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Abstract: In this paper, we study a nonlinear Riemann-Liouville fractional a q-difference system with
multi-strip and multi-point mixed boundary conditions under the Caputo fractional g-derivative,
where the nonlinear terms contain two coupled unknown functions and their fractional derivatives.
Using the fixed point theorem for mixed monotone operators, we constructe iteration functions for
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related example is given to illustrate our research results.
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1. Introduction

Fractional calculus come into people’s view in 1695 [1], extending the traditional inte-
gral calculus concept to the whole field of real numbers. It is originally of great significance
in many areas [2]. As we all know, in the research process of these fields, equations need
to be established to describe the specific change process. On the other hand, fractional
calculus has the nice property of being able to accurately describe these processes with
genetic and memory traits. Therefore, the fractional differential equation has gradually
become the focus of people’s research. At the same time, the existence analysis, uniqueness
analysis, stability analysis of solutions in fractional differential equation become an impor-
tant research direction. Many scholars have studied them in recent years, and readers can
refer to the literature [3-13].

At the beginning of the twentieth century, the appearance of Quantum Mechanics
promoted the generation and development of Quantum calculus (g-calculus). E. H. Jack-
son made the first complete study of g-calculus [14,15]. Later W. A. Al-Salam [16] and
R. P. Agarwal [17] proposed the basic concepts and properties of fractional g-calculus.
Q-calculus has been an important bridge between mathematics and physics since its birth.
It plays an extremely important role in quantum physics, spectral analysis and dynamical
systems [18-21]. In recent years, q-calculus has also been increasingly used in engineer-
ing [22,23]. With the application and development of fractional differential equation and
the extensive research and application of g-calculus in mathematics, physics and other
fields, the study of fractional g-difference equation has become a topic of widespread
concern. Increased experts begin to pay attention to the theoretical research of fractional
g-difference equation [24-32].

In 2019, the authors [27] studied the boundary value problem of the following mixed
fractional g-difference by the Guo—Krasnoselskii’s fixed point theorem and the Banach
contraction mapping principle:
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{Dgu(t) +f(tu(t) =0, telo1],
1(0) = *DFu(0) = Dbu(1),

where0 < f<1,2<a<2+p, Dy, CDS are the Riemann-Liouville fractional g-derivative
and Caputo fractional g-derivative of order «, B.

In [30], utilizing the monotone iterative approach, the authors are considered with the
fractional g-difference system involing four-point boundary conditions:

Dgu(t) + f(t,o(t)

) ) =

Fo(t) + f(t,u(b))
(0)—0 u(l) =m
v(0) =0, o(1)

0, te(0,1),
0, te(0,1),

(1),
Y20(112),

=

wherel < B <a<2,0<ny,m<1,0< ')/117{‘*1 <land0 < 7217571 <1
In [9], in view of the method of mixed monotone operators, the conclusion of the
existence and uniqueness of solutions for the following coupled system is drawn:

D x(7) + f1 (7,2(7), DY x(7) ) + &1(7,3(7)) =0,

DE.y(t) + f2(7,y(7), DL y(T)) + g2(7, x(1)) = 0,
Te€(0,1), n—1<ap<n,
xXD0)=yD0)=0, i=01,2,...,n—2,

DSy(0)] _ =k), |Dfx(t)] | =k(x),

where the integer number n > 3and 1 < v < ¢ <n—-21<y << n—-2, f, f
[0,1] x RT x RT — RT,g1,42: [0,1] x Rt — Rtand ky,ky: RT — RTare continuous
functions, DE’)‘+ and Dg+ represent the Riemann-Liouville derivatives.

There are many ways to deal with the boundary value problem, such as monotone
iteration techniques, the Banach contraction mapping principle and so on. In these methods,
the constraints are often stringent, one of which is that completely continuity of the operator
must be proved and the proving process is often very complicated. However, The mixed
monotone operators have relatively loose requirements and only need to prove some
properties like the upper bound. Now, there has been some literature using it to prove the
existence and uniqueness of solutions, see [9-13,31,32]. Therefore, this paper also intends
to introduce this method to prove the corresponding conclusion.

Motivated by the above mentioned papers, we investigate the following coupled
nonlinear fractional g-difference system:

{D;lu(t) —|—f1(t,u(t),v(t),D;lu(t),Dgzv(t)) =0, te€(0,1),
Dgo(t) + fo(t,u(t),v(t), DJ'u(t), DJ*o(t)) =0, te(0,1),

)

subject to the multi-strip and multi-point mixed boundary conditions:

Dy lu(1) = Z)\lilfuv(gi) + 1 by, @)
i=1 j=1

DI o(1) = Y AnlfPu() + sz] ),
i=1




Mathematics 2023, 11, 2941

30f22

where ‘D, Dy are the Caputo fractional g-derivative and Riemann-Liouville fractional

g-derivative of order « respectively, and If ¥ is the Riemann-Liouville fractional g-integral
of order By, fork = 1,2 and i = 1,2,...,m. ag,ay € [1,2], 71,72 € [0,1]; A5, Ao €
[0, +00), B1i, B2i € (0,+00),; € [0,1], fori =1,2,...,m; byj, byj € [0,+00),7; € [0,1], for
j=12,...,n

The system has the following four main characteristics: First, it is based on g-calculus,
so it is closely connected with Physics and has practical research significance. Second, there
are two types of derivatives (the Caputo and Riemann-Liouville fractional g-derivative)
in the system, which is more in line with the complex conditions of the real world. Third,
the unknown functions u(t) and v(t) in the system influence each other which can have
better practical applications. Fourth, the nonlinear part, fjand f,, contain two derivative
operators Dgl, D;Z. Due to the complexity of the model, it is difficult to find the Green’s
function and its upper and lower bounds. After that, we choose the mixed monotone
operator method to get the existence and uniqueness of non-negative solution to our
system. Compared with the monotone iterative method for the requirements of fixed initial
values, mixed monotone operators do not need to prove complete continuity, and there
are no restrictions for initial values, that is, the arbitrarily initial value works. Therefore,
the mixed monotone method is more widely applicable.

This article is arranged as the following aspects: In Section 2, some fundamental
definitions and lemmas are introduced. Moreover, some crucial results and their proofs
are discussed. In Section 3, we set out the main conclusion: the existence and uniqueness
results of non-negative solutions. At last, an example is given to illustrate our result.

2. Preliminaries

For the reader’s convenience, we list some important definitions of g-calculus. On the
other hand, there are also basic notion and lemmas for the proof which will be used in the
next section.

Let (E, || - ||) be a Banach space, partially ordered by a cone P C E. In other words,
x X yifand only if y — x € P. We use 0 to represent the zero element of E. We consider a
cone P to be normal if there exists a constant M > O such that forall x,y € E, 0 < x <y
implies ||x|| < M||y||; on this condition M is called the normality constant of P. Giving
h > 6, we denote by P, theset P, = {x € E| 3A, u > 0: Ah < x < ph}.

Definition 1 ([33,34]). A : P x P — P is said to be a mixed monotone operator of A(x,y) is
increasing in x and decreasing in y, i.e., for x;,y; € P(i = 1,2), x1 < xp, y1 > Yy implies that
A(x1,y1) < A(x2,y2). Element x € P is called a fixed point of A if A(x, x) = x.

Lemma 1 ([35]). Let P a normal cone of a real Banach space E. Also, let A: Px P — Pbea
mixed monotone operator. Assume that

(A1) there exists h € P with h # 0 such that A(h,h) € Py;

(Ay) forany u,v € Pand t € (0,1), there exists ¢(t) € (0,1] such that A(tu,t 'v) >
¢(t)A(u,v).

Then operator A has a unique fixed point x* in Py. Moreover, for any initial xo,yo € Py,
constructing successively the sequences

Xn = A(xn—llyn—l)r Yn = A(yn—lr xn—l)r n= 1/2/ Tty
one has ||x, — x*|| — 0and ||y, — x*|| — 0as n — oo.

Forg € (0,1) and a € R, define
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The g-analogue of the power function is

(ﬂ - b)g()) = 1/

o kel ,
(a— b),(, ) = [J(a—0bq'), keN,abeR.
i=0
Generally, if « € R, there is
(@) _ ayy 407
(a—b)y = a“gm.

It is clearly that a(®) = a® for b = 0 and 0(*) = 0 for & > 0.
The g-Gamma function is given by

1 —g)x=1)
I(x) = ((1_‘7;)3(1 x € R\{0,-1,-2,...},
then we have I'j(x +1) = [x]4Tg(x).
For x,y > 0, we have

1
By(v,y) = [ 71 —q) Vi, ©
especially, (L)
) q\Y
B,(x,y) = 1)

The g-derivative of a function f is defined by

f(q2) — f(x)
(Dyf)(x) = R,

(Dy)(0) = lim(Dy ) (v),
and the g-derivative of higher order by
(Df)(x) = f(x),

(D3 f)(x) = Dg(Dy~'f)(x), n€N.
The g-integral of a function f defined on the interval [0, b] is given by

N = [ ) ~0) Y f)t, x e o8]

k=0

If a € [0,b] and f is defined in the interval [0, )], then its integral from a to b is

defined by
b b a
[ F©gs = [ f)dgs = [ Fls)dgs,

and similarly the g-integral of higher order is given by
(I F)(x) = f(x),
(I f)(x) = L(I7 ' f)(x), neN.
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Definition 2 ([17]). Let « > 0 and f be a real function defined on a certain interval [a,b]. The
Riemann-Liouville fractional g-integral of order  is defined by

(IF)(t) = f(t),

(O = 57 €09 f(e)dys, a0

Definition 3 ([17]). The fractional g-derivative of the Riemann-Liouville type of order & > 0 of a
continuous and differential function f on the interval [a, b is given by

(Daf)() = f(b),

(D§A)() = (Dyly " )(1), a>0,

where | is the smallest integer greater than or equal to «.
Definition 4 ([17]). Let « > 0, and the Caputo fractional g-derivatives of f be defined by

(‘DgA() = (I Def)(b),
where | is the smallest integer greater than or equal to «.

Lemma 2 ([36]). Let o, > 0and f : [a,b] — R be a continuous function defined on [a, b] and
its derivative exist. Then the following formulas hold:

(Dl f)(t) = f (1),

UFIEF) (1) = (137 )(8).
Lemma 3 ([36]). Let « > 0 and p be a positive integer. Then the following equality holds:
p—1 pr—ptk

(DR = (OO - ¥ oy

)(Dgf) (0).

Lemma 4 ([36,37]). Let « > 0and n = [a] + 1. Then we have
(I2°DSF) (1) = f(t) + o+ crt + ot + ...+ cpt" ),
where cy, ¢y, . ..,C,—1 are some constants.

For convenience, we denote

Iy (a2) i—1 rq(ﬁli)

1 o Ay Gi (Bai—1) e —1 " a;—1
Iy = i —qs)\PAT M s + N byt
27 Ty(m) Lzl Ty (Bai) /0 (€= ) ! ]; &

I =

Gi 1) e ! _
/0 (6 — gs) P Vse2 1dq5+2b1ﬂ7?2 1]'
=
4)

The following assumptions are introduced for analysis:
(F1) 1< <2, B >0,fork=1,2andi=1,2,...,m;
( ) 0 < 17], f:i < 1,)\11‘,/\21' > 0, bl]‘,sz > 0, fori = 1,2,. . .,m,j = 1,2,...,1’[;
(F3) 1 — 1Ll > 0, where I3, I, are defined by (4);
(F4) fr:[0,1] x [0, +00)* — [0, +00) is continuous (k = 1,2).
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A corresponding linear differential system with BVP (1) and (2) is considered, and the
expression of the corresponding Green’s functions are established.

Lemma 5. Assume that (Fy)—(F3) hold. For hi,hy € C(0,1), the fractional differential system

Dg'u(t) +hi(t) =0, te(0,1), 5
Dg*v(t) +hy(t) =0, te(0,1), ©

with boundary conditions (2) has an integral representation

u(t) = /01 Ky (t,qs)hq(s)dgs + /01 Hi(t,qs)ha(s)dys,

1 1 (6)
o(t) = /0 Ko (t,qs)ha(s)dgs + /O Hy(t,q5)hy (5)ds,

where

La ! O A (S (Bai—1) <
Ki(t,gs) = t,gs) + / ;i —qgT)\H T,qs)dT + by; as)|,
1( q ) gl( q ) Fq(lxl)(l 71112) L_l Fq(ﬁZi) 0 (é q ) gl( q ) ]; 2]81(77] q )

@)
tﬂclfl m /\11, Ci ( _q n
Hq(t,gs) = / - gr) P~ 1) T,q98)d,T + by; ,as) |,
1( q ) Fq(“l)(l_llb) L_l rq(,Bli) 0 (gl q ) g2( q ) q ]; 1]g2(17] q )
Lt A (6 (Bri—1) .
Ks>(t,gs) = t,gs) + / ;—gT)\l T,q8)dT+ ) by; ,qs)|,
2( q ) gZ( q ) rq(wz)(l—lllz) L—l rq(ﬁli) 0 (gl q ) gZ( q ) ]; 1]32(77] q )
®)
it 45) = o |3 22 [P g g (x gy + ) s 09
2\L,q Fq(ﬂéz)(l — lllZ) = rq(,BZi) Jo i—q S1\T,q q = Z]gl 77]/‘1 ’
and fork=1, 2,
1 [ttt —gs) ™D 0<gs <<,
gltgs) = =4 T 01 7 )
L) | poe , 0<t<gs <1,
Proof. According to Lemma 3, the Equation (5) can be reduced to the following equivalent
integral equations:
u(t) = I (£) + et + eppt®172, )
v(t) = —L‘;th(t) + C21ta271 + szt“272,
where c11, €12, €21, Cpp are constants.
From 1(0) = v(0) = 0, we obtain c1p = ¢ = 0. By using Lemma 4, we get
CDquilu(t) = — CDglillglhl(t) +c11 CDquiltalil = —Ith(i‘) + C11[DC1 — 1]‘1[57“1#172, a1
11
‘D lo(t) = =D gha(t) + o DT = — Iy (b) + o [ — 1], 172272,

Then from (3) we get

1
DY u(1) = —Ighy (1) + enlay — 1], 1911 = _/0 Iy (s)dgs + c11 Ty (a1),

(12)
1
DI Vo(1) = —hy(1) + epfay — 1], 12701 = —/0 ha(s)dgs + ca1Tg(a2).
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From the rest of the condition of (2), it can be obtained that
1 . B - !
c11 = o) Y Ailg o) + Zb1j0(77j)+/ hi(s)dgs |,
g(1) |/H j=1 0 13)
] = 1 i)tzl-lﬁz"u(éi) + ibz'u(ﬂ‘) +/1 hy(s)dgs|.
T, () [ 22720 &Iy q
Further, we can reduce (10) to
tmfl m )\1‘ & (Bi—1 n 1
u(t) = ! / i—sﬁh )vsds—0— byio(n; —l—/ t,gs)hy(s)dgs,
() F((Xl) |J_Zl rq(,Bli) 0 (c q) ( ) q ]; 1j (17]) 0 gl( q) 1( ) q y
o(t) = pra=1 [m ) /"é{i(g,_ S)(ﬁzi—l)u(s)d S+ib (i) +/1 (4 0 a(s)dos (14)
1—-(0{2) =~ Fq(ﬁm) 0 1 q q = 2j ’7] 0 &\t q 2 qer
where g (t,qs)(k = 1,2) are introduced by (9). Then we can get
3 M TG gs) B o(s)dgs + ) o)
i= Ta(Bai) Jo j=1
1 M /C,’ (Bri—1) qap—1 - ay—1
= i—qs) P Vs" 2 dys + ) byin?
T, (w2) [Zl &) Jo G0 = L 0
L 2 [ g9 P Du(s)dgs + Y- byuy)
= Ty(Bai) Jo =
m Ali & (Bri—1) 1 n 1
+ Y o [T @ =0 ® Y [ ga(rasa(s)dgsdyT+ Y by [ g2 q5)ha(s)dys.
i=1 rq(ﬁli) 0 0 j=1 0
Moreover, we have
m . n
Aai /@’, (B2i—1)
i —qs) P2 u(s)dgs + Y byiu(n;
i:erq(ﬁZi> 0 (51 ‘7) () q ]; 2j (77])
1T | & Ay ([ (Bai—1) .y —1 I
= i —gs) i sM T d s+ Y byt
() [Zl T(Ba) o (&7 1) o= Lo o
M /@‘ (Bri—1) ;
i —ags) P o(s)dgs + )y byjo(n;
1; rq(,Bli) 0 (6 q) () q ]; 1j (77])
o Ay [ (Ba—1) [ . !
1 oo [ = a0 P [ (o g (s)dgsdgT+ Y- by [ gy, 0 ().
= Tq(Bai) Jo 0 j=1 0

Combining (15) and (16), it can be seen that



Mathematics 2023, 11, 2941 8 of 22

UL A i Gi - n
'Z rq(l13 i) /0 (i = 45) P Vo(s)dgs + ;bljv(ﬂj)

]

- 1 m Api Gi o (Bai—1) 1 n ‘ 1 ‘
=110, [11<§ rq(,BZi)/O (Gi —4q7) /Og1(T,qs)h1(s)dqsqu+]§b2]/0 $1(17,q8)h1(s)dys

(17)

i )\ i éi i n
i:z1 rq(ézi) /0 (& — g3)"™ 1)u(s)d’45 + ;sz”(’ﬁ)

]

_ 1 A 6i ) (B1i—1) ! - ) ! )
“1-hh [12(2 Tq(ﬁu)/o (6i —q7) /0 gZ(T/qS)hZ(S)qudQT+]§b1]/0 $2(11,q8)h2(s)dys

m )L . éi o -1 n 1
+ Y s [T =0 @ [ g g (s)dgsdyT+ Y by [ g1y 05)a (5)dgs |
= Tq(B2i) Jo 0 =7
where Iy (k = 1,2) is defined by (4). According to (14) and (17), we can get

u(t) = [ a(t,45)n (5)dgs

1

toqfl 1 m AZ:’ & (ﬁ 1) n
1 L 2i g d bs; . h d
T (T~ hb) l/o 1(-=1 i o G- e bl e) Jin(s)ee

1 m A . g,' o n
+/ ), 11‘ / (& — gr) P 1)82(1',’15)qu+ Y b1jg2(1j,qs) | ha(s)dgs
o \/Z Tq(Bui) Jo =1
1 1
:/0 Ky (t,gs)hy(s)dys —l—/o Hy(t,qs)ha(s)dys,
where K (t,¢s) and Hj(t,gs) are introduced by (7). Similarly, we also have

o(t) = /ol $2(t,qs)ha(s)dys

tzxz—l 1 m )\11. Gi o (ﬁliil) 1 ) )
+rq(062)(1—1112)[/0 lz(Z rq(ﬁli>/0 (6i —q7) gZ(qus)qu+];b1]g2(’7]/‘75) hZ(S)dqs

i=1

1 m )\ ; Gi i n
| (z; r @m0 ”gl<r,qs>dqr+J§b2jgl<nj,qs>>h1<s>dqs]

1 1
:/0 Kz(t,qs)l12(s)clqs+/0 Hy(t,qs)hq(s)dys,

where K;(t,¢s) and Ha(t,¢s) are also given by (8).
This completes the proof of the lemma. [
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Let
Kz (t,9s) :D;;Kl(t, gs)
. =71
=D/ t,gs) + !
o 81(t,4s) Tg(ar —97)(1—hl)
oA (6 (Ba—1) ;
1) : / (& —qr)'P2 Vg1 (T, qs)dT 4+ ) byig1(1j,95) |,
i—1 rq(ﬁZz) 0 =1
. (18)
Hz (t,gs) :Dq1H1(t, qs)
tal—’y]v—l
S Ty(a — ;) (1= L)
YA /éi(éi—qT)(ﬁ“_”gz(T,qS)quﬂLfbl-gz(n»qS) ,
i—1 rq(ﬁli) 0 j=1 ! !
K3 (t,gs) =Dy Ky (t,qs)
. It~
=D)gy(t,as) +
0 82(008) T~ )
oM [ (Bri-1) ;
1Y / (& —q0)'"PVga(T,gs)dT + ) bijga (1 qs) |,
= Ty(Bai) Jo =
: (19)
Hx,(t,gs) :Dq’Hz(t, qs)
tvlz—’ylf—l
- Ty(ar —77)(1 = L)
Ay A /éi(éi_‘77)(/52171)81(7/‘75)51 T4 Y byga(745) |,
i=1 rq(ﬁZi) 0 ! j=1 ! !
] 1 =l (p )@ 0 < s <t <,
ipry sy — L 7 (20)
Lol —77) | g1, 0<t<gs<1,

wherei=1,2and k = 1,2.

Lemma 6. Assume that (Fy) holds. Then the functions gi(t, qs) defined by (9) and Dg "ok (t,qs)
defined by (20) for i = 1,2,k = 1,2 have the following properties:

(1)0< [1—(1—gs) @ Vet < gy (t,gs) <

ttxk—l.
Fq(“k)

1
rq(‘xk) ’
[1— (1 —gs) @ V=171 < DYige(t,qs) <

1

@)0< Tg(ax — ;)

tlxkf'yffl,
Tg(ax —77)

fort,gqs € [0,1].
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Proof. (1) For 0 < gs <t < 1, we can get

1 ap—1 (ap—1)
t,gs) = = — (t — gs)\k
(b 9) = s [t = (g9
1
> 5l (t—gs - 1)
Fq({%k) |: ( q ) :|
1
— 1—(1—gs)@ D1 >0,
Fag (1))
1 _
tqs) = 9 — (¢ — gs) @D
gelt9) = o5 [ = (=0
]‘ thkfl
Fq(‘xk)
For 0 <t < gs <1, wehave
1 -1
t,gs) = Mk
gk( q) rq(“k)
1 -1 -1 (a—1)
> T — %0 (1 — gs) K
rq("‘k) rq(“k) ( I )

1
tgs) = — %1

(2) For 0 < gs < t < 1, we have

o
rq(‘xk - 'Yf)
1
>

Lyg(ax —77)
1
= [1—(1—gs) Dol >,
Lyg(ax —77) | 1 ]

. 1
D) t,gs) = ———
qgk( q ) rq(“k*'Y{)
1
< -
Tg(ax —7)

Dyigk(t,qs) = [0t — (¢ gs) Y]

[tak—ﬂy;—l —(t—gs- t)("‘k_"/f_l):|

[ttxkffy;fl —(t— qs)(lxk*“rrl)}

L

For 0 <t < gs <1, wehave

D;{gk(t/ qs) = rq(akl_’mt“k—v;—l
> Wt“k—%*—l _ wtak—“r;—l (1— qs)(“k_'yz’—l)
D;z’gk(t, gs) = Iﬂq(zxkl—'y;)taktﬁl'

This completes the proof of the lemma. [

For computational convenience, we introduce the following notations:
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ll " )\21' Gi (ﬁ ‘_1) 1 n 1
1 + / . —aT 2i Tﬂél d T+ b .0 )
Ty(a1)(1— hly) (; T, (B21) Jo (& —q7) g ]; o]

1

12 i )\11' /gz (B1i—1) 1 n )
1 + . —aT 1i TIXQ d T+ b 1, D ,
Tg(a2)(1 = hly) (; Ty(B1i) Jo (6 —a7) q ];1 117

1

o= 1
! rq(‘xl)
B 1
27 Ty(m)

03 =1+

l] m /\21' Gi (Bai—1) -1 n o
;= gT)\PET M T T b2 ,
Tg(ar)(1— i) <21 rq(,BZi)/O (Gi —q7) q ]; 2j]j

1

lZ i /\11‘ /gl(é _qT)(/Sli—l)Tazfld T4 ibr;,]ﬂ&*l
ATy Jo AT )

=1+
“ Tg(az)(1—hla) \{
— S —aT i TIXZ d T+ b .00 ,
P T ()T (a2) (1 — 1) Lz_l T, (A1) Jo (G —q7) . ]-2:1: 1)
! Em Aai /gi (B2i—1) ral—1 & _1
e R i d b 0 ,
P2 Ty(a1)Tg(a2) (1 —hl) L’—l T,(B2i) Jo (& —q1) T qT +j:§ ’ 21l

1

P3 = T () (1 — Ihly)

1

= Ty(Bui

4= T () (= Ihly)

i=1 Fq(ﬁZi)

& /\li G (B1i—1) azfld < b ap—1
Y ] /0 (Gi —q7) T qT+2 i |
]:

i Aai gi(g._ )(5zi—1) al=1y o4 ib g1 —1
0 i qt T q & 2]77] .
]:

(21)

(22)

(23)

(24)

(25)

(26)

(27)

(28)

Lemma 7. Assume that (Fy)—(F3) hold. Then for (t,gs) € [0,1] x [0, 1], the functions K]T(t, qs),
H(t,qs), Ki7(t,gs) and Hy(t, qs) for i =1,2,j = 1,2 defined by (7), (8), (18) and (19) satisfy the

following results:
(M0 < i 1—(1-¢9) V| <Ki(tgs) Sart ™,

0< taDQ*l |:1 _ (1 _ qs)(azfl)} < Kz(t, qs) < tatxzfl,

0< B -yt [1 —(1- qs)(ﬂcf%**l)} < Ky (tgs) <

~ Ty(ar —77)

0< a1 — (11— gs) V] <Kyt g9) <

= Tglaa —7;)
(2) 0 < ptat [1 -(1- qs)("‘rl)} < Hi(t,qs) < pytm7l,
0< p2ta271 [1 _ (1 _ qs)(”‘lfl)} < Hz(t, qS) < p2ttxzfl’

0< P pmn 1~ (1 gs) 7] < Hy (5 <

Fq(“l - ’Y{)

P4 ttxzf’ylvfl |:1 _ (1 _ qs)(ﬂé1*7271):| < H{Z(t’ qs) <

~ Ty(aa —7)

Proof. (1) Accordance with (F3), Lemma 6 and the definition of Ki (¢, ¢s), we have

Iy (@1 — ’Y{)

Fq(”‘z )

Iy (a2 — ’Y{)
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_ Lt ST LN () o ()
Kl(t/qs) = gl(t/qs) + Fq(oq)(l — 1112) |J_21 rq(,BZi) /0 (gl - QT) gl(T’qs)d‘iT+]; bZ]gl(W]’qS)
tlxlfl (a-1) llt:xlfl
> 1-(1—gs) V4
Fq(lxl)[ (1=as) ] Iy(a)(1 = hi)
= /gi(C' - T)(ﬁz”_l)L‘lil [1—(1-gs)® V)dyr + ib -11}11_1 [1— (1 —gs) @D
= Tq(Bai) Jo ™ I Iy(ar) 7 ! j=1 & Ty(a1) 7
-1 (1)
- 1—(1—gs)®™
O IUSICRY D
[ h o Ag; i (Bai—1) a1 —1 - -1
14 i —qT)\ET TN T T ) by
i Fq(oq)(l — l]ZZ) <i_1 rq(,B21) /(; (6 q ) q ];1 2]17]

—oitv17 ! {1 —(1- qs)(“lfl)} >0,

ll -1

Ki(t,qs) = g1(t,qs) + T, (a1)(1— Lh)

tle -1 ll tle -1

Agj
i=1 rﬂ] (ﬁZi

Gi ,_ L
) | @) P Vgi(r a9+ Zijgl(’?jrqs)]

/=1

n

Agi

=

>

<
rq(“l)

tal—l

Tg(a1)(1—1l)

h

Ty(B2i)T4

Gi ) e
(al)/o (gi*qT)(ﬁZI 1) 1qu+

11

1
Boig7 X1~
Fq(uq) ]; 2/

Agj

p

T Ty(w) [1 " Iy(ar)

a—1
1,

(1-Nl)

:Ql

Gi
/0 (& — qT)(:B%*l)T"‘l_lqu +

n
) bz]"?f”‘l_1>
i=1

|

Tq(B2i)

where ¢, is defined by (21).

K (t gs) = D Bl AL I LN () " boo (11
n(t,qs) = Dy'g1(t,qs) + T, (a1 — 77)(1 - L1hy) Lzl T, (B) /O (Gi —q7) 81(7, qs)dqr+]; szgl(q],qs)]
> F;Zqi;) 1= (1—gs) @ V)4 » (Mll_tjf)zl_ )
: rq?ffzi) /f(a - qr)“ﬁ”%[l — (1= g9)"1 V]dy +:Zl szrj(l;u -(1- qs)“‘l-”]]
> Mu — (1 o))
e Ty — 7111)(1 —hly) (1—21 Fq)(\lzgizi) /ogi(gi - qT)(ﬁZi_l)Tal_ld"T +]é b2j’7fm_l>]

03
rq("‘l - ’Y{)

g1 =71 [1 —(1- qs)(“r“ﬁ*l)} >0,
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- L=l o), Gi ‘ n
K+ (t,as) = D¢ (t,qs) + 1 2i / —gr) P Ve (1,a5)d, T+ Y by; .as
zl( q ) q gl( q ) Fq(“l 7,)/;)(1 7l112) |J_21 Fq(ﬁZi) 0 (gl q ) gl( q ) q Z 2]g1<17] q )

j=1
tﬂél 7’}’;71 lltﬂcl 77;71

< +
Lplar — ;) Tglar — ;) (1= hb)

n

3 Aai 2 - gr) B2 1) =1 -1
: |J=21 Fq(ﬁZi)rq(‘Xl)/O (Cl qT) d‘iT+ E 2]’7]

pa—r—1 I A 6i (B2i=1) a1 -1 ; -1
- 1+ / i —qT) PR T4 Y by
Tg(ar — ;) [ Tg(ar —97)(1 = hh) (1—21 Iy(Bai) Jo (& =am) ! ]; o
- B m-y1
Tg(ar — ;)

where 7 = 1,2 and g; is defined by (23). Similarly, we get

0< ta”‘fl {1 - (1- qs)(“rl)] <Ky (t,gs) < ta"‘zfl,

04 ay—y—1 (ap—77—1) 04 ar—y—1
0< ———=——t27 7 11— (1—gs i <Ks(tgs) < =——— 0277
= rq(ﬂCZ*’)/;) [ ( q ) ] 12( 5] ) rq(“Z*’Y{)

where g7 and ¢4 are defined by (22) and (24).
(2) According to (F3), Lemma 6 and the definition of Hj(t,gs), we can obtain

Hi(t,gs) = =1 i At /’:i(g,_ T)(ﬁu—l) (T S)dT‘f'ib‘ (1:,q5)
{099 = F TR | R (B o G TS o by

tlxl—l m )\11- Gi L (Bri— ) 2—1 B B (32-1)
> Ty(aq)(1—=11p) |J; T,(B1:) /0 (& —q7) T, (a) [1—(1—gs) JdsT
4%) 1

+Z%$(weu—ww”1

=1

tlxl—l

= —gs)2=D) i 6 . (Bri=1) zap—1 ap—1
= rq(al)rq(lxz)(l _ 1112) [1 (1 qS) ] [Z rq(,Bli) ~/O ((:1 qT) d T+ Zbljﬂ ]

=it 1- (1—gs5) ] > 0,

talfl m Ali & (Bri-1) n
Hi (¢, = i— 1 , d, T+ by; i,
1(t,9s) Ty(a)(1—lhh) L; Ty(B1i) /o (6i = a7) 82(T.45)d4T ]; 1i82(1j:95)

< D /éi(éi—qf)(ﬂ“‘”f"‘fld - i by
Tg(ar)(1 1) Ly(B1i)Tg(a2) 7 Th(an) = T

i=1 q

_ tlxl 1 ﬁ /\11 /gf(g —qT)(’Bli ) ﬂ(z 1d T"‘ Zbl 1111(2 1
Ty(a1)Tq(a2)(1 = Ily) | & Tg(B1i) Jo 7" !

=t

where p; is defined by (27).
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1 7,—1 m )\1' & ( 1 n
H- (t,gs) = ! / —gr) P Ve (1, a5)d. T+ Y by i.qs
11( q ) Fq(“l —’)’;)(1 _1112) |J_21 rq(,Bli) 0 (gl q ) gZ( q ) q ]; 1]82(’7] q )

! m M /@ (p—1) T2 (02-1)
> )\l 1—(1—gs)'"2 ]d,T
T, (0 — 1) (= ) [Z (B Jo &I gyt e

0(21

+ Z byj I’]q( 2) 1-(1- qs)(wl)}]

j=1
tﬂé]*’}’ifl
=
I“q (0(1 — 'y;)Fq(ocz)(l — 1112)

2ooAy (G (B1i=1) pap -1 a—1
. Z /O(ffz‘*qT) : 2~ dT+Zblﬂ7

[1—(1—gs) 27D

i=1 rq(ﬁlz) .
SR A (12—77-1)
= — " Vi 1—1(1—-—gs i > 0,
T, (a1 —7) [1-(1-gs) ]_
o oM (6 (B "
H7t,S: / —aT 1i T,SdT+ b . gs
a(tqs) (e — ;) (1 —Ll2) Ll T, (Bu) Jo (i —q7) 82(T,gs)dq /; 1j82(1j,98)
it e At /éi (Bri—1) -1 1 & -1
< . —gT)\Pl T d T+ b 2—
rq(al - '717)(1 - llZZ |J_Zl Fq ﬁll Fq(zxz) 0 (gl q ) q rq(‘xz) ]; 1]77]
e —y;—1 oA /i (Byi—1) 1 1
= T 1i— 062 d T+ b 2—
Ty —77)Ty(a2) (1 = hlp) L; Ty(B1i) —47) 2 1j7;
— '073%1*7;*1,
Ty(ar =)

where 7 = 1,2 and p3 is defined by (27). Analogously, we get

0 < pot*2! {1 —(1- qs)(“lfl)] <Hj(t,gqs) < pat™ 7},
P4 ay—y;—1 (a1 —77-1) P4 ay—y;—1
0< ——= 2771 —(1—gs i <H;(t,gs) < =———— 2777,
= rq(az_,)/;) [ ( q ) } 12( q ) rq(“Z_'Y{)

where p; and p4 are defined by (26) and (28).
This completes the proof of the lemma. [

Lemma 8 ([38]). Kj, = Py, x Py, where K = P x Pand h(t) = (h1(7), h2(7)).

3. Existence Results of Monotone Iterative Non-Negative Solutions
Let E = {x|x, DJ'x(t), D)*x(t) € C[0,1]} endowed with the norm

— D’h D2 x(t )

= max max [+(0)}, max DF (1), max DP|x(0)] }

Let ||(x, y)|| = max{]|x||, [|y]|} for (x,y) € E x E, then (E x E, ||(x,y)||) is a Banach space.
Define a cone P = {x € E|x,D]'x(t), D]?x(t) > 6}. Let K = P x P, it is obvious that K is
a normal cone equipped with the following partial order:

2 Di'm x2, DJ*xp

<x < D! < DJ*xy,
(29)
vi<y2,  DJ'vi <DJ'va, DJ*y; <DJ?

(x1,11) = (x2,12) & {
q Y2
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For all (u,v) € P x P, in view of Lemma 5, let T : K x K — K be the operator
defined by

where
Ty (u,0)(t) = /01 Ki(t,qs)fi(s,u(s),v(s), DJ'u(s), DJ*v(s))dgs
+ /01 Hy(t,qs) f2(s,u(s),v(s), DJ u(s), DJ*v(s))dys,

T (u,v)(t) = /01 Ka(t,qs) fa(s,u(s),v(s), D,;“u(s), D,;”v(s))dqs
+ /01 Ha(t, qs)fl(s,u(s),v(s),Dglu(s),Dgzv(s))dqs.

Theorem 1. Assume that
(S1) For t € [0,1], fi(t, x1,y1, X2, Y2) is increasing in x; € [0,00) (i = 1,2) and decreasing

iny; € [0,00) (i=1,2) forj=1,2;
(S2)Vre (0,1),3 ¢1(r), g2(r) € (r,1] such that

fi(t/ rxy, r71y1/ rxa, rilyZ) 2 q)l(r)fl<t/ X1, yll X2, ]/2) (Z - 1/2)/
o(r) = min{¢1(r), p2(r)}.

Then
(1) T(h,h) € Ky, where h(t) = (hy(t), ha(t)) = (t~ 1, t271),0<t < 1;
(2) T(ru,r o) = @o(r) T(u,v);

(3) BVP (1) and (2) has a unique non-negative solutions (u*,v*) in K. For any initial
(x01,%02), (Yo1,Yoz) € Ky, there are two iterative sequences {(xy1, Xu2) }, { (Y1, Yn2) } satisfying
that (xu1, Xm2) — (5, 0%), (Yu1, Yn2) — (u*,v*), where
(X1, Xn2) :(Tl(x(nfl)l/y(nfl)l)rTZ(x(nfl)Z/y(nfl)Z))
1
'/0 Ky (t,q8) f1(5, % (n—1)1(8), Y(n—1)1(8), D7 %(n-1)1(5), DY (n-1)1 () )dgs
1
+/0 Hi(t,qs) f2(5, X (—1)1(5), Y (n—1)1(5), Dg % (4—1)1(5), Dg*Y (n—1)1(5))ddgs,
1
/0 Ka(t,q5) fa(5, X (n—1)1(5), Y (n—1)1(5), DJ* %(n—1)1(5), DY (n-1)1 () )dgs

4

[ Ha(4,05) 3 5 010 (5 Y0010 (9 DF 11 (5), Dy 5) s
(Yu1, Yn2) = (Tl(y(n D1 X(n=1)1) T2(Y(n=1)2, X(n— 1)2))
K 85) 15,501 5D, X1 (9, D Y10 (9 D11 5))s
+ /01 Hi(t,45) f2(5, Y (n-1)1(5), X(n—1)1(5), D" Y(n—1)1(5), DJ* X (1)1 () )dgs,
] Kalt49) 2511 (5) a0 (9 DF Y10 (9 D s ()

1
+ [ Hal g5 (Y119, X 11(8), D 1)1 (5), D1 (5))dgs
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Proof. By Lemma 7 we have
Ki(t,qs), K(t, qs), Hy(t, gs), Hys(t,qs) > 0, i=1,2,j=1,2. (30)

Regarding (30) and (F4), weget T}, T, : P x P — P, T : K x K — K. It is obvious that T is
a mixed monotone operator, because for any (u1,v1), (uz,v2) € K with (uq,v1) < (up, v2),
considering (S1), we acquire

T(u1,v1) = T(up,v1) for fixed vy and T(uy,v1) = T(uq,v2) for fixed u.

From Lemma 8, we obtain Kj, = P, x Py, where h(t) = (hy(t),ho(t)) = (19171, #%271),
(1) In view of h(t) = (hi(t),ha(t)) = (t171,t%271) we get

h() =71 >0, hy(t) =271 >0,

T (le) _ T (0(2) e
DI'hy(t) = D1 = 127 ypmi-n-1 >0 DNp,(t) = DI = T2 po-m-15 )
1) 1 Tp(ar — 1) 1 ha(t) i Ty(az2 — 1) (31)
- Iy(ar) e _ Tg(az) e
D23, (1) = D2 1_ ’771}“1 v2—1 >0, D21, (+) = D22 1_ q =72 1> 0
- ha ) K Ty(ar —72) -haf) = Dy Tg(az —72)

Consequently, from (31), we can see that k1, € Pand I € K. Indeed
1
Tl(hl,hl)(t) :A Ki (f, qs)fl (S, hl(s),hl(s),Dq%hl (s),Dgzhl(s))dqs
1
—i—/o Hy(t,g5) fa(s, hl(s),hl(s),Dglhl (s),D;’Zhl(s))dqs

' Ty(a1) Ty(a)
= K(t,gs S,Sal_l,slxl_l, ‘775061—71—1, anl_n—l)d s
/0 1(tq )fl( Fq(ﬂq—’n) rq(lxl—“yz) p

! Ty(ar) Iy(ar) 1
—i—/ Hi(t,gs (s,s”‘ll,s“ll, T gl AV g >d s
0 1( q )fZ Fq(“l*')’l) rq(“l*’yz) q

1 _ - Ty(ar)
> #1111 — (1 — gs)1— 1) (s,O,l,O,q>ds
| et g ) )

e - Tg(a1)
@111 _ (1 — gs)(@2~1) ( 1 q)
+/0 Plt [ ( I]S) ]fZ 5,0,1,0, Fq(“l_')’Z) dqsz

Ty (h1,h1)(t) :/01 Ki(t,qs) f1(s, hi(s), i (s), DY iy (s), Dl (s) )dgs
- /01 Hi(t,qs) fa(s, h1(s), 11 (s), D i (s), Dy*ha(s))dgs

1 1 a1 Tglar) o1 Dgla) NV
= [ Ky(t,gs s,s7l g1 4 gq-m-1 DAV m-m 1)ds
/0 it )fl( Ty(ar —71) Ty(ar —72) i

! Tg(ay) Tg(ar) 1
+/ Hi(t, g (S,S“ll,s”‘ll, sl T g >d s
0 1(ta)f2 Ty(ar —71) Ty —72) 1

1 [p(ar) 1 [y(aq)
S/ pa-1 (S,l,O,q,O)d S+/ -1 (5,1,0, q,O)d s,
o fi Ty(aq —71) i o 71 f2 Ty —71) !
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D Ty (h1,)( / Kz (t,9s) f1(s, h1(s), hi(s), D71h1( ), DV hi(s))dgs
+ /0 Hyy (t,q5) fa(s, 11 (s), h1 (s), Dy h(s), Dg*ha(s))dgs

! Iy(a T («
:/0 K;l(t,qs)f] (S,S“l—llsal—ll rqq(l)slxl—’h—l q(l)sal_,)/z_l)dqs

(a1 — 1) "Ty(ar —72)
! 1 g1 Tglm) 1 D) a1
—|—/ H: (t,qs (s,s"‘1 Lol 027 _gmmm—l 902 g )d s
n(145)f2 Tg(ar —71) Tg(ar —72) !

—ye— r ‘
e LA L (1—gs)t 77 1)]f1( L0 ((Qrz))dqs

/ Fq ')/l

ap—y;—1r1 _ (ap—7;—1) r(“)
+./0 Fq“l—%)t T e ]f2(501or(1—72))dqs

Dy Ta(, 1) (¢ / K (t,q5) fi(s,h1(s), 1 (s), D" hu (s), D3 hu (s))dgs
+'/0 Hy (t,45) fa(s, 11 (s), b (s), Dy i (s), Dg*ha (s))dgs

:/1 Ky (t,q8)f1 (S,Sa11/5411,1"q(061) 5“17“71/‘1}(“1) Salrnl>d ’
0o ! Ty(ar — 1) Ly(ar —72) i

! Ty (a1) Ty (a1) 1
+/ H; (t,gs (s,s“l_l,s"‘l_l, d R — R )d s
a(tgs)f2 Ty(ar —71) Ty —72) 7

[p(ar)
71‘“1 i (S 1,0, q,O)d S
/ Fq X1 — ')’1) fl Fq( ')’1) I

o Tg(ar)
+ / =1 (s, 1,0, a7 ,0) dgs.
0 Tq(lxl -7) f2 Ly(ar — 1) i
Let

a1 :/Ol a1 (1—gs)7Vf (S 0,10, F(r(lxl)vz)>dqs

1 _ Ty(aq)
— (1 — go)(@2—1) 7\
+/ p1[l = (1 —gs) If2 <s,0, L0, To(a — 72)>qu'

alz—/ Q1f1<510 ((?71) 0) qs+/ p1f2<510 rq(rq(“l)w,O)dqs,

C Y o (81-7-1) ERYICVES
= ) = =g VA (50,10, 8

1 03 _ S(IXZ 1) s, r(“l) s
# [ == (00,0, S s

lzzéllﬂfl(&l,o,m >q5+/ qu3 f2</ , mlo)dqsl

where v = max{y1,72}. Then, we obtain

Ty (hy, hy)(t) = apt ' = apha(t),
Ty (hy, hp) (8) < appt ™1 = apphy(t),
O
DTy (hy, h ay — 1Y =yl _ g DY (), (32)
1(h1, h)(t) > T, (ay — 77 11Dg"h1 (1)

! rq(ﬂil) tlxlf’}’;fl

DTy (hy, 1) (t) < ‘112rq(0é — )

= a}, D) hy (1).
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Also, let
- /O Loall - (1 go) V] (s,o, Lo, ml;qz(%)d‘?s
o /01 0fo (s, 1,0, M%%o) dgs + /0 1 02f2 <s,1,0, rq(i:’;("‘_z)rmo> dys,
ﬂlzl = /01 Fq?zz) 1-0- qs)(“r%l)}fz <S/ L0 Im>dqs
+ /ol rqﬁ():iz) 1-0- qs)(al_ﬁy—l)]fl <S’ L0 Im>dq5,

/ 1 Ty(a2) > 1 ( Ty(ap) )

04 q\X2 P4 q
Ay = _— s,1,0, ——————,0 ds+/ 5,1,0, ————————,0 )d,s,
2 /orq(“z)fz< Tytaz —10) ) fy Ty V0 Ty — ) )%
we have

ant ™ = anhy(t),

ant*? 1 = aphy(t),

Ta(ho, h2)(t)
To(hy, ho)(t)

D;;T2(l’l2, hy)(t) 2 a

>
<

127771 = 4y DIy (1), (33)

’ rq(az)

D%TTQ hz,hz t) Ldy————
q ( )() 22rq(0‘2_’)/{)

127171 = 43, DY ().
As a result, according to (32) and (33), we can get Ty (h1, 1) € Py, Ta(h2, h2) € Pp,.

Further, it can be see that T(h, 1) € K}, which satisfies (A1) in Lemma 1.
(2) Foru,v € Pand t € (0,1), it can be obtain that

1
Ty (ru, r o) :/ Kq(t,qs)fi(s,ru,r o, D,;lru,D,;“r_lv)dqs
0
1
—|—/O Hi(t,qs) fo(s, ru, v~ v, D ru, DJ*r 1v)dgs
1
2/0 K (t,qs)@1(r) f1(s,u,0, D) u, DJ*v)dgs

1
+ [ Bt 09)92(1) s, 1,0, D', D 0)dys
0

2o (r)Th(u,v),
To(ru, rilv) = /01 Ko (t,gs) fa(s, ru, r o, Dglru, Dgzrflv)dqs
+ /(;1 Ha(t,qs) f1(s,ru,r o, D] ru, D;”r_lv)dqs
> /01 Ka(t,qs)@2(r) f2(s,u,0, D] u, DJ*v)dys

1
+/ Hy(t,95)@1(r) f1(s, u, v, D) u, Dj*v)dgs
0
2¢o(r)T2(u,v),
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. 1
D‘;In(r“’r_%’) :/0 K (t,qs) fi(s,ru, v o, DY ru, D*r~ o) dys
1
+/0 Hﬁ(t/qs)fz(srmrflv,D,;“ru,D;zrflv)dqs
1
> [ Ka (69001 (1)fi(5,10,0, D w, Do)y
1
+/0 Hy (t,q5)92(r) fa(s,u,v, Dy u, Df*v)dgs
>o(r)Dy T1 (1,0),
) 1
D;sz(m’r_lv) :/0 K;Z(t,qs)fz(s,ru,r‘lv, Dglru, D;”r_lv)dqs
1
+/0 H;z(t,qs)fl(s,ru,flz;, Dq%ru, Dgzrflv)dqs
1
> [ Ka(t,39)02()fols, 1,0, D', Do)y
1
+/0 Hy(t,qs)@1(r) fi(s, 4,0, D" u, D?v)dys

>¢(r) Dy Ta(u, 0).

Thus, it is obvious that T(ru,r~1v) > ¢o(r)T(u,v), which satisfies (A2) in Lemma 1.

(3) From what has been discussed in (1) and (2), according to Lemma 1, we obtain that
BVP (1) and (2) has a unique non-negative solutions (u*,v*) in Kj,. For any initial (xo1, x02),
(Y01, Y02) € Kj, there are two iterative sequences {(x,1, Xx2) }, { (Yn1, yn2) } satisfying that
(oo, x2) — (4, 0°), (Yot Yo2) — (1, 0°).

This completes the proof of the theorem. [J

Remark 1. Let (u,v) be the solution of the BVP (1) and (2). If u > 0, v > 0, then (u,v) be the
non-negative solution of the BVP (1) and (2).

Example 1. Fort € [0,1], consider the following fractional differential system:

1
3

+ (o) F 4 (Déu(t)f +t(D$v(t)) —0,

N

Disu(t) + (u(t))

Disv() + "+ L 4 DIu(t) + — =0 o
B 1 4
u+l ov+2 qu o(t)
with the coupled integral and discrete mixed boundary conditions:
u(0) =0(0) =0,
0.2 2 B 2
‘Dozu(l) = Y Milgzo(&) + ) bajo(n;),
i=1 j=1 (35)

2 2
DYEo(1) = Y- Aulf2u(E) + Y boju(ny).
i=1 j=1

In this model, we set

A1 =025 Ay =02 Pyy=15 PBo=14 & =025 by =033, by=017, 5 =033,
A2 =05, Ap =01, P1p=25 Pw=24 &E=075 bp=067 by=083 1 =067



Mathematics 2023, 11, 2941

20 of 22

References

1.

filt, x1,y1,%2,12) = xp6 +y1*% +xp2 4 fyzfé,
X1 +
x1+1 y1+2 ]/2.

It is not difficult to find that f;(t,x1,y1,x2,y2), (i = 1,2) are satisfy (Sq) in Theorem 1. Further,
forVr e (0,1), we have

fZ(t/ xl/yl/ X2, yZ) =

I
NI
Qi

1 — _
At e,y g, r ) = ()6 + () ()2 4+ 10 )

1 1 11 1 1 1 1
=7r6x16 —|-r4y1 4 47r2xp2 —|-r3ty2 3

1 1 1 1
Zrx16 +ryr * +rxp2 +rtyy 3

= rfl (t/ X1,Y1, X2, y2)
= (Pl(?’)fl(t, X1, Y1, X2, yZ)r

rxq +
rx1+1 0 rlyp 42
X1 r
2 -
x1+1 + y1+2
= rf2(t, x1,y1,X2,42)
= ¢2(r) fa(t, x1,y1, %2, 42)-
So ¢o(r) = min{¢;(r), ¢2(r)} = min{r,r} = r, which satisfy (Sy) in Theorem 1. Then from
Theorem 1, we can assert that BVP (34) and (35) has a unique non-negative solutions (u*,v*) in

2

K, = Phl X Py, where (hy,hy) = (t%,tg),

f2(tl 7’x1/7’71]/1/7’x2/ 7’71]/2) = +rx2 +

r~ly,

r
+rxy + —
Y2

4. Conclusions

The Q derivative has important applications in many fields, such as quantum physics,
spectral analysis and dynamical systems, which make it as a powerful tool for solving
physics problems mathematically. In the model studied in this paper, the equations and
boundary conditions are universal, but it can be seen from Theorem 1 that utilizing the
fixed point theorem for mixed monotone operators, it can be acquired that the conclusion
of the existence and uniqueness of the solution only by two easily attainable constraints on
the nonlinear term. One of the conditions is mixed monotonicity, and the other is to restrict
its properties similar to the upper bound using another function. Compared with the
monotone iterative method in [30], we prove the existence and uniqueness of non-negative
solutions for more complex systems using more looser conditions.
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