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Abstract: This article defines a new class of meromorphic parabolic starlike functions in the punctured
unit disc D* = {z € C: 0 < |z| < 1} that includes fixed second coefficients of class A% (1, T,v,17)
and the g- hypergeometric functions. For the function belonging to the class A[si,c (y,7,v,1), some
properties are obtained, including the coefficient inequalities, closure theorems, and the radius
of convexity.
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1. Introduction

Let 17 be a fixed point in the unit disc D := {z € C: |z| < 1}. Using H (D), denote the
class of functions that are regular and

Alg)={f € H(D): f(n) = f (y) =1 =0}

Using S; = {f € A(y),denotethefollowing : f is univalent in D }, the subclass of
A(n) consisting of the functions of the form

(@) =z-n+ Y az—my)
=1
Let » denote the class of meromorphic functions {(z) of the form
1 &
T(z)=-+) az 1
S =

defined on the punctured unit disc D* = {z € C: 0 < |z]| < 1}.
Using s¢;, denote the subclass of s consisting of the form’s functions
1
z—7
If a function {(z) of the form (2) belongs to the class of meromorphic starlike of order
0 (0 > 0 < 1),itis indicated by s (0), if

i(z) =

+Y a(z—n), a>0z#y zeD. )
=1

/

(z=1)C (2)
_§R<C(z)> >0, z#mn, z€D, (3)
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and belongs to a class of meromorphic convex of order ¢(0 < ¢ < 1), which is indicated by
k .

sy (0), if
U

1, =@ .
%<1+ 7C) >>a, 47, zeD. (4)

For functions {(z), given by (2) and g(z) = ﬁ +Y 2 bi(z— 1), (b, > 0), we define
the Hadamard product or convolution of {(z) and g(z) by

1 o
(G*9)@) =+ Y abiz—n'=(g*0)(). 5)
o=
Define the following operator [1].
i = o () el wo t20) ©
H'g — 17 l:1 l + 1 + l/[ 7 7 - .

Cho [2], Ghanim, and Darus [3] studied the above function when = 0.
Corresponding to the function g, z(z) and using the Hadamard product for {(z) € 55,
we define a new linear operator 7 (1, ¢, 77) on s, () by

0 4
Fut@) = @) @) = s+ B rf ) W= @

When y = 0, it reduces to Ghanim and Darus [4].

A generalized g-Taylars formula for fractional g-calculus was introduced more re-
cently by Purohit and Raina [5], who also derived a few g-generating functions for g-
hypergeometric functions.

As with the aforementioned functions, we attempt to derive a generalized differential
operator on meromorphic functions in D* = {z € C: 0 < |z| < 1} in this paper and study
some of their characteristics.

For complex parameters v1,...,v5 and B1,...,Bs(Bt #0,—1,...;t =1,2,...,s) the
g-hypergeometric function ;P,(z) is defined by

I
. v (g (raan PR (2) 1s—d_I
d®s (e v i) = L g g X DT @)

with (i) =1(l—-1)/2 where g # 0whend >s+1(d,s € Ny = NU{0};z € D*). The g-shifted
factorial is defined for v, g € C as a product of / factors by

1—9)(1=9q)...(1=9¢"1) (l1eN
(i = { A= DA=1) (1= (em) o
1 (1=0)
and in terms of basic analogue of the gamma function
Ly(y +D(1~q)
7 q), = -1 1> 0. 10
(q ‘7)1 rq(’Y) (10)

Itis important to note that lim, , 1 ((qV;q)l/(l — q)l> =)y =90+ ... (y+I1-1)
is the familiar Pochhammer symbol and

quS(rylr‘-'rryd;‘Bl/-‘-l,BS;Z) =
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Now, forz € D,0 < |q| < 1, and d = s + 1, the basic hypergeometric function defined
in (8) takes the form

i ')/1/ ('Yd/ q)l 1 (12)

@ VA ; 7 /;/ Zl
DY wb>«mm

which converges absolutely in the open disc D.

According to the recently introduced function ;®s(y1, ..., 74 B1,-- -, Bs; 4, z) for mero-
morphic functions { € s consisting of functions of the form (1), Al-dweby and Darus [6]
developed the g-analogue of the Liu-Srivastava operator, as follows:

1
dYs(Y1, oo Yis Bl Bssiq,2) x L (2) = Z d®s(v1, -, v Bl Bsiig,2) x{(2)

1 o Ty (7ir9)1 4 I
== 4 E - a)z,
z 1=1 (Q,Q)H_l H?:l(ﬁi/q)l-&-l :

where [T (vu, 9)i+1 = (Y1, 9)1+1(Y2, 9141+ - - (Ym,q)141 , wherez € D* = {z € C: 0 <
|z] <1}, and

(13)

1
dYS(/Yll"'I’Yd;ﬁll'-'/ﬁS/;q/Z) = E chs('le-~~/'Yd}ﬁl/~--/,Bs/}q/Z)

H?:1(’Yi/’1)l+l 5l
90141 TE=(Bir @)1
Murugusundaramoorthy and Janani [7] defined the following linear operator for

functions { € »g and for real parameters 71,...,7s and B1,.-,Bs(Br #0,—1,...;t =
1,2,...,s):

(14)

1 oo
E+Eﬁ(

aYs(Yt, oo Y Bl Bss Q2 — 1) 1 sy — sy, (15)

1
AYs(Yi, Y6 Bl Bsiq 2 — 1) = = dPs(Y1, - v B Bsii G,z — 1)

1. T
REETRR N

zZ

9) (16)
9)141 (z— )

1(%ir
Hl 1 (;Blr )l+1

Corresponding to the functions 4Ys(v1,---,7va; B1,---,Bs,;q,z2 — 17) and q;,#(z) given
in (6) and using the Hadamard product for {(z) € 5, we define a new linear operator

«7;(71/’72, o Yd; B1, B2, ... Bs; q) on 3 by

TE v 4 B Bo - s 9)C(2)

= (C(2) *a Ys (Y1, 72 - Yas B1 B2s - Bsi 0,2 — 1) % 46 (2)) (17)

= 711‘7)1+1 ( H )é Y

+1; [T (Biq)a \I+1+p =z =)
= +§Mmem% (18)

z=n 3
where ; :
Hi: (71/"7) H

Q1) = ! Ll ( ) . 19
2 (@ D11 [T (B @)y \ I+ 1+p (19
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For convenience, we will denote

g (rv2r 4 Bu Ba - B 0)8(2) = T (va Bs )4 (2)- (20)

In (17), for ¢ = 0, the operator was investigated by Murugusundaramoorthy and
Janani [7].

Recent studies on the meromorphic functions with generalized hypergeometric func-
tions and with g-hypergeometric functions include those by Cho and Kim [8], Dziok and
Srivastava [9,10], Ghanim [11], Ghanim et al. [12,13], Liu and Srivastava [14,15], Aldweby
and Darus [6], Murugusundaramoorthy and Janani [7]. We define the following new
subclass of functions in s¢; using the generalized operator 7, g (7d, Bs,9)C(z). In response to
earlier work on meromorphic functions by function theorists (see [15-22]).

For0 <v<land0 <y <1, welet Ag(lp, 7,v,7) indicate a subclass of s, that
consists of functions of the form (2) that satisfy the requirement that

_ye((z — (T (va B, )0 (2)) + 9z — n>2<~7£‘<7d,ﬁs,q>a<z>>”>
(1= )T (va, B )E(2) + ¥z — 1) (TE (va, B )L (2))

(z = (T (va, Bs DT (2)) + (2 = 1)>(TE (74, Bs 1)E(2))"
[ 7 —+1+v, (2D
(1 =) T¢ (va, Bs, 9)5(2) + (2 = 1) (Tg (va, Bs, 1)8(2))
where (17) is used to give Jg('yd, Bs,q)(z) .
Additionally, we can state this condition by
(z—1)F (z) (z—1F (2)

where

F(z) = (1= 9)J¢ (va, Bs, ) (2) + 9(z = 1)(TF (74, Bs, )2 (2))

ilw P+ ) (Dar(z— ), @ >0 23)

where Q4(1) defind by (18).

It is interesting to note that we can define a number of new subclasses of s by
specializing the parameters i, T and d, s. In the examples that follow, we demonstrate two
significant subclasses.

Example 1. For ¢ = 0, we let A?(0,7,v,77) = A%(t,v,1) indicate a subclass of 55, that consists
of functions of the form (2), which satisfy the requirement that

" ( (z =T (ra, ﬁs,q)C(Z))/> (z =T (va, Bs )3 (2))
_ >T

1
T var B )i(2) Hvaboni@

+v,  (29)

where jg‘('yd, Bs, q){(z) is given by (17).

Example 2. Example 2. For ¢ = 0,7 = 0, we let A%(0,0,v,1) = A% (v, 1) indicate a subclass of
sy that consists of functions of form (2) that satisfy the requirement that

3%<(z —(TE (va, ﬁs,wé(z))’)
— i > v,
TE (Ya Bs 1) (2)

(25)
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where jg‘('yd, Bs,q)C(z) is given by (17).
We begin by recalling the following lemma due to Challab, Darus and Ghanim [1].

Lemma 1 ([1]). The function {(z) defined by (2) is in the class in A%(yp, T,v,7) if, and only if,

11+ 7) + (v + )L+ 1y — ) (Day < (1-2¢)(1 —v). (26)

agh

I=1

The result is sharp.
In view of Lemma 1, we can see that the function {(z), defined by (2) in the class
AZ(p,T,v,7), satisfies the ceofficient inequality

(1-2¢)(1-v)
'=Ta+v+20)]04(1) 27)

where p
A1) = [T (i 9)2 ( I >g.
’ (@ @)2 TT=1 (Bir @)y \ 1t +2
Hence we may take
4y = (1=2¢)(1 —v)e 0<c<1. (28)

[(A+o+2r)]0d(1) ~—

Making use of (27), we now introduce the following class of functions:
Let Ag{c(lp, 7,v,7) denote the subclass of A% (¢, T,v, 1), consisting of a function of the
form

_ 1 (1-2¢p)(1 —v)c = I

where
a;>9 and 0<c<1

In this paper, we obtain the coefficient inequalities for the class Ag{c(tp, 7,v,1) and
closure theorems. Further, the radius of convexity are obtained for the class Ag{c (¢, T,v,7).

2. Coefficients’ Inequalities
Theorem 1. Let the function {(z) be defined (28). Then, {(z) is in the class A2 (p, T, v, 1) if, and

only if,
Y+ (v )0 - 0ia < (1 -29)1 )1 —0). (G0)
1=2
The result is sharp.

Proof. Putting
(1—2¢)(1 — v)c
A+ +@rojoi C=¢=0 D

Using (25) and simplification, we arrive at the result, which is sharp for the function

a) =

1 " (1 — 21/))(1 —v)c
z—n  [(1+7)+@w+1)]04(1)

O

) -w)-v0-o
(z=m+ [l(l—i—r)+(V+T)](1+ll/)—1p)()§(l)( 1) (122). (32)
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Corollary 1. Let the function {(z) defined by (27) be in the class A2 (, T, v, 7). Then

(1-29)(1-v)(1—0)
e TRy s sy e o v v MR

(33)

The result for the function {(z) given by (31) is sharp.

Corollary 2. If0 <c¢; < <1
AL, (9,1, v,) © AL (9,7, v,1).

3. Closure Theorems
Using Theorem 1, we can prove the following theorems

Theorem 2. Let the function

50 = T i a1 L 0 6y

be in the class A;{C(lp, T,v,1). forevery j = 1,2,...,s. Then, the function

_ 1 (1-2¢)1—-v)e S
is also in the same class Aglc(tp, T,v,1), where
1 m
= E]; ﬂl,j(l = 1,2,. . ) (36)
Proof. Since 7;(z) € A% (i, 7,v,7), it follows from Theorem 1 that
YIA+1)+ v+ D1+ 1y —)Qd(Da; < (1-2¢)(1—v)(1 —c), (37)
=2
foreveryj=1,2,...,m. Hence,
i[l(l + 1)+ (v+1)] A+ 1y — )L (Db
1=2
= YA+ + (4TI~ )l zal]
=2
(38)

):(): (1471)+ (v+r)](l+l¢—¢)ﬂg(l)“l,j>

<(1-2¢)(1-v)(1—0).

From Theorem 1, it follows that g(z) € A% (4, T,v,7). This completes the proof. [
Theorem 3. The class A% .(, T,v, 1) is closed under convex linear combination
Proof. Let {;(z)(j = 1,2) be defined by (33)
(39)

h(z) = ¢l1(2) + (1= ¢)l2(z)  (0<¢<1),
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It is sufficient to prove that the function h(z) is also in the class .AS [y, Tv,m).
Since

_ 1 (1—24’)(1—1/)
hz) = z—1 + [1+1/+2T}Q§(1)

+ Y lpas+ (1= plaplz—n).  (40)
1=2
Then, we have Theorem 1, that

,i“(l T 1)+ (v D+ I — )01 [pars + (1 - ¢)a]

<¢(1=29)(1-v)A =)+ (1-¢)(A =2¢)(1 - v)(1—¢)

=(1-2¢9)(1—-v)(1—0).
Therefore, h(z) € A2 (¢, T,v,5). O
Theorem 4. Let

1 (1-2¢9)(1—v)c
(&) = o A 2q0i) G (41)

and

(1-2¢)A-v)(A—-¢)

1 . (1—-2¢)(1—v)c
T(1+7)+ (v+1)](1+ 1y —9)Qd(])

Tz [ITt+v+2004()

(z—n)+ z-n)' (1=2). @

Then, {(z) is in the class A (y, T, v, 77), if, and only if, it can be expressed in the form

=Y Ai(2), (43)
=1
where A; > 0and } ;)7 A = 1.
Proof. Let -
=) ANd(z), (44)
_ 1 (1-2¢)Q—-v)e = (1-2¢)(1-v)(1-c) o
EEETRR TG +l§ 1050 1w+ o]0 +1ip—podn e
Since
i (1—2¢)(1—v)(1—c)\ I(1+7)+ v +1)](1+ 1y —p)Qd(l) (45)
S IA+1)+ W+ + 1y —p)0d(1) (1-2¢)(1-v)

=(1-o LM =010-0)1-A) < (1-0).
Hence, using Theorem 1, we have {(z) € A% (y, T,v,7).

Conversely, we assume that {(z), defined by (28), is in the class A? (y, T, v, 77).
Then by applying (32), we can obtain

(1-29)(1- )1 -0)
M+ 0+ rolariy—gorg =2 (46)

ap <

Setting
T +7)+ (v+1)](1+1p — p)Qd(1)

M= A—2p)(1-)(1—0)

aj (l > 2)‘ (47)
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M=1-) A (48)
[=2

we have (42). The proof of Theorem 4 is now complete. [J

4. Radius of Convexity

Theorem 5. Let the function {(z) be defined by (28) in the class A% (y,T,v,1). Then, {(z) is
meromorphically convex of order (0 < 6 < 1)in0 < |z—y| < r =r (¢, T,v,1,c,06) where
r1(y,T,v,1,c,06), which has the highest value

(1+6)(1—29)1=v)e 5 ((+2—38)(1—29)(1 —v)(1—0c)
TSR oY RN Te ey i e oY A L U L)

for I > 2. The result is sharp for the function

(1-2¢)(1—-v)(1—0)
1(1+7)+ (v+1)](1 +1p — v)QL(1)

1 . (1-2¢)(1—-v)c

)
z—n  [1+v+2704(1) (z—mn)", (50)

G(z) = (z=mn)+

for some [.

Proof. It is sufficient to show that

(z=m¢ (=), ,
O
Note that

"

<1-46 (0<é<Dfor0 < |z—7] <ri(yp,T,v,1,0c,0).

2(1—2¢)(1 —v)c .
m(z — )2+ 2, (14 D)ay(z — )1 .

1-2¢)(1—-v)c oo -
P (=) + Kz = )

w _ |2 0o AN
[1+v+2r]0’§(1)‘z 117+ B [+ Darlz =1l

B ( (1-29)(1—v)c
[(1+7) + (v+1)]0¢(1)

1+

<1-¢

v—nP+zﬁﬂmv—m”§

2(1 -2 1-—
[1(+ b ;‘(L’]le(/i; 7R D
A=20)0-)¢ 5 o 1o 7 6D
T Orvtodada) b=l

for 0 < |z — 5| < rif, and only if,

21 -2¢)(1—v)c 5 | & I+1 (1-2¢9)(1—-v)c , & 141
v 2o T §(1“<1[1+v+zﬂoﬂnrzywr+>

(B-0)1-2¢)(1—-v)c , — 8)ayrt? _
1+v+200d(1) +l§21(1+2 ™ < (1-9). (52)

Since {(z) is in the class AZ/C (¢, 7T,v,1), from (32), we may take

(I-2¢9)(1—v)(1—c)A (1>2),
IA+7)+ (v+D)](1+1p — p)QL(I)

0 = (53)

where A; >0 (I >2)and

[1e

A <1 (54)

1
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I(1+2—4)r'*1
[A+7)+ (v+1)](1+1p —p)Qd(l)

We select the positive integer Iy = Io(r) for each fixed r, where

is maximal. Then it follows that

it <« (ol +2=8)1=29)A=v)(1=¢) s
ZZ(HZ o)a S[lo(l-l-’r)+(V+T)](1+ZOIP—IP)Q§1(10) (1=22). (%5)

18

N
Il

Then {(z) is convex of order 6 in 0 < |z — 5| < r1(¢, T,v,1,¢,d) provided that

B-51-29)1-v)c 5 (ol +2-8)(1-29)(1-1)(1 —0)

lo+1 _
7010+ 00f) ol +0) + v OJa+hp—pody) =179 0

We find the value r, = 1,(¢, T, v, 1, ¢, ) and the corresponding integer I,(r,)so that

B-9)A-2¢p)(A-v)c 5 (bllo+2-0)A=29p)A-v)(1 =) 411 _ 4
40+ @+ D) e +0)+ @+l +hp— gl 7% &)

Then, this value 7, is the radius of meromorphically convex of order J for functions belonging
to the class A% (y,7,v,77). O

5. Conclusions

The fixed second coefficients of class Agc (¥, 7,v,17) and the g- hypergeometric functions are
included in the new class of meromorphic parabolic starlike functions defined in this article. Some
features are obtained for the function in the class Ag{c (¥, T,v, 1), including the radius of convexity,
closure theorems, and coefficient inequalities.
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