[

m

∑
i=1

λ2i
Γq(β2i)

∫ ξi

0
(ξi − qs)(β2i−1)u(s)dqs +

n

∑
j=1

b2ju(ηj)

]

+
m

∑
i=1

λ1i
Γq(β1i)

∫ ξi

0
(ξi − qτ)(β1i−1)

∫ 1

0
g2(τ, qs)h2(s)dqsdqτ +

n

∑
j=1

b1j

∫ 1

0
g2(ηj, qs)h2(s)dqs.

(15)

Moreover, we have

m

∑
i=1

λ2i
Γq(β2i)

∫ ξi

0
(ξi − qs)(β2i−1)u(s)dqs +

n

∑
j=1

b2ju(ηj)

=
1

Γq(α1)

[
m

∑
i=1

λ2i
Γq(β2i)

∫ ξi

0
(ξi − qs)(β2i−1)sα1−1dqs +

n

∑
j=1

b2jη
α1−1
j

]

·
[

m

∑
i=1

λ1i
Γq(β1i)

∫ ξi

0
(ξi − qs)(β1i−1)v(s)dqs +

n

∑
j=1

b1jv(ηj)

]

+
m

∑
i=1

λ2i
Γq(β2i)

∫ ξi

0
(ξi − qτ)(β2i−1)

∫ 1

0
g1(τ, qs)h1(s)dqsdqτ +

n

∑
j=1

b2j

∫ 1

0
g1(ηj, qs)h1(s)dqs.

(16)

Combining (15) and (16), it can be seen that
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m

∑
i=1

λ1i
Γq(β1i)

∫ ξi

0
(ξi − qs)(β1i−1)v(s)dqs +

n

∑
j=1

b1jv(ηj)

=
1

1− l1l2

[
l1

(
m

∑
i=1

λ2i
Γq(β2i)

∫ ξi

0
(ξi − qτ)(β2i−1)

∫ 1

0
g1(τ, qs)h1(s)dqsdqτ +

n

∑
j=1

b2j

∫ 1

0
g1(ηj, qs)h1(s)dqs

)

+
m

∑
i=1

λ1i
Γq(β1i)

∫ ξi

0
(ξi − qτ)(β1i−1)

∫ 1

0
g2(τ, qs)h2(s)dqsdqτ +

n

∑
j=1

b1j

∫ 1

0
g2(ηj, qs)h2(s)dqs

]
,

m

∑
i=1

λ2i
Γq(β2i)

∫ ξi

0
(ξi − qs)(β2i−1)u(s)dqs +

n

∑
j=1

b2ju(ηj)

=
1

1− l1l2

[
l2

(
m

∑
i=1

λ1i
Γq(β1i)

∫ ξi

0
(ξi − qτ)(β1i−1)

∫ 1

0
g2(τ, qs)h2(s)dqsdqτ +

n

∑
j=1

b1j

∫ 1

0
g2(ηj, qs)h2(s)dqs

)

+
m

∑
i=1

λ2i
Γq(β2i)

∫ ξi

0
(ξi − qτ)(β2i−1)

∫ 1

0
g1(τ, qs)h1(s)dqsdqτ +

n

∑
j=1

b2j

∫ 1

0
g1(ηj, qs)h1(s)dqs

]
,

(17)

where lk (k = 1, 2) is defined by (4). According to (14) and (17), we can get

u(t) =
∫ 1

0
g1(t, qs)h1(s)dqs

+
tα1−1

Γq(α1)(1− l1l2)

[∫ 1

0
l1

(
m

∑
i=1

λ2i
Γq(β2i)

∫ ξi

0
(ξi − qτ)(β2i−1)g1(τ, qs)dqτ +

n

∑
j=1

b2jg1(ηj, qs)

)
h1(s)dqs

+
∫ 1

0

(
m

∑
i=1

λ1i
Γq(β1i)

∫ ξi

0
(ξi − qτ)(β1i−1)g2(τ, qs)dqτ +

n

∑
j=1

b1jg2(ηj, qs)

)
h2(s)dqs

]

=
∫ 1

0
K1(t, qs)h1(s)dqs +

∫ 1

0
H1(t, qs)h2(s)dqs,

where K1(t, qs) and H1(t, qs) are introduced by (7). Similarly, we also have

v(t) =
∫ 1

0
g2(t, qs)h2(s)dqs

+
tα2−1

Γq(α2)(1− l1l2)

[∫ 1

0
l2

(
m

∑
i=1

λ1i
Γq(β1i)

∫ ξi

0
(ξi − qτ)(β1i−1)g2(τ, qs)dqτ +

n

∑
j=1

b1jg2(ηj, qs)

)
h2(s)dqs

+
∫ 1

0

(
m

∑
i=1

λ2i
Γq(β2i)

∫ ξi

0
(ξi − qτ)(β2i−1)g1(τ, qs)dqτ +

n

∑
j=1

b2jg1(ηj, qs)

)
h1(s)dqs

]

=
∫ 1

0
K2(t, qs)h2(s)dqs +

∫ 1

0
H2(t, qs)h1(s)dqs,

where K2(t, qs) and H2(t, qs) are also given by (8).
This completes the proof of the lemma.



Mathematics 2023, 11, 2941 9 of 22

Let

Kĩ1(t, qs) =Dγĩ
q K1(t, qs)

=Dγĩ
q g1(t, qs) +

l1tα1−γĩ−1

Γq(α1 − γĩ)(1− l1l2)

·
[

m

∑
i=1

λ2i
Γq(β2i)

∫ ξi

0
(ξi − qτ)(β2i−1)g1(τ, qs)dτ +

n

∑
j=1

b2jg1(ηj, qs)

]
,

Hĩ1(t, qs) =Dγĩ
q H1(t, qs)

=
tα1−γĩ−1

Γq(α1 − γĩ)(1− l1l2)

·
[

m

∑
i=1

λ1i
Γq(β1i)

∫ ξi

0
(ξi − qτ)(β1i−1)g2(τ, qs)dqτ +

n

∑
j=1

b1jg2(ηj, qs)

]
,

(18)

Kĩ2(t, qs) =Dγĩ
q K2(t, qs)

=Dγĩ
q g2(t, qs) +

l2tα2−γĩ−1

Γq(α2 − γĩ)(1− l1l2)

·
[

m

∑
i=1

λ1i
Γq(β1i)

∫ ξi

0
(ξi − qτ)(β1i−1)g2(τ, qs)dτ +

n

∑
j=1

b1jg2(ηj, qs)

]
,

Hĩ2(t, qs) =Dγĩ
q H2(t, qs)

=
tα2−γĩ−1

Γq(α2 − γĩ)(1− l1l2)

·
[

m

∑
i=1

λ2i
Γq(β2i)

∫ ξi

0
(ξi − qτ)(β2i−1)g1(τ, qs)dqτ +

n

∑
j=1

b2jg1(ηj, qs)

]
,

(19)

Dγĩ
q gk(t, qs) =

1
Γq(αk − γĩ)

{
tαk−γĩ−1 − (t− qs)(αk−γĩ−1), 0 6 qs 6 t 6 1,

tαk−γĩ−1, 0 6 t 6 qs 6 1,
(20)

where ĩ = 1, 2 and k = 1, 2.

Lemma 6. Assume that (F1) holds. Then the functions gk(t, qs) defined by (9) and Dγĩ
q gk(t, qs)

defined by (20) for ĩ = 1, 2, k = 1, 2 have the following properties:

(1) 0 6
1

Γq(αk)
[1− (1− qs)(αk−1)]tαk−1 6 gk(t, qs) 6

1
Γq(αk)

tαk−1;

(2) 0 6
1

Γq(αk − γĩ)
[1− (1− qs)(αk−γĩ−1)]tαk−γĩ−1 6 Dγĩ

q gk(t, qs) 6
1

Γq(αk − γĩ)
tαk−γĩ−1,

f or t, qs ∈ [0, 1].
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Proof. (1) For 0 6 qs 6 t 6 1, we can get

gk(t, qs) =
1

Γq(αk)

[
tαk−1 − (t− qs)(αk−1)

]
>

1
Γq(αk)

[
tαk−1 − (t− qs · t)(αk−1)

]
=

1
Γq(αk)

[1− (1− qs)(αk−1)]tαk−1 > 0,

gk(t, qs) =
1

Γq(αk)

[
tαk−1 − (t− qs)(αk−1)

]
6

1
Γq(αk)

tαk−1.

For 0 6 t 6 qs 6 1, we have

gk(t, qs) =
1

Γq(αk)
tαk−1

>
1

Γq(αk)
tαk−1 − 1

Γq(αk)
tαk−1 · (1− qs)(αk−1)

=
1

Γq(αk)
[1− (1− qs)(αk−1)]tαk−1 > 0,

gk(t, qs) =
1

Γq(αk)
tαk−1.

(2) For 0 6 qs 6 t 6 1, we have

Dγĩ
q gk(t, qs) =

1
Γq(αk − γĩ)

[
tαk−γĩ−1 − (t− qs)(αk−γĩ−1)

]
>

1
Γq(αk − γĩ)

[
tαk−γĩ−1 − (t− qs · t)(αk−γĩ−1)

]
=

1
Γq(αk − γĩ)

[1− (1− qs)(αk−γĩ−1)]tαk−γĩ−1 > 0,

Dγĩ
q gk(t, qs) =

1
Γq(αk − γĩ)

[
tαk−γĩ−1 − (t− qs)(αk−γĩ−1)

]
6

1
Γq(αk − γĩ)

tαk−γĩ−1.

For 0 6 t 6 qs 6 1, we have

Dγĩ
q gk(t, qs) =

1
Γq(αk − γĩ)

tαk−γĩ−1

>
1

Γq(αk − γĩ)
tαk−γĩ−1 − 1

Γq(αk − γĩ)
tαk−γĩ−1 · (1− qs)(αk−γĩ−1)

=
1

Γq(αk − γĩ)
[1− (1− qs)(αk−γĩ−1)]tαk−γĩ−1 > 0,

Dγĩ
q gk(t, qs) =

1
Γq(αk − γĩ)

tαk−γĩ−1.

This completes the proof of the lemma.

For computational convenience, we introduce the following notations:
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$1 =
1

Γq(α1)

[
1 +

l1
Γq(α1)(1− l1l2)

(
m

∑
i=1

λ2i
Γq(β2i)

∫ ξi

0
(ξi − qτ)(β2i−1)τα1−1dqτ +

n

∑
j=1

b2jηj
α1−1

)]
, (21)

$2 =
1

Γq(α2)

[
1 +

l2
Γq(α2)(1− l1l2)

(
m

∑
i=1

λ1i
Γq(β1i)

∫ ξi

0
(ξi − qτ)(β1i−1)τα2−1dqτ +

n

∑
j=1

b1jηj
α2−1

)]
, (22)

$3 = 1 +
l1

Γq(α1)(1− l1l2)

(
m

∑
i=1

λ2i
Γq(β2i)

∫ ξi

0
(ξi − qτ)(β2i−1)τα1−1dqτ +

n

∑
j=1

b2jηj
α1−1

)
, (23)

$4 = 1 +
l2

Γq(α2)(1− l1l2)

(
m

∑
i=1

λ1i
Γq(β1i)

∫ ξi

0
(ξi − qτ)(β1i−1)τα2−1dqτ +

n

∑
j=1

b1jηj
α2−1

)
, (24)

ρ1 =
1

Γq(α1)Γq(α2)(1− l1l2)

[
m

∑
i=1

λ1i
Γq(β1i)

∫ ξi

0
(ξi − qτ)(β1i−1)τα2−1dqτ +

n

∑
j=1

b1jηj
α2−1

]
, (25)

ρ2 =
1

Γq(α1)Γq(α2)(1− l1l2)

[
m

∑
i=1

λ2i
Γq(β2i)

∫ ξi

0
(ξi − qτ)(β2i−1)τα1−1dqτ +

n

∑
j=1

b2jηj
α1−1

]
, (26)

ρ3 =
1

Γq(α2)(1− l1l2)

[
m

∑
i=1

λ1i
Γq(β1i)

∫ ξi

0
(ξi − qτ)(β1i−1)τα2−1dqτ +

n

∑
j=1

b1jηj
α2−1

]
, (27)

ρ4 =
1

Γq(α1)(1− l1l2)

[
m

∑
i=1

λ2i
Γq(β2i)

∫ ξi

0
(ξi − qτ)(β2i−1)τα1−1dqτ +

n

∑
j=1

b2jηj
α1−1

]
. (28)

Lemma 7. Assume that (F1)–(F3) hold. Then for (t, qs) ∈ [0, 1]× [0, 1], the functions K j̃(t, qs),
Hj̃(t, qs), Kĩ j̃(t, qs) and Hĩ j̃(t, qs) for ĩ = 1, 2, j̃ = 1, 2 defined by (7), (8), (18) and (19) satisfy the
following results:
(1) 0 ≤ $1tα1−1

[
1− (1− qs)(α1−1)

]
6 K1(t, qs) 6 $1tα1−1,

0 ≤ $2tα2−1
[
1− (1− qs)(α2−1)

]
6 K2(t, qs) 6 $2tα2−1,

0 ≤ $3

Γq(α1 − γĩ)
tα1−γĩ−1

[
1− (1− qs)(α1−γĩ−1)

]
6 Kĩ1(t, qs) 6

$3

Γq(α1 − γĩ)
tα1−γĩ−1,

0 ≤ $4

Γq(α2 − γĩ)
tα2−γĩ−1

[
1− (1− qs)(α2−γĩ−1)

]
6 Kĩ2(t, qs) 6

$4

Γq(α2 − γĩ)
tα2−γĩ−1,

(2) 0 ≤ ρ1tα1−1
[
1− (1− qs)(α2−1)

]
6 H1(t, qs) 6 ρ1tα1−1,

0 ≤ ρ2tα2−1
[
1− (1− qs)(α1−1)

]
6 H2(t, qs) 6 ρ2tα2−1,

0 ≤ ρ3

Γq(α1 − γĩ)
tα1−γĩ−1

[
1− (1− qs)(α2−γĩ−1)

]
6 Hĩ1(t, qs) 6

ρ3

Γq(α1 − γĩ)
tα1−γĩ−1,

0 ≤ ρ4

Γq(α2 − γĩ)
tα2−γĩ−1

[
1− (1− qs)(α1−γĩ−1)

]
6 Hĩ2(t, qs) 6

ρ4

Γq(α2 − γĩ)
tα2−γĩ−1.

Proof. (1) Accordance with (F3), Lemma 6 and the definition of K1(t, qs), we have
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K1(t, qs) = g1(t, qs) +
l1tα1−1

Γq(α1)(1− l1l2)

[
m

∑
i=1

λ2i
Γq(β2i)

∫ ξi

0
(ξi − qτ)(β2i−1)g1(τ, qs)dqτ +

n

∑
j=1

b2jg1(ηj, qs)

]

>
tα1−1

Γq(α1)
[1− (1− qs)(α1−1)] +

l1tα1−1

Γq(α1)(1− l1l2)

·

 m

∑
i=1

λ2i
Γq(β2i)

∫ ξi

0
(ξi − qτ)(β2i−1) τα1−1

Γq(α1)
[1− (1− qs)(α1−1)]dqτ +

n

∑
j=1

b2j
ηα1−1

j

Γq(α1)
[1− (1− qs)(α1−1)]


=

tα1−1

Γq(α1)
[1− (1− qs)(α1−1)]

·
[

1 +
l1

Γq(α1)(1− l1l2)

(
m

∑
i=1

λ2i
Γq(β2i)

∫ ξi

0
(ξi − qτ)(β2i−1)τα1−1dqτ +

n

∑
j=1

b2jηj
α1−1

)]
=$1tα1−1

[
1− (1− qs)(α1−1)

]
≥ 0,

K1(t, qs) = g1(t, qs) +
l1tα1−1

Γq(α1)(1− l1l2)

[
m

∑
i=1

λ2i
Γq(β2i)

∫ ξi

0
(ξi − qτ)(β2i−1)g1(τ, qs)dqτ +

n

∑
j=1

b2jg1(ηj, qs)

]

6
tα1−1

Γq(α1)
+

l1tα1−1

Γq(α1)(1− l1l2)

[
m

∑
i=1

λ2i
Γq(β2i)Γq(α1)

∫ ξi

0
(ξi − qτ)(β2i−1)τα1−1dqτ +

1
Γq(α1)

n

∑
j=1

b2jηj
α1−1

]

=
tα1−1

Γq(α1)

[
1 +

l1
Γq(α1)(1− l1l2)

(
m

∑
i=1

λ2i
Γq(β2i)

∫ ξi

0
(ξi − qτ)(β2i−1)τα1−1dqτ +

n

∑
j=1

b2jηj
α1−1

)]
=$1tα1−1,

where $1 is defined by (21).

Kĩ1(t, qs) = Dγĩ
q g1(t, qs) +

l1tα1−γĩ−1

Γq(α1 − γĩ)(1− l1l2)

[
m

∑
i=1

λ2i
Γq(β2i)

∫ ξi

0
(ξi − qτ)(β2i−1)g1(τ, qs)dqτ +

n

∑
j=1

b2jg1(ηj, qs)

]

>
tα1−γĩ−1

Γq(α1 − γĩ)
[1− (1− qs)(α1−γĩ−1)] +

l1tα1−γĩ−1

Γq(α1 − γĩ)(1− l1l2)

·

 m

∑
i=1

λ2i
Γq(β2i)

∫ ξi

0
(ξi − qτ)(β2i−1) τα1−1

Γq(α1)
[1− (1− qs)(α1−1)]dqτ +

n

∑
j=1

b2j
ηα1−1

j

Γq(α1)
[1− (1− qs)(α1−1)]


>

tα1−γĩ−1

Γq(α1 − γĩ)
[1− (1− qs)(α1−γĩ−1)]

·
[

1 +
l1

Γq(α1 − γ1)(1− l1l2)

(
m

∑
i=1

λ2i
Γq(β2i)

∫ ξi

0
(ξi − qτ)(β2i−1)τα1−1dqτ +

n

∑
j=1

b2jηj
α1−1

)]

=
$3

Γq(α1 − γĩ)
tα1−γĩ−1

[
1− (1− qs)(α1−γĩ−1)

]
≥ 0,
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Kĩ1(t, qs) = Dγĩ
q g1(t, qs) +

l1tα1−γĩ−1

Γq(α1 − γĩ)(1− l1l2)

[
m

∑
i=1

λ2i
Γq(β2i)

∫ ξi

0
(ξi − qτ)(β2i−1)g1(τ, qs)dqτ +

n

∑
j=1

b2jg1(ηj, qs)

]

6
tα1−γĩ−1

Γq(α1 − γĩ)
+

l1tα1−γĩ−1

Γq(α1 − γĩ)(1− l1l2)

·
[

m

∑
i=1

λ2i
Γq(β2i)Γq(α1)

∫ ξi

0
(ξi − qτ)(β2i−1)τα1−1dqτ +

1
Γq(α1)

n

∑
j=1

b2jηj
α1−1

]

=
tα1−γĩ−1

Γq(α1 − γĩ)

[
1 +

l1
Γq(α1 − γĩ)(1− l1l2)

(
m

∑
i=1

λ2i
Γq(β2i)

∫ ξi

0
(ξi − qτ)(β2i−1)τα1−1dqτ +

n

∑
j=1

b2jηj
α1−1

)]

=
$3

Γq(α1 − γĩ)
tα1−γĩ−1,

where ĩ = 1, 2 and $3 is defined by (23). Similarly, we get

0 6 $2tα2−1
[
1− (1− qs)(α2−1)

]
6K2(t, qs) 6 $2tα2−1,

0 ≤ $4

Γq(α2 − γĩ)
tα2−γĩ−1

[
1− (1− qs)(α2−γĩ−1)

]
6Kĩ2(t, qs) 6

$4

Γq(α2 − γĩ)
tα2−γĩ−1,

where $2 and $4 are defined by (22) and (24).
(2) According to (F3), Lemma 6 and the definition of H1(t, qs), we can obtain

H1(t, qs) =
tα1−1

Γq(α1)(1− l1l2)

[
m

∑
i=1

λ1i
Γq(β1i)

∫ ξi

0
(ξi − qτ)(β1i−1)g2(τ, qs)dqτ +

n

∑
j=1

b1jg2(ηj, qs)

]

>
tα1−1

Γq(α1)(1− l1l2)

[
m

∑
i=1

λ1i
Γq(β1i)

∫ ξi

0
(ξi − qτ)(β1i−1) τα2−1

Γq(α2)
[1− (1− qs)(α2−1)]dqτ

+
n

∑
j=1

b1j
ηα2−1

j

Γq(α2)
[1− (1− qs)(α2−1)]


=

tα1−1

Γq(α1)Γq(α2)(1− l1l2)
[1− (1− qs)(α2−1)]

[
m

∑
i=1

λ1i
Γq(β1i)

∫ ξi

0
(ξi − qτ)(β1i−1)τα2−1dqτ +

n

∑
j=1

b1jη
α2−1
j

]
= ρ1tα1−1

[
1− (1− qs)(α2−1)

]
≥ 0,

H1(t, qs) =
tα1−1

Γq(α1)(1− l1l2)

[
m

∑
i=1

λ1i
Γq(β1i)

∫ ξi

0
(ξi − qτ)(β1i−1)g2(τ, qs)dqτ +

n

∑
j=1

b1jg2(ηj, qs)

]

6
tα1−1

Γq(α1)(1− l1l2)

[
m

∑
i=1

λ1i
Γq(β1i)Γq(α2)

∫ ξi

0
(ξi − qτ)(β1i−1)τα2−1dqτ +

1
Γq(α2)

n

∑
j=1

b1jη
α2−1
j

]

=
tα1−1

Γq(α1)Γq(α2)(1− l1l2)

[
m

∑
i=1

λ1i
Γq(β1i)

∫ ξi

0
(ξi − qτ)(β1i−1)τα2−1dqτ +

n

∑
j=1

b1jη
α2−1
j

]
= ρ1tα1−1,

where ρ1 is defined by (27).
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Hĩ1(t, qs) =
tα1−γĩ−1

Γq(α1 − γĩ)(1− l1l2)

[
m

∑
i=1

λ1i
Γq(β1i)

∫ ξi

0
(ξi − qτ)(β1i−1)g2(τ, qs)dqτ +

n

∑
j=1

b1jg2(ηj, qs)

]

>
tα1−γĩ−1

Γq(α1 − γĩ)(1− l1l2)

[
m

∑
i=1

λ1i
Γq(β1i)

∫ ξi

0
(ξi − qτ)(β1i−1) τα2−1

Γq(α2)
[1− (1− qs)(α2−1)]dqτ

+
n

∑
j=1

b1j
ηα2−1

j

Γq(α2)
[1− (1− qs)(α2−1)]


>

tα1−γĩ−1

Γq(α1 − γĩ)Γq(α2)(1− l1l2)
[1− (1− qs)(α2−γĩ−1)]

·
[

m

∑
i=1

λ1i
Γq(β1i)

∫ ξi

0
(ξi − qτ)(β1i−1)τα2−1dqτ +

n

∑
j=1

b1jη
α2−1
j

]

=
ρ3

Γq(α1 − γĩ)
tα1−γĩ−1

[
1− (1− qs)(α2−γĩ−1)

]
≥ 0,

Hĩ1(t, qs) =
tα1−γĩ−1

Γq(α1 − γĩ)(1− l1l2)

[
m

∑
i=1

λ1i
Γq(β1i)

∫ ξi

0
(ξi − qτ)(β1i−1)g2(τ, qs)dqτ +

n

∑
j=1

b1jg2(ηj, qs)

]

6
tα1−γĩ−1

Γq(α1 − γĩ)(1− l1l2)

[
m

∑
i=1

λ1i
Γq(β1i)Γq(α2)

∫ ξi

0
(ξi − qτ)(β1i−1)τα2−1dqτ +

1
Γq(α2)

n

∑
j=1

b1jη
α2−1
j

]

=
tα1−γĩ−1

Γq(α1 − γĩ)Γq(α2)(1− l1l2)

[
m

∑
i=1

λ1i
Γq(β1i)

∫ ξi

0
(ξi − qτ)(β1i−1)τα2−1dqτ +

n

∑
j=1

b1jη
α2−1
j

]

=
ρ3

Γq(α1 − γĩ)
tα1−γĩ−1,

where ĩ = 1, 2 and ρ3 is defined by (27). Analogously, we get

0 ≤ ρ2tα2−1
[
1− (1− qs)(α1−1)

]
6H2(t, qs) 6 ρ2tα2−1,

0 ≤ ρ4

Γq(α2 − γĩ)
tα2−γĩ−1

[
1− (1− qs)(α1−γĩ−1)

]
6Hĩ2(t, qs) 6

ρ4

Γq(α2 − γĩ)
tα2−γĩ−1,

where ρ2 and ρ4 are defined by (26) and (28).
This completes the proof of the lemma.

Lemma 8 ([38]). Kh = Ph1 × Ph2 , where K = P× P and h(τ) = (h1(τ), h2(τ)).

3. Existence Results of Monotone Iterative Non-Negative Solutions

Let E =
{

x|x, Dγ1
q x(t), Dγ2

q x(t) ∈ C[0, 1]
}

endowed with the norm

‖x‖ = max
{

max
06t61

|x(t)|, max
06t61

Dγ1
q |x(t)|, max

06t61
Dγ2

q |x(t)|
}

.

Let ‖(x, y)‖ = max{‖x‖, ‖y‖} for (x, y) ∈ E× E, then (E× E, ‖(x, y)‖) is a Banach space.
Define a cone P = {x ∈ E | x, Dγ1

q x(t), Dγ2
q x(t) > θ}. Let K = P× P, it is obvious that K is

a normal cone equipped with the following partial order:

(x1, y1) � (x2, y2) ⇔
{

x1 6 x2, Dγ1
q x1 6 Dγ1

q x2, Dγ2
q x1 6 Dγ2

q x2,

y1 6 y2, Dγ1
q y1 6 Dγ1

q y2, Dγ2
q y1 6 Dγ2

q y2.
(29)
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For all (u, v) ∈ P × P, in view of Lemma 5, let T : K × K → K be the operator
defined by

T(u, v) =
(

T1(u, v)
T2(u, v)

)
,

where

T1(u, v)(t) =
∫ 1

0
K1(t, qs) f1(s, u(s), v(s), Dγ1

q u(s), Dγ2
q v(s))dqs

+
∫ 1

0
H1(t, qs) f2(s, u(s), v(s), Dγ1

q u(s), Dγ2
q v(s))dqs,

T2(u, v)(t) =
∫ 1

0
K2(t, qs) f2(s, u(s), v(s), Dγ1

q u(s), Dγ2
q v(s))dqs

+
∫ 1

0
H2(t, qs) f1(s, u(s), v(s), Dγ1

q u(s), Dγ2
q v(s))dqs.

Theorem 1. Assume that
(S1) For t ∈ [0, 1], f j(t, x1, y1, x2, y2) is increasing in xi ∈ [0, ∞) (i = 1, 2) and decreasing

in yi ∈ [0, ∞) (i = 1, 2) for j = 1, 2;
(S2) ∀ r ∈ (0, 1), ∃ ϕ1(r), ϕ2(r) ∈ (r, 1] such that

fi(t, rx1, r−1y1, rx2, r−1y2) > ϕi(r) fi(t, x1, y1, x2, y2) (i = 1, 2),

ϕ0(r) = min{ϕ1(r), ϕ2(r)}.

Then
(1) T(h, h) ∈ Kh, where h(t) = (h1(t), h2(t)) = (tα1−1, tα2−1), 0 6 t 6 1;
(2) T(ru, r−1v) > ϕ0(r) T(u, v);
(3) BVP (1) and (2) has a unique non-negative solutions (u∗, v∗) in Kh. For any initial

(x01, x02), (y01, y02) ∈ Kh, there are two iterative sequences {(xn1, xn2)}, {(yn1, yn2)} satisfying
that (xn1, xn2)→ (u∗, v∗), (yn1, yn2)→ (u∗, v∗), where

(xn1, xn2) =
(

T1(x(n−1)1, y(n−1)1), T2(x(n−1)2, y(n−1)2)
)

=


∫ 1

0
K1(t, qs) f1(s, x(n−1)1(s), y(n−1)1(s), Dγ1

q x(n−1)1(s), Dγ2
q y(n−1)1(s))dqs

+
∫ 1

0
H1(t, qs) f2(s, x(n−1)1(s), y(n−1)1(s), Dγ1

q x(n−1)1(s), Dγ2
q y(n−1)1(s))dqs,∫ 1

0
K2(t, qs) f2(s, x(n−1)1(s), y(n−1)1(s), Dγ1

q x(n−1)1(s), Dγ2
q y(n−1)1(s))dqs

+
∫ 1

0
H2(t, qs) f1(s, x(n−1)1(s), y(n−1)1(s), Dγ1

q x(n−1)1(s), Dγ2
q y(n−1)1(s))dqs

,

(yn1, yn2) =
(

T1(y(n−1)1, x(n−1)1), T2(y(n−1)2, x(n−1)2)
)

=


∫ 1

0
K1(t, qs) f1(s, y(n−1)1(s), x(n−1)1(s), Dγ1

q y(n−1)1(s), Dγ2
q x(n−1)1(s))dqs

+
∫ 1

0
H1(t, qs) f2(s, y(n−1)1(s), x(n−1)1(s), Dγ1

q y(n−1)1(s), Dγ2
q x(n−1)1(s))dqs,∫ 1

0
K2(t, qs) f2(s, y(n−1)1(s), x(n−1)1(s), Dγ1

q y(n−1)1(s), Dγ2
q x(n−1)1(s))dqs

+
∫ 1

0
H2(t, qs) f1(s, y(n−1)1(s), x(n−1)1(s), Dγ1

q y(n−1)1(s), Dγ2
q x(n−1)1(s))dqs

,

n = 1, 2, . . . .
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Proof. By Lemma 7 we have

K j̃(t, qs), Kĩ j̃(t, qs), Hj̃(t, qs), Hĩ j̃(t, qs) > 0, ĩ = 1, 2, j̃ = 1, 2. (30)

Regarding (30) and (F4), we get T1, T2 : P× P→ P, T : K× K → K. It is obvious that T is
a mixed monotone operator, because for any (u1, v1), (u2, v2) ∈ K with (u1, v1) � (u2, v2),
considering (S1), we acquire

T(u1, v1) � T(u2, v1) f or f ixed v1 and T(u1, v1) � T(u1, v2) f or f ixed u1.

From Lemma 8, we obtain Kh = Ph1 × Ph2 , where h(t) = (h1(t), h2(t)) = (tα1−1, tα2−1).
(1) In view of h(t) = (h1(t), h2(t)) = (tα1−1, tα2−1), we get

h1(t) = tα1−1 > 0, h2(t) = tα2−1 > 0,

Dγ1
q h1(t) = Dγ1

q tα1−1 =
Γq(α1)

Γq(α1 − γ1)
tα1−γ1−1 > 0, Dγ1

q h2(t) = Dγ1
q tα2−1 =

Γq(α2)

Γq(α2 − γ1)
tα2−γ1−1 > 0,

Dγ2
q h1(t) = Dγ2

q tα1−1 =
Γq(α1)

Γq(α1 − γ2)
tα1−γ2−1 > 0, Dγ2

q h2(t) = Dγ2
q tα2−1 =

Γq(α2)

Γq(α2 − γ2)
tα2−γ2−1 > 0.

(31)

Consequently, from (31), we can see that h1, h2 ∈ P and h ∈ K. Indeed

T1(h1, h1)(t) =
∫ 1

0
K1(t, qs) f1(s, h1(s), h1(s), Dγ1

q h1(s), Dγ2
q h1(s))dqs

+
∫ 1

0
H1(t, qs) f2(s, h1(s), h1(s), Dγ1

q h1(s), Dγ2
q h1(s))dqs

=
∫ 1

0
K1(t, qs) f1

(
s, sα1−1, sα1−1,

Γq(α1)

Γq(α1 − γ1)
sα1−γ1−1,

Γq(α1)

Γq(α1 − γ2)
sα1−γ2−1

)
dqs

+
∫ 1

0
H1(t, qs) f2

(
s, sα1−1, sα1−1,

Γq(α1)

Γq(α1 − γ1)
sα1−γ1−1,

Γq(α1)

Γq(α1 − γ2)
sα1−γ2−1

)
dqs

>
∫ 1

0
$1tα1−1[1− (1− qs)(α1−1)] f1

(
s, 0, 1, 0,

Γq(α1)

Γq(α1 − γ2)

)
dqs

+
∫ 1

0
ρ1tα1−1[1− (1− qs)(α2−1)] f2

(
s, 0, 1, 0,

Γq(α1)

Γq(α1 − γ2)

)
dqs,

T1(h1, h1)(t) =
∫ 1

0
K1(t, qs) f1(s, h1(s), h1(s), Dγ1

q h1(s), Dγ2
q h1(s))dqs

+
∫ 1

0
H1(t, qs) f2(s, h1(s), h1(s), Dγ1

q h1(s), Dγ2
q h1(s))dqs

=
∫ 1

0
K1(t, qs) f1

(
s, sα1−1, sα1−1,

Γq(α1)

Γq(α1 − γ1)
sα1−γ1−1,

Γq(α1)

Γq(α1 − γ2)
sα1−γ2−1

)
dqs

+
∫ 1

0
H1(t, qs) f2

(
s, sα1−1, sα1−1,

Γq(α1)

Γq(α1 − γ1)
sα1−γ1−1,

Γq(α1)

Γq(α1 − γ2)
sα1−γ2−1

)
dqs

6
∫ 1

0
$1tα1−1 f1

(
s, 1, 0,

Γq(α1)

Γq(α1 − γ1)
, 0
)

dqs +
∫ 1

0
ρ1tα1−1 f2

(
s, 1, 0,

Γq(α1)

Γq(α1 − γ1)
, 0
)

dqs,
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Dγĩ
q T1(h1, h1)(t) =

∫ 1

0
Kĩ1(t, qs) f1(s, h1(s), h1(s), Dγ1

q h1(s), Dγ2
q h1(s))dqs

+
∫ 1

0
Hĩ1(t, qs) f2(s, h1(s), h1(s), Dγ1

q h1(s), Dγ2
q h1(s))dqs

=
∫ 1

0
Kĩ1(t, qs) f1

(
s, sα1−1, sα1−1,

Γq(α1)

Γq(α1 − γ1)
sα1−γ1−1,

Γq(α1)

Γq(α1 − γ2)
sα1−γ2−1

)
dqs

+
∫ 1

0
Hĩ1(t, qs) f2

(
s, sα1−1, sα1−1,

Γq(α1)

Γq(α1 − γ1)
sα1−γ1−1,

Γq(α1)

Γq(α1 − γ2)
sα1−γ2−1

)
dqs

>
∫ 1

0

$3

Γq(α1 − γĩ)
tα1−γĩ−1[1− (1− qs)(α1−γĩ−1)] f1

(
s, 0, 1, 0,

Γq(α1)

Γq(α1 − γ2)

)
dqs

+
∫ 1

0

ρ3

Γq(α1 − γĩ)
tα1−γĩ−1[1− (1− qs)(α2−γĩ−1)] f2

(
s, 0, 1, 0,

Γq(α1)

Γq(α1 − γ2)

)
dqs,

Dγĩ
q T1(h1, h1)(t) =

∫ 1

0
Kĩ1(t, qs) f1(s, h1(s), h1(s), Dγ1

q h1(s), Dγ2
q h1(s))dqs

+
∫ 1

0
Hĩ1(t, qs) f2(s, h1(s), h1(s), Dγ1

q h1(s), Dγ2
q h1(s))dqs

=
∫ 1

0
Kĩ1(t, qs) f1

(
s, sα1−1, sα1−1,

Γq(α1)

Γq(α1 − γ1)
sα1−γ1−1,

Γq(α1)

Γq(α1 − γ2)
sα1−γ2−1

)
dqs

+
∫ 1

0
Hĩ1(t, qs) f2

(
s, sα1−1, sα1−1,

Γq(α1)

Γq(α1 − γ1)
sα1−γ1−1,

Γq(α1)

Γq(α1 − γ2)
sα1−γ2−1

)
dqs

6
∫ 1

0

$3

Γq(α1 − γĩ)
tα1−γĩ−1 f1

(
s, 1, 0,

Γq(α1)

Γq(α1 − γ1)
, 0
)

dqs

+
∫ 1

0

ρ3

Γq(α1 − γĩ)
tα1−γĩ−1 f2

(
s, 1, 0,

Γq(α1)

Γq(α1 − γ1)
, 0
)

dqs.

Let

a11 =
∫ 1

0
$1[1− (1− qs)(α1−1)] f1

(
s, 0, 1, 0,

Γq(α1)

Γq(α1 − γ2)

)
dqs

+
∫ 1

0
ρ1[1− (1− qs)(α2−1)] f2

(
s, 0, 1, 0,

Γq(α1)

Γq(α1 − γ2)

)
dqs,

a12 =
∫ 1

0
$1 f1

(
s, 1, 0,

Γq(α1)

Γq(α1 − γ1)
, 0
)

dqs +
∫ 1

0
ρ1 f2

(
s, 1, 0,

Γq(α1)

Γq(α1 − γ1)
, 0
)

dqs,

a
′
11 =

∫ 1

0

$3

Γq(α1)
[1− (1− qs)(α1−γ−1)] f1

(
s, 0, 1, 0,

Γq(α1)

Γq(α1 − γ2)

)
dqs

+
∫ 1

0

ρ3

Γq(α1)
[1− (1− qs)(α2−γ−1)] f2

(
s, 0, 1, 0,

Γq(α1)

Γq(α1 − γ2)

)
dqs,

a
′
12 =

∫ 1

0

$3

Γq(α1)
f1

(
s, 1, 0,

Γq(α1)

Γq(α1 − γ1)
, 0
)

dqs +
∫ 1

0

ρ3

Γq(α1)
f2

(
s, 1, 0,

Γq(α1)

Γq(α1 − γ1)
, 0
)

dqs,

where γ = max{γ1, γ2}. Then, we obtain

T1(h1, h1)(t) > a11tα1−1 = a11h1(t),

T1(h1, h1)(t) 6 a12tα1−1 = a12h1(t),

Dγĩ
q T1(h1, h1)(t) > a

′
11

Γq(α1)

Γq(α1 − γĩ)
tα1−γĩ−1 = a

′
11Dγĩ

q h1(t),

Dγĩ
q T1(h1, h1)(t) 6 a

′
12

Γq(α1)

Γq(α1 − γĩ)
tα1−γĩ−1 = a

′
12Dγĩ

q h1(t).

(32)
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Also, let

a21 =
∫ 1

0
$2[1− (1− qs)(α2−1)] f2

(
s, 0, 1, 0,

Γq(α2)

Γq(α2 − γ2)

)
dqs

+
∫ 1

0
ρ2[1− (1− qs)(α1−1)] f1

(
s, 0, 1, 0,

Γq(α2)

Γq(α2 − γ2)

)
dqs,

a22 =
∫ 1

0
$2 f2

(
s, 1, 0,

Γq(α2)

Γq(α2 − γ1)
, 0
)

dqs +
∫ 1

0
ρ2 f2

(
s, 1, 0,

Γq(α2)

Γq(α2 − γ1)
, 0
)

dqs,

a
′
21 =

∫ 1

0

$4

Γq(α2)
[1− (1− qs)(α2−γ−1)] f2

(
s, 0, 1, 0,

Γq(α2)

Γq(α2 − γ2)

)
dqs

+
∫ 1

0

ρ4

Γq(α2)
[1− (1− qs)(α1−γ−1)] f1

(
s, 0, 1, 0,

Γq(α2)

Γq(α2 − γ2)

)
dqs,

a
′
22 =

∫ 1

0

$4

Γq(α2)
f2

(
s, 1, 0,

Γq(α2)

Γq(α2 − γ1)
, 0
)

dqs +
∫ 1

0

ρ4

Γq(α2)
f1

(
s, 1, 0,

Γq(α2)

Γq(α2 − γ1)
, 0
)

dqs,

we have

T2(h2, h2)(t) > a21tα2−1 = a21h2(t),

T2(h2, h2)(t) 6 a22tα2−1 = a22h2(t),

Dγĩ
q T2(h2, h2)(t) > a

′
21

Γq(α2)

Γq(α2 − γĩ)
tα2−γĩ−1 = a

′
21Dγĩ

q h2(t),

Dγĩ
q T2(h2, h2)(t) 6 a

′
22

Γq(α2)

Γq(α2 − γĩ)
tα2−γĩ−1 = a

′
22Dγĩ

q h2(t).

(33)

As a result, according to (32) and (33), we can get T1(h1, h1) ∈ Ph1 , T2(h2, h2) ∈ Ph2 .
Further, it can be see that T(h, h) ∈ Kh, which satisfies (A1) in Lemma 1.

(2) For u, v ∈ P and t ∈ (0, 1), it can be obtain that

T1(ru, r−1v) =
∫ 1

0
K1(t, qs) f1(s, ru, r−1v, Dγ1

q ru, Dγ2
q r−1v)dqs

+
∫ 1

0
H1(t, qs) f2(s, ru, r−1v, Dγ1

q ru, Dγ2
q r−1v)dqs

>
∫ 1

0
K1(t, qs)ϕ1(r) f1(s, u, v, Dγ1

q u, Dγ2
q v)dqs

+
∫ 1

0
H1(t, qs)ϕ2(r) f2(s, u, v, Dγ1

q u, Dγ2
q v)dqs

>ϕ0(r)T1(u, v),

T2(ru, r−1v) =
∫ 1

0
K2(t, qs) f2(s, ru, r−1v, Dγ1

q ru, Dγ2
q r−1v)dqs

+
∫ 1

0
H2(t, qs) f1(s, ru, r−1v, Dγ1

q ru, Dγ2
q r−1v)dqs

>
∫ 1

0
K2(t, qs)ϕ2(r) f2(s, u, v, Dγ1

q u, Dγ2
q v)dqs

+
∫ 1

0
H2(t, qs)ϕ1(r) f1(s, u, v, Dγ1

q u, Dγ2
q v)dqs

>ϕ0(r)T2(u, v),
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Dγĩ
q T1(ru, r−1v) =

∫ 1

0
Kĩ1(t, qs) f1(s, ru, r−1v, Dγ1

q ru, Dγ2
q r−1v)dqs

+
∫ 1

0
Hĩ1(t, qs) f2(s, ru, r−1v, Dγ1

q ru, Dγ2
q r−1v)dqs

>
∫ 1

0
Kĩ1(t, qs)ϕ1(r) f1(s, u, v, Dγ1

q u, Dγ2
q v)dqs

+
∫ 1

0
Hĩ1(t, qs)ϕ2(r) f2(s, u, v, Dγ1

q u, Dγ2
q v)dqs

>ϕ0(r)Dγĩ
q T1(u, v),

Dγĩ
q T2(ru, r−1v) =

∫ 1

0
Kĩ2(t, qs) f2(s, ru, r−1v, Dγ1

q ru, Dγ2
q r−1v)dqs

+
∫ 1

0
Hĩ2(t, qs) f1(s, ru, r−1v, Dγ1

q ru, Dγ2
q r−1v)dqs

>
∫ 1

0
Kĩ2(t, qs)ϕ2(r) f2(s, u, v, Dγ1

q u, Dγ2
q v)dqs

+
∫ 1

0
Hĩ2(t, qs)ϕ1(r) f1(s, u, v, Dγ1

q u, Dγ2
q v)dqs

>ϕ0(r)Dγĩ
q T2(u, v).

Thus, it is obvious that T(ru, r−1v) > ϕ0(r)T(u, v), which satisfies (A2) in Lemma 1.
(3) From what has been discussed in (1) and (2), according to Lemma 1, we obtain that

BVP (1) and (2) has a unique non-negative solutions (u∗, v∗) in Kh. For any initial (x01, x02),
(y01, y02) ∈ Kh, there are two iterative sequences {(xn1, xn2)}, {(yn1, yn2)} satisfying that
(xn1, xn2)→ (u∗, v∗), (yn1, yn2)→ (u∗, v∗).

This completes the proof of the theorem.

Remark 1. Let (u, v) be the solution of the BVP (1) and (2). If u ≥ 0, v ≥ 0, then (u, v) be the
non-negative solution of the BVP (1) and (2).

Example 1. For t ∈ [0, 1], consider the following fractional differential system:
D

6
5
0.5u(t) + (u(t))

1
6 + (v(t))−

1
4 +

(
D

1
2
q u(t)

) 1
2
+ t
(

D
1
2
q v(t)

)− 1
3
= 0,

D
7
5
0.5v(t) +

u
u + 1

+
1

v + 2
+ D

1
2
q u(t) +

1

D
1
2
q v(t)

= 0,
(34)

with the coupled integral and discrete mixed boundary conditions:

u(0) = v(0) = 0,

cD0.2
0.5u(1) =

2

∑
i=1

λ1i I
β1i
0.5 v(ξi) +

2

∑
j=1

b1jv(ηj),

cD0.4
0.5v(1) =

2

∑
i=1

λ2i I
β2i
0.5 u(ξi) +

2

∑
j=1

b2ju(ηj).

(35)

In this model, we set

λ11 = 0.25, λ21 = 0.2, β11 = 1.5, β21 = 1.4, ξ1 = 0.25, b11 = 0.33, b21 = 0.17, η1 = 0.33,

λ12 = 0.5, λ22 = 0.1, β12 = 2.5, β22 = 2.4, ξ2 = 0.75, b12 = 0.67, b22 = 0.83, η2 = 0.67,
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f1(t, x1, y1, x2, y2) = x1
1
6 + y1

− 1
4 + x2

1
2 + ty2

− 1
3 ,

f2(t, x1, y1, x2, y2) =
x1

x1 + 1
+

1
y1 + 2

+ x2 +
1
y2

.

It is not difficult to find that fi(t, x1, y1, x2, y2), (i = 1, 2) are satisfy (S1) in Theorem 1. Further,
for ∀ r ∈ (0, 1), we have

f1(t, rx1, r−1y1, rx2, r−1y2) = (rx1)
1
6 + (r−1y1)

− 1
4 + (rx2)

1
2 + t(r−1y2)

− 1
3

= r
1
6 x1

1
6 + r

1
4 y1
− 1

4 + r
1
2 x2

1
2 + r

1
3 ty2

− 1
3

> rx1
1
6 + ry1

− 1
4 + rx2

1
2 + rty2

− 1
3

= r f1(t, x1, y1, x2, y2)

= ϕ1(r) f1(t, x1, y1, x2, y2),

f2(t, rx1, r−1y1, rx2, r−1y2) =
rx1

rx1 + 1
+

1
r−1y1 + 2

+ rx2 +
1

r−1y2

>
rx1

x1 + 1
+

r
y1 + 2

+ rx2 +
r

y2

= r f2(t, x1, y1, x2, y2)

= ϕ2(r) f2(t, x1, y1, x2, y2).

So ϕ0(r) = min{ϕ1(r), ϕ2(r)} = min{r, r} = r, which satisfy (S2) in Theorem 1. Then from
Theorem 1, we can assert that BVP (34) and (35) has a unique non-negative solutions (u∗, v∗) in
Kh = Ph1 × Ph2 , where (h1, h2) = (t

1
5 , t

2
5 ).

4. Conclusions

The Q derivative has important applications in many fields, such as quantum physics,
spectral analysis and dynamical systems, which make it as a powerful tool for solving
physics problems mathematically. In the model studied in this paper, the equations and
boundary conditions are universal, but it can be seen from Theorem 1 that utilizing the
fixed point theorem for mixed monotone operators, it can be acquired that the conclusion
of the existence and uniqueness of the solution only by two easily attainable constraints on
the nonlinear term. One of the conditions is mixed monotonicity, and the other is to restrict
its properties similar to the upper bound using another function. Compared with the
monotone iterative method in [30], we prove the existence and uniqueness of non-negative
solutions for more complex systems using more looser conditions.
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