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Abstract: This paper investigates the observer-based adaptive stabilization control problem for a class
of time-delay nonlinear systems with unknown control gain using an echo state network (ESN). In
order to handle unknown functions, a new recurrent neural network (RNN) approximation method
called ESN is utilized. It improves accuracy, reduces computing cost, and is simple to train. To address
the issue of unknown control gain, the Nussbaum function is used, and the Lyapunov—Krasovskii
functionals are used to address the delay term. The backstepping strategy and command filtering
methodology are then used to create an adaptive stabilization controller. All of the closed-loop
system'’s signals are predicted to be confined by the Lyapunov stability theory. Finally, a simulation
example is used to demonstrate the effectiveness of the suggested control mechanism.

Keywords: echo state network (ESN); stabilization control; unknown control gain; time-delay
nonlinear systems

MSC: 93D05

1. Introduction

In the past decades, the time-delay problem which may seriously affect system per-
formance has become a common feature of various control systems. To solve this issue,
a number of schemes have been proposed. As in [1], by using a nominal feedback technique
that satisfied the nonlinear growth limit and transformed the delayed system into fully
delay-free equivalent systems, predictor-based controllers were developed by Ponomarev
for nonlinear systems with scattered input delays. Additionally, the small constant input
delay in [2] was addressed using the Pade approximation method. The adding-a-power in-
tegrator technique was used in [3] to solve the stability problem of stochastic time-delayed
systems, but the problem of determining whether the control of systems with time-delayed
was in the deterministic or stochastic case remained unsolved because of the difficulty of
developing a suitable Lyapunov-Krasovskii functional. Then, in [4], Lyapunov—Krasovskii
functions and backstepping design were used to handle an approximate-based fuzzy logic
control problem of nonlinear time-delay systems. However, all of the works listed above are
fundamentally predicated on the idea that the state variables in the systems are measurable,
and do not take time-delay terms into account.

In practical systems, unmeasurable or partially measurable states are very common
situations. For instance, the controlled systems in [5] must be predicated on the availability
of state variables, which restricted the applicability of these control strategies in practical
projects. So far, a state observer-based adaptive neural network (NN) control technique
is an effective method for addressing the state unpredictability issue. The work in [6]
presented the problem of the observer-based adaptive neural controller for a class of
nonlinear strict-feedback systems. In [7], Hua et al. studied the robust output tracking
control problem for a class of time-delayed nonlinear systems and developed an observer-
based NN controller using the backstepping strategy. In [8], the adaptive output-feedback
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control problem for uncertain nonlinear single-input and single-output (SISO) systems
with partially unpredictable states was studied, where a reduced-order observer was
designed to estimate unpredictable states. An adaptive output-feedback controller was
constructed by using a radial basis function (RBF) NN and incorporating the reduced-
order observer into a new backstepping design in [9]. Furthermore, a dynamic output-
feedback controller based on NN approximation theory was built to address the issue
of dynamic output-feedback control for a class of nonlinear time-delay linked systems
in [10]. The regionally stable conclusion from [6] was later extended to nonlinear strict-
feedback time-delay systems in [8,9], and then to nonlinear linked systems in [10]. Sufficient
conditions for obtaining the consistency of both sides of the considered system are obtained
by constructing appropriate Lyapunov-Krasovsky generalized functions and using the
linear matrix inequality (LMI) technique [11]. Based on the explanations above, the primary
restriction is that the control direction must be known. However, in practical applications,
there are frequently indications of the unknown control gains.

It is challenging to construct a controller for a controlled system when the sign of the
control coefficient is unknown because a controlled force acting in the wrong direction
could cause the system to deviate from the expected behavior. For an adaptive control
design, the researchers presented alternatively shifting the symbol of the control force.
The Nussbaum function was invented by Nussbaum (1983), which relied on increasing the
controller gain to move the system quickly to the desired state. Nussbaum-type functions
were first introduced in parametric adaptive control in [12]. After that, the Nussbaum
function was then expanded adaptive neural control of nonlinear time-delay systems
in [13], where an adaptive fuzzy output-feedback controller was developed by employing
the Nussbaum function to guarantee the uniformly ultimately bounded of all closed-loop
system signals. For tracking the control problem of a class of strict-feedback stochastic
nonlinear systems with unknown virtual control gain function as the primary characteristic,
anew fuzzy adaptive control scheme was put forth in [14]. Razumikhin—Nussbaum lemma
was proposed in [15] to solve the adaptive NN control problem for a class of stochastic
nonlinear time-delay systems with unknown control gain. With an asymmetric control
gain matrix, the control problem of a class of uncertain multi-input multi-output nonlinear
systems with unknown control directions and unmeasured states was addressed by an
observer-based fuzzy adaptive control technique in [16]. However, in [16], the problem of
unknown control gains did not affect the observer design, which is not reasonable. In order
to address the issue of unknown control gains for the observer, our research is focused on
this topic.

Additionally, designing the controllers by using the backstepping method will lead to
the “explosion of complexity” problem. To solve this problem, dynamic surface control
(DSC) and command filtering techniques have been introduced. DSC was employed in [17]
to get around the difficult math involved in the higher-order nonlinear dynamics. This
method used several sliding surfaces and a step-by-step recursive procedure to stabilize the
dynamic system. Different from DSC, the command filter is used to replace the traditional
DSC, which simplifies the derivation process and the design of the controller. For example,
in [18], an adaptive fuzzy tracking control problem for nonlinear systems was investigated
based on the fuzzy approximate method and the command-filtering technology. Sun et al.
investigated a command filtering-based finite-time adaptive fuzzy tracking control issue
in [19] for uncertain nonlinear systems with specified performance. The command filters
enable a more practical design where the controller is not differentiated, eliminating the
complexity brought on by the differential explosion. Thus, it is essential that the command
filtering technique is introduced into the design of the adaptive backstepping controllers.

In a word, it is relevant to investigate the adaptive stabilization control problem of
nonlinear time-delay systems based on ESN. In this study, an adaptive stabilization scheme
based on the ESN observer is proposed for a class of nonlinear time-delay systems with
unknown control gains. The following are the primary contributions of this article as
compared to the findings of earlier studies:
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(1) This paper takes advantage of the low computational complexity of ESN without
changing the connection weights between the energy reservoirs of the input and
hidden layers, simple training and high accuracy to approximate unknown nonlinear
function terms. For the learning algorithm of an RBF neural network, the key issue is
the reasonable determination of the central parameters of the hidden layer neurons.
There are still shortcomings that make the application scope limited. In this work,
ESN is applied to adaptive stabilization control of nonlinear time-delay system with
unknown control gain.

(2) Considering the unmeasurable variables in the system, an ESN-based full-dimensional
state observer is developed in this paper to estimate them in the system. This method
does not assume that all states of the controlled system are measurable. In contrast
to [16], the construction of the observer is more difficult due to the consideration of
the unknown control gains.

(3) The Nussbaum function is employed in the system to manage the unknown control
gain term. The difference is that, in this paper, the Nussbum function is applied to han-
dle the estimates of the unknown gain due to the observer. The Lyapunov-Krasovskii
functionals and the Nussbaum function are used to provide an adaptive stabilization
controller for the time-delay nonlinear system. All of the signals in the closed-loop
system are guaranteed to be bounded by the proposed controller.

Design the time-delayed system model, estimate the controlled object with state ob-
server, redesign the system equations on this basis, next design the compensation signal
to solve the computational complexity explosion caused by command filtering, use Lya-
punov—Krasovskii functionals to solve the time-delayed problem in the process of designing
the controller, and finally introduce the Nussbaum function in the actual controller design
to deal with the unknown control gain. Finally, the actual controller and the adaptive law
are designed.

The remainder of this article is structured as follows. Section 2 gives the problem
formulation and preliminary information. Section 3, provides a system stability analysis as
well as a new adaptive stabilization control mechanism. Section 4 provides a simulated
example. Section 5 contains the conclusion.

2. Preliminaries
2.1. Problem Formulation
Consider the following nonlinear nonstrict time-delay system with unknown con-
trol gain
% = Xip1 + fi(x) + bi(x(t — 7))

I = gn()u+ fu(x) +ba(x(t = 1)) ©)
y=x
where x = [xq,.. .,xn}T € R" represents the unmeasurable state vector of the system.

The system input is # € R, and y € R is the system output. f;(x) and b;(x(t — 7;)) are
smooth functions that have no known properties. When Tmax is a known constant and 7
signifies the unknown time-varying delay that satisfies 0 < T < Tmax. gn(f) # 0 represents
a time-varying unknown bounded control gain function.

Definition 1 ([19]). If there exists a function satisfying

. 1 s
slggo sup /0 N(®)dd = +oc0 ()
s
lim inf1 N(®P)dPd = — 3)
s—00 s Jo

then N(®) is a Nussbaum-type function. In this paper, N(®) is chosen as ®?* cos(®P).
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Lemma 1 ([20]). Assuming ®(t) is a smooth function on [0, t¢), if the following inequality holds
. 1 .
W < —7TV+r—[gn(t)N(<D) +1]® 4)
n

where Vy > 0 is radially unbounded, and 7, v,, are positive parameters, then % [gn(H)N(DP) +1] D
is bounded on [0, tf).

2.2. Echo State Network

An ESN is a new type of RNN with the above structural description. In Figure 1, K,
N and L are the number of neurons in the input, hidden and output layers, respectively.
Large-scale RNNs are used as a dynamic library in the hidden layer, which can also be
abbreviated as dynamic reservoir (DR). These leaky-integrator neurons that make up these
DRs are triggered by appropriate input and output feedback. When compared to come
forward NNs such as an RBFNN, an ESN has the advantage of faster training and does not
require changing the connection weights between inputs and energy storage in the hidden
layer. The continuous-time dynamics of the ESN used are followed by

&(x) = (1 — 1) tanh(WHE(x) + WSy + Wiu) + & (x) (5)

where the activation function of DR is given as §(x) , the energy storage neuron’s leakage
rate is given as 1 > 0, and the hyperbolic tangent function is indicated by tanh(-). The input,
internal, and feedback connection weight matrices are represented by wi, Wit Wfe R",
correspondingly. u is the external input in dimension K, so that the output equation reads
in the following

y=Wi(x) (6)
and W € R" stands for the output weight matrix.

K input units N internal units L output units

Figure 1. Architecture of ESN.

Through the [21-23], we obtained the method of an ESN for approximating the un-
known function. Since any continuous function can be approximated by the results of RNN,
this also proves that the existence of an ESN system y(x) in the form of (6) such that the
inequality is valid for any continuous function f(-) : R® — R on a large enough compact
set () € R

IN

sup|f(x) —y(x)| <& )

xeQ)
where & > 0 can be any arbitrary positive constant, and the function f(x) can be roughly
approximated by
f(x) =e+WIE(x),Vx € Q (8)



Mathematics 2023, 11, 2965

50f21

where W = argminyegn {sup,.q|f(x) — WTZ(x)|} is satisfied by the ideal weight matrix
W € R", e denotes the ESN approximation error bounded by |e| < g where {;(x) is selected
in the sigmoid form provided by

pj .
Cj(x):%—i-cj',]:l,Z,...,N 9)

0j+a “

where p;,0; and d, ¢; are the constant parameters, and ¢;(x) is a constant in 0 < &;(x) < om

with o;,, = max{

% + cj,% + c]-‘ } Since the ideal weight matrix W is typically unknown

in practice, W, an estimation of W is used and updated by creating adaptive laws online to
ensure the asymptotic tracking performance.

Remark 1. Based on the aforementioned descriptions, it is found that the ESN is an alternative
functional approximation tool. Despite the fact that the RBENN is frequently used in articles for
approximation, the ESN may be trained with more ease and accuracy than the RBFNN because it
does not require altering the weights between both the hidden and input layers.

Lemma 2 ([24]). Let (+) be a function vector of the ESN. The center of the receptive field and the
input variable are @; = [@;, . . ., a)in]T and X, = [x1,...,xn], respectively. Create a new center
@;, with the input variable Sy being @; = [@j, ..., wik}T and Sp = [xq,..., xk]T for an integer,
k < n. Then, one has

ET(Xn)E(Xu) < 27 (Sk)E(Sk) (10)

for the same dimension constant, in which @; and Sy are indeed the vectors made up of the first k
components of @ and X,,.

Assumption 1 ([25]). The underlying inequality

of -

b; < ag < bjj (11)
is satisfied by the partial derivative df;/dx;, where1 <i <mnand2 < j <mn, b;; and Eij are known
constants.

Assumption 2 ([18]). Positive constants d; and h; exist for nonlinear functions f;(-) and q;(-) of
that kind that for1 <i<n

{ 1) Aol <l 1)
19:(x) = i (%)] < hil|x — 2|

where X is the estimation of x.

Remark 2. Taking * = 0 from Assumption 2 results in |f;(x)| < d;||x||, proving the existence of
strictly rising smooth functions K;(a) = d;a with a € R, which serve as the bounding functions

for fi(+). Similar to this, strictly growing smooth functions k;(a) = h;a with a € R serving as the
bounding functions of q;(-) are also possible.

Lemma 3 ([26]). ForV(x,y) € R", the following inequality holds
1

P
xy < —|x|" + =
y pll o7

ly|? (13)

wherej > 0,p>1,9g>1and (p—1)(q—1) =1
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Lemma 4 ([19]). For Lemma 1 and state transformation, the following inequality holds
n
2] < ) Isilki(6:) (14)
i=1
where k; = 2(1 +ci+ %) + %éizviT(Si)vi(S,-), and c;, q; are positive design parameters.

Lemma 5 ([27]). If input noise satisfies ‘x(i+1)c —a;

< {, where x(; 1) _is the output of the
command filtering, the inequality as following is real for a scalar 0;41 > 0

Pitv1 — x(z‘+1)f‘ < 0i418 (15)

3. Observer-Based Controller Design and Stability Analysis

A backstepping design process for system (1) using the adaptive neural control proto-
col is presented in this section.

An ESN-based observer is built to estimate the unknown state x1, ..., x,; of the system
(1) as below

{ 2= R — Ly —2) +WiEi(xa,0) (16)
B =Su(t)u—In(y — %1) + Wrgn(x1,0)

where £; is the estimationof x;, 1 <i<n—1, é = [%o,..., J?n]T, Wi is used to estimate the
unknown ideal weight vector, and it estimates W;. [; is the to-be-designed observation gain
parameter. ¢, (t) is the estimation of g, (f). f(x1,{) is an unidentified nonlinear function,
thus an ESN WI¢; (x1, () is used to model it in a way that, for a given degree of precision
£§>0
filx1,8) = Wigi(x1, ) +ei(x1,0), |ei| <& (17)

with W; is the ideal right vector, and g; is the approximation error function.

The estimating error is defined as w; = x; — £;, for1 <i < n.

Using (16) and (17), the error dynamic can be given as

W =Agw + F(x1,0) — W'E(x1,) + F(x)

(18)
+B(x(t = 1)) = F(x1,0)

F(x1,0) = [fi(x1,0), -, fulx1,0)]"
WT¢ (x1,8) = Wi (x1,8), - Wi (21, 0)]"
F(x) = [fi(x),. ., fu(2)]"
B(x(t—1)) = [b1(x(t—11)), -, bu(x(t —))]"

_ A P 5 s AT -
Define W=[W; — Wy,...,Wa — W, ], and F(x1,8) = [fi(x1,0), -, fu(xn, {)]" is to
address the impact of the F(x1,{) on the error dynamic.
Then, (18) can be rewritten as

2

W = Agw+ (F(x1,0) — F(x1,{)) +¢(x1, ) + F(x)

¢ - 19
FWTE(x1, ) + Blx(t — 7)) — F(1,0) "
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Choose the Lyapunov function candidate V;, as

n t
Vi = w' Pw + Z/t |IP||d7 w7 (a)da
i1/t

(20)

with P being the to-be-designed positive definite matrix and the constant d; will be speci-

fied later.
Differentiating V;, can get

Vo =w (P Ao+ AY P)w + 2w P(F(x1,0) —
+2w" Pe(x1, ) + 2w’ PWTE(x1, ()

n
+2w" PF(x) +2w" PB(x(t — 7)) + | P|| }_ d? w?

—||P| Zd —2w" PF(xy,0)

=w (PAO—|—AOP)w+2wTP(P(X1, ¢)—
)+2w P( (%)
—F(#)) +2w" P(B(x(t — 1)) —

+ 2w P(e(x1,8) + WTE(x1,

+2w" PF(%) + 2w" PB(2(t — 1)) +||P||Zd2 z

IIPIIZd —2w' PF(x1,§)

According to differential mid-value theorem, one can get

2w P(F(x; — ) — F(x1 — {)) = 2w"PEw

where matrix E is defined as

9f

0 3y
E= T
Afn

0 5y

From Assumption 2 and Lemma 5, we have

2w? Ps(xl, é) +2wT PWTg(xl, é)

¢)
)

9f

0xy

o

dxy

<c7w Pw+

1Pl 5~ Ty,
+ ZalWi W;
v ia
20T P(F(x) — F(£))) <207 Pd;lx — %]
n
<w'Pw+ ||P| Y d?w'w

2w PB(x(t — 7)) —2w" PB(%(t — 7))
<2w'Phy||x(t — T) — %(t — 7)|

n
<w'Pw + || P|| }_ hwi (%)

where a; and ¢ are positive design constants.

(21)

(22)

(23)

(24)

(25)

(26)
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Invoking (22)—(26) into (21), one can obtain
Vi <w? (PAO + AIP+2P+ 0P+ PE+ ETP) w

ne? 1
+ 1P+ 1P Y (2 + d? )"
i=1 (27)
+ 2wTPF( ) 4+ 2w PB(x(t — 1))

H Z WIW; —2w! PF(x1,Q)

Then, a stabilization control method is proposed for this kind of nonlinear system.
The coordinate transformation of z is described by

{ z1 = 3?1 (29)

Zi = X — X,

wherei = 2,...,n and x;_denotes the output of command filtering.
To avoid the increased complexity caused by the backstepping controller design,
the command filter is defined as

Piw; = &1 — @ (29)

where g; is denoted as the output of the command filter that the virtual control signal
;1 is the corresponding input signal, and wj is a positive design parameter. The initial
condition is ¢;(0) = &;(0). Since signal noise is ubiquitous, observation and control require
real signals, specified frequencies, and sudden changes in interference are excluded or
limited as much as possible, so command filters are applied and parameters are set.

To deal with the filtering error z, the error compensation signals #; fori =1, ..., n are
designed. Define the compensated errors as

{ §i =Zi—1i (30)

Sn = Zn — Nn
Step 1: Together with (16), (28) and (30), one can differentiate s; as
$1=2 —li(y—%1) + Wi & (x1,0) — 1 31)

Choose the Lyapunov—Krasovskii function candidate as

77s1+m/r s2K2 (61 (a da—l—ﬂ(ﬂ (32)
7]

where p; is a design constant, 0, = 6, — 6, and 0, is the estimation of 6y, m is a positive
design parameter that will be designed later.
The derivative forms of V; can be presented as

Vi =s1(£2 — hwy + WIE (x1,8) — i) + msik3 (61)

1~ 4 (33)
—mst (1)K (01 (1)) — 59191
According to Lemma 3, one has
1
—slllwl ,81101 + S%l% (34)

2p1

where $; is a positive design parameter.
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Invoking (34) into (33) yields

Vl Ssl(fz + W;FQ (xl,é) ) ll + mslkz(el)

213

(35)
— ms}(T)ki(61(71)) — 59191 + E.Blw%
Design the compensation signal #; as
_ 1
=—cm = s+t sytx —m (36)
where ¢ is a positive design parameter.
Substituting (36) into (35) gives
- Lo T N p
Vi Ssl(ﬂslll + Wi 8(x1, &) — Wi Gi(x1,0))
1
+s1(c1m1 + 5+ wy) 4 ms2k3(61) (37)

1~ & 1
— msi(1)k3 (61(71)) — (719191 + Eﬁﬂv%

where 1

Esll% + mﬂk%(el)

with Xy = [x1,..., %0, W, {] T For the unknown f1(X1), an ESN W] v (X7) is employed to

approximate it and such that for given g1 > 0, f1(X1) = W{v1(X1) 4+ €1(Xy), with |e1] < .
Using Lemmas 2 and 3, the following inequality holds

fi(X1) = WEE (21, Q) + js1K3(61) +

Slfl(X1) = slwlTvl(Xl) + S1€1 (Xl)

1 1 1
< 5 Il G () + Ty lgels
1

2 "2717 2 (38)

‘11 2 1,
+ sl+2

2 "2 f

1
< 27%5%91”{(51)1/1(51) +

where g1 being a positive constant, |[W;||* = 61, and S; = [x1]T.
From (38), (37) can be rewritten as

. - s 1 1
Vi <sp(=W{& (x1,8) +eim + St ss+ )

. 1 1
— jsTK3(61) — mst(m)ki (61 () + 54% + Eﬁﬂv%

1, 1 54 (39)

+ S8 42570111 (S1)v1(S1)
2 2g2

o 91<2";1s1v1 (S1)na(51) )

Develop the virtual control signal a; and adaptive law 0; as

1 1 N
ap=—(c1 + E)Zl - ﬁ5191V1T(51)V1(51) (40)
11
b, = %S%VlT(Sl)Vl(Sl) — 116 (41)
1

where 7 is a positive design parameter.
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By substituting (40) and (41) into (39), it follows that
Vi < —c1s] — jstK3 (61) — msi ()i (61(m))
Y1~ A - R 1_ (42)
+ p*19191 —s1W{ & (x1,8) + Eq% + Eﬁwﬁ + 58%
Step i(2 <i < n—1): Considering (16), (28), (30) and differentiating s; with respect to
time yields

$i= 2 — Ly — 21) + Wi (21, §) — i, — i (43)
Consider the Lyapunov—Krasovskii function candidate

t 1 -
Ztm s7k?(0;(a))da + —6? (44)

V.=
! 2 l ] ! 2P1

where p; is a design constant, 6; = 0; — §; and 6; is estimation of 6;.
Invoking (43) and (44), the derivative of V; is given by

Vi =si(£i41 — Lo + WG (x;,§) — i, — i) + ms7ki (6;)
(45)

— ms?(1,)k7 (0:(T;)) — 59

-c‘,_‘

Consider the following fact

—siljwy < Z,Ble - 275151 212 (46)
where f; is a positive design parameter.
According to (46), it can be obtained

. X A S ) . 1
Vi <si(fi41 + WrEi(x1,0) — 2, — ;) + Tﬁ,szzliz
1 (47)
212 2 2 154 1 2
+ msik; (0;) — ms; (7)k; (0;(7:)) — ;9191 + 5 Biwy
1

The compensation signal #; is designed as

) 1
i = =Cilli = 51+ Mi1 = ie1 + Siv1 + X(ip1), — (48)

where c; is a positive design parameter.
Then, (47) can be rewritten in the following form

. . 1 . .
Vi <si(—x;, + Tﬁsil? + WEi(x1, ) — W Ei(x1,0))
1
1
+si(cini + 5 + i1 + o) — msT ()7 (60;(7)) (49)

1~ x 1
+ ms?k?(@i) — ;9{9,‘ + Eﬁ,w%
i

where

filXi) = jsiKF (6;) + W/ & (x1,8) + sini—1 + msik? (6;) + ﬁs il?

1
with X; = [xl,. ..,xn,WiT, é]T Once again, an ESN WTI/Z( X;) is used to approximate
the unknown function f;(X;) such that for given &; > 0, fi(X;) = Wlv;(X;) + &(X;),
with |€1‘| < &;.
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Similar to step 1, one has

. 1
i) < g IWHPT 006 + L lg4lz
. 21 (50)
< ﬁsfﬂivf(si)vi(si) +o+ Esf + 28
with [|[W;]|* = 6;,and S; = [xy, ..., x;]T.
It follows from substituting (50) into (49) that

. , 1
Vi <si(—%;, +cini + 2771 55i + i) — jstK (0:)
— ms? (T)k7 (0;(T)) + 5‘11' + Eﬁiw%

51
41 ‘2+2,11520 v (Sivi(Si) = si W/ €i(x1, ) o

2 1

Choose the virtual control signal «; and adaptive law 0; as

1 1 4 .
&= = CiZj = 52— ﬁsiQiViT(Si)Vi(Si) + %, (52)
;

b = %s%vf (Si)vi(Si) — 76 (53)
i

where 7; is a positive design parameter.
According to (52) and (53), one has

Vi < —cis — jstKF(0;) — ms? ()7 (6i(;))
1
2 1 — 5 WT@Z (xll g)

Step n: According to (16), (28), (30), the derivative of s, is

Yiza 1 1 (54)
+ ;;9101‘ + 5412 + E,Biw%

$n = Gn(B)u —Lu(y — 21) + Wy Gu(x1,8) — ne — i (55)
Construct the Lyapunov—Krasovskii function candidate as
Lo oo 32
Vi=Vy1+ s, +m syks (0n(a))da + —6 (56)
2 =Ty 2Pn

where p;, is a design constant and 6, =6, —0,, $n = gn — §n. Uy and §,, are estimation of
0, and gy.
V,, is the time derivative of V,

Vi =Viio1 + msiks (0n) — msiy (Tu )y (0 (Ta)

+ 5n((n(t) — &n(t))u — lnws +ngn(x1/é) — Xn, (57)
1~ 4
- 'n - 797’1911
7in) o

according to Lemma 3, one can get

1 1

where B, is a positive design parameter.
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By taking (58) into consideration, one arrives at

Vi <V, 1+ 2[155,211,% + ms2k2 (0,) — ms2 (T )K2 (64 (T1))
+5n((gn(t) = gu(t))u + Wy 8u(x1,0) — e — 7jn) (59)

1~ 2 1
— — 0,0, + = Bpw?
on b + 2}3nw1
The compensation signal #, is proposed as

= —Cnlln — -1 — %ﬂ (60)

where ¢, is a positive design parameter.
Substituting (60) into (59) yields

Vi <Viea 450 ((8n(8) = &ul0)ut + ot + 101+ 21
2B Snlz + WT(;‘n(xlzg) ngn(xl,é))

" (61)
— Spy, + ms2k3 (0,) — ms>(11)k? (04(T0))

+sp(=

_ p—nénén + Eﬁnw%

Let
Fu(Xn) = msuks (6) + jsnKG (6n) + Wi (x1/é> +g(t)u+ 2,3

with X, = [x1,..., %0, W], é]T Similarly to step i, it follows that f,,(X,) = W/lv,(X,) +
€y(Xy) and |e,| < &,.
The following inequality holds

Snl +Sn77n 1_2w PF(Xl,g)

Snf_n(Xn) <— !

242 n||Wn|| (Xn)Vn(Xn)

n

2
o 1o 1,

+5 5t &
2 2 2 (62)

1
Sﬁsienvg(snwn(sn)
n

21 1
qf”+fsz+f§2

+2 272

with [|[Wy||> = 6,,and S, = [x1, ..., x,]T.
From (61) and (62), one has

) . - 1
Vi <Vi1 +Sn(*gn(t)”+§5n xnc + Culln + ’72”)

1
+2q2 20, (Sn)vn(Sy) + 5nw1 E‘ﬁl

T %E — jsaKa(0n) — ms (Tu)ki (0u(Tu)) (6
;en<p7”s2vT<sn>vn<sn> )
— 5y W, &n (x1,) +2w" PF(x1,0)

Design the actual control signal 1 and the adaptive law 8, as

u=N(P)a (64)
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1 1
il = —CyZn 5% ﬂsne 2VE (S0)vn(Su) + %, (65)
S = —iis,ry (66)
On = %S%V;I(SH)VH(SW) - 'Ynén (67)

where ¢, 1, are positive parameters to be designed.
Along with (63)—(67), V,, can be concluded as

Vi< z": it + }[gna)N(cD) Pl

i—1 (68)

Notice that
AA _ A 5 1, 1xn
0:6; = 0;(6; — 91‘) < 567 — 50; (69)
2 2
Consequently, V;, is rewritten as
. n 1 .
Vo <=} cist+ —[an(ON(®) + 1]
H n

Il
A

|
.MS

ESl|
—

n
Z 0i(ti))
i i=1
vi P
3 Gt Lt 2 e
Oi i— 2p;
- San Cﬂ (xllg) +2wT PF(X],é)

To develop the adaptive law regarding W, the Lyapunov function candidate can be
constructed as

(70)

with y; being a positive constant.
Differentiating V;, and taking (70) into account, we have

n n n
Vi <= Y sWig — Y as? — Y js?KA(6))
i=1 i=1 i=1
n 2 1 _
— Y ms7(t)ki (6;(7)) + —[&(ON(®) + 1]
_ n
W a1 ; @)
A2 2 2 =2 2
- Z 2*1191 + Z: (FPiwt + 547 + & + 2*1191 )
i=1 0 i=1
n 1 - N
- Y —WIW; +2w" PF(xy,0)

I
RS
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Choosing
Wi = —0iWi — pisici(x1,{) (72)
with ¢; being a positive constant. Substituting (71) into (70) yields
i n n n
Vo <= 3 = Y2 jRRE6) — 3o me (w6 ()
i=1 i=1 i=1
1.. oy 2, n 19
+ —[En(ON(®) + 1] — ) 207 + ) - (73)
n S22 o V
n

+Y ( ,Blw1+2q, :2+ ’;’92)+2w PF(x1,0)
i—

Therefore, based on the previous discussion, we construct the Lyapunov function
Vo = Vi + Vi and differentiate it, one can obtain

Vo <w! (PAO + ATP+2P 4 0P+ PE+ ETP) w

=2 n
ne
+ =Pl + 1Pl Y (#? +d%)wTw+szp1:(ae)
i=1

+ 2w PB(2(t — 1)) ch —Z]SZKZ

" (74)
20\2(0: (1)) 4 L5 ;

- 121 ms; (Ti)k; (0:(7i)) + . (8 ()N (@) +1]®

Y g L (Bt yE e e

ST o O
+u2aiwi Wf'*‘z;iz'wiTWi-i-szPF(xlrg)
i= 1=

Using Lemmas 3 and 4, one can get
1
2w PF(%) <eqw w + S—FT(ﬁ)pZF(f)
0

1
T 2 5\ (12
<eow w+%||1’|| )]l

(75)
<gow'w + f||£]|*
<eow'w + ijs?Kf(Gi)
i=1
20T PB(2(t — 1)) S%BT@?(t —T)P2B(2(t — 7))
—i—sowTw
<eqw' w+ ||P|| IB(2(t - 1))|)? (76)

<eqw'w + m||x(t —1)|1?

n
<eqw'w+ Y ms?(1;)k7 (6;(1;))
i=1

n n
with j = % IP|I* & a2, m = % IP|I* & h? , and ¢ is a positive design parameter.
i=1 i=1



Mathematics 2023, 11, 2965 15 of 21
Then, (74) can be rewritten as
Vo <w’ (PAO + AJP +2P +2¢g + 0P + PE + ETP) w
=2 n
ne 2, 2\ T
+ [Pl + 1P Y (1 + aF )wTw
i=1
1Pl v~ % T . Lis -
+ =) aiWi Wi+ —[8u(H)N(P) + 1]d 77
i=1 Tn ( )
n n n
. O
— ZCZ‘SZ2 — Z 2,)/71912 + *lWiTWi
i=1 i=1 “Pi i=1 Mi

+i(1ﬁ‘w2+142+1§2+ﬁ9‘2)
P A R AL VT

Theorem 1. For the system (1) that fulfilling all presumptions construct the observer (16). Assume
that ESN can approximate the packaged nonlinear function f; such that the approximation errors
are constrained. If a definite positive matrix P exists, then
PAy+ ASP+2P +2¢9 + 0P+ PE+E'P
n 78
+ [P Y (#+r) <0 78)
i=1

where g, , d; and h; are constants and I = w"w ensure that the closed-loop system is semi-globally

stabilized, and by selecting suitable design parameters, it is possible to make any variable in the
closed-loop system is infinitely small.
Proof. Combining (77) and (78) yields

Vo <w’ (PAO + AJP +2P +2¢g + 0P + PE + ETP) w

=2 n
ne
+ 1P+ 1P Y (1 + d? )"
i=1

iy Ll 2 a,W." W, + l[gn(t)N(cp) +1)d
= n (79)
n n
[/
-Y cis? %‘91-2 +3) —I‘WITWZ
i=1 i=1 Qi i=1 1
L | 1 ~ v
L GBI+ R + 5T 5,0
Notice that
% xTi % T o BT
W' W< —W' W, + —W' W, 80
(TS Ty N g T (80)
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Taking (79) and (80) into account gives
Vo <w’ (PAO + ATP +2P+2¢g + 0P + PE + ETP) w

=2 n
ne
+ [Pl + [P Y (1 + aF )wTw
i=1
L i . 2 Vi 52
+ =[G (ON@) +1)b— ) 52— Y LG

n
Tn i1 i 2Pi (81)

Y Cpadt tp g tay gy gy
= 2 11 2 1 2 1 2pl i 2;141 1 1
& 2u;a;

1 - T
27”( - Ipll — &)W, W;

+
i=1

For a given constant ¢, a symmetric and positive matrix variable P must exist in order
for the error dynamics to be stable. This matrix inequality is

ocP+PE+E'P <0 (82)

This matrix inequality is challenging to resolve directly since E is a function matrix.
Another aspect, Assumption 1 suggests that a function j;j(t) (0 < p;; < 1) exists, such that

ofi
aTc; = pijbij + (1 = pij) bij

Consequently, matrix E can be written as

E= ) <Vijbij +(1- P‘ij)gij) Iij (83)

where j; is a square matrix of n-order. Furthermore, according to a convex combination
theory, the solvability of (81) is related to that of a collection of matrix inequalities with the
following type of time-invariant

cP+PC+C'P <0 (84)

where the set ) = {C\ [C]ij is bi]- or Eij; 1<i<n2<j< n} is a member of the known
matrix C.
It is implied by inequality (78) that there is a constant A > 0 such that

n
PAg+ AJP+2P +2e0l +||P|| Y (h%+d$)1 < —AI (85)
i=1
which implies that
w! (PAg+ AJP +2p + 0P + PE + ETP)w + 2¢01
n
+ [P Y (1 + 2 )w'w

i=1
< —Aw'w (86)

where @ (P) denotes the maximum eigenvalue of matrix P.
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Furthermore, choose the design parameters A;, y;, a;, o and ¢;, so that

= 1 (2pa; OTUr,
%5 (1P - o) = Yo

Define

A
II= min —7wTw,c-, LY Y 1§i§n}
{ (DH(P) 1.01 ,Yl 0|
"1 1 1 Vi 9;
N = ZBwr 4+ gt 4+ g4 L2 LTy
;(2ﬁ1w1+2q1 8t ot T g, Wi )

Then, it follows from (81) that

. 1 .
Vo < IV + r—[gn(t)N(cp) +1]d +n
n

which implies that all the closed-loop signals are bounded.

It can be seen from s; = z; — #; that if the convergence of the #; is guaranteed, the error
s; is actually stable. In the following, we will prove that 7; is bounded.

Construct the following Lyapunov function

Vi =Y 5 (87)
Derivative of V, gives
' 2 1o
Vy = —cunfp — 5o+ imsa +x) — s+ -

1
—cinf — 5’11'2 — i1 +1i (Sz‘+1 + x(i-l—l)c)

2 1 2
- lxl’;?i +e = C”’?i’l - 57711 - 1771*177" (88)
n 5 n
=- Z cinfi + Zsi+177i
i=1 i=1
n—1 1

+ (x(i+1)c - 5)’7:‘

i

I
—

According to Lemma 5, the following inequality is satisfied with choosing suitable
parameter satisfying 0,1 > %

n n—1

. 1

Vi <= Y e+ Y (01— 5 +si1)i
i=1 Z i=1 2 (89)

1
S — CmVn_;,_l + ®V112+1
where ¢;; = 2minc;, ® = v2min{(0;;1 — % +5;41)}. According to Lemma 1, it is proved

that #; is convergent. Since s; = z; — 17;, the errors s; are stable.
The proof of theorem is thus completed. [

4. Simulation Results

One example is presented to illustrate the viability of the suggested method in this section.
Think about the following numerical example of a nonlinear system, where the system
dynamics is described as
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X1 = X3 — 1OOX1X% + b1 (t—7)
(0.01cos(t) — 5)u + 17x3x2 + by (t — 1)

y=x

X2

To consider the effect of delays, the time-varying delays are given as by (t — 77) =
5(4t +10) and by (f — 12) = 0.002(9t — 50). The observer parameters are taken as /; = —3.5
and [, = 0.6.

Choose the initial values and adaptive parameters x; = 0.2,x, = 0,%; = 0.1,
% = 001, ¢ =01,7; = 08,170 =08, & = 15,8, = 05,¢; =3,c0 = 05,9, = 1,
q2 :8,’)/1 = 1,’)’2 20.5,7’2 20.5,(02 20.5,p1 :2,p2 = 1,g2 =4.

Figures 2-5 show the simulation results. Figure 2 shows the correlation curves between
the state variable x; and its corresponding estimate. The reaction of the actual controller
u is shown in Figure 3. The paths of the adaptive laws 6, 6, W; and W, are depicted in
Figures 4 and 5, respectively. According to the different points of the results of this paper
and others, such as in the design of the controller while considering the observer, time-delay
and unknown control gain brought under the influence of the designed controller and
adaptive law is more stable. These figures demonstrate that the simulation results support
the effectiveness of the suggested control strategy.

For the observer-based time-delayed system stabilization problem, the initials and
estimated values of the system can be observed in the images to reach stability after 5 s,
while in this paper it can be clearly seen that the images have stabilized before 5 s.

12 T T T T T

0.8 [ a
0.6 E i
04}

0.2

_0.2 1 1 1 1 1
0 5 10 15 20 25 30
Time(Sec)

Figure 2. Paths of state variables x; and £1.
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_4 Il 1 Il 1 1
0 5 10 15 20 25 30

Time(Sec)

Figure 3. Curve of the controller u.
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Figure 4. Curves of adaptive parameters 0; and 6,.
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Figure 5. Curves of adaptive parameters W; and W,.

5. Conclusions

In this paper, a class of adaptive stabilization control problem for nonlinear time-delay
systems with unknown control gain is considered. In order to estimate the unmeasurable
state variables, a state observer is established. An adaptive stabilization controller based on
an ESN observer is proposed by combining the command filtering technique, ESN, and Lya-
punov-Krasovskii functionals. On this basis, the unknown function is approximated by
an ESN, and the unknown control gain is addressed with the Nussbaum function. Then,
the simulation results prove the effectiveness of the designed scheme.
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