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Abstract: This work deals with an optimal asset allocation problem for a defined contribution (DC)
pension plan during its accumulation phase. The contribution rate is assumed to be proportional
to the individual’s salary. The salary follows a Heston stochastic volatility model with jumps, and
there exists common shock dependence between the salary and the volatility. Since the time horizon
of pension management is quite long, the influence of inflation is considered in the given context.
The aim of the pension plan described in this paper is to reduce fluctuations in terminal wealth by
investing in the bond and the stock. Through the dynamic programming principle, the Hamilton—
Jacobi-Bellman equation is shown. The explicit expression of the investment decision is derived by
solving the Hamilton—Jacobi-Bellman equation. In the last part, a numerical analysis is shown to
illustrate the impacts of different parameters on the optimal investment policy.

Keywords: DC pension plan; stochastic volatility; Poisson process; common shock dependence;
inflation; Hamilton—Jacobi-Bellman equation
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1. Introduction

A pension fund is an important financial instrument for individuals to reallocate in-
comes and sustain consumption after retirement. Generally, according to the determination
of benefits, there are two typical types of pension plans: defined benefit (DB) and defined
contribution (DC) pension plans. In DB plans, benefits are fixed in advance, while, in the
DC case, contributions are fixed by the trustee. There are two phases in a pension scheme:
the accumulation phase, which is the period from the entry time to the retirement time, and
the decumulation phase, which is the period from the retirement time to death.

Next, we review the literature relevant to our paper. In the accumulation phase of a DC
pension scheme, the contributor contributes part of his/her salary to the fund. Since the salary
is related to the profitability of the company, the works of Bodie et al. [1] and Dybvig and Liu [2]
assume that the salary process is spanned by the stock price. In addition, Guan and Liang [3]
and Li and Wang [4] describe the salary process using a Heston stochastic volatility model, i.e.,
the salary is correlated with the volatility of the stock. Furthermore, Zeng et al. [5] assume that
the salary process is related to stochastic volatility. Based on [3-5], we add an independent
random process to the stochastic salary process to be closer to the reality.

It is appropriate to insert a jump process in the stochastic salary due to a promotion and
job-hopping. Moreover, it is realistic to introduce jumps in volatility, which represent some
unexpected events, such as an economic crisis or policy adjustments by the government. In
our model, the contribution rate of the pension scheme is proportional to the salary of the
individual, the dynamics of which follows a Heston stochastic volatility model with jumps.
In addition, salary and variance are correlated by means of a common shock. In reality, a
common component may depict an event that has an impact on both salary and volatility.
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Common shock models are widely used in the area of actuarial science. For instance, in
Liang et al. [6], the insurance risk model is modulated by a compound Poisson process, and
the two-jump-number processes are correlated through a common shock. Liang et al. [7]
assume that jumps in both the risky asset and insurance risk process are correlated through
common shock dependence.

Since the period of a pension scheme is usually long, the inflation risk should be con-
sidered during the optimization phase. There are various studies focused on the stochastic
optimization problem for DC pension plans under the inflation risk. For example, ref. [8]
explores the optimal asset allocation problem with downside protection and stochastic
inflation risk. Yao et al. [9] solve an optimal portfolio decision problem under the inflation
risk and mean-variance criterion. Other relevant works on optimal control under inflation
risk can be found in [10,11]. The inflation risk is also involved in our model. Instead of
a pure diffusion process, we introduce a jump diffusion process to model the nominal
price level of a representative bundle of commodity goods in the market. In other words,
the dynamics of the price index given by Zhang et al. [12] and Zhang and Ewald [13] are
extended in our model, and a Poisson jump is included in the evolution of the index price.

Stochastic processes are commonly used to model the uncertainty in the financial
market. For further study of stochastic processes, we refer interested readers to [14-20]. In
our paper, we assume that the pension manager is allowed to invest in two types of assets:
the bond and the stock. The dynamics of the bond price follows a geometric Brownian
process. The stock price is driven by a drifted Brownian motion and a Poisson jump. The
similar asset model is widely used in various asset allocation problems. For example,
Merton [21] considers Poisson jumps in an optimal dynamic portfolio decision problem.
In a DC pension funding framework, Sun et al. [22] deal with the pre-commitment and
equilibrium investment strategies by incorporating jumps into the risky asset process. More
relevant works on jump diffusion asset allocation problems in pension management can be
found in [23-28].

The aim of pension management is to find the optimal investment and minimize the
expected distance between the terminal wealth and two given targets. To find the optimal
policy, the dynamic programming principle is used to derive the Hamilton—Jacobi-Bellman
(HJB) equation. From the classical optimal control theory, once a continuously differentiable
solution of the HJB equation is explicitly solved, the optimal value function and the optimal
policy can be derived. In our paper, by solving the HJB equation, we show the explicit
form of the optimal investment policy and the optimal value function. The dynamic
programming principle and HJB equation are applicable to various optimization problems.
However, the drawback is that if there is no explicit solution for the HJB equation, then
the dynamic programming principle fails to solve the problem. In our paper, there is a
continuously differentiable solution for the HJB equation, since there is only one specific
boundary condition in the HJB equation. If there are more than two boundary conditions
for the optimization problem, it will be more difficult to find the explicit expression for the
value function as well as the optimal policy. When there is no explicit solution for the HJB
equation, it is more appropriate to adopt the maximum principle, Martingale approach or
viscosity solution.

The rest of the paper is structured as follows. Section 2 describes the financial market
with the jump diffusion price index, as well as two tradable assets that are of interest for
pension management. This section also gives the pension model. Section 3 deals with a
stochastic optimal control problem in order to minimize the fluctuation in the final real
wealth over a finite horizon. The closed form of the investment strategy is given by solving
the HJB equation. Finally, Section 4 gives the sensitivity analysis and Section 5 establishes
the conclusions.

2. Model Assumptions and Notations

Consider a probability space (Q,.#,P), with P as the real-world probability mea-
sure on O and .7 = FW Vv .ZN. The filtration W = {F} _ is generated by a
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five-dimensional standard Brownian motion (W,, Wiy, Wg, Wi, Wy), i.e., ﬂ}w = c{(W,(s),
Wri(s), Ws(s), Wr(s), Wy (s));0 <s < t},t > 0, which represents the risk sources of the
interest rate, inflation, stock price, salary and its volatility, respectively. W, and Wy are
correlated, which is captured by the coefficient pr, € (—1,1). Wy and Wy are also corre-
lated, which is captured by the coefficient pyy € (—1,1). Let the filtration N = {FN}
be generated by a five-dimensional Poisson process (Ny1, Ns, N, Ny, N;) with intensﬁy
(A, As, AL, Av,A¢),  where A, Ag, A, Ay, Ac € R*, e, FN =
d{Nr1(s), Ns(s), NL(s), Ny(s), Ne(s);0 < s < t},t > 0, which represent the jumps in in-
flation, stock price, salary, volatility and common shocks between two jumps, respectively.
Suppose that Poisson processes are mutually independent. Moreover, Brownian motions
are independent of Poisson processes on (Q), %, P).

2.1. The Financial Market

Following the work of Eisenberg [29], we assume that the discount factor is a geometric
Brownian motion:

exp [r+mt 4+ W, (1)],

wherer,m € R*,and { € R.

The financial market consists of two underlying instruments that are traded continu-
ously over time and perfectly divisible. Suppose that there are no transaction costs or taxes
in the given context. The bond Sy (t) evolves according to the the following dynamics:

dSo(t) 2
Soo(t) = (m+ 5 )dt + ZAW, (1), (1)

with initial price So(0) = ¢.
Besides the cash account, the trustee also has the opportunity to invest the fund into a
stock with the dynamics

Sy = Hs{0)dt-+ oss(OAWs (1) + s (DN (1), ®
where s (t) is the appreciation rate for the stock. oss(#) is the volatility associated with the
diffusion component of the stock price. 5(t) denotes the magnitude of a jump. We state
that n7g(t) > —1 to prevent the process from jumping to a value below zero. Wg describes
the fluctuation, and Ng describes the jump in the stock price. For simplicity, it is assumed
that Ws and Ng are independent stochastic processes.

2.2. The Pension Model

This paper considers the accumulation phase of a DC-type pension plan. Assume that
the entry time of a pensioner is the initial time 0, and his/her retirement time is the terminal
time in our model. We denote the pensioner’s death time as T, which is a positive random
variable defined on the probability space (2, .Z,P). The mortality rate A(t) is defined as

Pt<T<t+At|T>1)
A0 At ’

In a general pension plan, the pensioner pays contributions before the retirement time
T, where T € R™. The level of the contribution rate is usually defined as a proportion
&0 <& <1)of the pensioner’s salary. In previous works, such as refs. [3-5], it is assumed
that the stochastic salary is driven by the Heston stochastic volatility model, i.e., the salary
process has stochastic volatility and the salary return variance is governed by a mean-
reverting process. To be more realistic, we add a Brownian motion Wy, in the salary process
to describe the fluctuation in the salary itself. In addition, we also assume that there are



Mathematics 2023, 11, 2954 4 0of 20

possible common Poisson jumps between the salary process and the stochastic variance.
The dynamics of the investor’s salary L(t) follow

Zé(_t)) = up (H)dt + op5(H)dWs(t) + /V(E)dWL () 4 1L (£)ANL () + 71 (H)dN(t), 3)
L(0) = Lo,
while the stochastic volatility V(t) is governed by
dV(t) = x(6 = V()dt + v/ V(E)dWy (t) + vy ()dNy () + 1ve(£)dNe (). @

Regarding the parameters in (3), y1 () denotes the instantaneous expected rate of the
salary, and o7 5(t) is the instantaneous volatility scale factor measuring how the risk source
of the stock price affects the salary. #7 (t)(> —1) and 577.(f) (> —1) denote the magnitude
of the jumps associated with Poisson processes Ny (t) and Nc(t), respectively. Ny describes
the jump in the salary itself, and N, describes the possible common jumps between the
salary (given by Equation (3)) and the stochastic volatility V(¢) (given by Equation (4)). As
introduced earlier, we state that the Brownian motion W}, in Equation (3) and the Brownian
motion Wy in Equation (4) are correlated with the coefficient pry € (—1,1).

Regarding the parameters in (4), ¥ denotes the mean-reversion rate, § denotes the
long-run mean, and oy is the volatility coefficient. The assumption 2x5 > 0% is proposed
to guarantee the volatility process V(t) > 0. The Brownian motion Wy describes the
fluctuation in the volatility, and the Poisson process Ny describes the jump in the volatility.
We state that 7yy > —1 and 7y, > —1 to prevent the process V(t) from jumping to a
value below zero. It should be noted that all Poisson processes are mutually independent.
Moreover, Brownian motions are independent of Poisson processes.

3. The Optimal Portfolio

The aim of the stochastic control problem is to find the optimal investment decision.
The pension trustee continuously decides on the weights invested into the cash account
and the stock. We denote the nominal wealth at time t as X (t). Under the investment policy
chosen, it is easy to obtain the following stochastic differential equation, which describes
the evolution of the wealth:

dSo(t)
So(t)

with X(0) = Xp > 0. 7r(t) denotes the weight invested into the stock at time ¢. The
remainder, 1 — 7(t), is the proportion invested into the cash account. Borrowing and
short-selling are permitted in the given context. A negative value of 77(t) means that the
pension trustee takes a short position in the stock, while a negative value of 1 — 7t(t) reflects
that the trustee borrows money from the bank to purchase the risky asset.

By substituting Equations (1) and (2) into Equation (5), we obtain that

+ £+ ) (s — (m+ )]+ 2L
0 < ORI 5 KO sl K- i- s NS

As mentioned in Section 1, the time horizon for the accumulation phase of a pension
fund (in our model, from time 0 to T) is usually long; hence, the influence of inflation is
considered in the given context.

The price index at time t is denoted by I(t), which refers to the purchase power per
unit of money. The dynamics are driven by a jump diffusion process of the following type:

+X(t)n(t)sd(st(_t)) + &(+)L(t)dt, (5)

dX(t) = X(t)(1 - 7(t))

dTI(t)
)

= upr(t)dt + o1 (#)dWrr(t) + nrr(£)dNp(t), (6)
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with initial value IT(0) = Iy > 0. py(t) is the instantaneous expected inflation rate. oyy(#)
is the instantaneous volatility associated with the diffusion component, and #1(t) denotes
the magnitude of a jump with the condition 77 > —1 to ensure that the price index remains
strictly positive. In Equation (6), Wit and Ny are independent stochastic processes.

Next, we define the corresponding real salary process as the following:

Definition 1. The real salary process is defined by

Applying the quotient rule of Itd’s formula, L is given by

fl®

(8) (ur(t) = pra(8) + oy (8))dt + L(t)ors (H)dWs (t) + L(£)\/V(E)dWL(E)  (7)
—L(t)on(t )dWH( )+ L(t=)nLr(t)dNL(t) + ( ) o(t )ch( )

H+L(t=) (7 (#) — 71 (#)) AN (8).

with initial value L(0) = Ly/TIy £ L.
Then, the real wealth process with the consideration of inflation follows

dL(t) =d
= L(t

2 2
= X(O)[(m+ )+ 2 (s (1) — m+ )+ Com(Dprn (6)) — prn(t) + o (1) )
—Coni(t)pr ()] dt + E(OT(H)dE + X (1) (1 = 70(£)) ZAW, (1) +Y< )7t(H)0ss (H)dWs (1)
X (Boua(HAWk(E) + (=) (s ()ANs () + X (E=) (73 (8) — ua()) AN (1),

with initial condition X(0) = X, /ITy £ X,
Next, we restrict the strategies in order to fulfil some technical conditions. We call a
strategy 77(-) an admissible control process if it is .%;-measurable, Markovian and stationary

and satisfies the condition
E{/ n2(t)dt} < oo. )
0

Denote 'Q{Yo,fo the set of all admissible controls, i.e., it is the set of all measurable pro-
cesses {71(t)};~q, which satisfies Equation (9). Next, we try to find the optimal investment
strategy for the DC pension plan manager under g Ty

Assume that the pension trustee has a preference to minimize the expected value of
the fluctuations in the terminal wealth until time T A T, where T is the terminal time of the
control problem. The objective is to minimize

JEXLV) =B [+ Bi(X(T) = XD)]® - Leory + 12 + B2(X(7) = X5)) - Lprey |7 > t}, (10)

with E; as the conditional expectation given the filtration {.%;},.,. Xj and Xj are two
positive constants representing the target funds of the plan at time T and T, respectively.
The deviation between the actual fund and the target fund is called the discontinuity risk;
see Wang et al. [30].

In quadratic loss functions (10), any deviations between X and X] (or X3) are penalized.
To be more specific, we assumed that a1,a; > 0 and Bq,82 < 0 in Equation (10) to
characterize that under-funding is more penalized than over-funding. A similar setting can
be seen in Devolder, Janssen and Manca [31] and Zhang and Guo [32].

For a better understanding, we use a flowchart to describe the whole research process
in Figure 1.
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Financial modelling

Dynamic Programming principle

Deriving the HIB equation

Solving the HIB equation

Optimal policy

I‘I‘I‘I‘I

Figure 1. Research process.

According to

E; [[lxl + ,31(7(]") - Xi‘)]2 . ]].{T>T}‘T > t:| = E; [[0‘1 + :Bl(?(T) _ XT)]ZE_ ftT)L(u)du:| ,

and

— T — s
Et | a2 + B2(R(7) = X3))* - Leery |7 > t} = E, [ | lo2 4+ B2(X(s) = X5)As)e ’\(”)d”ds],
the objective function with an uncertain lifetime can be converted into the following
deterministic horizontal function:
J(t,X,L,V)
T S —
= 5| [ o2+ BalX(5) — X5) " Me)e s [ 4y (R(T) — X7 I A0
t

The dynamic programming approach is used to solve the stochastic optimization
problem. Define the value function as

o(t,X,L,V) = 1%173?{](1?, (X,L,V);n) : subject to (8),(7), (4) }.

In stochastic optimal control theory, the HJB equation accomplishes the connection
between the value function and the optimal control; see, for instance, the books [33-37] and
the papers [38—40]. The HJB equation is

min¥ () =0, (11)
{m}

where
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()
= gt Ao+ 2R~ X3)]” ~ A + H[(m+ )+ nlps — (m+ 5) + Conpny)
*VH+‘7%1*§UHPHr} PxCL + Z‘PXX [(1* ) CZ+7T‘755+‘7H*2(1* )
‘CUnPnr} +orL(pe — pr +ofy) + %q’zz (075 +V +0fp) + pvr(6 — V) + %GDVVU‘%V 12)

+oxrX L [mrssaLs +o4—(1- n)ganpnr} +ryLVoypry+As [qo(t,?(l—l—mys),f, V)

b
—o(t
—o(t

o

tX,L,V )] +AL[ (X, T(1+71.), V) —(p(t,zz,V)} + Ay [<p(t,y,z,v+nw)
XLV +Ac[ (6 XL+ 7e),V +qve) = 94 X L V)|
X+ (= 00), LA+ (=), V) = 96 X LV),

with terminal condition ¢(T,X,L,V) = [a3 4 B1(X(T) — Xi‘)]2 P P P PV P
P11, Pvv, ¢x T and 7y, denote the first- and second-order partial derivatives of the value
function ¢ with respect to ¢, X, L and V, respectively.

If there exists a twice continuously differentiable solution of Equation (12), strictly
convex, then the minimizer of the investment strategy is obtained by the optimal functional
7t*, which satisfies the following necessary conditions:

Y(*) =0, (13)
ay, .,
at = _o. 14
() =0 (14)
We shall frequently use the following notations. Define
€2
= ps — (m+ =) + Lonpri + Asils, (15)
@2 = fomprir + 0ss0Ls, (16)
@3 = fonpry — 7, (17)
@4 = {*+ 0% + Mgz, (18)

By using the first-order condition and solving the HJB equation, the explicit form of
the optimal investment decision is given by the following theorem.

Theorem 1. (Main result) The optimal investment strategy on the stock is given by

T (t) = 201X+ () +@s(HL @1 gs(HL @ @3

2¢1(H)X @ 2¢1(HX @1 @4

The value function is

o(t, X,L,V) = g1()X" + 92 ()X + 93(t, V)T + a(t)T + ¢5(t)X L+ i(t).

In the above equations,

T "8 .
pr(1) = A3 [ e iy 4 el et 19)
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T s
q’z(t) = 2)\(“2}82 — IB%X;) / eft ap (u)du gg 28 (a7 — ,31Xi‘)eftTa2(S)ds/ (20)
t
T ~
p3(t,V) = [ G ()20, 1)
t
(1) = [ elottrtaondia g, ) - 21 O] it acnds 22)
P t vz 2¢1(s) @4 ’
T .
ps5(t) = zft elolas)tAciLelduz ) (5) s . e Jolas(s)+Acniclds (23)
T 5 a1 (w)du %12 (P% LD% %2 fTu (s)ds
(Pﬁ(t) :/t elt 11 {)\(DQ_,BZXZ) _%'a]ds-i-(ﬂél—ﬁl}(]) et M , (24)

where ay, az, P31, P32, a4 and as are given by Equation (A6), Equation (A7), Equation (A28),
Equation (A27), Equation (A8) and Equation (A9), respectively.

Proof. See Appendix A. O

4. Sensitivity Analysis

In order to investigate the influence of the parameters on the optimal investment
decision, we provide a sensitivity analysis in this section. Unless otherwise stated, the
employed parameters of the model are based on the following annualized benchmark
values presented in Table 1. In what follows, we mainly explore the impacts of the volatility
01, the jump magnitude 771 and the jump intensity Ay, A; on optimal dividend policy 7*.

Table 1. Model parameters.

T Xo Ly Xik X; ®1 «> B1 B2 A 4 m ¢ 23| Hs
35 1 1 100 100 0.1 0.1 —0.01 —0.01 0.01 0.05 0.01 0.02 0.2 0.1
UL on Oss 0rs oy sl s Ui nvv NLe Nve Ant As AL Ac
0.1 0.5 0.5 0.5 0.5 0.3 0.3 0.3 0.3 0.3 0.3 0.3 0.3 0.3 0.3

Figure 2 gives a possible path simulation of the optimal investment decision 77*.
Denoting the optimal wealth process by X*, a possible path simulation is given in Figure 3.
As we can see, the path simulation of the wealth of the pension fund is increasing as time
passes, which highly coincides with reality.

Figure 4 analyzes the relationship between the optimal investment decision 77* and
the stock volatility o7 s. First, we can see that the optimal investment decision 7t* is always
negative under the given parameters in Table 1, which means that the pension manager
prefers to be a short-seller and invests more money in less risky bonds. From Figure 4,
we can also see that when o7 g increases, the optimal investment policy 7* increases. This
can be explained by the fact that as o7 s increases, the risk and return of the pension fund
simultaneously increase. To achieve the given target value X7 and X5, the manager prefers
to take more risks as well as achieve more profits.
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Figure 2. A path of 7t*.
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Figure 3. A path of X*.
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-0.98765 o
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-0.98775 =
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0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

LS

Figure 4. Impact of 075 on 7t*.

In Figure 5, as 51|, increases, the optimal investment policy 7* also increases. This
phenomenon can be explained as follows. The parameter 777 ;| measures the jump magnitude
of the salary. When 711 is positive and increasing, which means that there is a higher jump
in the pensioner’s salary surplus, or, in other words, the pensioner will input more money
into the pension fund and eventually the manager of the pension fund will increase the
investment amount for the risky stocks to achieve higher profits.
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-0.9876
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0.7
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K

Figure 5. Impact of 7y on 7r*.

Figures 6 and 7 show the impact of the Poisson intensity A7, A on optimal policy 7%,

respectively. As we can see, as A1, A increase, the optimal investment amount 7* increases.
This can be explained as follows. A}, A, represent the intensity of a positive jump in salary
surplus. If A}, (or A;) increases, then the pensioner will be more positive about the future
and will make more contributions to the pension fund. Eventually, the pension manager is

able to invest more money in the risky asset.

-0.98752

1, =0.30
-0.98754 | — — — 1, =032 9
1, =0.34
-0.98756 | 4
-0.98758 | g 1
- 0.9876 - 1
m
-0.98762 | 1
-0.98764 | 1
-0.98766 | .
-0.98768 | 4
9877 ; ; : ) ‘ A ‘ :
0 01 02z 03 04 05 06 07 08 09
)\L
. *
Figure 6. Impact of Aj on 7*.
-0.98752 ‘ ‘ ‘ ‘ ‘ ‘
7,,=0.30
-0.98754 | — — — =032 S
7,,=0.34
-0.98756 | o
-
-0.98758 | 2 -
2
- -0.9876 |- s 1
m
-0.98762 | A 1
-
>
-0.98764 | L7 1
Z
-0.98766 | _ .
-0.98768 / |
00877 ; i ‘ ‘ : ) ‘ :
o ot 02 03 04 05 06 07 08 09

Figure 7. Impact of A, on 7t*.
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Figure 6 depicts the impact of A;, on the optimal policy under different parameters
o = 0.30,0.32,0.34. Figure 7 depicts the impact of A} on the optimal policy under
different parameters 777, = 0.30,0.32,0.34. Both figures show the same conclusion, i.e., that
the higher the salary jump magnitude, the more money should be invested in the stock
market. The impact of #;. on 7t* is similar to that of #, since #;. and 7771 both measure
the jump magnitude of the salary.

Figure 8 depicts the impact of the jump magnitude of the salary on the optimal
policy t* with different y;. As we can see, as y1 increases, the investment policy 77* also
increases. This can be explained as follows: if the average wage of society increases, then
the investment enthusiasm will increase. Figure 9 depicts the impact of 7. with different
ors. The increasing o7 g leads to an increase in investment policy 7t*. This shows that if the
volatility of the salary is high, then the optimal choice is to increase the investment in the
risky asset to reach the desired target as soon as possible, to avoid possible losses. From the
above analysis, from the perspective of the government, an increase in salary will increase
the investment in risky assets. On the other hand, to encourage the pension manager to
invest more money in a risk-less bond, the government should be reduce the intensity of
wage growth.

-0.98752

n, =0.1
———p =012

n =014 .
-0.98756 [ A

-0.98754

-0.98758 - P
- -0.9876 |
-0.98762 - ) ~
-0.98764 - e
-0.98766 - L

098768 |

-0.9877
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
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5. Conclusions

This paper analyzes the optimal investment strategy for a DC-type pension scheme
during its accumulation phase, where the price of the risky asset follows a jump diffusion
process. The price index as well as the common shock between the salary and the variance
are involved. The aim of pension management is to minimize the fluctuations in terminal
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wealth, and the dynamic programming technique is used to derive the H]B equation. By
solving an explicit continuously differentiable solution for the HJB equation, we give a
classical expression for the optimal value function as well as the optimal policy. Sensitivity
analysis shows the impact of different parameters on the investment policy, from which we
conclude that several essential factors (the volatility of the salary process, the magnitude of
salary jumps, the intensity of salary jumps, the jump intensity of the volatility of the salary,
the expected rate of salary) control the investment in the risky and risk-less assets. We
suggest that the government should regulate income levels, wage increases and financial
market volatility to stabilize the pension market. If it is necessary to stimulate pension
managers to buy risk-less assets such as treasury bonds, then the optimal policy is to reduce
the magnitude of salary jumps and the intensity of salary jumps.

It is also important to study the optimization problem in a defined benefit pension
plan during the accumulation phase or decumulation phase. We will use the CIR model to
describe the interest rate and mortality rate in a further study.
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Appendix A

The proof of Theorem 1.
From the HJB Equation (11), we conjecture that the solution of (11) takes a quadratic
homogeneous form with ¢ € C2 and g% > 0, as the following:

where ¢1(-,-), ¢2(-,-), @3(-,-), @a(-,-), ¢5(+,-), and @g(-, -) are six suitable functions with
terminal conditions ¢1(T, V) = B2, ¢2(T, V) = 281 (a1 — B1X}), ¢3(T, V) = @u(T, V) =
¢5(T,V) = 0and @s(T, V) = (a1 — B1 X} 2. o

Differentiating Equation (A1) with respect to ¢, X, L, V, we have

9r=0uX +ouX+oul’ + oyl + 95X L+ s, 93 =201X+ @2+ 95 L,
Pxx =291, Pr=20sLteatos X, @i =293 ¢xi =95

ov = @1vX + v X + @3vL” + sy L + @5y X L + @ey,

Qyy = §01va2 + povv X + 903\/\/Zz + @avvL + ¢svvX L+ @evv,

(A2)

where ¢1;, 1y and @1y denote the first- and second-order derivatives of ¢; with respect to
t and V, respectively. The derivatives of ¢, @3, 91, ¢5 and @g are defined in the same way.

Substituting Equations (A1) and (A2) into Equations (11) and (12), and rearranging
the terms by the order of 71, we obtain that
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r?i? cp1Y2w47r2 + (201X + @2 + @5 L) X171 + 95X Lot + 2¢1Y2co37r + qoliz(gz
T

—2¢ompry) — 95X L{oomy + fPuYz + ¢ X + fpstfz + @uL + 5t X L+ @or + Aﬁ%YZ
2N (022 — BEXE)X + Az — BoX5)? — A1 X + 92X + @31 + @4 + ¢sX L+ @)
+(2p1X + g2 + 95 L)X (m + %2) — i+ o — é(fnpnr] +(Q2p1X + g2+ 95 L)LE
+@1X°0f + (2931 + g4+ s X)Ly — i + o) + <P3L (035 +V +0f) + (v X
+pov X + §93VL + @avL + o5y X L+ v )x(0 — V) + E(GDWVX + oavv X + (Pavvzz
+@avvL + ¢svv X L+ gevv)oyV + ¢5X Log + 2@3vL + av + ¢sv X)LVoypry
+@3sL° ALy} + (2931 + 4L + @5 X L)AL + Ay [(qn(t, Vet nyy) - g1t V)X
+Hg2(t, V +1vv) — g2t V)X + (93(t, V +1vv) — @a(t, V)IE + (@a(t,V +1vv)
—@a(t, V)L + (@5(t, V +1vv) — (P5(t/ V)X L+ (9s(t, V+nvv) — 96t V))}

e[ (@1t V +1ve) = o1 (8 V)X + (92t V +1ve) — 92(, V)X + (g3t V +17v)
(
(

(A3)

2 - —
—@3(t, V))I + @3(t, V + ve) (7 + 2700) I+ (9a(t, V + ve) — al(t, V)L
+@4(t, V+nve)rcL + (9s5(t, V 4+ 11ve) — @5(8, V)X L+ ¢5(t, V + ypve) e X L

+(@o(t, V+11ve) = 96(t, V)| + Aut @1 (6 V) (= )% + 20 — ) X
+a(t, V) (17 — 1) X + @3t V) (7 — m0)? + 2003 — )T + @a(t, V) (g — i) T
+gs(t, V) (73 — )2 + 207} — )X L] =o.

where @1, @, @3 and @, are given by Equation (15), Equation (16), Equation (17) and
Equation (18), respectively. By Equations (13) and (14), we have

\ _ ps(LVI)L @ @3
V) = 2¢1(t, V)X ‘@ 291(L V)X @ @4 (A9

where 77* denotes the optimal investment decision regarding the risky asset. Substituting

7r* into Equation (A3), and rearranging the terms by the order of X, I” and X L, we obtain
the following bivariate polynomial function of X and L:
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{qvu +ar(t)gr +x(6 = V)prv + %U%V(Plvv +Av(ei(t,V+nvy) —e1(tV))
SAclgn(6V -+ v (6 V) + 18]

+ {(pzf +ay(t) gz + (6 — V) oy + %U‘Z/Vqt)zvv +Av(@a(t, V+1yyv) — @2(t, V)
Aclpalt, V4 1v0) - galt, V) + 20 (naps — 3X5) | X

1
+ |:§93t + (a3(t) + V)3 + (k(6 = V) + 20vprv V) @3y + 7(7‘2/V§03VV + Av(@s(t, V+nyy)

2
2
—@3(4, V) + Ac(@3(tV + ve) — 93(6, V) + Aes(t, V + 1ve) (72, + 21710) — 4%
@1 + @)? —
(1272) +§§95} > (A5)
(g

1
+ | Qap + ag(t) @a+(x(6 — V)+vaLVV)§04v+§0"2/V§04vv+/\v(g04(t, V+nyv) — @a(t,V))
P295 @1(@1 + @) I §<p2]L

FA(@a(t,V +11ve) — @a(t, V) + Acpa(t, V + 11ve)iLe —

2¢q @4
1
+|@st +as(t)@s + Acreps(t, V +1ve) + (k(6 = V) +ovorvV) esv + EU\Z/V(PSVV

+Av(ps(t, V +nvy) — @5(t, V) + Ac(@s(t, V +11ve) — ¢5(t, V) + ZC(PJXL

1
+ | @6t — A + (0 — V) pey + EU\Z/V%VV +Av(pe(t,V +1vv) — 9s(t, V))

2 (DZ
+Ac(@s(t, V +11ve) — 9s(t, V) — 4% : w—i + Aag — ,BZX;)Z} —0,

where

2
a(t) = ¢~ Agovipry — A+ 2((m+ ) — prr + o) + o+ An((rfy — )

A6)
@1 + @3)? (
+2(y — 1)) — (@11 @5)7 — 3]
4
2 @1(@01 + @

ay(t) = (m+ %) — pr1 + 0fy — onpr — A+ An(nfy — 1) — 1(2043) (A7)
a3(t) = 2(pr — pr1 + o) + 075 + 0fp — A+ ALyp+2A0nL+An((nf; — nn)? + 2(n; — 1)),

ag(t) = pp — prn+ ofy — A+ Ay + An(nfy — ), (A8)

2
as(t) = (m+ %) — 2un + 30 — 2¢onipryy + pr + Ay + A (7 — mn)? + 2(n — )
A CO% + W1y + W13 + W03 (A9)
[ !

Since Equation (A5) holds for every X and L, the following six PDEs hold with the
boundary conditions:
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1
e+ ar(t) 1 +x(6 —V)pry + Ea%,VgolVV + Av(@1(t, V +5yy) — @1(5 V)
+ Ac(@1(t, V +1ve) — ¢1(t, V) + A5 =0, (A10)

(Pl(T/ V) = IB%’

1
@2t +a2(t) o2 +x(0 — V) oy + EUXZ/VQDZVV +Av(2(t, V +1vv) — ¢2(t, V)

+ Ac(@2(t,V +11ve) — 92t V) 4+ 24 (w22 — B5X3) =0,
¢2(T, V) = 2B (a1 — B1X7),

1
@3t + (a3(t) + V)3 + (x(6 = V) + 20vov V) 3y + EU‘Z/V(PSVV +Av(es3(t, V+1vy)

2
P
_ £V + A t,V+ — t,V))+ A t,V+ 2 42 -
@3(t, V) + Ac(@s( nve) = @3(t, V) + Acs( nve) (Mie + 21Lc) ¢, (A11)
(@1 +@)? _
CD4 +€(P5*0/
(P?)(T/V):O'

1
@ar +as(t)@a+ k(6 = V) + ovory V) gay + 05 Veayy + Av(@a(t, V +1vy) — @a(t, V)

2
@1(@1 + @
+Aclpalt Vo v0) = a, V) + Acqa(t Vv — 02 PR g g (AL
q04(T, V) = 0,
1
@5t +as(t)ps + Acre@s(t, V +1ye) + (k(0 = V) +ovprv V) gsy + EUXZ/V(PSVV
+Av(gs(t, V+nvy) — @s5(t, V) + Ac(@s(t, V +1ve) — 5(t, V) + 2891 =0, (A13)
(p5(T, V) =0,
1
ot — Aps +x(6 — V) sy + E‘T\ZIV(PGVV + Ay (@s(t, V+1vy) — @e(t,V))
2 o2
+Ac(@e(t, V +11ve) — @s(t, V) — Rt W Mag — B2X3)? =0, (Al4)

41 w4
96(T, V) = (a1 — B1X7)%

Next, we solve the above equations, from Equation (A10) to Equation (A14), one by
one. First, we solve Equation (A10). Assume that ¢ (t, V) is the solution of the following
system:

~ ~ - 1 — — _
o1t +ar(t)gr +x(6 = V)pry + E‘TKZ/V(PlVV +Av(@1(t, V +nvy) — ¢1(t, V)
FA@LEV +ve) — (8, V) =0, (A15)

¢1(T, V) = B3,

which has the following form

G1(t, V) = etV (A16)
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with terminal condition ¢ (T, V) = 3. Thus,

P = (@11 + ¢1,V) 91, Qv = P12¢1, Prvv = ¢ 91,
1LV +yvy) — g1t V) = [eP2Omvv — 1], (A17)
o1,V +nve) — ¢1(t, V) = [em(t)rzw — 1] P,

Substituting Equations (A16) and (A17) into Equation (A15), we obtain
P+ P12V +ar(t) +x(0 — V)12 + %U‘%V(Fﬁ + Ay [eP21vV — 1] 4 A [eP12ve — 1] = 0. (A18)
Since Equation (A18) holds for every V, the following two equation systems hold:
{a’u K+ 5 =0,
¢12(T) =0,

P+ ar(t) + k3o + Ay [TV — 1] 4 A [eP12ve —1] =0,
¢11(T) = InB].

Solving the above two systems, we have @11 (f) = In p2 + ftT a1(s)ds and ¢12(t) = 0;
thus, ¢1(t, V) is independent of the variable V, which can be written as

G1(t) = el m@)s,
and the system (A15) can be rewritten as

{%t +ay(t)p1 =0,
¢1(T) = Bi.

_ Now, we solve Equation (A10). Let T be a variable in ¢y, i.e, ¢1(t) = ¢1(t,T) =
e (tT) where @11 (t,5) = Inp? + [, a1 (u)du. We conjecture that

T
oi(t) = 31t T) + [ [ @it s)A3s] B2, (A19)
thus
~ T 2 —2 2
Q1 = Q1+ [/t golt(t,s))\ﬁzds}ﬁl — ABs. (A20)
Substituting Equations (A19) and (A20) into the left-hand side of Equation (A10), we
have

gt [ [ Fultongias]sit - ag a0 a 1+ [ [ gl g 6] + 453

=¢u+ar(t)gi(t, T)+ [/tT [@1e(t,s) +ﬂ1(f)¢1(fr5)])\l3%ds}ﬂ1_2
=0.

Thus, ¢1(t) given by Equation (A19) is the solution of system (A10), which is finally
given by Equation (19). Similarly, ¢,(f) is given by Equation (20) and ¢¢(t) is given by
Equation (24).

Next, we solve Equation (A13). Since the coefficient of @5 and the constant term 2¢ ¢1
are both independent of V, we suppose that @5(t, V) is independent of V and rewrite it as
¢5(t). Thus, Equation (A13) can be rewritten as

@5t + (a5(t) + /\CULC)(PS +20¢1 =0,



Mathematics 2023, 11, 2954 17 of 20

with terminal value ¢5(T) = 0, and ¢s(t) is given by Equation (23).

Next, we solve Equation (A12). Since ¢1, ¢2 and g5 are all independent of V, and the
coefficient a4 is only dependent on time f, we assume that ¢4 is also independent of V,
which satisfies the following system:

P25 @1(@1 + @2)
2¢1 @4

{4’4t+ (ag(t) +Achire) pa — +8¢2 =0,
¢4(T) =0,

thus, ¢4 is given by Equation (22).
Since ¢ and @5 are both independent of V, set

i) = - (o)t

+ .
i) o5 ¢os

Let g3 = ¢3(t, V; T) be the solution of

P3t(t, V1) + (a3(t) + V) @s(t, V; 1) + (k(6 — V) + 20vp1v V) gav (t, V; T)
1 - - - -
+ EU\Z/prsvv(t, V1) + Av(@s(t, V +nyy; T) — (t V1)) + Ac(@3(t, V + 1y T)

(A21)
= ¢3(t,V;T) + Ac@a(t, V +11ve; T) (e + 2111c) =
¢3(7,V;1) = f3(7),
and we have the following proposition.
Proposition Al. The solution of Equation (A11) can be expressed as
T
3(t, V) = / @3(t, V; 1)dr. (A22)
t

T
Proof. First, we have ¢3(T,V) = / @3dt = 0. Set T = t in the second equation of
T

Equation (A21); thus, we have ¢3(t,V;t) = f3(t). Differentiating Equation (A22) with
respect to t and V, respectively, we have

@3t —/ P3e(t, V; T)dT — §3(t, V;t) = / Pai(t, Vi T)dT — f3(t),

P3v —/ 3y (t,V;T)dT, P3vV —/ P3vv(t, V;T)dt.

Substituting @3¢, @3y and @syy into Equation (A11)

T T
/t @at(t, V;T)dT — f3(t) + (as(t) + V)/t ¢3(t, V;t)dt + (k(6 — V) + 20vpLv V)
T 1 T T
/t Fav(t, V;T)dT + Eaav/t Favv(t, V;T)dt + Av/t G,V + yys T) — Fa(t, ViT)dT

T T
e [ @tV +1vaT) = Galt, Vitdr+ A [ @8V + v Tl +2m0) + (1)
T
~ [ oar=o.
t
O

Now, we start solving Equation (A21). Suppose P3 = P3(t, V; 1) = @31 (£ 7)eP2EDV,
with terminal value §3(t, V;T) = @3 (7)e?2(DV = f3(1). Thus,
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~
f— - + V ’ p— y f— ’
@3t { P31 PV | P3 P3v = ¢3293 P3vy = P393 (A23)
@3(t, V+nyy;T) — @3 = (e —1)g3,  @3(t,V +1ye; T) = eP21Ve 3.

Substituting Equation (A23) into Equation (A21) with the consideration of the terminal
value, we obtain the following two systems:

v, ~ 1,
{fPaz + 14 (20vory —«)P3 + 50\2/4’%2 =0, (A24)
¢32(T) =0,

~
@ +a3+xép3 + /\V(e%ZWV -1)+ /\C(e%zvm -1+ AcePallve (17, +2n1c) = 0,
P31 (A25)

$31(7) = f3(7).

We solve system (A24) first. Rewrite the first equation as

v 1, -

3 = —500 9% — (20vpLy —K)§n — 1.
Let A3 = (20vpLy — k)* — 20% be the discriminant of the following quadratic equation
“o0vea (20vpLy — )¢z —1=0. (A26)
If Az > 0, then the two real roots /1 » of Equation (A26) can be expressed as

(thvpLV — K) — \/Ag.

2

hip =
oy

Thus,

hyhgeV23(t=1) _ pihy
4)32( ) h Vs (t—t) .
1e” —hy

If A3z = 0, then we have

20vpLy — K _ 20vpLy — K

2
oy

P(t) = (A27)

1
0%+ 50‘2,(7 —t)(2oypLy — )

If Az < 0, then

¢3z(f)=\/—7ﬁ;tan[amtan{ 1\//PLVT—K}+ \/7T—t] Z‘TWZTL‘;//—K'

The solution of system (A25) is

Fa(t) = el O (),
where
f31(t) = a3+ x6@30 + Ay (e921VV — 1) 4 A (e921ve — 1) + Ace®21ve (y? +2y71),  (A28)
thus, ¢3(t, V) is given by Equation (21).

It is obvious that 2¢1 () > 0. Inserting @1, ¢, and @5 into Equation (A4), the optimal
investment strategy is given by Theorem 1.
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