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Abstract: In this paper, we address Hardy–Hilbert-type inequality by virtue of constructing weight
coefficients and introducing parameters. By using the Euler–Maclaurin summation formula, Abel’s
partial summation formula, and differential mean value theorem, a new weighted Hardy–Hilbert-type
inequality containing two partial sums can be proven, which is a further generalization of an existing
result. Based on the obtained results, we provide the equivalent statements of the best possible
constant factor related to several parameters. Also, we illustrate how the inequalities obtained in the
main results can generate some new Hardy–Hilbert-type inequalities.
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1. Introduction

The famous Hardy–Hilbert inequality is as follows (see [1]):

∞

∑
m=1

∞

∑
n=1

ambn

m + n
<

π

sin(π/p)

(
∞

∑
m=1

ap
m

) 1
p
(

∞

∑
n=1

bq
n

) 1
q

(1)

where p > 1, 1
p + 1

q = 1, am, bn ≥ 0, 0 < ∑∞
m=1 ap

m < ∞ and 0 < ∑∞
n=1 bq

n < ∞, the
constant factor π

sin(π/p) being the best possible.
Krnić and Pečarić [2] provided a parameterized extension of the Hardy–Hilbert in-

equality, as follows:

∞

∑
m=1

∞

∑
n=1

ambn

(m + n)λ
< B(λ1, λ2)

[
∞

∑
m=1

mp(1−λ1)−1ap
m

] 1
p
[

∞

∑
n=1

nq(1−λ2)−1bq
n

] 1
q

(2)

where λi ∈ (0, 2] (i = 1, 2), λ1 + λ2 = λ ∈ (0, 4], the constant factor B(λ1, λ2) being the
best possible. Here, B(u, v) is the beta function, which is defined as follows:

B(u, v) :=
∫ ∞

0

xu−1

(1 + x)u+v dx (u, v > 0)

By introducing the notion of partial sums, Adiyasuren et al. [3] presented an unusual
extension of the Hardy–Hilbert inequality, as follows:

∞

∑
m=1

∞

∑
n=1

ambn

(m + n)λ
< λ1λ2B(λ1, λ2)

(
∞

∑
m=1

m−pλ1−1 Ap
m

) 1
p
(

∞

∑
n=1

n−qλ2−1Bq
n

) 1
q

(3)

where λi ∈ (0, 1] ∩ (0, λ) (i = 1, 2), λ1 + λ2 = λ ∈ (0, 2], and the constant factor
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λ1λ2B(λ1, λ2) is the best possible. The partial sums, Am := ∑m
i=1 ai and

Bn := ∑n
k=1 bk (m, n ∈ {1, 2, · · · }), satisfy Am = o(etm), Bn = o(etn) (t > 0; m, n→ ∞),

0 <
∞
∑

m=1
m−pλ1−1 Ap

m < ∞ and 0 <
∞
∑

n=1
n−qλ2−1Bq

n < ∞.

Huang, Wu and Yang [4] established an analogous version of inequality (3), which
contains one partial sum Bn and three parameters η, η1, η2.

∞
∑

m=1

∞
∑

n=1

ambn
(m+n−η)λ < Γ(λ+1)

Γ(λ) (kλ+1(λ2 + 1))
1
p (kλ+1(λ1))

1
q

×[
∞
∑

m=1
(m− η1)

p(1−λ̂1)−1ap
m]

1
p
[

∞
∑

n=1
(n− η2)

−qλ̂2−1Bq
n]

1
q
,

(4)

where 1
p + 1

q = 1, p > 1, λ ∈ (0, 2], λ1 ∈ (0, 3
2 ] ∩ (0, λ + 1), λ2 ∈ (0, 1

2 ] ∩ (0, λ),

λ̂1 := λ−λ2
p + λ1

q , λ̂2 := λ−λ2
q + λ1

p , ηi ∈ (0, 1
4 ] (i = 1, 2), η = η1 + η2, Bn := ∑n

k=1 bk,

Bn = o(et(n−η2)) (t > 0, n→ ∞) .
Liao, Wu, and Yang [5] applied a double power function to the weight coefficient and

established the following inequality containing one partial sum in the right-hand side of
the last series:

∞
∑

m=1

∞
∑

n=1

ambn

(mα+nβ)
λ < λ( 1

β kλ+1(λ2 + 1))
1
p ( 1

α kλ+1(λ1))
1
q

×[
∞
∑

m=1
mp(1−αλ̂1)−1ap

m]

1
p
[

∞
∑

n=1
nq[1−β(1+λ̂2)]−1Bq

n]

1
q
,

(5)

where 1
p + 1

q = 1, p > 1, α, β ∈ (0, 1], λ ∈ (0, 5], λ1 ∈ (0, 2
α ] ∩ (0, λ + 1), λ2 ∈ (0, 2

β − 1] ∩
(0, λ + 1),
λ̂1 := λ−λ2

p + λ1
q , λ̂2 := λ−λ2

q + λ1
p , kλ+1(λi) := B(λi, λ + 1− λi) (i = 1, 2), Bn := ∑n

k=1 bk,

Bn = o(etnβ
) (t > 0, n→ ∞) .

Following the result of [5], Gu and Yang [6] addressed the further extension of Inequal-
ity (5) by imbedding two partial sums in the right-hand side of the series, as follows:

∞
∑

m=1

∞
∑

n=1

ambn

(mα+nβ)
λ <

Γ(λ+2)
Γ(λ) ( 1

β kλ+2(λ2 + 1))
1
p ( 1
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1
q

×[
∞
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m=1
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p +
λ1
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1
p
[

∞
∑

n=1
nq[1−β(1+ λ−λ1

q +
λ2
p )]−1Bq
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1
q
,

(6)

where 1
p + 1

q = 1, p > 1, α, β ∈ (0, 1], λ ∈ (0, 4], λ1 ∈ (0, 2
α − 1] ∩ (0, λ + 1),

λ2 ∈ (0, 2
β − 1] ∩ (0, λ + 1), kλ(λi) := B(λi, λ− λi) (i = 1, 2), Am := ∑m

i=1 ai,

Bn := ∑n
k=1 bk (m, n ∈ {1, 2, · · · }), Am = o(etmα

), Bn = o(etnβ
) (t > 0, m, n→ ∞) .

Inspired by the aforementioned studies [3–6], in this article, we construct a new
weighted generalized version of Hardy–Hilbert inequality involving two partial sums,
which has a different configuration of weight coefficients compared with the above inequal-
ities (3)–(6). At the end of the paper, we show that our main finding is a generalization
of the above-mentioned results obtained by Adiyasuren et al. [3]. Moreover, based on
the obtained results, we are able to uncover the equivalent conditions of the best possible
constant factor associated with several parameters. Also, we illustrate how the inequalities
obtained in the main results can generate some new Hardy–Hilbert-type inequalities.
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2. Preliminaries and Lemmas

In this section, we present several lemmas that are necessary to prove our main results.
Below, we denote the set of conditions using (C1), which is repeated in subsequent sections.

(C1) p > 1, 1
p + 1

q = 1,λ ∈ (0, 4],α, β ∈ (0, 1],λ1 ∈ (−1, 2
α − 1] ∩ (−1, λ + 1),

λ2 ∈ (−1, 2
β − 1] ∩ (−1, λ + 1),λ̂1 := λ−λ2

p + λ1
q ,λ̂2 := λ−λ1

q + λ2
p .

am, bn ≥ 0(m, n ∈ N = {1, 2, · · · }),Am := ∑m
j=1 aj,Bn := ∑n

k=1 bk,Am = o(etmα
),

Bn = o(etnβ
) (t > 0; m, n→ ∞), 0 <

∞
∑

m=1
m−pαλ̂1−1 Ap

m < ∞, 0 <
∞
∑

n=1
n−qβλ̂2−1Bq

n < ∞.

In order to estimate the weight coefficients, we first introduce the following results
related to Euler–Maclaurin summation formula.

Lemma 1. (see [4,5,7]) (i) If (−1)i di

dti g(t) > 0, t ∈ [m, ∞)(m ∈ N) with
g(i)(∞) = 0 (i = 0, 1, 2, 3), Pi(t), Bi (i ∈ N) are the Bernoulli functions and the Bernoulli

numbers of i-order. Then:∫ ∞

m
P2q−1(t)g(t)dt = −εq

B2q

2q
g(m) (0 < εq < 1; q = 1, 2, · · · ). (7)

In particular, for q = 1, in view of B2 = 1
6 , we have:

− 1
12

g(m) <
∫ ∞

m
P1(t)g(t)dt < 0; (8)

for q = 2, in view of B4 = − 1
30 , we have:

0 <
∫ ∞

m
P3(t)g(t)dt <

1
120

g(m). (9)

(ii) If f (t)(> 0) ∈ C3[m, ∞), f (i)(∞) = 0(i = 0, 1, 2, 3), then we have the following Euler–
Maclaurin summation formula:

∞

∑
k=m

f (k) =
∫ ∞

m
f (t)dt +

1
2

f (m) +
∫ ∞

m
P1(t) f ′(t)dt, (10)

∫ ∞

m
P1(t) f ′(t)dt = − 1

12
f ′(m) +

1
6

∫ ∞

m
P3(t) f ′′′ (t)dt. (11)

Next, we establish the inequalities for weight coefficients by means of Lemma 1.

Lemma 2. For s ∈ (0, 6], s2 ∈ (0, 2
β ] ∩ (0, s), ks(s2) := B(s2, s− s2), we define the following

weight coefficient:

vs(s2, m) := mα(s−s2)
∞

∑
n=1

βnβs2−1

(mα + nβ)
s (m ∈ N) (12)

Then, we have:

0 < ks(s2)(1−O(
1

mαs2
)) < vs(s2, m) < ks(s2) (m ∈ N). (13)

where O( 1
mαs2 ) := 1

ks(s2)

∫ 1
mα

0
us2−1

(1+u)s du > 0.

Proof. For fixed m ∈ N, we define a function g(m, t) using

g(m, t) := βtβs2−1

(mα+tβ)
s (t > 0).
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Using (10), we obtain:

∞
∑

n=1
g(m, n) =

∫ ∞
1 g(m, t)dt + 1

2 g(m, 1) +
∫ ∞

1 P(t)1g′(m, t)dt

=
∫ ∞

0 g(m, t)dt− h(m),

h(m) :=
∫ 1

0 g(m, t)dt− 1
2 g(m, 1)−

∫ ∞
1 P1(t)g′(m, t)dt.

It follows from the function g(m, t) that − 1
2 g(m, 1) = −β

2(mα+1)s . Moreover, integration
by parts yields the following:

∫ 1
0 g(m, t)dt = β

∫ 1
0

tβs2−1

(mα+tβ)
s dt u=tβ

=
∫ 1

0
us2−1

(mα+u)s du

= 1
s2

∫ 1
0

dus2

(mα+u)s = 1
s2

us2

(mα+u)s |10 +
s
s2

∫ 1
0

us2

(mα+u)s+1 du

= 1
s2

1
(mα+1)s + s

s2(s2+1)

∫ 1
0

dus2+1

(mα+u)s+1

> 1
s2

1
(mα+1)s + s

s2(s2+1) [
us2+1

(mα+u)s+1 ]
1

0
+ s(s+1)

s2(s2+1)(mα+1)s+2

∫ 1
0 us2+1du

= 1
s2

1
(mα+1)s + λ

s2(s2+1)
1

(mα+1)s+1 +
s(s+1)

s2(s2+1)(s2+2)
1

(mα+1)s+2 ,

− g′(m, t) = − β(βs2−1)tβs2−2

(mα+tβ)
s + β2stβ+βs2−2

(mα+tβ)
s+1

= − β(βs2−1)tβs2−2

(mα+tβ)
s + β2s(mα+tβ−mα)tβs2−2

(mα+tβ)
s+1 = β(βs−βs2+1)tβs2−2

(mα+tβ)
s − β2smαtβs2−2

(mα+tβ)
s+1 ,

Note that, for 0 < s2 ≤ 2
β , 0 < β ≤ 1, s2 < s ≤ 6, it holds that:

(−1)i di

dti [
tβs2−2

(mα + tβ)
s ] > 0, (−1)i di

dti [
tβs2−2

(mα + tβ)
s+1 ] > 0 (i = 0, 1, 2, 3).

Hence, using (8)–(11), we acquire:

β(βs− βs2 + 1)
∫ ∞

1 P1(t) tβs2−2

(mα+tβ)
s dt > − β(βs−βs2+1)

12(mα+1)s ,

− β2mαs
∫ ∞

1 P1(t) tβs2−2

(mα+tβ)
s+1 dt

= β2mαs
12(mα+1)s+1 −

β2mαs
6

∫ ∞
1 P3(t)[ tβs2−2

(mα+tβ)
s+1 ]′′ dt

> β2mαs
12(mα+1)s+1 −

β2mαs
720 [ tβs2−2

(mα+tβ)
s+1 ]

′′
t=1

> β2(mα+1−1)s
12(mα+1)s+1 −

β2(mα+1)s
720 [ (s+1)(s+2)β2

(mα+1)s+3 + β(s+1)(5−β−2βs2)

(mα+1)s+2 + (2−βs2)(3−βs2)

(mα+1)s+1 ]

= β2s
12(mα+1)s − β2s

12(mα+1)s+1

− β2s
720 [

(s+1)(s+2)β2

(mα+1)s+2 + β(s+1)(5−β−2βs2)

(mα+1)s+1 + (2−βs2)(3−βs2)
(mα+1)s ].

Note that h(m) > 1
(mα+1)s h1 +

λ

(mα+1)s+1 h2 +
s(s+1)

(mα+1)s+2 h3, where

h1 := 1
s2
− β

2 −
β−β2s2

12 − β2s(2−βs2)(3−βs2)
720 ,

h2 := 1
s2(s2+1) −

β2

12 −
β3(s+1)(5−β−2βs2)

720 ,

and h3 := 1
s2(s2+1)(s2+2) −

β4(s+2)
720 . We find:

h1 ≥
1
s2
− β

2
− β− β2s2

12
− sβ2(2− βs2)(3− βs2)

720
=

g(s2)

720s2
,
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where we define the function g(σ)(σ ∈ (0, 2
β ]) by

g(σ) := 720− (420β + 6sβ2)σ + (60β2 + 5sβ3)σ2 − sβ4σ3.

Thus, we deduce that for β ∈ (0, 1], s ∈ (0, 6],

g′(σ) = −(420β + 6sβ2) + 2(60β2 + 5sβ3)σ− 3β4σ2

≤ −420β− 6sβ2 + 2(60β2 + 5sβ3) 2
β = (14sβ− 180)β < 0,

and then it follows that h1 ≥ g(s2)
720s2

≥ g(2/β)
720s2

= 1
6s2

> 0. We find that for s2 ∈ (0, 2
β ],

h2 >
β2

6
− β2

12
− 5(s + 1)β2

720
= (

1
12
− s + 1

140
)β2 > 0,

and h3 ≥ ( 1
24 −

s+2
720 )β3 > 0 (0 < s ≤ 6).

Hence, we have h(m) > 0. Now, setting u = m−αtβ, we obtain the following:

vs(s2, m) = mα(s−s2)
∞
∑

n=1
g(m, n) < mα(s−s2)

∫ ∞
0 g(m, t)dt

= βmα(s−s2)
∫ ∞

0
tβs2−1dt
(mα+tβ)

s =
∫ ∞

0
us2−1du
(1+u)s = B(s2, s− s2) = ks(s2).

On the other hand, using (10), we have:

∞
∑

n=1
g(m, n) =

∫ ∞
1 g(m, t)dt + 1

2 g(m, 1) +
∫ ∞

1 P1(t)g′(m, t)dt

=
∫ ∞

1 g(m, t)dt + H(m),

H(m) := 1
2 g(m, 1) +

∫ ∞
1 P1(t)g′(m, t)dt.

We obtain 1
2 g(m, 1) = β

2(mα+1)s , and

g′(m, t) = − β(βs− βs2 + 1)tβs2−2

(mα + tβ)
s +

β2smαtβs2−2

(mα + tβ)
s+1 .

For s2 ∈ (0, 2
β ] ∩ (0, s), 0 < s ≤ 6, by (7), we find

− β(βs− βs2 + 1)
∫ ∞

1 P1(t) tβs2−2

(mα+tβ)
s dt > 0, and

β2mαs
∫ ∞

1
P1(t)

tβs2−2

(mα + tβ)
s+1 dt > − β2mαs

12(mα + 1)s+1 > − β2s
12(mα + 1)s .

Hence, we obtain:

H(m) >
β

2(mα + 1)s −
β2s

12(mα + 1)s ≥
β

2(mα + 1)s −
6β

12(mα + 1)s = 0,

and then we deduce:

vs(s2, m) = mα(s−s2)
∞
∑

n=1
g(m, n) > mα(s−s2)

∫ ∞
1 g(m, t)dt

= mα(s−s2)
∫ ∞

0 g(m, t)dt−mα(s−s2)
∫ 1

0 g(m, t)dt

= ks(s2)

[
1− 1

ks(s2)

∫ 1
mα

0
us2−1

(1+u)s du
]
> 0,
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We now set O( 1
mαs2 ) =

1
ks(s2)

∫ 1
mα

0
us2−1

(1+u)s du, satisfying

0 <
∫ 1

mα

0

us2−1

(1 + u)s du <
∫ 1

mα

0
us2−1du =

1
s2mαs2

.

The two-side inequalities in (13) are derived. This proves Lemma 2. �

Next, we address an extended Hardy–Hilbert inequality, which is essential for proofing
our main results in the next section.

Lemma 3. Under the assumption (C1), we have the following Hardy–Hilbert-type inequality:

Iλ+2 :=
∞
∑

n=1

∞
∑

m=1

mα−1nβ−1

(mα+nβ)
λ+2 AmBn < ( 1

β kλ+2(λ2 + 1))
1
p ( 1

α kλ+2(λ1 + 1))
1
q

×
(

∞
∑

m=1
m−pαλ̂1−1 Ap

m

) 1
p
(

∞
∑

n=1
n−qβλ̂2−1Bq

n

) 1
q

(14)

Proof. Based on the results found using Lemma 2, and by means of the principle of
symmetry, for s1 ∈ (0, 2

α ] ∩ (0, s), s ∈ (0, 6], we can obtain the following inequalities for
another weight coefficient:

0 < ks(s1)(1−O( 1
nβs1

))< ωs(s1, n)

:= nβ(s−s1)
∞
∑

m=1

αmαs1−1

(mα+nβ)
s < ks(s1) = B(s1, s− s1)(n ∈ N),

(15)

where O( 1
nβs1

) := 1
ks(s1)

∫ 1
nβ

0
us1−1

(1+u)s du > 0.
By utilizing Hölder’s inequality [8], we obtain:

Iλ+2 =
∞
∑

n=1

∞
∑

m=1

1
(mα+nβ)

λ+2

[
mα(−λ1)/q(βnβ−1)

1/p

nβ(−λ2)/p(αmα−1)
1/q mα−1 Am

][
nβ(−λ2)/p(αmα−1)

1/q

mα(−λ1)/q(βnβ−1)
1/p nβ−1Bn

]

≤
[

∞
∑

m=1

∞
∑

n=1

βmp(α−1)

(mα+nβ)
λ+2

mα(−λ1)(p−1)nβ−1 Ap
m

nβ(−λ2)(αmα−1)
p−1

] 1
p
[

∞
∑

n=1

∞
∑

m=1

αnq(β−1)

(mα+nβ)
λ+2

nβ(−λ2)(q−1)mα−1Bq
n

mα(−λ1)(βnβ−1)
q−1

] 1
q

= ( 1
β )

1
p ( 1

α )
1
q

(
∞
∑

m=1
vλ+2(λ2 + 1, m)m−pαλ̂1−1 Ap

m

)
1
p

×
(

∞
∑

n=1
ωλ+2(λ1 + 1, n)n−qβλ̂2−1Bq

n

)
1
q .

Further, using (13) and (15) (for s = λ + 2, si = λi + 1(i = 1, 2)), together with the
assumption condition (C1), we derive the desired Inequality (14). Lemma 3 is proved. �

In the following, we prove two inequalities related to the partial sums in preparation
for establishing a Hardy–Hilbert-type inequality involving partial sums.

Lemma 4. Under the assumption (C1), for t > 0, the following inequalities hold true:

∞

∑
m=1

e−tmα
am ≤ tα

∞

∑
m=1

e−tmα
mα−1 Am, (16)

∞

∑
n=1

e−tnβ
bn ≤ tβ

∞

∑
n=1

e−tnβ
nβ−1Bn. (17)
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Proof. In view of Ame−tmα
= o(1)(m→ ∞) , applying Abel’s summation using a parts

formula provides:

∞
∑

m=1
e−tmα

am = lim
m→∞

Ame−tmα
+

∞
∑

m=1
Am

[
e−tmα − e−t(m+1)α

]
=

∞
∑

m=1
Am

[
e−tmα − e−t(m+1)α

]
.

Set g(x) = e−txα
, x ∈ [m, m + 1]. We conclude that g′(x) = −tαxα−1e−txα

, and for
α ∈ (0, 1], h(x) := xα−1e−txα

is decreasing in [m, m + 1].
By using the differential mean value theorem, we have

∞
∑

m=1
e−tmα

am = −
∞
∑

m=1
Am(g(m + 1)− g(m))

= −
∞
∑

m=1
Amg′(m + θ) = tα

∞
∑

m=1
h(m + θ)Am

≤ tα
∞
∑

m=1
h(m)Am = tα

∞
∑

m=1
mα−1e−tmα

Am (θ ∈ (0, 1)),

which leads to Inequality (16). In the same way as above, we can derive the inequality (17).
Lemma 4 is proved. �

3. Main Results

Theorem 1. Under the assumption (C1), we have the following Hardy–Hilbert-type inequality
involving two partial sums:

I :=
∞
∑

m=1

∞
∑

n=1

ambn

(mα+nβ)
λ < αβ

Γ(λ+2)
Γ(λ) ( 1

β kλ+2(λ2 + 1))
1
p ( 1

α kλ+2(λ1 + 1))
1
q

×
(

∞
∑

m=1
m−pαλ̂1−1 Ap

m

) 1
p
(

∞
∑

n=1
n−qβλ̂2−1Bq

n

) 1
q

(18)

In particular, for λ1 + λ2 = λ, we have:

0 <
∞

∑
m=1

m−pαλ1−1 Ap
m < ∞, 0 <

∞

∑
n=1

n−qβλ2−1Bq
n < ∞,

and the following inequality:

∞
∑

m=1

∞
∑

n=1

ambn

(mα+nβ)
λ < α

1
p β

1
q Γ(λ+2)

Γ(λ) B(λ1 + 1, λ2 + 1)

×
(

∞
∑

m=1
m−pαλ1−1 Ap

m

) 1
p
(

∞
∑

n=1
n−qβλ2−1Bq

n

) 1
q
.

(19)

Proof. By virtue of the expression

1

(mα + nβ)
λ
=

1
Γ(λ)

∫ ∞

0
tλ−1e−(m

α+nβ)tdt
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and using (16) and (17), it follows that

I = 1
Γ(λ)

∞
∑

m=1

∞
∑

n=1
ambn

∫ ∞
0 tλ−1e−(m

α+nβ)tdt

= 1
Γ(λ)

∫ ∞
0 tλ−1

(
∞
∑

m=1
e−mαtam

)(
∞
∑

n=1
e−nβtbn

)
dt

≤ 1
Γ(λ)

∫ ∞
0 tλ−1

(
tα

∞
∑

m=1
e−mαtmα−1 Am

)(
tβ

∞
∑

n=1
e−nβtnβ−1Bn

)
dt

= αβ
Γ(λ)

∞
∑

m=1

∞
∑

n=1
mα−1nβ−1 AmBn

∫ ∞
0 tλ+1e−(m

α+nβ)tdt

= αβ
Γ(λ+2)

Γ(λ)

∞
∑

m=1

∞
∑

n=1

mα−1nβ−1

(mα+nβ)
λ+2 AmBn.

Furthermore, by virtue of Inequality (14), we deduce Inequality (18). This proves that
Theorem 1 is complete. �

In the following theorems, we provide some equivalent statements of the best possible
constant factor related to several parameters in (18).

Theorem 2. For λ1 + λ2 = λ ∈ (0, 4], if λ1 ∈ (0, 2
α − 1] ∩ (0, λ), λ2 ∈ (0, 2

β − 1] ∩ (0, λ), then
the constant factor

αβ
Γ(λ + 2)

Γ(λ)
(

1
β

kλ+2(λ2 + 1))
1
p
(

1
α

kλ+2(λ1 + 1))
1
q

in (18) is the best possible.

Proof. We first prove that the constant factor

α
1
p β

1
q

Γ(λ + 2)
Γ(λ)

B(λ1 + 1, λ2 + 1)(= α
1
p β

1
q λ1λ2B(λ1, λ2))

in (19) is the best possible in the condition.
For any 0 < ε < min{pλ1, qλ2}, we set:

ãm := mα(λ1− ε
p )−1, b̃n := nβ(λ2− ε

q )−1
(m, n ∈ N)

Note that 0 < λ1 − ε
p ≤

2
α − 1, 0 < α(λ1 − ε

p ) ≤ 2− α < 2, according to the result
(2.2.24) described in [7], we have:

Ãm :=
m
∑

i=1
ãi =

m
∑

i=1
iα(λ1− ε

p )−1
=
∫ m

1 tα(λ1− ε
p )−1dt

+ 1
2 [m

α(λ1− ε
p )−1

+ 1] + ε0
12 [α(λ1 − ε

p )− 1][mα(λ1− ε
p )−2 − 1]

= 1
α(λ1− ε

p )
(mα(λ1− ε

p ) + c1 + O(mα(λ1− ε
p )−1

)1)

≤ mα(λ1−
ε
p )

α(λ1− ε
p )
(1 + |c1|m

−α(λ1− ε
p ) + |O(m−1)1|)(ε0 ∈ (0, 1); m ∈ N, m→ ∞).

Using the same method, for 0 < β(λ2 − ε
q ) < 2, we obtain:

B̃n :=
n

∑
k=1

b̃k ≤
nβ(λ2− ε

q )

β(λ2 − ε
q )

(1 + |c2|n−β(λ2− ε
q ) + |O2(n−1)|)(n ∈ N;n→ ∞)

ci (i = 1, 2) are constants. We deduce that Ãm = o(etmα
), B̃n = o(etnβ

) (t > 0; m, n→ ∞) .
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If there is a constant M(≤ α
1
p β

1
q Γ(λ+2)

Γ(λ) B(λ1 + 1, λ2 + 1)) such that (19) is valid when

we replace α
1
p β

1
q Γ(λ+2)

Γ(λ) B(λ1 + 1, λ2 + 1) by M, then from the particular substitution of

am = ãm, bn = b̃n, Am = Ãm and Bn = B̃n in (19), we have

< M

(
∞

∑
m=1

m−pαλ1−1 Ãp
m

) 1
p
(

∞

∑
n=1

n−qβλ2−1B̃q
n

) 1
q

(20)

For a(x)→ 0(x → ∞), we obtain:

lim
x→∞

(1 + a(x))p − 1
a(x)

= lim
x→∞

p(1 + a(x))p−1a′(x)
a′(x)

= lim
x→∞

p(1 + a(x))p−1 = p,

and then (1 + a(x))p = 1 + O(a(x))(x → ∞). So, we have:

(1 + |c1|m
−α(λ1− ε

p ) + |O1(m−1)|)p

= 1 + O(|c1|m
−α(λ1− ε

p ) + |O1(m−1)|)(m ∈ N; m→ ∞).

Thus, we acquire:

∞
∑

m=1
m−pαλ1−1 Ãp

m ≤
[

1
α(λ1− ε

p )

]p ∞
∑

m=1
m−αε−1(1 + |c1|m

−α(λ1− ε
p ) + |O(m−1)1|)

p

=

[
1

α(λ1− ε
p )

]p ∞
∑

m=1
m−αε−1[1 + O(|c1|m

−α(λ1− ε
p ) + |O(m−1)1|)]

=

[
1

α(λ1− ε
p )

]p[ ∞
∑

m=2
m−αε−1 + 1+

∞
∑

m=1
O(|c1|m

−α(λ1+
ε
q )−1

+ |O(m−αε−2)1|)
]

=

[
1

α(λ1− ε
p )

]p( ∞
∑

m=2
m−αε−1 + O1(1)

)
<

[
1

α(λ1− ε
p )

]p(∫ ∞
1 x−αε−1dx + O1(1)

)
=

[
1

α(λ1− ε
p )

]p
( 1

αε + O1(1)).

Similarly, we have:

∞

∑
n=1

n−qβλ2−1B̃q
n <

[
1

β(λ2 − ε
q )

]q

(
1
βε

+ O2(1)).

Furthermore, we obtain;

Ĩ <
M
ε

1
α(λ1 − ε

p )

1
β(λ2 − ε

q )

(
1
α
+ εO1(1)

) 1
p
(

1
β
+ εO2(1)

) 1
q
.

By virtue of (15) (for s = λ ∈ (0, 4], s1 = λ1 − ε
p ∈ (0, 2

α − 1] ∩ (0, λ)), we still have:

Ĩ =
∞
∑

n=1

∞
∑

m=1

mα(λ1−
ε
p )−1

(mα+nβ)
λ nβ(λ2− ε

q )−1
= 1

α

∞
∑

n=1
n−βε−1

[
nβ(λ2+

ε
q )

∞
∑

m=1

αmα(λ1−
ε
p )−1

(mα+nβ)
λ

]
≥ 1

α kλ(λ1 − ε
p )

∞
∑

n=1
n−βε−1

(
1−O( 1

nβ(λ1−
ε
p )
)

)
= 1

α kλ(λ1 − ε
p )

(
∞
∑

n=1
n−βε−1 −

∞
∑

n=1
O( 1

nβ(λ1+
ε
q )+1 )

)
> 1

α kλ(λ1 − ε
p )
(∫ ∞

1 y−βε−1dy−O3(1)
)

= 1
α B(λ1 − ε

p , λ2 +
ε
p )
(

1
βε −O3(1)

)
.
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From the above results, it follows that:

1
α B(λ1 − ε

p , λ2 +
ε
p )
(

1
β − εO3(1)

)
< ε Ĩ < M 1

α(λ1− ε
p )

1
β(λ2− ε

q )

(
1
α + εO1(1)

) 1
p
(

1
β + εO2(1)

) 1
q .

Setting ε→ 0+ , by means of the continuity of the beta function, we find

1
αβ

B(λ1, λ2)≤ M
1

αβλ1λ2

(
1
α

) 1
p
(

1
β

) 1
q
,

i.e.,

α
1
p β

1
q

Γ(λ + 2)
Γ(λ)

B(λ1 + 1, λ2 + 1) = α
1
p β

1
q λ1λ2B(λ1, λ2) ≤ M.

Consequently, M = α
1
p β

1
q Γ(λ+2)

Γ(λ) B(λ1 + 1, λ2 + 1) is the best possible constant factor
in (19), which implies that the constant factor in (18)

αβ
Γ(λ + 2)

Γ(λ)
(

1
β

kλ+2(λ2 + 1))
1
p
(

1
α

kλ+2(λ1 + 1))
1
q

is the best possible. This proves Theorem 2. �

Theorem 3. If the constant factor in (18)

(
1
β

kλ+2(λ2 + 1))
1
p
(

1
α

kλ+2(λ1 + 1))
1
q

is the best possible, then for

λ− λ1 − λ2 ≤ min
{

p(
2
α
− 1− λ1), q(

2
β
− 1− λ2)

}
we have λ1 + λ2 = λ.

Proof. For λ̂1 = λ−λ2
p + λ1

q = λ−λ1−λ2
p + λ1, λ̂2 = λ−λ1

q + λ2
p = λ−λ1−λ2

q + λ2, we
observe that

λ̂1 + λ̂2 = λ, and 0 < λ̂1, λ̂2 < λ
p + λ

q = λ.

Now, for λ − λ1 − λ2 ≤ p( 2
α − 1 − λ1), we have λ̂1 ≤ 2

α − 1; for λ − λ1 − λ2 ≤
q( 2

β − 1− λ2), we have λ̂2 ≤ 2
β − 1.

Substitution of λi = λ̂i (i = 1, 2) in (19), we still have:

∞
∑

m=1

∞
∑

n=1

ambn

(mα+nβ)
λ < α

1
p β

1
q Γ(λ+2)

Γ(λ) B(λ̂1 + 1, λ̂2 + 1)

×
(

∞
∑

m=1
m−pαλ̂1−1 Ap

m

) 1
p
(

∞
∑

n=1
n−qβλ̂2−1Bq

n

) 1
q
.

(21)
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By applying Hölder’s inequality [8], we deduce that:

B(λ̂1 + 1, λ̂2 + 1) = kλ+2(
λ−λ2

p + λ1
q + 1)

=
∫ ∞

0
1

(1+u)λ+2 u
λ−λ2

p +
λ1
q du =

∫ ∞
0

1
(1+u)λ+2

(
u

λ−λ2
p

)(
u

λ1
q

)
du

≥
[∫ ∞

0
1

(1+u)λ+2 uλ−λ2 du
] 1

p
[∫ ∞

0
1

(1+u)λ+2 uλ1 du
] 1

q

=

[∫ ∞
0

1
(1+v)λ+2 vλ2 dv

] 1
p
[∫ ∞

0
1

(1+u)λ+2 uλ1 du
] 1

q

= (kλ+2(λ2 + 1))
1
p (kλ+2(λ1 + 1))

1
q .

(22)

If the constant factor αβ
Γ(λ+2)

Γ(λ) ( 1
β kλ+2(λ2 + 1))

1
p ( 1

α kλ+2(λ1 + 1))
1
q in (18) is the best

possible, then, by comparison with the constant factors in (18) and (21), we have the
following inequality:

αβ
Γ(λ+2)

Γ(λ) ( 1
β kλ+2(λ2 + 1))

1
p ( 1

α kλ+2(λ1 + 1))
1
q

≤ α
1
p β

1
q Γ(λ+2)

Γ(λ) B(λ̂1 + 1, λ̂2 + 1)

it follows that:

B(λ̂1 + 1, λ̂2 + 1) ≥(kλ+2(λ2 + 1))
1
p (kλ+2(λ1 + 1))

1
q (23)

Hence, with the aid of (22), we obtain:

B(λ̂1 + 1, λ̂2 + 1) =(kλ+2(λ2 + 1))
1
p (kλ+2(λ1 + 1))

1
q

and (22) takes the form of equality.
We observe that the equality holds in (22) if and only if there exist constants A and B,

such that they are not both zero satisfying (see [8]): Auλ−λ2 = Buλ1 a.e. in R+. Without loss
of generality, let A 6= 0, one has uλ−λ2−λ1 = B

A a.e. in R+, that is λ− λ2 − λ1 = 0. Hence,
λ1 + λ2 = λ. The proof of Theorem 3 is complete. �

Remark 1. Putting α = β = 1 in Inequality (19) with an application of the identity:

Γ(λ + 2)
Γ(λ)

B(λ1 + 1, λ2 + 1) = λ1λ2B(λ1, λ2)

we obtain Inequality (3). Hence, Inequalities (18) and (19) are generalizations of Inequality (3)
obtained by Adiyasuren et al. in an earlier paper [3].

Remark 2. As a direct application of the main result in Theorem 1, we can derive more Hardy–
Hilbert-type inequalities from special cases of the parameters.

(i) Choosing α = β = 1
2 , λi ∈ (0, 3] ∩ (0, λ)(i = 1, 2) in (19), we obtain

∞
∑

m=1

∞
∑

n=1

ambn

(
√

m+
√

n)λ <
λ1λ2

2 B(λ1, λ2)

×
(

∞
∑

m=1
m−

pλ1
2 −1 Ap

m

) 1
p
(

∞
∑

n=1
n−

qλ2
2 −1Bq

n

) 1
q
.

(24)

(ii) Choosing α = β = 1
3 λi ∈ (0, 4] ∩ (0, λ)(i = 1, 2) in (19), we obtain:
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∞
∑

m=1

∞
∑

n=1

ambn

( 3√m+ 3√n)λ <
λ1λ2

3 B(λ1, λ2)

×
(

∞
∑

m=1
m−

pλ1
3 −1 Ap

m

) 1
p
(

∞
∑

n=1
n−

qλ2
3 −1Bq

n

) 1
q
.

(25)

(iii) Taking α = β = λ = 1, λ1 = 1
q , λ2 = 1

p in (19), we obtain:

∞

∑
m=1

∞

∑
n=1

ambn

m + n

(
∞

∑
m=1

m−p Ap
m

) 1
p
(

∞

∑
n=1

n−qBq
n

) 1
q

. (26)

(iv) Taking α = β = λ = 1, λ1 = 1
p , λ2 = 1

q in (19), we obtain:

∞

∑
m=1

∞

∑
n=1

ambn

m + n
<

π

pq sin(π
p )

(
∞

∑
m=1

m−2 Ap
m

) 1
p
(

∞

∑
n=1

n−2Bq
n

) 1
q

. (27)

(v) Taking p = q = 2 in Inequalities (26) and (27) provides:

∞

∑
m=1

∞

∑
n=1

ambn

m + n
<

π

4

(
∞

∑
m=1

m−2 A2
m

∞

∑
n=1

n−2Bq
n

) 1
2

. (28)

It is worth noting that the constant factors in the above inequalities are the best possible.

4. Conclusions

In this study, by using the idea of constructing weight coefficients and introducing
parameters, we establish a new weighted generalization of a Hardy–Hilbert-type inequality
involving two partial sums. Our main result is stated in Theorem 1. In order to illustrate
the innovation of the current results, in Remark 1, we show that Inequalities (18) and (19)
asserted by Theorem 1 are generalizations of the results presented by Adiyasuren et al. [3].
In Theorem 2 and Theorem 3, we propose and prove two results on equivalent statements
of the best possible constant factor related to several parameters, which reveals the essential
characteristics of this type of Hardy–Hilbert inequality. In Remark 2, we show some
applications of the main results in establishing new inequalities. With regards to the future
orientation of research, we notice that more and more researchers have paid attention to
the extension of classical inequalities via fractional calculus in recent years [9–12]. We hope
that the present results and some existing results about Hardy–Hilbert-type inequalities
can be extended to the case of fractional calculus.
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