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Abstract: In this manuscript, we give sufficient conditions for a sequence to be Cauchy in the context
of controlled fuzzy metric space. Furthermore, we generalize the concept of Banach’s contraction
principle by utilizing several new contraction conditions and prove several fixed point results.
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Keywords: fixed point theorems; fuzzy metric space (FMS); contraction principles; Green’s function;
differential equation

MSC: 47H10; 54H25

1. Introduction and Preliminaries

The existence of a unique fixed point for self-mappings under suitable contraction
conditions over complete metric spaces is guaranteed by Banach’s fixed point theory (also
known as “the contraction mapping theorem”), one of the most significant sources of
existence and uniqueness theorems in numerous areas of analysis. New extensions and
generalizations of fixed point results are important because they increase our understanding
of mathematical systems, enable the solution of specific problems, extend current theorems,
and lead to the development of new theories and applications. They are an important
aspect of mathematical study and have far-reaching ramifications in a variety of fields.

The fuzzy logic was established by Zadeh [1]. Unlike the theory of traditional logic,
some numbers are not contained within the set and fuzzy logic afflation of the numbers in
the set defines an element within the interval [0, 1]. Uncertainty, the necessary section of real
difficulty, has helped Zadeh to learn theories of fuzzy sets to bear the difficulty of indefinity.
The theory is seen as a fixed point (FP) in the fuzzy metric space (FMS) for various processes,
one of them utilizing a fuzzy logic (FL). Later on, following Zadeh’s outcomes, Heilpern [2]
established the fuzzy mapping (FM) notion and a theorem on an FP for fuzzy contraction
mapping in linear MS, expressing a fuzzy general form of Banach’s contraction theory. In
the definition of FMSs provided by Kaleva and Saikkala [3], the imprecision is introduced
if the distance between the elements is not a precise integer. After the first by Kramosil
and Michalek [4] and further work by George and Veeramani [5], the notation of an FMS
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was introduced. Branga and Olaru [6] proved several fixed point results for self-mappings
by utilizing generalized contractive conditions in the context of altered metric spaces.
Al-Khaleel et al. [7] used cyclic contractive mappings of Kannan and Chatterjea type in
generalized metric spaces. Czerwik [8] found the solution of the well-known Banach'’s fixed
point theorem in the context of b-metric spaces (b-MS). Mlaiki [9] defined controlled MS as
a generalization of b-MS by utilizing a control function « : E x E — [1,+00) of the other
side of the b-triangular inequality. The relation between b-MS and FMS has been discussed
by Hassanzadeh and Sedghi [10]. Li et al. [11] used Kaleva—Seikkala’s type FbMSs and
proved several fixed point results by using contraction mappings. Furthermore, Sedghi
and Shobe [12,13] proved various common fixed point theorems for R-weakly commuting
maps in the framework of FbMSs.

Sezen [14] introduced a controlled Fuzzy metric space (CEMS) as a generalization of
FMS and FbMS by applying a control function & : £ x E — [1, o0) in a triangular inequality
of the form:

M(b,w,t+s) > M(b,z, t) —|—M<z,w, S) forallb,w,z € Zands,t > 0.
a(b,z) a(z, w)

If we take a(b,z) = (z,w) = 1 then it is an FMS and for a(b,z) = (z, w) > s with
s > 1itis then an FbMS.

Ishtiaq et al. [15] established the theory of double-controlled intuitionistic fuzzy metric-
like spaces by “considering the case where the self-distance is not zero”; if the metric’s value
is 0, afterward, it must be a self-distance and also an established FP theorem for contraction
mappings. See [16] for triangular norm (TN), continuous triangular norm (CTN) [17], and
TN of H-type [18,19]. In [20,21], authors worked on CFMSs by utilizing orthogonality
and pentagonal CFMSs and proved several fixed point results for contraction mappings.
Raki¢ [22] proved a fuzzy version of Banach’s fixed point theorem by using Ciric-quasi-
contraction in the context of FbMSs. Mehmood et al. [23] introduced the concept of extended
fuzzy b-metric spaces and generalized the Banach contraction principle. Younis et al. [24]
proved several fixed point results in the context of dislocated b-metric spaces and solved
the turning circuit problem.

In this article,

we prove that a sequence must be Cauchy in the CEMS under some conditions;

we prove a fixed point result by using Ciric-quasi-contraction and generalize the
Banach contraction principle by utilizing several new contraction conditions;

we provide several non-trivial examples to show the validity of the main results;

we discuss an application concerning the transformation of solar energy to electric power.

Now, we provide several definitions and results that are helpful to understand the
main section.

Definition 1 ([16]). A binary operation I : [0, 1] x [0, 1] — [0, 1] is a CTN if it verifies the
below conditions:

(C1) I is commutative and associative,

(C2) I is continuous,

(C3) I'(5,1) = xforall s € [0, 1],

(C4) I'(5,p) < I'(c,d)for »,p,c,d € [0, 1] such that > < cand p < d.

Examples of CTN are Ty(a, b) = a.b, Trin(a,b) = min {a, b}, and Ty (a, b) = max{a +b —1,0}.

Definition 2 ([18]). Suppose that I' is a TN and suppose that I'r:[0,1] = [0,1], T € N,
express the process given below:

I1(b) = I'(b,b), Ty41(b) = I(Ie(b),b), T€N,b e [0,1].
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Then, TN I is H-type if the family {I(b)} .oy is equicontinuous at b = 1.

A TN of H-type is I1nin and see [18] for examples.

Each t-norm can be generalized in a different way to an n-ary process via associativity (see [17]),
taking (by, ..., by) € [0]" for the values

Libi = by, TLyb = T(TLyby, be) = Dby, .. be).

Example 1 ([19]). An n-ary generalization of the TN I;,, 11, , and I'p are:

Fmin(bll ...,bT) :min(bl, ...,bT),

T
Ti(by, ...,br) = max (Zbi (- 1),0) ,
i—1
(b, ..., Hb

A TN T (see [17]) can be extended to a countable mﬁnzte opemtion, for any sequence considering
(br)repy from [0, 1] the value

' = limIL,b.
i=1 e i=1"1

The sequence (I, ) .y is non-increasing and bounded below and so the limit ', b; exists.
In the FP theory (see [18,19]), it might be interesting to look at the category of TN I and sequence
(br) in the range [0, 1] such that Tlgl(}o by =1and

Tlgr.}ol—;o:olbi = llggoﬂo:o1br+i =1 1)

Proposition 1 ([18]). Suppose (br) .y is a series of numbers with the range [0, 1] such that
lim by = 1 and assume I" to bea TN ofH type. Then, hm 2 by =1

T—00
Throughout this study, we utilize 5 = 5 X

g

Definition 3 ([5]). A 3-tuple (E, M, I') is known as an FMS if E is a random (nonempty) set, I’
isa CTN, and M is an FS on E? x (0, c0) and satisfies the following conditions for all b, w,z € E,
and t,s > 0:

(fm1) M(b,w,t) >0,

(fm2) M(b, w,t) =1iff b = w,

(fm3) M(b, w, t) = M(w, b, t),

(fm4) I (M (b, w, t), M(w,z,s)) < M(b,z,t+s),
(fm5) M(b, w, ) (0,00) — [0,1] is continuous.

Definition 4 ([12]). A 3-tuple (2, M, I") is called an FbMS if B is a random (non-empty) set, I
isa CTN, and M is an FS on 5% x (0, c0) and satisfies the following conditions for all b, w,z €
H, t,s > 0,and p > 1 as a real number:

(b1) M(b, w,t) >0,

(b2) M(b,w,t) =1iff b= w,

(b3) M(b, w,t) = M(w, b, t),

(b4) I'(M(b, w, t), M(w,z,s)) < M(b,z,p(t+5)),

(b5) M(b,w,.) : (0,00) — [0,1] is continuous.

Raki¢ [22] proved the following fixed point theorem by using Ciric-quasi-contraction in the context
of FbMSs.
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Theorem 1 ([22]). Suppose that (Z, M, Iyin) is a complete FbMS, assume that f : & — E. If for
some N € (0,1), such that

M,
fw,w,

W, ), M (fb,b, zi)z } bweE,t>0.

) b
Mg g ) zmind e e e

(b
R
Then, f hasa UFP in 5.

Lemma 1 ([12,13]). Let M (b, w,.) be an FbMS. Then, M(b, w, t) is b-non-decreasing with respect
tot forallb,w € 5.

Definition 5 ([23]). Let = be a non-empty set, & : & x 5 — [1,00), I isa CTN, and M, is an
FSon 5% x [0,00) and satisﬁes the following conditions for all b,w,z € 2, s,and t > O:
(EMy1)My (b, w,0) =

(EMy2)My (b, w, )—lzﬁ‘b—w

(EMa3)My (b, w, ) = My(w, b, t),

(EMa4) My (b, z,a(b,z)(t+5)) > T'(Mx(b, w, ), My(w, z,5)),

(EMu4) M(b, w,.) : (0,00) — [0,1] is left continuous.

Then, the triple (£, My, I') is said to be an extended fuzzy b-metric space and M, is said to be
controlled FM on 5

Theorem 2 ([23]). Suppose that (E,M,I') is a complete CFMS with a: E x E — [1,00),
assume that

lim M, (b, w, t) =1,

t—ro0

forallb,w € E.If f:E — E satisfies the following for some ¥ € (0,1), such that

t
M, (fb, fw,t) ZMa<b,w,N), forallb,w € Z,t > 0.

Also, suppose that for arbitrary by € = and n,q € N, we have

where by, = f"bg. Then, f has a UFP in E.

Defmltlon 6 ([14]). Let E be a non-empty set, a : E x E — [1,00), I' isa CTN, and M is an
FS on 52 x [0, 00) and satisfies the following condltzons forallb,w,z€ 5, s, andt > 0:
(FMa1)My (b, w,0) =0,

(FMp2)My (b, w, t) = 1iff b= w,

(FMu3)My (b, w, t) = Ma(w, b, t),

(EMu4) My (b, z, t +5) >F(Ma (b w, a(bw)) M,X(w,z,m)),

(FMa4) M(b, w,.) : (0,00) — [0,1] is left continuous.

Then, the triple (E, My, I') is said to be a CEMS and M, is said to be a controlled FM on E.
Sezen [14] proved the following Banach contraction principle in the context of CFMS.

Theorem 3 ([14]). Suppose that (E,M,T’) is a complete CFMS with «:E x & — [1,00),
assume that
limMa(b, w, ) =1,

forallb,w € E.If f: 5 — E satisfies the following for some X € (0,1), such that

My (fb, fw, t) > My <b,w,§>, forallb,w € E,t > 0.
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Also, suppose that for all b € =, we obtain ligrl My (by, w) and ILI’H My (w, by) which exist and
n (e} n [ee]
are finite. Then, f has a UFP in E.

Definition 7 ([14]). Suppose M (b, w, t) is a CEMS. For t > 0, the open ball B(b, 1, t) with center
b € Eand radius 0 < I < 1 is express as a sequence {b}:

(a) G-Convergent to b if M(br,b,t) — 1 as T — oo or for every t > 0. We write Tlgn br =1b;

() is said to be Cauchy sequence (CS) if for all 0 < € < 1and t > 0 they exist satisfying 1p € N
such that

M(bz, by, t) > 1—¢ forall T,m > 1.

(c) The CFMS (E, M, I') is a G-complete if every CS is convergent in =.

2. Main Results

In this part, we discuss several new results in the context of CFMSs.

Lemma 2. Suppose {b:} is a sequence in a CFMS (E, My, I'). Let X € (0,1) exist such that

M(be, br 1, £) > M(bf_l,br, ;) TENE>0, )
and by, by € E,and v € (0,1) exist such that
IimM(b,w,t) =1, t > 0. 3)

t—o0
Then, {b-} is a CS.
Proof. Suppose » € (X,1) and the total Y%, 5 is convergent, Tp € N exists such that

Y2, % < 1forevery T > 9. Let T > m > Ty. Since M, is b-non-decreasing, by (FM,4),
for every t > 0, one can obtain

Z'_H—m—l %i
M“(b—r' bT+m’ t) 2 MD( (bT/ bT+H1/ N(IT> 7

hTr bT+m)
T+m—-1 .
. Yy i
tx i=7+1
=) Mlx (br’ bT+1, a(br, bry1)a(be, brim) )' Ma bTJrl’ bT+m’ a(brs1, brgm)a(br, brym)

"
M(x (bT/ bT+1’ a(be, byyr)a(br, brim) )’

£ T+ )
2 F Mlx (bT+1’ bT+2, ‘X(b‘r-H/ h'r+2)”‘(hr+1/ bT+m)“(bT/ hT+m) ’
I
Ma (bTJrz, bT+m’ “(b7+2/br+m)“(br+lz h‘r+m)l’<(br, br+m)
tx"
Mtx (b"{/ br+11 a(br, be1)a(be, brim) )r
f3THL )
Ma (bTJrl' brsa, a(bei1, beg2)a(bey1, brgm)a(be, brym) )’
t%'r+2 )
Ma <bT+2, bT+3, ‘X(br+2/h7+3)“(b7+2/ h‘r+nz)“(br+1/ bT+m)lX(hT/ br+m) ’
M (b b £ TH3 )
Z I * T3 Tt a(bT+3be+4)“(bT+2/bT+3)a(bT+2r bT+m)‘X(hT+1/ bT+nl)“(b1/ h'r+m) ’
+m—2
Mo besm—2,brim Zahil——
o\ Yr4+m—-2,Y14+m—1, 2(brsm2, bT+nz—1)H;(=+;" th(b,», berm) )’

t _'r+m7]
Ma <b1+mlr br+mr — )

Hfj;nil a(bj, brim)
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From inequality (2), we deduce

t
MIX(bT/ bT+1rt) 2 MlX (bOI bl/ NT)/ TE Nrt > 01

and since T > mand a: E x E — [1,400), one can obtain

t T
My (bof O y bw,)w)'
Ma(bo, by, e

a(bry1, bri2)a(brya, brm)a(br, brim)RTHL )7

MD( (bT/ bT+1’I’I/ t) 2 r : ’
M(X (bO/ bl/ bt ) ’

‘X(br+nz—2r bT+mfl)H;‘r:+-(nFZ ‘X(bir b'(+m)NT+m71
T+m—1
My | by, b b
o« 0,Y1, H}-:‘:n—la(bi’ b7+m)N-r+m71

as T — +oo0 and by utilizing (3), we obtain

>r,1,--,1) =1
Hence, {b;}isaCS.O

Corollary 1. Suppose {b.} is a sequence in CFMS (E, My, I') and I is H-type. If X € (0,1)
exists such that

er(b’n bT+1, i’) > M, (le, be, t), TeN,t>0, (4)

N
Then, {b-} is a CS.

Lemma 3. If for b, w € E, and some X € (0,1),

t
M(b,w,t) > M, (b, w,N>, t>0, 5)

Then, b = w.

Proof. An inequality (5) implies that
t
M(X(b,w, t) 2 Ma(b,w, NT)I TE N,t > 0.

Now

t
My(b,w, t) > TIEIJQM“ <b,w, ) =1,t>0,

NT
and by (FM,?2), it is easy to see that b = w. U

Theorem 4. Suppose that (£, M,T') is a complete CFMS and suppose that f:Z — Z. Let
them exist® € (0, 1) such that

Ma (br w, é)r M(X (b/fwr %)IM(X (fb/ w, %)r
My (b,fW, &) +M. (fb,w, &)
2

My (fb, fw, ) > max ’ ,bbweE t>0,
My (b,fW, &) Ma(fb,0,%)
1+ Mq (b, &)

(6)

and b, w € E such that

lim My (b,w,t) =1, t > 0. (7)
t—o0
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Then, f has a UFP in E.

Proof. Suppose by € = and b1 = fbr, T € N. Consider b = b; and w = b;_1 in (6), then
one can obtain

Ma(br, brya, 1) = My (fb'rflffbl" t)
M“(bﬂfill bT’ é)’F(M”‘ (bT*l’ bT’ %)’M‘X(b'f/ bT+1/ é))/

£ t
M:x(b-[-, be, %) Ma(be 1, by, N2)+Ma(b7, b, N),

sz(b-r—l/ bri1, %)'M“(b'ﬁ br, %)
14+My (be_1, br, &)

> max

> maX{MD( (bT—l/ bT/ é)l M, (bTr bT+]r %) }

If

t
Mtk(bT/ bT+1/t) Z M(X (bT/ bT+lr N)/ TE Nrt > 0/

then by Lemma 3 such that b = b1, T € N, we have

t
Ma(bT/bT+1/t) Z Mtx (lerbT/ >/T S I\I/t > 0/

N

and by Lemma 2 it obeys that {b.} is a CS. Since, (Z, M, I') is complete, b € = exist such
that lim by = b and
T—00
lim My (b, be,t) =1, t > 0. ®)

T—r00

By utilizing (6) and (FM,4) it easy to see that b is a FP for f. Suppose s € (X,1) and
2y = 1 — 311 by (6), one can obtain

Ma(fb,b, £) = T (Mo (fb, fbr_y, ity ) Ma(bes b zariys )
M (b be1, gy ) M (b b g )

tir ti
r (M”‘ <f b,b, (2)%a( fb,b),lx( fb,br)R > » Ma (b’ br1, (Z)Za(h,bf,ll)oc( fb,be)R > )

N S
MIX <fb/ b; (Z)Za(fb,b)ﬂl(fb/b‘r)N ) ’
M, (h'bT'Za(ft;#)bJ +r

tic
max M, (b, br—l/ (z)za(b,hT1l)a(fh,bT)N) ,

7 2 7

tor
M (f b ot )

tor
M, (b/ b1, (z)za(h,b111)“(fb'b7m)

t
14 M, (b,bT_l,izA(fb/bT)N )

Mq(be, b,

g
Ma (bbe, sygiibys ) T
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for allt > 0. By (8) and as T — oo, we obtain
1,1,

o
F(Moc (fbfb'(z)%co%)}xwmr)’l

M, ( fbb,; Loy

L @2a(fob)a(foboR )’
>T max 1 , .
7 2 ,
tr;
LT Mtx(fb,b/ W’W)’
1
1+1
1

Suppose that b and w are two different FP for f. Then, by applying (6), one can obtainn
My(b, w, t) = My (fb, fw, )
MIX (b/ w, %)/ MIX (b/fwr é)/MlX (fb/ w, %)

M (b,fw, & )+Ma (fb,W, &)
7 2 7

> max
Ma (b,fW, 5 ) M (fb,0,5)
14+Ma (b,w, )

MIX (b/ w, %)/ MIX (b/ w, é)/ MD( (b/ w, {{)

M, (b, &) +Mq(bw, &)
= max ’ 2 ¢ =M(bw, &), t>0,
M, (b,w, &) -Ma(bw, &)
1+ M, (bW, )

and by Lemma 3, it is easy to see that b = w. [
Remark 1. If we take

Mlx(b/ (U, é)/ M(X(b/fwr %)erx(fb/ (,U, %)/

M (b,fw, & )+Me(fb,w, &) ¢
max 2 ’ = M, <b, w, > ,
My (b,fw, &) My (fb,w0,%) R
1+M, (bW, §)

in the above theorem we then obtain a fuzzy version of the Banach contraction principle in [14].

(o2
Example 2. Let & = {0,1,3}, My(b, w,t) = e_(b . ,and I' = I},. Then, (E,M,T') is a
complete CFMS with a(b, w) = b+ w + 1. Define the function f:Z — Z such that f(0) =
f(1) =1and f(3) = 0. Observe that if b = w or w € {0,1}, then My (fb, fw,t) =1land t >0

and the condition (6) is fulfilled. Suppose b = 1 and w = 3. Then, X € (%, %) and we obtain

1 4 1 4
_1 _4 1 4 e Nte N e Ne N

My (fb, fw,t) =e 7 > maxg e N, e N, e N, , ¢
2 14e W

Now, suppose b = 1 and w = 3, then, choosing R from (%, %), we deduce

=

M, (fb, fw,t) =e”

S

1 4 1 4
_4 1 _4 e N+te N g Ne N

> maxqe X, e N, e N, > , .
14e
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Similarly, if b = 3 and w = 1as well as b = 3 and w = 1, we establish that for X € (%, %),

condition (6) is fulfilled for all b,w € Z, and t > 0. Hence, all the conditions of Theorem 4 are
satisfied with a UFP b = 1.

Corollary 2. Supposing that (2, M, I') is a complete CFMS with a : Z x E — [1,00), assume that

lim M, (b, w, t) =1,

t—o0

Forallb,w € E.If f:E — E satisfies the following, for some X € (0,1), such that

My (fb, fw, t) > My <b,w,§), forallb,w € &, > 0.

Then, f hasa UFP in 5.

Example 3. £ = AUB, where A =1[0,1], B=N\{1},and M, :E x E x (0,00) — [0,1], is
defined by

lifb=w

L ifbcBandw € A
t

H%ifbeAandweB
7

MIX (b, w, t) —

otherwise.

t
t+max{b,W}

Then, (2, M,T') is CFMS with I'(b, w) = b-w and a controlled function a: E x E — [0,00)
defined by

lifb=w
max{b, w} otherwise.

a(b,w) = {

It is easy to see that all the conditions of Corollary 2 are satisfied.
Consider the triangular inequality (EMy4) of fuzzy extended b-metric space defined in Definition 5 as

My(b,z,a(b,z)(t +5)) > I'(Ma(b, w, t), My(w, z,5)).
Letb,z € A,and w € B, the, n a(b,z) = 1. Assumet =s =2, b = %, z =1,and w = 40.

We have
1
Fts+ maxg >F< t s )
1 - 17 1 .
t+5+m t‘|‘w S+w

We obtain 0.8 > 0.975 which is a contradiction. Hence, My is not an extended fuzzy b-metric space.
Now, consider the triangular inequality (b4) of FbMS defined in Definition 4 as

My(b,z,p(t+5)) > I'(Mu(b,w, t), My(w,z,5)).

We obtain
p(s+1t)+

1
max{b,z} >F< S )
p(S'f't)"‘m_ t+% S"‘%

For p € [1,9], the above inequality not satisfied.
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Theorem 5. Supposing that (E, My, I') is complete CFMS assuming that f: 2 — E, then
N € (0,1) exists

Mtx(fb/fwr t) Z mln{MLX (b/ w, zi)/ MIX (fb/ br ;)r Mtlc (fw/ w, ;) } (9)
forallb,w € E, t > 0 such that
TlglgoM,x(b, w,t)=1 (10)
forall t > 0. Then, f hasa UFP in &.

Proof. Suppose by € E, br1 = fbr, and T € N from (9) with b = b and w = b;_1, for
every T € Nand t > 0, one can obtain

Mﬂé(bT+1/ bT/ t) 2 min{MlX (bT/ b‘[‘—ll é)/ MD( (bT+1/ bT/ %)/ MIX (le bT—l/ %) }
> min{sz (bT/ by, é)/ M, (b’r+1r b, %) }
If

t
Mtx(b'[+l/ bT/t) 2 Muc (bT+1/ bT/ N>/ TE N/ t>0.

Then, Lemma 3 implies that by = b1, T € N, such that
t
MDC(bT+1/ le t) 2 Mﬂ( (le bT—lr N)/ TE N! t>0.

Moreover, by Lemma 2 {b.} is a CS. Hence, b € E exists such that Tlgl(}o b = band

Hm M, (b, be,t) =1, t > 0. (11)

T—r00

Now, we show that b is an FP for f. Letting s; € (N,1) and s = 1 — 3¢ by (9), one
can obtain

Mq(fb,b,t) = F<Ma(fb be’afbfb )) M“(b”l’be’W))

Me (b, be, iy ) M (b 15, w5y ) t
> TI' | min Ma(bmbfﬂ,#) ,Ma<br+1,b/m) ,

ber IR
taking T — oo and utilizing (1), we deduce
Ma(fb,b,t) > r(mm{1 M,x(b 1o, i ) 1})
= T (Ma (b, fb, s ) 1) = Ma(b, b, 1), £> 0,

where v = “(b;{bm € (0,1), we have
1

My (fb,b ) > M, (fb,b,;), £>0,

and by Lemma 3, we have fb = b. Suppose that b and w are to different FP for f, thatis,
fb="band fw = w. By (9), we deduce

M, (fb, fw,t) > min{M, (b, w,
= min{M, (b, w,

) Ma (b, £b, ), Ma (@, fa, 5) }
) L1} = Mu(b, w, ) = Ma(fb, fo, §)

Zl~ Z|~
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for t >, and by utilizing the Lemma 3, we have fb = fw, which gives b = w.

Remark 2. If we take

. t t t t
mln{MLX (b/wr N)/ Muc (fb/br N)/ MIX <fw,(U, N)} = M(X (brw/ N)r

in the above theorem then we obtain a fuzzy version of the Banach contraction principle in [14].

(b—W)?2

Example 4. Suppose & = (0, 2), My(b,w,t) = et ,and I' = I}, Then, (E,M,T') isa
complete CFMS with a(b, w) = b+ w + 2. Let

_J2—-b,be(0,1),
fb) = { 1, be1,2).

part 1: If b,w € [1,2), then My(fb, fw,t) =1, t > 0and (9) are trivially verified.
part 2:If b € [1,2) and w € (0,1), such that X € (%, %), one can obtain

(1-W)? AR(1-W

2
My (fb, fw,t) =e” T  >e 1 : :M,X(fw,w,t),t>0.

N

part 3: As in the preceding section, for N € (411/ %) , we obtain

My (fb, fw, t) > M, (fb,b, ), be(0,1), we[l,2),t>0.

AR

part 4:If b,w € (0,1), then for N(%, %) we have

(1-w)? 4R(1-W)?

t
My (fb, fw,f) =e” T  >e 1 :Ma(fw,w,N),b>w,t>0,

and

t
My (fb, fw, t) > Ma<fw,w,N>, b<w,t>0.

So, condition (9) is fulfilled for all b, w €,t > 0 and by Theorem 5 it follows that b = 1 is a UFP
for f.

We analyze a Ciric-quasi-contraction in the following theorem.

Theorem 6. Supposing that (E, M, I'nin) is a complete CFMS, assume that f : 5 — 5. If for
some X € (0,1), such that

M, (fb, fw,t) > mi Ma (b0, 5), Mu (£, ), bwedt>0 (12
,JW, 1) Z min ,bbw e &, .
" Mvc(fw/w/é)/MtX<fb/wl%)/MlX(b/fwlé)

Then, f hasa UFP in =.

Proof. Suppose by € = and b1 = fbr, T € N. By utilizing the condition (12) with = b,
w = by_1, utilizing (FM,4)
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and the assumption that I' = I},,;,, one can obtain
MDC(bT/belri) Mtx(br+1/b g) M, (bT/bT lr*)/
Ma(brs1,be,£) = mind min{ M (b1, bes gt ) Ma (b be1 i) o
%)

M, (be, be,

MD( br,b-[-,l,ﬁ ’
> min ( “(T'Fl)) ,TeN, t>0.

M, (bTJrlr be1, ﬁ)

T+1rb'r—1)

By Lemma 3 and Corollary 2, we are able to demonstrate Theorem 5 such that

t

S s
Ma(b-[+1/ bT’ t) = M‘x (bT’ bT?l, lX(bT/ bT—l)N

), TeN,t>0,
and {b:} isa CS. So, b € E exists such that ggn br = band
TIEI;,M“(Z" be,t)=1,t>0. (13)

Suppose s € (X,1) and s = 1 — 5¢y. By (12) and (FM,4), we deduce

M, (fb,b,t) >m1n{Moc<fb T )) Ma(fbfffb'afbffw)}
ot (s ) v,
Ma(b,bﬁl,@%)
Ma (bes1,b, 1525 )

forall T € Nand t > 0. Taking T — co and utilizing (13), we obtain

> min

1 Ma (b, fb, %) 1
S YN (e —" Y
—Ma(fb b,W) t>0,

and by Lemma 3 with v = M € (0,1) such that fb = b. By condition (12), for
two different FPs b = fband w = f w, one can obtain

My (fb,b,t) > min{ min

M (b, w, §), Ma(fb,b, %), Ma(fw, w, ),
min{ Mo (f6,b, st ) Ma (b, @0, sty ) o Ma (b, e, &)
—mm{M,X(b w, &), 1,1, mm{l M,X(b w, (bw) )} M, (b, w,N)}

= Ma (b, @, 5ty ) = Ma (£, o, st ) £ > O,

and by Lemma 3, it follows that b = w. 0

My (fb, fw,t) > min

In the next theorem, we aim to establish a new contractive condition with the weaker TN.
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Example 5. Suppose & = AUBwhere A = [0,1], B =N\{1},and M, : E x E x (0,00) — [0,1]
is a fuzzy set defined by

1ifb=w
e_ﬁifbeBandweA
e*%ifbeAandweB

~ max{b,V} .
e ; otherwise.

M(b, w,t) =

Then, (£, M, T') isa CFMS with I' (b, w) = b-w and a controlled function a : Z x Z — [0, 00)
defined by

lifb=w
max{b, w} otherwise.

a(b,w) = {

It is easy to see that all the conditions of Theorem 6 are satisfied.
Letb = %, w =40, z=1,and t = s = 1. Then, it does not satisfy the triangle inequality (EM,4)
of Definition 5. Hence, it is not extended fuzzy b-metric space. Now, show that it is not an FbMS.
Considering the triangle inequality (b4) of Definition 4, we have
_ max{b,W} 1 1
e Pl > r(e—m, e—*s),
1

(o

2
p>e 20 =¢ 10,

N

e

It is clear that the above inequality is not satisfied for p = 2. Hence, it is not FOMS.

Theorem 7. Supposing that (£, M,I'), I > I}, is a complete CFMS, assume that f : & — E.
For some Y € (0, 1), let
MO{ (b/ w/ %)/sz (fb/ b/ %)/sz (fLU, (,U, %)/

[ o ,bbweEt>0 (14
Ma(fb,w,%),Ma(b,fw,é) } @ ( )

My (fb, fw, t) > min{
and b, w € E exists such that
Th_r)r;oM,x(b, w,t)=1,t>0. (15)
Then, f has a UFP in E.

Proof. Let by € E and b1 = fbr, T € N. Taking b = by and w = b;_1 in (14), by (FM,4)
and I" > I}, one can obtain

Mlx (bT/ bT—lr %)/Mac (fb/ br %)/MDC (bT—i-l/bT/ é)/ Mlx (bT/ bT—lr é)/}

\/Ma (£, 3) M (b, b, 5t

My (brs1,br, t) > mi
lX( T+1, %7 ) mln{ )N)/Mlx(b'f/b'f’é)

-1
forall b,w € E,t > 0. Since M, (b, w, t) is a b-nondecreasing in t and ,/>c.p > min{s,p},

we deduce
My (briq,be, ———t),
My (bri1,br, t) > min "‘( Tt ’X(b#i'bT)N)
Mﬂc (bT/ brfl, m

forallT € N, t > 0. By Lemmas 2 and 3 we have

t
- e
sz(b”pH/ bT/ t) > M, (bT/ bT*ll Dc(brr br—l)N

Hence, {b;} is a CS. Since (E, M, I') is complete, b € Z exists such that

),TGN,t>0.

lim be = band lim My (b, br, ) =1, £ > 0. (16)

T—00
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Supposing > € (X,1) and s = 1 — 31, by (14) and (FM,4) one can obtain

My (fb,b,t) > F(Ma<fb ﬂm%) Ma(fbr/b,m))
Ma (b, be, 37255 ) Ma (b, fb, 2oy ) Ma (b best, a5 )
\/Ma(fb,b,mmfm).m(b,bmwm& ,
Mo (b,bes, s )
Ma (bes1,b, 1525 )
M, (b,bf, TR ) Ma(b fb, zx(bt;ﬁa)N) Mi(be, b, s )

M, (b, bri1, a(b;‘aﬁ)’
M, (bT+1’ b, ﬁ)

> I'| min

forall T € Nand t > 0. Taking T — oo and utilizing (16), we have

1M (b £ ) J)

My (fb,b,t) > I' | min
( {mm{M<ﬂ’ b s ) 1)

= Ma(1b by st ) £ >0

and by Lemma 3 with v = W € (0,1) uch that fb = b.
Let b and w are two different FPs for f. By (2.13), we obtain

Mt ) Ml ), Mal 0.5,

Malfbfeort) (\/M (70 iz )M (b i ) Ma (0o t))

> F(M,X(b w,£),1,1, mm{l M,X(b w, a(b,w)N)} M(b, w, N)),
= Ma (b, @, 5t ) = Ma(£0, o, s ) £ 0,

and thus, by Lemma 3, we have b = w. [

_(-wy? ‘
Example 6. Suppose E = {0,1,3}, My(b,w,t) =e~" ¢ ,and I = Fp Then, (E,M,I') isa
complete CEMS with a(b, w) = b+ w + 1. Define thefunctzon f:E = Esuchthat f0=fl1=1
and f3 = 0. Observe that if b = wor w € {0,1}, then, My (fb, fw,t) =1, t > 0and (14) is

fulfilled. Suppose b =1 and w = 3. Then, N € <9, 4), we obtain

. 9 N R N
zmm{e t,e f,e t,e t,l}.

1
t

My (fb, fw, ) =e"
Suppose b =1 and w = 3. Then, by choosing N from (%, }I), we have

1 . _4a )\ S \ S
fzmm{e t,1, e t,e1,e t}.

My (fb, fw,t) =e"

Similarly, if b =3 and w = 1las well as b = 3 and w = 1, then for X € (9, 4), condition (14) is
met forall b,w € 5, and t > 0. As a result, Theorem 7 is satisfied with a UFP b = 1.
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3. An Application to the Transformation of Solar Energy to Electric Power

Sun-based boards are currently being distributed and shown widely to reduce people’s
reliance on petroleum derivatives which are less environmentally friendly. Nearly 19 trillion
kilowatts of power were transported internationally in 2007. In comparison, the amount
of daylight that enters the Earth’s surface in a single hour is enough to illuminate the
entire planet for a full year. The question is: how do those dazzling and warm beams of
light obtain power? A numerical model of the electric flow in an RLC equal circuit, often
known as a “tuning” circuit, can be presented with a basic understanding of how light is
converted into power. In the fields of radio and communication engineering, this circuit has
several uses. The version that is being presented can be used to calculate the production
of electric power, provide tools to improve building performance, and can be used as a
decision-making tool when designing a hybrid renewable electricity system based on solar
power. Every aspect of this system is mathematically expressed as a differential equation
in [24] using the following equation

{g;g = 0(@, (@) - §45 (17)

where 2: [0, 1] x RT — R is a continuous function that is condition (17) to the integral
equation to which it is equivalent.

0(@) = /N(a), N, e())d, @ € [0,1], (18)
0

where the Green’s function N (@, b), it follows:

(0= 1elMb W)@e-D) g <] <@ <1,
N(‘”'l)—{ 00<@<I<L. )

where Q(M(b, w)) > 01is a constant, as determined by the values of R and £, mentioned
in (17).

Let £ = C([0,®@], R™) be the set of all real continuous positive functions that are
expressed on the set [0, @]. Let Z be endowed with the CFMS given by the following

0ift=0
M, w, t) = sup % otherwise, forallb, w € Z. (20)
te[0] ’

One can verify that (5, M,I') is a complete CFMS with a controlled function
a: x5 —[0,00), defined by

ab, w) =b+w+1.

It is obvious that b* is a solution of integral Equation (18), and as a result, a solution of
differential Equation (17) which governs the system of converting solar energy into electric
power if and only if b* is an FP of f. Itis installed as a guarantee of the existence of FP of f.

Theorem 8. Assume the following problem fulfills:
(D f:]0,@] x [0,@] — R isa continuous function;

(I)  there exists a continuous function N : [0,®@] X [0,®@] — R suchthat sup fO‘D N(a, 1) > 1;
a€0,@]
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(1) max{f(a,1, b(l), f( w(l)} > N(a,b)ymax{D(b(1), w(l))} and
min{f(a,1, b(l), f(a,1, w(l))} > N(a,b)min{D(b(l), w(l))} forall a,1, € [0,1],

b,we R and X € (0, 1) exists such that

My (b(1), (1), %), Ma(b(D), fw (1), %), Mu (fB(D), (1), )

M (b(D),fW (1), ) +Ma (fo(), W (D), §
D(b(1), w(l)) = max , Ma (bSO ) M (D))

My (b(1),fw (1), &)-Ma (fb(1), (1), &)
1+M, (b(1),w(1), &)

The differential Equation (17) that represents the solar energy problem has a solution as a
result and the integral Equation (18) also has a solution.

Proof. For b, w € E, by use of assumptions (I) to (III), we have

min{ [o° N(@, DQ(1, b(1))dl, [;" N(@, NQ(I, W(1))dl, }+t
max{ [ N(@, )Q(1, b(1))dl, [;" N(@, )Q(l, w(l))dl, }+t’

M(fb, fw,t) = sup

te[0,1]
Jo? min{N(@, 1)Q(1, b(I))N (@, NQ(I, W(1))}dl,+t

- é‘?ﬁ] Jo’ max{N(@, NQ(1, b(1))N(@, NI, W(I))}dl+t
= J& N(@, min{Q(L b(1),Q(, W(1)} dl,+t
tzl[épl] fow (@, >max{9(l b(1)),Q(1, w(l))} dl,+t’
fo (@, Nmin{D(b(1), w(I))} dl,+t
>
B tzli)pl] Jo' N(@, Nmax{D(b(1), w(1))} dl,+t’

= M(D(b, w, t)).

Thus, all conditions of Theorem 4 are fulfilled. That is, operator f has an FP which
is the solution to differential Equation (17) regulating the conversion of solar energy to
electrical power. [J

Open Problems 1. The following open problem is provided for further applications of the findings
in this article:

Optional appliance renewal is one of the most basic concerns in management science and engineering
economics. A corporation periodically purchases a new appliance and sells the old one in order to
operate the equipment permanently. If 5(t,z) is the efficiency of the appliance at time period T and
O(T) is the cost at the purchasing time, then,

e M5(T) = /:1 e T*[6(T,z) —6(a(z),z)]du, —co < T < 400,

where z is the usage time of machine and ¥y is the constant of industry wide discount rate.

Can the results established in this note or their variants be applied to solve the aforementioned
integral equation?

Can the results derived in this article be controlled in graphical fuzzy metric spaces?

Can we demonstrate the aforementioned findings for multivalued mappings?

4. Conclusions

In the perspective of controlled fuzzy metric spaces, this manuscript contains a number
of fixed point theorems and a sufficient condition for a sequence to be Cauchy. As a result,
we combined the well-known contraction requirements with controlled fuzzy metric spaces
to simplify the proofs of several fixed point theorems. Furthermore, we discussed an
application to transform solar energy to electric power. In the future, we will enhance
these results in the framework of tripled controlled fuzzy metric spaces and pentagonal
controlled fuzzy metrics spaces.
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