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1. Introduction

In 1922, Banach [1] introduced the theory of fixed points; this theory has been further
developed through generalizations of linear and nonlinear contractions [2,3]. Generaliza-
tions have been made for metric spaces, such as the b metric space and its generalization [4],
as well as the | metric space [5], and many more such as [6]. However, all of these extensions
assume that the self-distance is zero.

In 1994, Matthews suggested the concept of “non-zero self-distance” to help re-
searchers in the computer science field, where the self-distance in many applications is not
necessarily zero. Matthews introduced the concept of partial metric spaces in two dimen-
sions; in 2012, Sedgi [7] introduced the S metric space (the ordinary metric space in three
dimensions), where the self-distance is zero. In 2014, Mlaiki introduced S, (the partial S
metric space) [8], where the self-distance is not necessarily zero, and is in three dimensions.

This fixed theory has many applications in economics, such as game theory, for finding
equilibrium points and optimization problems [9]. It is very interesting and useful in the
existence of orbits and the study of dynamical systems [9]. Moreover, in mathematics, it has
significant applications, especially in solving nonlinear hybrid differential equations [10,11],
and it is also used to solve some nontrivial equations [12], which has motivated researchers
to work further on the fixed point theory.

In 2022, Souayah introduced | metric spaces [5], where the self-distance equals zero.
However, the triangle inequality includes a constant ¢ that is greater than zero and a limit
of the supremum for certain sequences {a, } that converge to certain values in the metric
space, leading to important applications. In 2022, Aiadi introduced the controlled | metric
space as a generalization of the | metric space [13]; they replaced the constant c in the |
metric space with a function f. They proved the existence and the uniqueness of the fixed
point for linear and nonlinear self-mapping contractions, and they put forward certain
applications for solving the linear system.
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In this paper, after checking the importance of “non-zero self-distance” for computer
science, and how most applications in data science and computer science need self-distance
to not necessarily be zero [14,15], we introduce the partially controlled | metric space, which
is a generalization of the controlled | metric space, where the self-distance is not necessarily
zero. When the self-distance is zero, it will be a special case of a “partial controlled |
metric space”; we provide examples to prove the existence of the defined metric space and
the uniqueness of self-mapping (linear and non-linear contractions). At the end of this
paper, we present important applications in fractional differential equations, specifically
the “Riemann-Liouville derivatives”, which represent the most significant extensions of
ordinary calculus, with other definitions being considered as special cases.

2. Preliminaries

First, we start by recalling some basic definitions of partial metric spaces.

Definition 1 ([16]). Let p: Y X Y — R, where Y is a nonempty set and it is denoted as a partial
metric on Y if for any ®,Y, ) € Y the following conditions hold true:

(P1) ® =Y ifand only if p(®,®) = p(¥,¥) = p(P,¥);
(P2) p(®,D) < p(D,¥);

(P3) p(®,¥) = p(¥,P);

(P4) p(®, %) < p(@,Q)+ p(¥, Q) —p(Q, Q).

Definition 2 ([5]). Consider a nonempty set Y, and a function | : Y3 — [0, +00). Let us define
the set,

SULY,9) = {ga} CY: limJ(g,,9) =0}
forallgp €Y.

Definition 3 ([5]). Let Y be a nonempty set and ] : Y3 — [0, +o00), which satisfies the conditions
below:

i) J(®,Y,Q)=0implies® =¥ = Q forany ®,¥,Q €Y.
(ii) There are some K > 0, where for each (®,%¥,Q) € Y3 and {v,} € S(J,5,v)

J(®,¥,Q) < Klimsup (](CI),QD,V”) F Y, Y, v) + ](Q,Q,vn)).

n—r—+400
Then, (Y, ]) is defined as a | metric space. In addition, if [(®,®,¥) = J(¥,¥, D) for each
D, Y €, the pair (Y, ]) is defined as a symmetric | metric space.

Definition 4 ([13]). Let Y be a set with at least one element and Cj : Y3 — [0, 400) fulfill the
following conditions:

i) Ci(P,Y¥,Q)=0implies® =Y = Qforall®,¥,Q €Y.
(i)  There exists a function 0 : Y3 — [0, +-c0), and oy, € S(C}, Y, ¢),

Cj(®,%,0) < 6(®, ¥, Q) limsup (c,(cp, ®,a,) + Cy (¥, ¥, n) + C(Q,Q, an)>.

n——+00
Then, (Y, Cy) is defined as Cj metric space. In addition, if
C/(®,®,¥) = C/(Y, ¥, D).

For each ®,Y € Y, then (Y, Cj) is defined as a symmetric Cj metric space.
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3. Main Result

In this section, we generalize both metric spaces [partial and | metric spaces] to obtain
the new extension defined below as partially controlled metric space.

Definition 5. Let Y be a nonempty set and a function P : Y3 — [0, +00). Then the set is defined
as follows:

S(P,Y,®) = {{®,} CY: nlirfw Py(D, D, D) = Pi(P, P, D) = ngrfoo Py(Dy, Dy, D)}
foreach ® €Y.

Definition 6. Let Y be a nonempty set and a function Py : Y3 — [0, +c0) is said to be a partially

controlled | metric space if, for all ®,¥, Q) € Y the following conditions hold

(i) @=Y=QifP|(P,D,P) =P (Y, YY) =P(20Q)="P(¥0).

(i) Py(P,D,P) < Pj(P,P,¥).

(iii) There exists a continuous function 6 : Y3 — [0, +c0), and p, € S(Py, Y, ®), such that for all
Y, ®,0) € Y we have

P/(®,¥,Q) < 6(®,¥,0). limsup (P](dD, T

n—+0o

+ Py (Y, ¥, i) + P (O, Q) ).
Then, (Y, Py) is defined as a Py metric space. In addition, if
Pi(®,9,¥) = Pj(Y, Y, ),
for each ®,Y €Y, then (Y, Py) is defined as a symmetric Py metric space.
Remark 1. This symmetry hypothesis does not necessarily mean that
P (®,¥Y,Q) =P(¥,Q0,P) =P(QY,P) =---
We will start by presenting some properties in the topology of P; metric spaces.

Definition 7.

(1) Let (Y, Py) be a Py metric space. A sequence {®,} C Y converges to an element ® € Y if and
only if
limy s 4o P1(®p, @, D) = PP, D, D) = limyys oo Py (Pr, Dy, @) = limy, 400 P (D, D, D)

(2) Let (Y, Py) be a Py metric space. A sequence {®,} C Y is called Cauchy if and only if
LMy, s oo P (P, P, Pry) exists and it is finite.

(3) A Pj metric space is denoted as complete if each Cauchy sequence in'Y is convergent.
Remark 2. In a Pj space, the limit is not necessarily unique.
In the following proposition, we show that the limit is unique if and only if 6(®, ¥, Q2) < %

Proposition 1. In a Pj space, (Y, P}), if {®,} is convergent, and 0(®,¥,Q) < 1 for all
D, Y, Q) €, then it converges to only one element.

Proof. Let us assume that {®, } converges to ®; and ®,. By using the definition of convergence,

Py, Py, Pq) = nl_igloo Py( @y, @y, @) = Pj(Po, Do, D),
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P (®y, @y, D) < 0(Dy, Dy, ). lim sup <2P](¢1,<I>1,<Dn) + Py (D, q>2,c1>n))

n—r—+o0o

lim sup (ZP](Q>1,<I>1,<Dn) + Py (@, Dy, cpn))

n—+-00

<

(2P} (®1, D1, P1) + Pj(P2, P2, P2))

Wl Wl

- P](q>1/q)1/q)1)'

Thus, P](q)l,q)l,q)z) < P](q>1,q>1,q>1) = P]((Dz, D,, q)z)) On the other hand, by the def-
inition of the metric spaces, we have P;(®q, @1, ®1) < Pj(P1, Py, D;). Hence, @1 = &,
is desired. [J

Definition 8. Let (Y, ) and (A, ¢) be P; metric spaces and T is said to be a continuous function
I':Y — Aatwa €Y ifforevery e > 0 thereisa § > 0, such that forall x € Y, p(x,x,a) <
implies ¢(T'(x),T(x),T'(x)) < €.

Definition 9. Let (Y, Py) be a partially controlled | metric space and &y € Y, € > 0 is the Py open
ball, and Py is the closed ball of radius A with centered ®g are

Bp] ((I)(),e’) = {CD eyY :| P](qDO,CDO,(I)) - P](@O,q)o,cpo) |< 6}
Bp[[q)o,é‘] = {CD €Y Z| P](CD(),CD(),(D) — P](CD(),CD(),CD()) ‘S 6}
Example 1. Let Y = [0, +00) and P : Y3 — [0, +c0) be defined by
Pi(®,Y,Q) = max{®,¥,Q},

forall ®,¥,Q) € [0, +00).

(1) Pj(P,®,®) = Pj(Y, Y, ¥Y) = P;(Q,Q,Q), which means that
max (P, D, D) = max(¥, ¥, ¥) = max(Q), Q, Q), which implies that & =¥ = Q.

(2) Due to ®,%,Q € [0, +0), then P;(®, P, @) = & < Pj(D, P, Q) = max(P, ®,Q).

(3) Let
O+Y, ifd Yareevenand O =2n+1
0(P,¥,0)=<(Y, if ®,Y are odd and Q) = 2n
1, otherwise.

Py(@,¥,Q) = max{®,¥,Q}

max(®,¥,0Q) < (P, ¥, Q) lim sup (P,(q>, ®,®,) + P;(¥, ¥, ) + P(Q,Q, cbn)).

n——+oo

To show this, note that for &, = & + % S S(P], Y, ®) and ®,Y,Q €Y, and using the fact that
0(P, ¥, Q) > 1, we deduce

0(®, ¥, Q) lim sup (P,(cb, ®,®,) + P;(¥, ¥, @) + P(Q,Q, %))

n—+oo

> limsup (P,(cp, ®,D,) + P (¥, ¥, D) + P(Q,Q, c1>n))

n—r+o0
= O + max{¥, P} + max{Q, P}
> max{®,¥,Q}
— P)(D, ¥, Q).

Therefore, the third condition is satisfied as required. This example shows and proves the
existence of the new metric space.
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Theorem 1. Let (Y, Py) be a partial complete symmetric P metric space and ¢ : Y — Y be a
continuous map satisfying

Pi(p®, ¢¥, 9Q) < Q(P)(@,¥,Q))) forall®,¥,QcY, 1)
where Q : [0, +00) — [0, +00) is an increasing continuous function, such that

lim Q"(t) =0 for each fixed t > 0.

n—r—+00

For every ® € Y, let M(Pj, ¢, ®) = sup{ Pj(®,®, p/®) : j € NU {0} }. If there exists Py € Y,
such that M(P;, p, ®g) is finite, then ¢ has a unique fixed point in'Y.

Proof. To prove the existence and the uniqueness of the fixed point, let us define

{q)n}nZO cX

as
(P71 = ¢Py), (P = ¢P1),...,(Py = ¢"Py). n=1,2,.... )

Let us start by showing that {®, } is a Cauchy sequence.
For every pair n,m € N and n < m by applying (2)

P](cbn/q)n/q)m) = P](goch 1 ¢Pu—1, 9Py 1)
< Q(P -1, Pn—1, P 1))
= Q(P(¢Py—2, ¢Py2,¢Pp2))
< QZ(P](q)n 2/(Dn—2/q)m—2))
<
< Q"(P](q)o,qDQ,cDm—n))-

Assume that m = n + ¢ is for some constant 4 € N to obtain
Py(@p, Py, D) < Q" (Pj(Do, Do, Py)) (©)]

and by using the definition of M and the properties of M(Pj, ¢, ®)), we have

Pp(®n, P, Piq) = PrloPu-1, ¢Pp—1, 9Py+q-1)
< Q(P(®y—1, Pu—1, Ppig-1))
= Q(M(Py, ¢, Prig-1)
<
< Q" (M(Py, ¢, Po)

By applying the limit in (3) as n — +-c0 and M(P}, ¢, ®)) < +co, we have

lim P;(®y, &y, Oy) = 0. 4)

n—+oo

So, that {®, } is a Cauchy sequence in Y.
Due to the completeness definition, {®, } converges to a ® € Y, which means

Hm Pj(Pp, @y, D) = Pj(D, D, D) = limy, o Pj(Pr, Dy, D)
n— 00
= limy 100 Pj(D, D, Py)
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Secondly, we will attempt to prove the existence of the fixed point; that is
Pj(®@, P, P) = Pi(¢D, P, ).

We will start with

Pi(®, P, 9P) < 0(P, D, pP) limsup (2P} (P, D, Pyr11) + Py (9P, 9P, Py 11))

n—-+o00

= 0(Q, @, p@) lim sup (2P (Pp+1, Ppv1, Puy1) + Py (9P, 9P, 9Pn))

n——+00
= 0(D, D, @) limsup (2P} (9D, 9P, 9Pr) + P(¢D, 9P, 9Dy, ))
n—-+oo
< 30(P, @, p@) lim sup Q(Pj(Pp, Py, D)
n—r+o0
<:
§ 39((13, (D, (P(I)) lim sup Qn (P](q)o, q)o, q)(])) .
n—+o00
Since
s n —
o, Q0 =0 ®
which implies that
Pi(®, D, 9P) = 0. (6)

Similarly, it can be shown that P;(¢®, 9@, 9P) = 0.
By applying the second condition of the P; metric space

Py(®, D, 9P) > Pj(D, D, D). (7)

Which gives that
Pj(@, D, D) = Pj(¢P, 9P, 9®) = P;(D, D, P) =0, 8)
D = pd )

That is the definition of the fixed point.

The uniqueness of the fixed point is left to be proven. Assume that there are two fixed
points, ®; and ®;, we need to show that ®; = &,.
Because both are fixed points, then

P]((Dqu>1/q)1) = P]((P(Dll QOCDl/ (Pq)l)r (10)
and

Pp(@2, Dy, 2) = Pj(¢P2, 9o, 9P»).
Let us take

Pj(®y, @1, D2) = Pj(¢P1, g1, 9D2).

< Q(Py (P, Py, D)
Apply this property n times to obtain
Py(Pq, @1, D7) < Q"(P(9P1, 91, 9P2).

As

lim Qn(i’) =0— P](‘Dl,cpl,q)z) =0

n—+00
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and by using the second condition of the Py metric space, then
Pj(®1, D1, D1) < Pj(Py, Dy, D;) = 0.
Similarly, it can be shown that Pj(®;, @5, ®1) = 0. From
Pj(Dy, D, D7) < Pp(Pp, D, P1) = 0.

we have
P]((I)Zl CDZ/ CDz) = PI(CDl/q)]/q)l) =0.

Thus, as desired, ¢ has a unique fixed pointin Y. [
Example 2. Let Y = [0, +00) and P : Y3 — [0, +c0) be defined by
Pi(®,Y,Q) = max{D,¥,Q},

forall ®,¥,Q) € [0, +00).
Let Q(t) = 145 Note that,

t

- t PR
2 1+t 3 1+2t
(*) 1+*1it 14 2¢ (*) 1+

Now, by induction on n, we can easily deduce that

t

Q=

Hence,
lim Q"(t) =0.

n—+0o0o

Next, let ¢(x) = 135-

(1) Py is a symmetric and complete partially controlled | metric space.
(2) P1(¢®, ¢¥, pQ) < Q(P;(®,Y,Q))), because

D b4 Q max{®,¥,Q}

< >0

max{l TP 14+Y'1 +Q} = T max(®, ¥, Q) forall®, ¥, >0
This is an example that ¢ has a unique fixed point in Y.

Theorem 2. Let (Y, Py) be a complete symmetric Py metric space and
¢@: Y — Y be a mapping that satisfies

Pi(9®, ¥, pQ) < ¢(D,¥,Q)P}(D,¥,Q) foralld,¥,Q €Y, (11)

¢: Y3 — (0,1), is a given mapping satisfying (9@, ¥, pQ)) < (P, ¥,Q), and ¢ : Y = Y.
For every ® € Y, let M(Py, ¢, ®) = sup{P}(P, P, ¢/®) : j € NU{0}} and

M (P}, 9, @) = sup{gb(goicb, ¢'®,¢/®) :i,j € NU {0}}

If there exists @y € Y, such that M(P;, ¢, o) is finite, and M'(P;, ¢, Do) < 1, then ¢ has a
unique fixed point in Y.

Proof. We build a sequence {®,} as follows {®,, = ¢" Dy} .
Let us start by proving that {®,} is a Cauchy sequence. For any natural numbers,
n,m, we assume that n < m and we can assume that there exists g € N, where m = n 4 g:
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Py(®y, Pn, D) = Pr(9Pp1, 9Py—1, 9Ppi1)
< P(Pp_1, Py—1, P—1) Py (L1, Pr—1, Pry—1)
< @™ (Do, Po, Py) P (Po, o, Dy)-

Since P](q)o,q)o,q)q) < M(P], (p,‘bo) < 400 and (P(q)o,q)o,q)q) < M,(P], (P,(Do) <1,
we have

P](cD?Z/ q)nr CDWZ) < (M/(p]/ @, qDO))nM(P]/ @, q>0)
Taking n — +o0 and noting that (M'(P}, ¢, @0))n — 0, we have

lim  Pj(®,, ®p, p) = 0. (12)

1,m—~+00

so {®, } is a Cauchy sequence.
Then, by the completeness definition of Y, there is a ® € Y, such that

lim Py(®n, P, ®n) = Py(®,®,®) = lim P(Py, &y, ®) = lim Py(®,P, ). (13)

n——+00

We will show that @ is a fixed point of ¢. From (13),

Pj(®@, @, 9P) = 0(D, D, ¢P). lggil:op(ZPf@ D, Dy 11) + Py (9@, 9P, Pyri1))
= 0(P,,¢P). lggiljop(ZPJ( 11 Pot1, Pui1) + P (9@, 9@, 9Py))
= 0(P,D,¢P). liniiip(zp’<(”q)"’(’@""’@”) + P (9@, 9@, 9Dn))
< 6(P,D,¢D). hmiup(Zcp(CDn,CIJn,CDn)P](Cbn,CI)n,(Dn)
n— +o0
+ 9D, D,D,) Py (D, D, Dy))
< 0(D, @, ¢@). limsup (2P (P, Py, D) + Pj(P, @, Dy))
= 30(CI>,<I>,gqu).ri;I:r;pP](Cbn,Cbn,an)
n—r+oo
= 39(¢,<I>,¢¢)-ligiipPJ(¢¢n_1,¢q>n_1,¢<1>n_1)
< 30(®, D, ). limsup (P, 1, Py 1, Py_1).Pj(Pp_1, Pp_1,Pp1)
. n—s+oo
< 30(D, @, @) (P, D1, Py_1).(Pj(Po, Po, o))
< 30(D, D, @) (M (P, 9, D))" (P (Lo Do, o))

and by using the property M’ (P, ¢, ®p) < 1.
Pj(@, P, p@) = 0. (14)

Similarly, it can be shown that P;(¢®, ¢®, 9@) = 0. Now, by using the property of the
metric space
0= Pj(®, D, 9pP) > P;(P, D, D).

and then

Pj(®,®, D) = P;(9®, 9@, p®) = 0.
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This takes us to the result
O = 9P

Finally, we need to prove the uniqueness of the fixed point. Assume that there are two
fixed points, ®; and ®,, we plan to show that &1 = ®,.
Because both are fixed points, then

Py(®1, @1, ®1) = Pj(¢P1, pP1, 91)), (15)

and
Py(®2, 2, @2) = Pj(¢P2, D2, 9P2)).

Let us start with

Pj(®1, @1, D7) = Pj(¢pP1, pP1, 9D2)
< (P, D1, D) (Pr(Py, Py, D7)

Apply this property # times to obtain
P] (q)ll (Dl/ (DZ) S (Pn (q)lr q)ll q)Z) (P](q)lr q)ll q)Z)
as

lim (l)n(cbl,q)l,q)z) =0.

n— 400

due to
¢:Y® = (0,1)

and by using the second condition of the P; metric space, then
Pj(®y, D1, D1) < Pp(Py, Dy, D;) = 0.
Similarly, it can be shown that P;(®,, ®,, P;) = 0. From
Pp(Dy, Dy, @2) < Pj(Py, Py, D) =0,
we have
Pp (D, @3, Dy) = Pj(P, D1, D).
Thus, ¢ has a unique fixed point in Y, as desired. [

Theorem 3. Let (Y, P) be a complete symmetric Pj-metric space, ¢ : Y — Y is a continuous
map, where:

Pi(¢@, 9¥, Q) < aPp(P, ¥, Q) + bPj (P, 9@, 9@) + cP; (¥, ¢¥, ¢¥) + dP;(Q, O, Q). (16)

foreach ®,Y,Q) € Y and

0O<a+b<l—c—d (17)
0<a<l. (18)

For every @ € Y, let M(Pj, ¢, ®) = sup{ Pj(®,®, ¢/®) : j € NU {0} }. If there exists &y € Y,
such that M(P;, ¢, ®g) < +oo, then @y is a fixed point of ¢ in Y.
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Proof. Define {®, = ¢"®y} be a sequence in Y. By (16), we have

p](¢n1¢n+1/®n+l) = PI(q)q)n—lf D, pPy)
SQP](CDn_l, q)n,CDn) + bP](Cpn_l, q)n,CDn)
+ CP] (q)nr D1, (DnJrl) + dP]((Dn/ D1, q>n+1)
:(‘1 + b)P](¢n71,®n,d>n) + (C + d>PI(q)nrq)n+1/(Dn+1>-

Then,
a-+b
P] (anr (Dn+1/ q)n+l) < mpf (q)n71, (DVII (I)Yl)
. a+b : .
By taking k = , then by using (17) we will have 0 < k < 1.

1—c—d
Pr(®y, @yt1, Pyg1) < K'Pp(Do, Dy, P1),

which gives
lim P](CDH, (Dn+1,®n+l) =0. (19)

n—+oo

We denote Pj, = Pj(®y, Pyi1, Ppy1). Foreachn,m € N,and n < m, thereisa g € N, such
that m = n + q. We have

P](Cpn; D, cDm) = P] (ch/ Dy, q)nJrq) = P]((Pan—lz P, _1, (Pq>n+q—1)

< aP(Pp1, @1, Ppyp1) + 6P (D1, P, Pp) + cPp(Py—1, Py, D)
+ AP (Durg-1, Prtq, Prtg)
= aP(Py_1, Pp—1, Pyig-1) + (0+ )P, +4dP), |
< alaPy(Py2, Py, Ppyp2) + (b4 )P, +dPPy ]+ (b+0)Py,
+ dp]n+q—1
= &P Py, Py 2, Pryg2) +a(b+ )Py, , +adPP;,  , + (b+0)P,
+ dp]n+q—1
n n
< a"Pp(®y, Do, Dg) + (b+¢) Y a Py, +dY AP, (20)
k=1 k=1

Since a" P;(®g, ©o, Pg) < a"M(Pj, ¢, Do), a < 1and M(Pj, ¢, Pg) < +o0,

lim Llnpj((bo,q)o,cpq) =0.

n—+00

As in the first paragraph, we have

P]nfk = P]<q)nfkr q)nkarl/ q)nfk+l) < lnikP]((DOr Dy, @1),

where | = 1Tgfd < 1. So,

n

n
kzl a*=1p; < Py(®g, @1, P1) kzl ak=1n—k,

There are two cases, if a < [, then

n n n
Z ak_lpLPk < P](CDQ, @1,@1) Z ak=1pn—k < P]((D(), D, @1) Z 1
k=1 k=1 k=1

S P](CD(), CI>1,<I>1)nl”_1.
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Since 0 < I < 1, limy— 40 nl"=1 = 0. So,

n—+o00

n
lim (b+c) Y a'p,_ =0.
k=1

If a > I, then

n

n n
Y d P < Py(®g, @y, @) Y R < Py(Dg, Dy, D) Y 0"
k=1 k=1

< P](Qo,q)l,q)l) a~ 1
Since 0 < a < 1, lim,_, 100 na™ 1 = 0. So,

lim (b+c¢) Zak 1P]n , =0.

n—>+00

Similarly, it can be shown that (recall that m = n + ¢),

lim d Z k= 1P]n+q7k =0.

n,m——+oo

We obtain
111’1‘1 P](@n,¢n,®m) —0

n,m— o0

Then, {®, } is a Cauchy sequence in Y by using the definition of a Cauchy sequence, which
is finite and exists.
By the completeness definition, thereis ® € Y

lim P(®,, ®p, ®y) = Pj(D, D, D) = lim P(dy, Dy, ®) = lLim Py(D, D, Dy).

n—-+oo n—-+oo n— 00

Now, since ¢ is continuous,

O = lim &, = 11111Oo pd, = (Pnlail?oo D, = 9.

n—-+o00

Thus, @ is a fixed point of ¢.
Let @1, P, € Y be two fixed points of ¢, where 9P = P, pP, = P,. By (2.16), if
P]((I)l,(bl,cbl) 7é 0, then

Py (@1, @1, ®1) = Pj(¢P1, 91, 9P1)
< aPy(®y, @1, @q) + (b + )Py (P, 91, 9P ) + dPj (D1, 9Dy, 9P1)
= aPj(®y, 1, D1) + (b+ )Py (D1, Dy, ) + dP; (D, By, Py )
=(a+b+c+d)P)(P, D1, D)
< P]((Dl,q)l,q)l),

a contradiction. So, Pj(®1, $1, ®;) = 0. Similarly, Pj(D,, &5, P,) = 0. This means that
P](®l/©l/®1> = P](q)ZI q)Zr ®2> =0.

and
O = O,

Finally, we could say that ¢ has a unique fixed point. [

4. Application of Theorem 1 to Polynomial Equations

In this section, in Example 3, we prove the existence and uniqueness of a solution to
polynomial equations
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Example 3. For any natural number n > 2, consider that equation

(x +2)" = (133" +2)x(x 4 2)" + n33"x, (21)
has a unique solution in the interval (0,1].
Proof. Define the mapping T : (0,1] — (0,1] by

(x +2)"
Tx = f N. 22
* T 33 2)(x + 2)n i OTSOmEn € @)

Note that x is a fixed point of T if and only if x is a solution of (21). Hence, we will show
that T has a unique fixed point in (0, 1], by using Theorem 1.
Consider the P; metric space P; : (0,1]> — [0, +00) that is defined in Example 1.

Pj(x,y,z) = max{x,y,z}, (23)

Then, ((0,1], Py) is a complete P; metric space.

Next, we show that

Pi(Tx, Ty, Tz) < Q(P;(x,y,z)), forx,y,z € (0,1], and Q(x) = 3y €(0,1)

] 7 ]// — I /]// 7 /]// 7 7 - n33n +2 7 .

First of all, note that Q is increasing on (0, 1] and since %,:2 < 1foralln > 2, we can
easily deduce that for all x € (0, 1] we have Q(x) < x. Thus, since Q(x) € (0,1), we deduce
that for all x € (0,1], we have lim;; 10 Q™ (x) = 0.

Next, we have

_ (x+2)" (y+2)"
Py(Tx, Ty, Tz) = max{ (133" +2)(x +2)" + 133" (n33" +2)(y +2)" + n33"’
(z+2)" }
(33" +2)(z+2)" + n33"
< max{ (x+2)" (y+2)" (z+2)" }
- (m33" +2)(x +2)"" (n33" +2)(y +2)"" (133" +2)(z +2)"
1 1 1

=max{ s a2 e o)
n3"lx  n3""ly n3"lz

< .

smax{ o e 2 w2

= Q(Py(x,y,2)).

Thus, all the assumptions of Theorem 1 are satisfied. So, T has a unique fixed point in
(0,1]. Hence, Equation (21) has a unique solution in the interval (0,1]. O

Example 4.
(x +2)3(731x — 1) +729x = 0, (24)

has a unique solution in the interval (0,1].

Proof. Note that the equation (x + 2)3(731x — 1) + 729x = 0 is equivalent to Equation (21),
with nn = 3. Hence, the result follows from Example 3 by takingn = 3. O
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P(x, ¥, Q)

IN

IN

IA

5. Application to Fractional Differential Equation

In this section, we provide an example of a fractional differential equation, which
serves as an application of our new partially controlled ] metric space.

_f D*x(1) = glt,x(1)) =Fx(t)ift € Iy = (0,]
(7))'{ x(0) = x(@)=r }

where { > 0and g : I x R — R are continuous functions, I = [0, {] and D"y indicate a
Riemann-Liouville fractional derivative of x with A € (0,1).
Let C;_(I,R) = {g € C((0,Z],R) : T'=*¢ € C(I,R) }. We introduce the weighted norm

* 1-A .
lgll Trg[gz]T 1g(7)]

Theorem 4. Let A € (0,1), ¢ € C(I x I, R) increasing and 0 < a < 1. Other than that, we make
the following assumption;

T(27)

§(u1(7), 01(7)) = 8 (12(1), 02(7))| < g aelon — 02
Then (P) has a solution that is unique.

Proof. Problem (P) is equivalent to problem Mx(7) = x(7), where

T
Mx(t) =rt* 1+ 1"(1}\) /0 (T —s)* 1Fx(s)ds.
Indeed, demonstrating that M has a fixed point suffices to establish that the problem P
has a unique solution. Let us take and assume that Mx(t) = x(7) and by applying D* to
both sides, we have D" x(t) = Fx(1). As a result, we must ensure that the hypothesis in
Theorem 3 is satisfied, where p = v = § = 0.

Let us start first with proofing that (A = C;_,(I,R), P) is a complete P; metric space
if we choose:

P ¥, Q) = maxt 2 (Jx(0) = ¥ +[x(7) = ) ) 1, ¥, 0 € Cra(LR).

Moreover, let f(x, ¥, Q) = max(o 11{2, [x(7)|, [¥(7)[, |Q(7)[}, forall x,¥,Q € C;_A(R)
let x, ¥,Q €Y, if P;(x,¥,Q) =0, then |x(7) — ¥(7)| + |x(7) — Q(7)| =forall T € [0, T]
which provides us with x = ¥ = ). On the other hand, let (71,) be a convergent of
the sequence, such that nlirﬂw P;(Q), Q), ), which implies that nng |7, (T) —Q(7)| =0,

we have

max ! (Jx(0) = ¥(0)] + (1) - (7))

max 7! ([ (7) = 7 (7) 4+ 70 (7) = ¥(0)|+ [x(7) = 700 () + 700 (7) — QD))

max 7! (20x() = 7 (0)] + [7a(7) = ¥(0)] + [a() = (7))

ZIimsupmaXTlf’\(b((T) — 70 (T)| + |70 (T) — ¥ (T)| + | 710 (T) — Q(T)|>

n—-+oo [0,@]

oY, Q) lim sup max 712 (P/(x,x, ) + P1(E, ¥, 70) + P1(Q, Q, nn)>.

n—+co (0,4

Therefore, (A = C1_,(I,R), Py) is a Py metric space.
Because g increases, so does the mapping M. We need to prove that M is a contraction
map. Let x, ¥, Q0 € C;_»(P,R),0 < A < 1.
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P (My, MY, MQ) = %%?TH(WM—M‘P<T>|+|Mx<r>—MQ<r>|)

1 _ T _
<y ma 7 [ -9 (lsex(s) - s ()

+ g, x(s)) — g(r, Q(s))] ) ds.

As a result of the theorem’s hypothesis, we have:

A-1T(24)

1 _ T _
P (My, M¥, MQ) < —— max ! A/O D [wlx(s) = ¥(s)|

(A) zefog]
+alx(s) — Q(s)||ds

A [T _1T(20) B
< — 1 A/ Al gt
—T(A) trén[g)é(]T 0 (T—s) T2A—1 ["‘HX [I"s

—i—tx||x—QH*s)‘*1}ds

IN

1 1-A , “T(214) /T A—1.A—1
— m —YI(|" + -0 — ds.
moy max T el = I+ lx - Q) iy ) (79t s

From the Riemann-Liouville fractional integral, we have

/OT(T e A 1?((2):\)) A1

Therefore, we have
Py (My, MY, MQ) < aPj(x, ¥, Q).

As a result of theorem 3, we can conclude that M has a unique fixed point, which brings us
to the conclusion that (P) has a unique solution, as desired. [

6. Conclusions

In this article, we introduce a new type of metric space called the Pymetric space,
which serves as a generalization of the controlled | metric space and the | metric space. We
provide examples to prove the existence of this metric space, and we prove the existence and
uniqueness of the fixed points of self-mapping linear and nonlinear contraction. Moreover,
we provide applications of our work to fractional differential equations.

Due to the importance of the partial metric space and its application in computer
science, our plan is to cooperate with computer science researchers and concentrate on the
application; for more details, see [14,15]. Finally, we would like to draw the researchers’
attention to a few questions that we intend to address in upcoming research.

Question:

What will happen if P;(®, @, ®) < Pj(P, ¥, )) is not necessarily held, which is a metric
similar to this space?

Could this metric-like space be a generalization to the P; metric and could we prove the
existence and the uniqueness of the given contractions?
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