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Abstract: The anti-scuffing bearing capacity of gears is a significant issue for their service lives,
especially for the cases with heavy loads or high speeds. Generally, the anti-scuffing bearing capacity
is evaluated according to the surface contact temperature that can be calculated with either analytical
methods or finite element analysis (FEA) methods. The analytical methods usually apply the theory
of Blok to efficiently obtain the results by simplifying some actual physical conditions, which are
well considered in the FEA methods with accurate results but more computation time. Conversely, a
new efficient and accurate analytical method is proposed by introducing the actual lubricant film
thickness and continuous heat transfer for the theory of Blok. These two physical conditions are
the key issues for the calculation of the two parts of surface contact temperature, flash temperature
and bulk temperature, respectively. For the calculation of flash temperature, elastohydrodynamic
lubrication (EHL) is introduced to consider the lubricant film thickness for the theory of Blok, and the
result is obtained by solving the Reynolds equation efficiently with the finite difference method. For
the bulk temperature, the result for a contacting point on the gear tooth surface is directly obtained
according the theory of Blok, and the continuous heat transfer among the adjacent contacting points
is considered with Gaussian heat morphology, which can accurately construct the bulk temperature
field distribution in the contact region. The proposed method is validated as in good agreement with
the FEA method and with less computation time.

Keywords: face gear; analytical approach; FEA method; contact temperature; anti-scuffing
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1. Introduction

Face gear transmission is a relatively new transmission mode with several distinct
advantages, such as a large transmission ratio, insensitivity of assembly errors in the
axial direction, and compact structure in some specific applications. Due to those special
characteristics, there are plenty of applications for face gear drives in industry, such as for
electric power tools, fishing tools, robots, automobiles, and aerospace products.

Many scholars have produced many works about the design and manufacturing of
face gears to promote their application in industry. Litvin et al. had great contributions
to the systematic knowledge of face gears [1,2]. They focused on the application of face
gear drives on helicopter transmission systems [3] by studying the modeling, tooth contact
analysis (TCA), stress analysis, and manufacturing of face gears meshed with different
types of pinions, such as involute spur pinions [4,5], helical spur pinions [6], asymmetric
spur pinions [7], and worms [8]. Zhou et al. [9,10] studied the meshing and generation of
face gears with the conical helical pinions. Liu et al. [11] established a model of eccentric
face gear transmission for the study of gear transmission and tooth contact analysis. Wu
et al. [12] proposed a CAD/CAE integration method for the generative design of face gears.
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Zhou et al. [13] applied a new envelop approach to establish the closed-from representation
of the tooth surface for the face gears meshed with general spur pinions or involute helical
pinions. Different manufacturing approaches were well-investigated for the face gears,
such as disk grinding [14–17], worm grinding [18], CNC milling [19], plunge milling [20],
planning [21], shaving [22], honing [23].

When face gear drives are used in high-speed and heavy-load conditions, the frictional
heat in the meshing process could cause a high temperature on the tooth surface. In a
high-temperature condition, scuffing failure would present a high risk of damage to the
gear teeth [24]. Hence, it is significant to investigate the surface contact temperature for
those high-speed and heavy-load applications of face gears. Unfortunately, the topic of the
surface contact temperature of the face gear is barely studied. To make this issue clear, a
detailed review of the surface contact temperature of gears is implemented as follows.

Many scholars have studied the surface contact temperature for different gears, except-
ing face gears. Zhang et al. [25] and Gan et al. [26] investigated the temperature behavior
of spiral bevel gears by finite element analysis (FEA), and they proposed a coupled thermo-
elastic-hydrodynamic analysis to determine temperature rise. They found that, due to
surface deformation, the high-temperature region shifts to the top of the tooth, and the
maximum flash temperature occurs at the contact ellipse before the pitch point is engaged
in the meshing process. Fernandes et al. [27] implemented an FEA thermal model to
predict the bulk and flash temperature on polymer gears. They proposed a method for
modeling the temperature rise and distribution along the tooth by using the capabilities
of a gear power loss model. Li et al. [28] studied the tooth surface temperature field of
helical gears by considering machining and installation errors. Mohammadpour et al. [29]
applied thermal EHL analysis to study the influence of hybrid non-Newtonian thermoelas-
tic fluid dynamics on hypoid gears under high contact loads and shear rates. Wang and
Cheng [30] presented a direct method to investigate the surface contact temperature in spur
gears based on one-dimensional transient heat conduction analysis under a semi-infinite
plane. On this basis, Zhu and Cheng et al. [31] also studied the rise of surface contact
temperature in point contacts. Bobach et al. [32] presented a model for calculating transient,
three-dimensional, thermal-elastic-hydrodynamic tooth flank contacts in spur gears. This
model considered mass-conserving cavitation, non-Newtonian flow, and the real involute
characteristics of the tooth flanks. Li et al. [33] implemented the three-dimensional analysis
of the unsteady-state temperature field and temperature sensitivity analysis to spur gears
and investigated the varying transient thermal pattern of all nodes’ temperatures in any
engaging period.

According to the aforementioned review, the previous studies of tooth surface contact
temperature focus on the spur gears, helical gear, and spiral bevel gears, but rarely face
gears. For those studies, FEA methods are more popular than the analytical methods.
One reason is that the FEA methods can effectively model the actual physical conditions,
such as convective heat transfer, to obtain the accurate bulk temperature, which is usually
approximately calculated by the analytical methods as an average value. According to
many applications, the FEA method is an effective way to study the tooth surface contact
temperatures of different gears; thus, it also works for face gears. However, the computation
process of FEA methods is usually time-consuming, and the related commercial software
as well as skillful technicians is needed. It would be great if an effective analytical method,
which can accurately model the bulk temperature, were proposed to calculate the surface
contact temperature of face gears, and the result should be close to that of the FEA method.
Based on this idea, this work proposes a new analytical model of the tooth surface contact
temperature with two main aspects. First, the flash temperature is analytically calculated
according to the Blok flash temperature theory. Second, Gaussian distribution is used to
describe the bulk temperature of the tooth surface.

The rest of the contents are organized as shown in Figure 1. In Section 2, we simply
introduce the tooth surface representations of face gear drives and numerically obtain
their TCA result according to the existing methods. These results are used in Section 3
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to analytically calculate the flash temperature of the face gear tooth surface according to
Blok flash temperature theory. In Section 4, Gaussian distribution is introduced to obtain
the bulk temperature as an analytical result. Since the proposed method is related with
analytical calculation rather than FEA methods, we name it as an analytical approach
to differentiate with the FEA methods. In Section 5, the proposed analytical method is
validated with FEA. Furthermore, the further investigation of the surface temperature is
studied with the change in the geometric parameters of face gears. Conclusions are given
at the end.
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Figure 1. The flow chart of the organization of this work.

2. Meshing of Face Gear Drives
2.1. Tooth Surface Geometry of Face Gear Drives

As depicted in Figure 2, a face gear drive is composed of a face gear and a pinion.
For design purposes, the pinion is replaced by a shaper, which has the same tooth surface
parameters as the pinion except the tooth number. The tooth number of shapers is usually
bigger than for pinions to achieve the point contact between the meshing of the face gear
and pinion [1]. The tooth surface of the face gear is designed based on the meshing process
between the shaper and face gear. It includes a working part and a fillet part. The working
part is generated as the envelope surface of the shaper tooth surface, and the fillet part is
generated as the swept surface of the top edge of the shaper tooth surface. Geometrically,
only the working part takes part in the meshing process, which is related to our topic
of ‘surface contact temperature’. Hence, only the working part of the face gear tooth is
investigated in this work, and the fillet part is not discussed.

In the meshing process, assume that rotation angles for the face gear and shaper
are assigned as φ2 and φs, respectively. The index ‘2’ is a conventional subscript for the
face gear, while ‘1’ and ‘s’ are used for the pinion and shaper, respectively. φ2 and φs are
related as [1]

φ2

φs
=

Ns

N2
(1)

where N2 and Ns are the tooth numbers of the face gear and the shaper, respectively. Assume
that S2 and Ss are the coordinate systems fixed to the face gear and shaper, respectively,
and the homogenous transformation matrix from Ss and S2 is represented as M2s. Based
on the meshing process, the working part of face gear tooth surface is calculated as the
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envelope surface to the family surfaces of the shaper tooth surface. Subsequently, it is
represented as [1] 

[
r2(us, vs, φs)

0

]
= M2s(φs) ·

[
rs(us, vs)

0

]
n(us, vs) · v(us, vs, φs) = 0

(2)

The first equation in Equation (2) calculates the family surfaces of the shaper tooth
surface. us and vs are two surface parameters of the shaper tooth surface. rs(us, vs) and
r2(us, vs, φs) are the representations of the shaper surface in Ss and the family surfaces in S2,
respectively. The second equation of Equation (2) is the equation of meshing, according
to which one parameter among us, vs and φs can be eliminated. n and v are the normal of
the shaper tooth surface and velocity of the shaper tooth surface relative to the face gear.
According to Equation (2), the tooth surface of the different face gears can be calculated
when rs and M2s are given. Usually, one surface parameter of the shaper tooth surface is
eliminated, and the tooth surface of the face gear is represented with respect to the other
two parameters. To make it simple, here, we write the expression of the tooth surface of the
face gears in S2 as r2(u2, v2), where u2 and v2 are two surface parameters of the face gears
used in the rest of this work. The details of the calculation can be referred to in the previous
works, such as Litvin’s work. In particular, the closed-form (explicit) representations of the
face gears meshed with the spur pinions or standard involute helical pinions are obtained
in Zhou et al. [13].
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With the representation of the face gear tooth surface, the curvatures of the face gear
tooth surface can be calculated as the preliminary work for the calculation of the surface
contact temperature. For a point on the face gear tooth surface, if a given direction dr on
the tangent plane to this point is given as

dr = rudu + rvdv (3)

where ru and rv are the partial derivatives, and rudu and rvdv are two decompositions of dr
along ru and rv, respectively, the normal curvature along dr is calculated as [1]

κn =
Ldu2 + 2Mdudv + Ndv2

Edu2 + FMdudv + Gdv2 (4)
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where E, F, G, L, M, and N are the coefficients. Furthermore, the principal curvatures are
calculated as [1]

κ1,2 = H ±
√

H2 − K (5)

where H and K are the mean curvature and Gaussian curvature, and they are given as{
H = G·L−2·F·M+E·N

2·(E·G−F2)

K = L·N−M2

E·G−F2

(6)

2.2. TCA of Face Gear Drives

If both the face gear and pinion are rigid bodies, they theoretically contact at a point at
a moment during the meshing process, as shown in Figure 3. Practically, this contact point
will be deformed as an area named the contact ellipse, of which the semi-major axis b will
be applied to analytically calculate the surface contact temperature later. By connecting
all contact points during the meshing process, the contact path is obtained. Usually, TCA
is investigated to calculate the contact points and contact path, and the contact point is
further used to calculate the flash temperature. In particular, a general case is studied by
considering the assembly errors, as shown in Figure 4. Coordinate systems S1 and S2 are
attached to the pinion and the face gear, respectively. Sf and Se are fixed coordinate systems
corresponding to the frame. Sq, Sd, and Se are auxiliary coordinate systems introduced for
the simulation of installment errors including ∆γm, ∆E, and ∆q, and they are the error of the
shaft angle, the offset of the pinion, and the axial displacement of the face gear, respectively.

Based on the meshing process, the contact point on the tooth surface of the face gear
has the same position vector and unit normal vector as the contact point on the tooth
surface of the pinion.

M f 1(ϕ1) ·
[

r1(u1, v1)
1

]
= M f 2(ϕ2) ·

[
r2(u2, v2)

1

]
M f 1(ϕ1) ·

[
n1(u1, v1)

1

]
= M f 2(ϕ2) ·

[
n2(u2, v2)

1

] (7)

where the superscript ‘1′ and ‘2′ are assigned to the pinion and face gear, the subscript ‘f ’
represents coordinate system Sf, and ϕ1 and ϕ2 are the angles of rotation of the pinion and
the face gear. As depicted in Figure 4, the transformation matrix Mf1 from S1 to Sf and the
transformation matrix Mf2 from S2 to Sf are represented as

M f 1 =


cos ϕ1 − sin ϕ1 0 0
sin ϕ1 cos ϕ1 0 0

0 0 1 0
0 0 0 1

 (8)

M f 2 = M f qMqdMdeMe2

=


cos ϕ2 − sin ϕ2 0 ∆E

cos(γm + ∆γ) sin ϕ2 cos(γm + ∆γ) cos ϕ2 sin(γm + ∆γ) B + ∆q sin(γm + ∆γ)
− sin(γm + ∆γ) sin ϕ2 − sin(γm + ∆γ) cos ϕ2 cos(γm + ∆γ) ∆q cos(γm + ∆γ) + B cot γm

0 0 0 1

 (9)
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Equation (7) yields a system of scalar equations with six unknown variables as

r(1)f x (u1, v1, ϕ1) = r(2)f x (u2, v2, ϕ2)

r(1)f y (u1, v1, ϕ1) = r(2)f y (u2, v2, ϕ2)

r(1)f z (u1, v1, ϕ1) = r(2)f z (u2, v2, ϕ2)

n(1)
f x (u1, ϕ1) = n(2)

f x (u2, ϕ2)

n(1)
f y (u1, ϕ1) = n(2)

f y (u2, ϕ2)

n(1)
f z (u1, ϕ1) = n(2)

f z (u2, ϕ2)

(10)
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It is worthwhile mentioning that Equation (10) has only five independent scalar
equations because both sides of the second equation of Equation (7) are unit-normal.
For the meshing process, we can choose variable ϕ1 as the input one, so that Equation
(10) can be solved with five unknown variables and five independent scalar equations.
Subsequently, the contact path of the face gear drive can be obtained. Furthermore, the



Mathematics 2023, 11, 3087 7 of 22

curvature information at each contact point on the contact path can also be obtained
according to knowledge of differential geometry, as stated in Equations (3)–(6). With the
curvature information, the shape of the contact ellipse can be calculated [1].

On the basis of the tooth surface geometry and TCA of the face gear drives, a tooth
surface contact temperature solution model can be established. The Figure 1 is presented
to express the solution procedure more directly. The surface contact temperature of the
face gear teeth consists of two parts, which are the bulk temperature and the instantaneous
flash temperature produced from the frictional heat during the meshing process [34]. The
detailed calculation method of the flash temperature and the bulk temperature of the face
gear will be discussed below.

3. Calculation of Flash Temperature

During the meshing process, the tooth surface flash temperature is the instantaneous
temperature generated at the instantaneous contact point along the contact path. The flash
temperature can be analytically calculated according to the flash temperature formula of
Blok [34]. This method is successfully applied in cylindrical gears and bevel and hypoid
gears. Since the face gear drives are very similar to the hypoid gear drives, here it is also
applied to calculate the tooth surface flash temperature of face gear drives. According to
the flash temperature formula of Blok [34,35], the flash temperature is calculated as

θfla = 1.11
µFn|vt1 − vt2|√

2b(B1
√

vt1 + B2
√

vt2)
(11)

where θfla is the flash temperature of the contact point; µ is friction coefficient; Fn is the
normal load; vt1 and vt2 are the values of the tangential velocities of the pinion and the face
gear at the contact point, respectively; B1 and B2 are the thermal contact coefficient of the
pinion and face gear respectively; and b is the half-width of the Hertz contact band, and it
is equal to the length of the semi-major axis of the contact ellipse, as shown in Figure 3.

3.1. The Calculation of Fn and µ

Under lubrication conditions, taking full account of the special form of movement of
the face gear drives, the friction coefficient and normal load of the tooth surface can be
solved by mixed EHL analysis [36–38].

The applied normal load is the pressure integral in the contact area of the tooth surface [37].

Fn =
x

Ω

P(x, y)dxdy (12)

P =

{
Ph, h > hcr
Pa, 0 < h < hcr

(13)

The oil film pressure causes elastic deformation of the contact surface and the film
thickness is also controlled by the local geometry. The equation for calculating the film
thickness when tooth surface roughness is not considered is expressed as [39]

h(x, y) = h0 +
x2

2Rx
+

y2

2Ry
+ V(x, y) (14)

where h0 represents the center distance of the two contact rigid bodies, Rx is the radius
of curvature in the direction of the minor axis of the contact ellipse, Ry is the radius of
curvature in the direction of the major axis of the contact ellipse, and V is the amount of
elastic deformation of the contact surface.
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The elastic deformation of the contact tooth surface is calculated by the Boussinesq
integral at point of contact, which is expressed as [26]

V(x, y) =
2

πE∗
x

Ω

p(ξ, ζ)√
(x− ξ)2 + (y− ζ)2

dξdζ (15)

where E* is the effective elastic modulus.
The pressure in the entire contact zone is governed by the Reynolds equation,

expressed as

∂

∂x

(
ρ

12η∗
h3 ∂p

∂x

)
+

∂

∂y

(
ρ

12η∗
h3 ∂p

∂y

)
= Ue cos(θe)

∂(ρh)
∂x

+ Ue sin(θe)
∂(ρh)

∂y
(16)

where ρ is the density, h is the oil film thickness between the interfaces, p is the pressure,
and η* is the effective viscosity of the lubricating oil.

In the contact area of the tooth surface, the contact surface pressure is generally
hydrodynamic pressure, but, when the thickness of the lubricating oil film is less than a
critical thickness, the asperities of rough surface come into contact directly, and the pressure
becomes the solid asperities’ contact pressure. The tooth surface friction coefficient can be
obtained by solving for the normal pressure and shear stress of the tooth surface under
different lubricant film thicknesses by the Reynolds equation.

Assuming a special case, when the left term of the Reynolds equation is 0, that is,
when the thickness of the lubricating oil film is lower than a critical value (a typical value
is taken as 10 nm), the pressure of the lubricating fluid is 0, and Reynolds equation can be
simplified as the following form [37]

Ue cos(θe)
∂(ρh)

∂x
+ Ue sin(θe)

∂(ρh)
∂y

= 0 (17)

The simplified Reynolds equation is solved using the finite difference method with a
first-order backward differencing format of

Ue cos(θe)
ρi,jhi,j − ρi−1,jhi−1,j

∆x
+ Ue sin(θe)

ρi,jhi,j − ρi,j−1hi,j−1

∆y
= 0 (18)

Considering the non-Newtonian properties of the lubricant, the effective dynamic
viscosity used in the Reynolds equation is expressed as

1
η∗

=
1
η

τ0

τL
sinh

(
τL
τ0

)
(19)

where η is lubricant viscosity, τ0 is a reference shear stress, and τL is the limiting shear stress.
The density of the lubricating oil also varies with the pressure, and its relationship

with the pressure is as follows:

ρ = ρ0

(
1 +

0.6× 10−9P
1 + 1.7× 10−9P

)
(20)

For the solution of the friction coefficient, the shear stress must be obtained first.
According to the Ree-Eyring rheological model [40], the shearing stress is calculated using
the following formula when the film thickness exceeds the critical value.

γ =
τ0

η
sinh

(
τ

τ0

)
(21)

where γ is the shear rate of lubricant, which is usually a constant.
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When the film thickness is below the critical value in the contact area, the asperities of
the rough surface will be in direct contact and the shear stress can be calculated as

τa(x, y) = pa(x, y)× fc (22)

where fc is boundary friction, which changes with the surface roughness.
So far, the shear stress and the mixed traction force can be written as [41]

τ =

{
τh, h > hcr
τa, 0 < h < hcr

(23)

Ff =
x

Ω

τ(x, y)dxdy (24)

According to the above theory, the friction coefficient of the contact area of the face
gear during meshing can be obtained.

µ =
Ff

Fn
=

s

Ω
τ(x, y)dxdy

s

Ω
P(x, y)dxdy

(25)

3.2. The Calculation of B1 and B2

In the face gear meshing transmission process, since the relative velocity and the
radius of curvature of each contact position are different, the normal load and the friction
coefficient are varied. The determination of the coefficient of friction is significant for the
solution of the contact temperature. Since the rotational speed in the gear transmission is
very high, a slight change in the friction coefficient also causes a large change in the contact
temperature. In this paper, the mixed elastohydrodynamic lubrication model is used to
solve for the normal load and friction coefficient in the BLOK flash temperature formula of
the strip-shaped Hertzian contact, so that the calculation of the contact temperature of the
gear at each contact point is more reasonable and accurate.

The contact temperature is affected by the thermal conductivity, density, and unit
mass of the material. Therefore, the thermal contact coefficient between the tooth surfaces
has to be taken into account. The thermal contact coefficient formula of the face gear and
pinion is [35]

Bi = (0.001λi · ρi · ci)
1/2, i = 1, 2 (26)

where Bi is the thermal contact coefficient, in N/(mm1/2·m1/2·s1/2·K); i = 1 represents the
pinion gear and i = 2 represents the face gear; λ is the heat transfer coefficient of the gear
material, in N/(s·K); ρ is the density of the gear material, in kg/m3; and c is the specific
heat per unit mass of the gear material, in J/(kg·K).

The main curvature of the tooth profile of the face gear and the pinion at the meshing
point and its corresponding main direction can be calculated from the face gear TCA.
Where k21 and k22 are the principal curvatures of the face gear, k11 and k12 are the principal
curvatures of the pinion. The angle between the main direction of the pinion and the major
axis of the contact ellipse is α; the angle between the pinion and the first main direction of
the face gear is σ. Therefore, the radii of curvature ξ1 and ξ2 of the pinion and the face gear
in the direction of the major axis of the ellipse at the meshing point can be obtained.{

ξ1 = 1
k11 cos2 α+k12 sin2 α

ξ2 = 1
k21 cos2(α+σ)+k22 sin2(α+σ)

(27)
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Since the convex surface of the pinion is in contact with the concave surface of the face
gear, the comprehensive radius of curvature ξ at the contact point is

ξ =
ξ1ξ2

ξ2 − ξ1
(28)

4. Calculation of Bulk Temperature

In many periodic physical processes, such as gear meshing, bearing rolling, and metal
cutting, a relatively stable thermal field is generated, and the heat generated will have a
certain distribution pattern in a certain area. The classical thermal model has the rectangular
thermal model proposed by JAEGER [42] and the derived triangular thermal model.

During the meshing of the gears, the contact temperature includes the flash tempera-
ture and the bulk temperature, as shown in Figure 5. Taking a pair of teeth for study, the
flash temperature only occurs during the period in which it is meshing-in and meshing-out.
The flash temperature at this time plus the body temperature is the contact temperature.
When the teeth are not engaged, the tooth surface is in contact with the air and lubricating
oil in the environment, and the surface temperature is the bulk temperature field. The face
gear is a high-speed transmission mechanism with a very short cycle. In one operating
cycle, the rate of change in the tooth surface bulk temperature is almost negligible with
respect to the rotational frequency of the gear, so the bulk temperature of the tooth surface
is a relatively stable temperature field.
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For the calculation of the tooth surface temperature, a rough approximation calculation
method is given in the BLOK theory, and its value can be calculated as [35]

θm = θoil + 0.47 · XS ·
∫ B

A θfladΓ
ΓA − ΓB

(29)

where θoil is the operating temperature of lubricating oil and XS is a coefficient defined
according to the lubrication conditions as

XS =


1.2
1.0
0.2

spray lubrication
dip lubrication

submerged condition
(30)

XS = 1.2 for spray lubrication, XS = 1.0 for dip lubrication, and XS = 0.2 for gears
submerged in oil, provided sufficient cooling.

The bulk temperature calculated by this method is a fixed value, so the body temper-
ature of the tooth surface is a rectangular temperature profile. However, the lubrication
conditions and heat dissipation conditions of the tooth surface, the tooth tip, and the root
are different during the gear meshing process. In the finite element calculation of the
tooth surface contact temperature, different convective heat transfer coefficients are usually
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given to different tooth surfaces to simulate the different cooling conditions of the tooth
surface [43]. However, in the numerical calculation of the tooth surface contact temperature,
the contact temperature of the meshing region is calculated based on TCA and LTCA, and
the influence of different cooling conditions outside the contact region and the convective
heat transfer on the temperature of the contact region is not considered. Therefore, based on
a large number of actual calculations, this paper proposes a Gaussian function optimization
of the tooth surface bulk temperature field distribution, as shown in Figure 6. During the
meshing process of a pair of teeth, since there is a large space in the tooth gap to store the
lubricating oil, the convective cooling condition at the top and the root is better than that at
the center of the tooth surface. Thus, a Gaussian distribution function is used to describe
the tooth surface body temperature with good consistency. This hypothesis was verified by
comparing the analytical approach results with the FEA results later in the paper.
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The meshing position on the contact path is controlled by the dimensionless parameter
Γ. The bulk temperature on the contact path and the surface contact temperature is
expressed as

θb = Kαθm
1√
2π

e(−
Γ2
2 ) (31)

θ = θfla + θb (32)

where θm is the surface contact temperature, θb is the bulk temperature, and Ka is the
temperature coefficient associated with gear material and lubricant parameters.

According to the above theoretical analysis, an analytical approach is established to
achieve a fast solution for the surface contact temperature of the face gear.

5. Examples and Discussion

According to the theoretical solution derivation of the surface contact temperature
of the face gear, a calculation process is programmed using a MATLAB script and a GUI
interface is created to achieve fast solutions. The input modules in the software (Face gear
tooth surface contact temperature calculation software V1.0) include the basic geometric
parameters of the gears, the working conditions, the material parameters of the face gears
and pinions, and the number of meshing points. The initial default parameters will be
given in the input module, and the user can adjust the parameters according to the actual
requirements. For example, by adjusting the basic geometric parameters of the gears, it
is possible to calculate the contact temperature not only for the conventional design of
the face gears but also for the face gears after the tooth surface has been reshaped. The
number of meshing points indicates the number of discrete points on the contact path.
The greater the number of discrete points, the more accurate the calculation result, but,
at the same time, it reduces the calculation efficiency. Through multiple calculations, it
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was found that 50 discrete points can have the best calculation efficiency with guaranteed
calculation accuracy. Therefore, the default number of discrete points is set to 50, which can
be increased if necessary to obtain a smoother calculation curve. The output modules of
the software include the contact temperature, the contact path calculated by the TCA, and
an assessment of the risk of scuffing. After entering the parameters in the input module
and clicking the “Start” button, the calculation result can be quickly obtained, as shown in
Figure 7. Integrating the face gear TCA with the contact temperature solution and forming
software can achieve a fast and efficient solution. The comparison of the computational
efficiency of the FEA and the presented approach is shown in Table 1. The results show
that the computational speed of the analytical approach is about 67 times faster than that
of FEA.
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Table 1. Computation time.

Method Time

Finite element analysis 16 min 28 s
Analytical approach 14.72 s

5.1. Calculation Example

According to the established surface contact temperature solution model, the surface
contact temperature of a typical face gear is calculated. The basic geometric parameters of
the face gear and the paired pinion are shown in Table 2. The transmission conditions are
shown in Table 3.

According to the parameters in Table 2, the face gear modeling and TCA solution are
performed, and the face gear single-tooth model and the contact path can be obtained, as
shown in Figure 8. Then, the operating conditions of the face gear are determined by the
parameters in Table 3, and the surface contact temperature of the face gear along the contact
path can be calculated, as shown in Figure 9.



Mathematics 2023, 11, 3087 13 of 22

Table 2. Geometry parameters of a typical face gear.

Factors Face Gear

Number of teeth 160
Module (mm) 6.35

Pressure angle (◦) 25
Helix angle (◦) 15
Shaft angle (◦) 100

Tooth width (mm) 75
Tooth height coefficient 1
Headspace coefficient 0.25

Table 3. Working parameters of a typical face gear pair.

Input power (kW) 1500
Pinion speed (r/min) 9000

Material of gears SA E9310steel
Ambient viscosity of lubricant (mPa·s) 15
Ambient density of lubricant (kg/m3) 870

Reference shear stress of lubricant (MPa) 0.15
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As depicted in Figure 9, the maximum surface contact temperature is 118.9 ◦C, and its
position appears near the top of the tooth. The minimum contact is 85.6 ◦C, which appears
near the pitch point of the mesh line. This is because the relative speed of the face gear and
the small wheel is relatively high when the meshing is just entered, but the relative velocity
near the pitch point tends to zero. Larger relative velocities produce greater frictional heat,
causing an instantaneous temperature rise.

5.2. Finite Element Calculation Comparison

In order to verify the correctness of the analytical model of the created surface gear
flash temperature, the same face gear geometry and transmission conditions were used to
calculate the tooth surface contact temperature in the FEA. The model of a face gear drive
with a helical pinion is shown in Figure 10. In one operating cycle of the face gear drive,
each pair of teeth performs only one meshing motion. After the operation of the face gear
is stabilized, the working cycle of each pair of teeth is very short due to the high rotational
speed, so the change in the contact temperature value on each pair of teeth is very close.
Therefore, one of the face gears is selected to calculate the surface contact temperature
when it is engaged. In the finite element calculation, a heat source intensity is added to
the face gear meshing area to simulate the energy flowing into the face gear during the
meshing process; thereby, the temperature field distribution of the face gear tooth face is
solved. The approximate heat flux on contact ellipse of face gear can be obtained as

Q(x, y) =
1
2

µ(x, y)× P(x, y)× vt(x, y) (33)

where Q is the heat flux distribution on face gear surface and vt is the relative sliding
velocity between meshing surface.

Mathematics 2023, 11, x FOR PEER REVIEW  15  of  23 
 

 

 

Figure 10. Face gear drives with a helical pinion. 

Using the FEA method to solve the distribution of the tooth surface temperature field 

requires determining the convective heat transfer coefficient between the gear faces and 

the  lubricating oil. Assume  that  the convection heat  flow of each  face  is parallel  to the 

normal of the face. Therefore, the Nusselt number of each face can be determined, and 

then  the  convective heat  transfer  coefficient of each  face  can be obtained according  to 

Equation (33) [44]. 


 i

i

Nu
H

L
  (34) 

where Hi  is the convection heat transfer coefficient, Nui is the Nusselt number, λ  is the 

thermal conductivity of fluid, and L is the characteristic length of boundary surface. 

In this paper, COMSOL Multiphysics 6.0 commercial finite element software is used 

to solve  for  the  temperature  field. Since  the  temperature variation on each  tooth  is  the 

same in the stable operating condition of the face gear drive, one face gear pair is selected 

for the presentation of the results. Heat flux is added as boundary conditions in the mesh‐

ing  area,  and  the  corresponding  convective heat  transfer  coefficient  is  set  at different 

boundary surfaces. The simulation results are shown in Figure 11. 

     

Figure 11. Tooth surface contact temperature field distribution: (a) contact temperature of the face 

gear drives; (b) contact temperature of the face gear; (c) contact temperature of the pinion. 

It can be seen from the simulation results that, in the temperature profile of the face 

gear, the high‐temperature region is concentrated in the region between the pitch line and 

the tooth tip. From the tip to the root of the tooth, the temperature first decreases and then 

increases, and it reaches a minimum surface contact temperature near the pitch line. In 

order to further explore the difference between the FEA result and the analytical approach 

Figure 10. Face gear drives with a helical pinion.

Using the FEA method to solve the distribution of the tooth surface temperature field
requires determining the convective heat transfer coefficient between the gear faces and
the lubricating oil. Assume that the convection heat flow of each face is parallel to the
normal of the face. Therefore, the Nusselt number of each face can be determined, and
then the convective heat transfer coefficient of each face can be obtained according to
Equation (33) [44].

Hi =
Nui × λ

L
(34)

where Hi is the convection heat transfer coefficient, Nui is the Nusselt number, λ is the
thermal conductivity of fluid, and L is the characteristic length of boundary surface.

In this paper, COMSOL Multiphysics 6.0 commercial finite element software is used to
solve for the temperature field. Since the temperature variation on each tooth is the same
in the stable operating condition of the face gear drive, one face gear pair is selected for
the presentation of the results. Heat flux is added as boundary conditions in the meshing
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area, and the corresponding convective heat transfer coefficient is set at different boundary
surfaces. The simulation results are shown in Figure 11.
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It can be seen from the simulation results that, in the temperature profile of the face
gear, the high-temperature region is concentrated in the region between the pitch line
and the tooth tip. From the tip to the root of the tooth, the temperature first decreases
and then increases, and it reaches a minimum surface contact temperature near the pitch
line. In order to further explore the difference between the FEA result and the analytical
approach calculation result, the temperature value on the tooth surface contact line in the
finite element calculation result is compared with the analytical approach calculation result,
as shown in Figure 12, which shows the temperature fluctuation from the crest to the root
of the contact path.
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The results of the analytical approach and the finite element calculation result show a
good consistency. The maximum surface contact temperature calculated by the analytical
approach is found to be 118.9 ◦C, the maximum temperature calculated by the FEA method
is 114 ◦C, and the error is only 4.3%. By comparing the error of other contact positions, it
can be found that the maximum temperature difference between the two calculation results
occurs at the position of Γ = −0.1; the temperature difference is 9.2 ◦C, and the error is
9.1%. Therefore, it is proved that the analytical approach proposed in this paper has better
accuracy while achieving a fast solution.
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In Section 4 of the paper, it is mentioned that it is more reasonable and accurate to
use the Gaussian distribution to describe the bulk temperature field of the gear surface.
In order to verify this hypothesis, the constant bulk temperature value is directly used in
the analytical method to calculate the tooth surface meshing temperature and compared
with the finite element calculation result, as shown in Figure 13. Compared with the results
calculated using the Gaussian distribution bulk temperature, the contact temperature curve
calculated using the constant bulk temperature has a more significant error from the finite
element calculation result. The specific performance is as follows: (1) The temperature
change from the crest to the root of the gear surface is directly reduced and then increased,
and does not show the temperature fluctuations of the finite element calculation results.
(2) In terms of numerical value, it also has a large error with the finite element calculation
result, especially in the interval from pitch point to root. At the root position, the calculation
error of the two reached 22.3%, which exceeded the error range of the engineering calcula-
tion. It can be seen that using the Gaussian function to optimize the bulk temperature is
beneficial to improve the calculation accuracy of the contact temperature.
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5.3. Effect of Geometric Parameters of the Face Gear on the Surface Contact Temperature

In the design of the face gear, different geometric parameters can construct different
tooth profiles. The difference of the geometric profile of the tooth surface will show the
difference of the coincidence degree, the relative tangential speed, and the contact area in
the face gear transmission. These differences are more pronounced when the face gear is
rotating at high speed. In order to study the influence of different geometric parameters
on the surface contact temperature of the face gear, the pressure angle, helix angle, shaft
angle and tooth width in Table 2 were separately changed to discuss their influence on the
surface contact temperature of the tooth surface, as shown in Figure 14.

The tooth surface contact temperature can be significantly reduced by increasing the
pressure angle. This is because the increase in the pressure angle can reduce the component
of the contact force in the normal direction of the tooth surface, but the increase in the
pressure angle causes a decrease in the degree of coincidence, so that the contact area of the
tooth surface becomes small. Increasing the helix angle or increasing the shaft angle can
reduce the surface contact temperature near the root region, and can also bring the lowest
surface contact temperature of the tooth surface toward the root. However, the surface
contact temperature at the top of the tooth is not sensitive to helix angle and shaft angle.
This is because helix angle and shaft angle can change the position of the contact area on
the tooth surface, but they do not change the range of the contact area. The change in tooth
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width has the least effect on the surface contact temperature because the effect of the change
in tooth width on the shape of the involute profile of the tooth surface is not significant.
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Figure 14. Influence of different geometric parameters on surface contact temperature: (a) effect of
pressure angle on temperature; (b) effect of helix angle on temperature; (c) effect of shaft angle on
temperature; (d) effect on face width on temperature.

When the helix angle of the face gear and the pinion is 90◦, that is, when the pinion
is a spur gear, the transmission mechanism formed by them becomes a face gear drive
with a spur pinion transmission mechanism as show in Figure 15, which is a special form
of the face gear transmission. As can be seen in Figure 14, in the spur gear–face gear
transmission pair, the contact temperature of the surface is greater than that of the face gear
drives with helical pinion transmission mechanisms, so further research on the face gear
drives with spur pinion transmission mechanisms is required. The helix angle in the basic
geometric parameters of the face gear and the pinion is set to 90◦ and remains unchanged,
and then the pressure angle and the shaft angle are respectively set as unique variables in
the calculation of the tooth surface contact temperature. Figure 16 is a calculation result of
the contact temperature at different pressure angles. Figure 17 is a calculation result of the
contact temperature at different shaft angles.



Mathematics 2023, 11, 3087 18 of 22

Mathematics 2023, 11, x FOR PEER REVIEW  19  of  23 
 

 

 

Figure 15. Face gear drives with a spur pinion. 

 

Figure 16. The result of the contact temperature at different pressure angles. 

In the face gear drive with a spur pinion, as with the face gear drive with a helical 

pinion, the pressure angle causes a change in the contact arc length. As the pressure angle 

decreases, the meshing area on the tooth surface increases, so the contact arc length is also 

longer. However, as the pressure angle decreases, the contact force between the tooth sur‐

faces increases, and, as a result, the tooth surface contact temperature rises as the pressure 

angle decreases. Comparing the sensitivity of the face gear drive with a spur pinion and 

the face gear drive with a helical pinion to the pressure angle, it can be found that the face 

gear drive with a spur pinion is more sensitive to changes in the pressure angle. Changing 

the same value of the pressure angle will make the change in the position of the contact 

area on the face gear drive with a spur pinion more significant, and, at the same pressure 

angle, the contact temperature of the face gear drive with a spur pinion is greater than the 

contact temperature of the face gear drive with a helical pinion. 

Figure 15. Face gear drives with a spur pinion.

Mathematics 2023, 11, x FOR PEER REVIEW  19  of  23 
 

 

 

Figure 15. Face gear drives with a spur pinion. 

 

Figure 16. The result of the contact temperature at different pressure angles. 

In the face gear drive with a spur pinion, as with the face gear drive with a helical 

pinion, the pressure angle causes a change in the contact arc length. As the pressure angle 

decreases, the meshing area on the tooth surface increases, so the contact arc length is also 

longer. However, as the pressure angle decreases, the contact force between the tooth sur‐

faces increases, and, as a result, the tooth surface contact temperature rises as the pressure 

angle decreases. Comparing the sensitivity of the face gear drive with a spur pinion and 

the face gear drive with a helical pinion to the pressure angle, it can be found that the face 

gear drive with a spur pinion is more sensitive to changes in the pressure angle. Changing 

the same value of the pressure angle will make the change in the position of the contact 

area on the face gear drive with a spur pinion more significant, and, at the same pressure 

angle, the contact temperature of the face gear drive with a spur pinion is greater than the 

contact temperature of the face gear drive with a helical pinion. 

Figure 16. The result of the contact temperature at different pressure angles.

Mathematics 2023, 11, x FOR PEER REVIEW  20  of  23 
 

 

 

Figure 17. Result of the contact temperature at different shaft angles. 

Compared with the face gear drive with a helical pinion, the change in the angle of 

the shaft in the face gear drive with a spur pinion does not affect the meshing area of the 

tooth surface, but the change in the angle of the shaft affects the contact force of the tooth 

surface, thereby affecting the contact temperature. It can be seen from the calculation re‐

sults that increasing the angle of the shaft makes the contact temperature increase, and 

this is more obvious near the top of the tooth and at the root of the face gear tooth. When 

the shaft angle is less than 90°, the contact temperature of the face gear drive with a spur 

pinion will be slightly smaller than that of the face gear drive with a helical pinion, and 

when the shaft angle is greater than 90°, the contact temperature of the face gear drive 

with a helical pinion will be slightly  larger than that of the face gear drive with a spur 

pinion. It can be seen that the reasonable geometric parameter selection has a greater effect 

on the anti‐gluing design of the face gear. 

6. Conclusions 

An analytical model is established to predict the surface contact temperature of face 

gear drives. According  to  the Blok  flash  temperature  theory,  the  instantaneous surface 

contact temperature calculation model of the face gear is established, and the Gaussian 

distribution is used to describe the bulk temperature of the tooth surface. The analytical 

model  is verified by FEA. The comparison error between  the  two calculation results  is 

within 9.1%. On the premise of ensuring the calculation accuracy, the surface contact tem‐

perature  is solved effectively and efficiently. Through  the study of the  influence of  the 

geometric parameters on the surface contact temperature, it can be found that the pressure 

angle has the greatest influence on the surface contact temperature. The helix angle and 

shaft angle have large influences on the temperature of the contact area near the root and 

can change the position of the lowest surface contact temperature at the tooth surface, and 

the tooth width has  little effect on  the surface contact temperature.  It can be seen  that, 

under certain working conditions, reasonable selection of the geometric parameters of the 

face gear can improve the anti‐scuffing bearing capacity of the face gear. 

Author Contributions: Conceptualization, J.W. and Y.Z.; methodology, Y.Z.; software, J.W.; valida‐

tion, J.T. and Y.D.; investigation, J.W.; data curation, J.T.; writing—original draft preparation, J.W.; 

writing—review and editing, Y.Z.; visualization, J.W.; supervision, Y.D.; project administration, J.T.; 

funding acquisition, Y.Z. and J.T. All authors have read and agreed to the published version of the 

manuscript. 

Figure 17. Result of the contact temperature at different shaft angles.

In the face gear drive with a spur pinion, as with the face gear drive with a helical
pinion, the pressure angle causes a change in the contact arc length. As the pressure
angle decreases, the meshing area on the tooth surface increases, so the contact arc length
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is also longer. However, as the pressure angle decreases, the contact force between the
tooth surfaces increases, and, as a result, the tooth surface contact temperature rises as
the pressure angle decreases. Comparing the sensitivity of the face gear drive with a spur
pinion and the face gear drive with a helical pinion to the pressure angle, it can be found
that the face gear drive with a spur pinion is more sensitive to changes in the pressure
angle. Changing the same value of the pressure angle will make the change in the position
of the contact area on the face gear drive with a spur pinion more significant, and, at the
same pressure angle, the contact temperature of the face gear drive with a spur pinion is
greater than the contact temperature of the face gear drive with a helical pinion.

Compared with the face gear drive with a helical pinion, the change in the angle of the
shaft in the face gear drive with a spur pinion does not affect the meshing area of the tooth
surface, but the change in the angle of the shaft affects the contact force of the tooth surface,
thereby affecting the contact temperature. It can be seen from the calculation results that
increasing the angle of the shaft makes the contact temperature increase, and this is more
obvious near the top of the tooth and at the root of the face gear tooth. When the shaft
angle is less than 90◦, the contact temperature of the face gear drive with a spur pinion
will be slightly smaller than that of the face gear drive with a helical pinion, and when
the shaft angle is greater than 90◦, the contact temperature of the face gear drive with a
helical pinion will be slightly larger than that of the face gear drive with a spur pinion. It
can be seen that the reasonable geometric parameter selection has a greater effect on the
anti-gluing design of the face gear.

6. Conclusions

An analytical model is established to predict the surface contact temperature of face
gear drives. According to the Blok flash temperature theory, the instantaneous surface
contact temperature calculation model of the face gear is established, and the Gaussian
distribution is used to describe the bulk temperature of the tooth surface. The analytical
model is verified by FEA. The comparison error between the two calculation results is
within 9.1%. On the premise of ensuring the calculation accuracy, the surface contact
temperature is solved effectively and efficiently. Through the study of the influence of the
geometric parameters on the surface contact temperature, it can be found that the pressure
angle has the greatest influence on the surface contact temperature. The helix angle and
shaft angle have large influences on the temperature of the contact area near the root and
can change the position of the lowest surface contact temperature at the tooth surface, and
the tooth width has little effect on the surface contact temperature. It can be seen that,
under certain working conditions, reasonable selection of the geometric parameters of the
face gear can improve the anti-scuffing bearing capacity of the face gear.
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Nomenclature

φ rotation angle
N tooth number
M homogenous transformation matrix
r shaper tooth surface
n normal of the shaper tooth surface
v velocity of the shaper tooth surface
d partial derivatives
H mean curvature
K Gaussian curvature
∆γm error of the shaft angle
∆E offset of the pinion
∆q axial displacement of the face gear
S coordinate system
θfla flash temperature of the contact point
µ friction coefficient
Fn normal load
vt tangential relative sliding velocity
B thermal contact coefficient
b half-width of the Hertz contact band
h0 center distance of the two contact rigid bodies
Rx radius of curvature in the direction of the minor axis of the contact ellipse
Ry radius of curvature in the direction of the major axis of the contact ellipse
V amount of elastic deformation of the contact surface
E* effective elastic modulus
ρ density
h oil film thickness between the interfaces
p pressure
η* effective viscosity of the lubricating oil
η lubricant viscosity
τ0 reference shear stress
τL limiting shear stress
τ shear stress
γ shear rate of lubricant
fc boundary friction
Ff mixed traction force
λ heat transfer coefficient
c specific heat
ξ radius of curvature
k principal curvature
α angle between the main direction of the pinion and the major axis of the contact ellipse
σ angle between the pinion and the first main direction of the face gear
θm tooth surface temperature
θoil operating temperature of lubricating oil
XS lubrication conditions coefficient
Γ contact path dimensionless parameter
θb bulk temperature
Ka temperature coefficient
Q heat flux
Hi convection heat transfer coefficients
Nui Nusselt number
L characteristic length of boundary surface
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