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1. Introduction

The method of asymptotic partial decomposition of the domain (MAPDD) was in-
troduced for partial derivative equations set in thin tube structures in [1] (cf. also [2—-4]).
The thin tube structures (also called thin rod structures) are some unions of thin cylinders.
In this case, the method gives an important gain in computational resources reducing
the dimension to one everywhere except for small two- or three-dimensional parts of the
domain. This method was applied to the spectral problems in [5], where the asymptotic
of the spectrum of the Laplacian in two joint thin rectangles with Neumann’s boundary
conditions on the lateral boundary were considered. The MAPDD was justified for such
a structure. The asymptotic behavior of the spectrum of the Laplacian with Dirichlet’s or
Neumann’s boundary conditions in thin domains was considered in a vast body of litera-
ture (see [6-13], and the references therein). Furthermore, let us mention some works on
the eigenvalues for the Laplacian for several special cases of domains containing thin tubes,
described with the help of a small parameter (cf. [14-17] among others); these spectral
problems were treated using asymptotic analysis. As a matter of fact, Refs. [6-8,13] address
spectral problems in thin planar domains, while Refs. [10-12] deal with three-dimensional
domains in very different structures from those considered here. This topic is of great
interest due to its multiple applications in scattering theory, wave-guides, etc.
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In the present paper, we introduce a new version of the MAPDD with special interface
conditions between the full-dimensional and one-dimensional parts, that is, the pointwise
continuity of the flux and the continuity of the average over a cross-section of the eigen-
functions. These conditions were used for MAPDD approximation of the heat equation
in [18]. In particular, some numerical methods also use junction conditions with jumps of
the unknown function (see, e.g., [19,20]). Here, we deal with a spectral problem for the
Neumann diffusion operator.

The results obtained in former works on the asymptotic analysis of spectral problems
in thin domains mostly use the presence in the model of a small parameter, that is, the
ratio of the characteristic sizes in the transverse and longitudinal (or in-plane) directions.
The justification for these results was provided via the proof of theorems concerning the
convergence of the spectrum of the original problem to that of the spectrum of the reduced
problem as the small parameter tends to zero. In the present paper, we use another approach
related to the method of justification for the MAPDD in [21], but we introduce different
junction conditions. There is no explicit small parameter in the description of the domain,
but, implicitly, it is introduced via the assumption that the first positive eigenvalues of the
Neumann diffusion operator on the cross-sections of the tubes are sufficiently large. The
closeness of the spectra of the original and reduced models is proved under the condition
that the eigenvalues of both the original and the reduced models are smaller than these
first eigenvalues on the cross-sections of the tubes. In addition, here, we do not assume that
the domain is thin everywhere. It may have some thick parts connected by thin tubes. The
boundary is assumed to be Lipschitz, and we do not require the regularity of the coefficient
in the diffusion operator out of the tubes. The proof of the aforementioned closeness of
the spectra also relies on the distance from the ends of the tubes to the one-dimensional
domain in the reduced model, a distance that needs to be adjusted to achieve the desired
accuracy for the approximation between the spectra.

The main results are as follows. The spectral problem for the diffusion operator
is considered in a domain containing thin tubes. The reduced model is obtained from
the original one by the truncation of the three-dimensional tubes at some small distance
from the ends of the tubes replacing the truncated parts of the tubes by the segments. At
the interface of the three-dimensional and one-dimensional subdomains, special junction
conditions are set: the pointwise continuity of the flux and continuity of the average of
the eigenfunctions over a cross-section. The existence of the discrete spectrum is proved
for this partially reduced problem of the hybrid dimension. After prescribing an accurate
precision ¢, to obtain it, the conditions of the closeness of two spectra (i.e., of the diffusion
operator in the full-dimensional domain and the partially reduced one) are obtained.

The structure of the paper is as follows: Section 2 contains some preliminary results,
the definition of the domain, and the setting of the spectral problem. Moreover, the re-
quired properties on the smoothness of the eigenfunctions are obtained (cf. Section 2.3).
In Section 3, the reduced approximate spectral problem is formulated. Because of the
hybrid dimension, notations, weak formulation, and properties of spaces become more
complicated. The required smoothness results for the eigenfunctions are also proved (cf.
Section 3.3). In Section 4, we state the main results on the closeness of the spectra of the
original and reduced problems (cf. Theorems 2 and 3). As a consequence, we claim the
closeness of the spectra in the case where the tubes are cylinders (cf. Theorems 4 and 5).
Sections 5 and 6 contain the proofs of Theorems 2 and 3, respectively. Finally, some con-
cluding remarks are outlined in Section 7.

2. Preliminary Results and Setting of the Problem

In this section, we introduce some notations and preliminary results that will be
used throughout the whole paper. Section 2.2 contains the setting of the spectral problem
under consideration, and, in Section 2.3, we provide certain smoothness properties for
the eigenfunctions.
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2.1. Preliminaries

By a tube, we mean a set 7 C R of the form 7 = Q x (0, ) in the local coordinates
(y,z) = (y1,y2,z), where the base Q) of the tube is a bounded domain in R? with a Lipschitz
boundary 0Q). The set 97 = 9Q) x (0, /) is called the lateral surface of the tube 7, and ¢
stands for its length. Define

d d d
Dig = ﬁ, D2g = i’ D:gp =35, Vy9=(Dip,Dag), A9 =Dip+Dio.

Let 11 (Q) be the first positive eigenvalue of the following problem

—BAyp =pne, yeQ,
Vye-v=0, ye€a,

where v is the outward normal to 9.
Recall that for a disk Q with a diameter D, u; (Q) = 4p?/D? where p = 1.8142.. .. is the
smallest positive root of the derivative ] of the Bessel function J;. In the general case, we

have [22] )
Hi1(Q) < () = ﬁp(m: 1)

where ()" is a disk of the same measure as (). Inequality (1) becomes an equality only if ()
is the disk.
In the case where () is a convex domain of diameter D, we have the lower estimate [23]:

2
7T
D2 < ui(Q).

Note that p(Q) = 1/+/p1(Q) is an optimal constant in the Poincaré inequality
I9lli2(0) < P Vyolli2i) Yo € H(Q).
Here, H'(Q) = {9 € H(Q) | [ ¢dx = 0} is a Hilbert space equipped with the inner
product and norm, respectively .
((P,IP)H1(Q) = (Vy(Pr VylP)LZ(Q)r H‘P”ﬁl(g) = ”vy(P”LZ(Q)'

Obviously, p1(eQ) = e 2u1(Q) for the contracted domain, and eQ) = {ey | y € O}
forall 0 < e.

We see that for a wide class of domains, the value p(Q)) characterizes the size and
geometry of (). So, we refer to a thin tube 7 when p(Q)) < ¢. For an Q) that is a disk with a

radius of €, the tube is thin if € < ¢; in this case, p(Q) = €/p.

2.2. Spectral Problem

Let G be a bounded domain in R* with a Lipschitz boundary dG. Consider the
following spectral problem: find a couple (A,u) € R x H'(G) such that [ull 2y = 1,
satisfying the equation

—div(KVu) =Au, x€G
and the boundary condition
KVu-n=0, x€9dG.

Here, K € L*(G), ess i(?f K(x) > 0, n is the outward normal to 9G.
xe
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The weak formulation is given by the following identity:
(KVu,Vo)r26) = Mu, )12y Vo € H(G). 2)

It is well known that this problem has a countable set 0 = Ag < A} < Ay < ... of
eigenvalues and that the corresponding set { ¢ };2, of eigenfunctions can be chosen to
form an orthogonal base in H!(G) and an orthonormal base in L2(G).

Assume that G contains a set of disjoint thin tubes 7;, 1 < j < N such that their lateral
surfaces d7; belong to the boundary dG. Let each tube 7; in the local coordinate system
(y,z) have the form 7; = Q; x (0,¢;) and let 97; = 9Q); x (0, ;). Consider the subtube

N _
7;,;[], = Q; x (hj, {; — hj), where h; € (0,£;/2), and denote T}, = ],L:Jlﬁhj, G, =G\ Ty

Define the average of the function u € L2(Qj) over the cross-section of the tube 7;

Assume that K satisfies the following condition:

K(x) =Kj=const in 7;, 1<j<N.

2.3. Some Properties of Eigenfunctions

Let u be an eigenfunction corresponding to the eigenvalue A. Denote by u; the
restriction of the function u to 7;, 1 < j < N. Let rp=uj— [u]-] j- We will consider u;
and r;j as functions on (0, /;) with values in H'(Q);). Note that u,r; € L?(0,¢;; H'(€;)),
DZM]‘, DZT’]' S LZ(O, E]/ Lz(Q/)) We set 7\] = A/K]

Lemma 1. The function [u;]; belongs to the space H?(0, ¢;), and
—DZ[uj]; = Ajluj);. ®)

Proof. Itis clear that [u;]; € H'(0,;) and D.[u;]; = [D.uj];.
Let 7 € C3°(0,¢;). Substituting into (2) the function ¢, equal to K;ln(z) on 7; and
equal to zero on G \ 7;, we obtain the identity

4 s
[ Delu)i@) @rdz = [ Kfwli2n(z)dz v e CFO.), @
0 0

which implies the existence of the weak derivative D?[u jl; by definition and equality (3).
The lemma is proved. [

Lemma 2. The functions u; and r; have the derivatives D%uj and D%r]-, which belong to the space
L7,.(0,£;; L2(€Y))).

Proof. We introduce the finite-difference analogues of the derivative D,®

z+h)—®(z) = _ D(z) —P(z—h)
)= G - PEZPEN),

do(z) = A

where > 0.
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Assume that (a,b) C (0,¢;), and let { € C5°(0, ;) be a cut-off function, equal to one
on (a,b). By substituting into identity (2) the test function ¢ equal to —Kj—léh(gzah uj) on
7; and zero on G \ T;, we obtain

4 4;

] ]
=h
(Do;3" (@3 Datt)) o 2~ / (D33 (240'9")) 2

0 0

() ¢

~ =h
_ /(Vyuj,a (¢ ahvyuj))LZ(Q]-) dz = —/\j/(uj,a (Czah”j))LZ(Qj) dz.

0 0

Here, h is small enough.
Using the finite-difference analogue of the formula for integration by parts, we obtain

7

/ 169" Dtz 2 + / [

4

£
(69" D2y, 209" ) 2 2 +X,-/ 169"y 2
0

[

¢

1 ~
<5 |\gahDZu]|| a2+ /||2g i 2 2+ Ay [ 150"
0

O\\\

From here,

/ 169" D2y 42 < el D2t a0 02001

Thus, we have the following estimate uniform in k
h 2 2
10" D u; ||L2(a,b,-L2(Qj)) < cz[|Dzu; ||L2(0,£j;L2(Qj))’

where ¢; is a constant depending on .
It implies the existence of the derivative D2u] € L%(a,b; LZ(Q ). Thus, D? cuj €

(0,4j; L2(€};)) As a consequence, there exists a derivative D2r; € leo (0,45, L2(©))).
The lemma is proved. O

loc

Lemma 3. For almost all z € (0, {;) the following identities hold

(D2uj(2), 9)12(0y) = (Vyu(2), Vy@)12()) = Aj(j(2), @) 12y Y9 € HI(Qy). ()

(D2rj(2), @)12(0) = (Vrj(2), V@) 1200 = Aj(1j(2), )12 Y € H' (). (6)
Proof. Let 7 € C7°(0,¢;) and ¢ € Hl(Qj). Since D?u uj € LIZOC(O,Ej;Lz(Qj)), then the
substitution into (2) of the test function equal to K- 1(z)e(y) on 7; and zero on G \ 7; and
an integration by parts gives

— [(O2u)(2), ) 2012 dz + [(V(2), V@2 1(2) dz= Ky [(u(z), @) 1(2)
0 0 0

This implies identity (5). As a consequence (cf. (4)), identity (6) holds.
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The lemma is proved. [

3. Approximate Spectral Problem

This section is devoted to the setting of the problem referred to by us as the approx-
imate spectral problem of hybrid dimensions. Section 3.1. contains the notations and
preliminary results convenient for the formulation of the problem. In Section 3.2, we formu-
late the spectral problem along with its variational formulation in the suitable Hilbert spaces
and show the discreteness of the spectrum. Moreover, we prove the required smoothness
results for the eigenfunctions which, due to the junctions conditions (cf. (15) and (16)), can
be weaker than those obtained for the eigenfunctions of the original problem in Section 2.3,
but which somehow justify the junction conditions (cf. Corollaries 2 and 3).

3.1. Spaces L2(G), L2(G), H}(G), and H}.(G)

Henceforth, we will use the notation u; for the restriction of a function u € L%(G) to
T,1<j<N.

Let £2(G) be the close subspace of L?(G) of functions u such that ui(y,z) = [ujl;(z)
forx = (y,z) € 7;,;1]., 1 < j < N. Introduce also the space

B2(G) = {u e L2(G) | /udx — o).
G

As noted in the introduction, the approximate spectral problem deals with the domain
G with truncated tube-like parts. The following lemma pertains to the topological structure

N__
of theset G, = G\ U T
j=1 7
Lemma 4. The set Gy, has the following structure:
Gi= UG )
n= Y Gnk

where m < N + 1 and Gy, are domains with Lipschitz boundaries such that Gy, N Gy, ¢ = @ for

k # L.

Proof. Let G be an open subset of the set G. We will write that points x,yy € G are connected
in G if there exists a continuous curve L C G starting at x and ending at y or y = x.

We set G) = G and G{l = G{fl \Tin, 1 < j < N. Note that the boundary 8G£ of

each of the sets G{; satisfies the Lipschitz condition because BG{; = BG{;l \ (003 x (0, ¢;)) U

Let us show that forall 1 < j < N the following equality holds:

i
G, = U Gy, 8
n= Y Cnk (8)
where m; < j+1and Gy are domains with Lipschitz boundaries such that Gy x N Ch’g =Q

fork # £.
Introduce the sets 7;5;1/, and ].’h_, 1 < j < N, which in the local coordinate system
, hj

associated with 7; have the following form:
l _ _
7;, P = Q] X (O, h]), 77;[/ = Q] X (EJ — h], f])

Step 1. Let us show that equality (8) is valid for j = 1. If the set G} = G\ Ty, is
connected, then (8) is true with m; = 1and Gy 1 = G}l.
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Assume that G} is not connected. Fix points xt e Tléhl and x" € T{hl. Denote by G;’g
the set of points y € G}, connected with x! in G}. Similarly, denote by G;’r the set of points
y € G}, connected with x" in G}. It is clear that G}l’[ and G;’r are disjoint domains and

74 1.4 1,r
Tip © Gy Ty € Gy
Let us prove that

G =G UG )

Assume thaty € G} \ G}l/ Since set G is connected, there is a curve L = {x = (),
0 <t <1} C G, where the function  : [0,1] — G is continuous, and £(0) =y, (1) = x".

Since y ¢ G}l’g, then LN Ty, # @, and there exists t, € (0,1) such that (t.) € T,
and {(t) € G} for 0 < t < t.. Moreover, there exists t € (0, t,) such that {(t) € Tfhl UT
Ifg(t) € Tlg,hl then points y and x' are connected in G}, which contradicts the assumption
y ¢ G;ll’f. Hence, {(t) € Ty, andsoy € G}l’r. Thus, equality (9) is true, i.e., (8) is true with
my =2and Gy = G}*, G, = G

Note also that BG% = 8G;11’Z U aG,}’, where E)G}l’g N E)G}l’r = @. Since E)G% satisfies the
Lipschitz condition, then BG;'K and BGill'r satisfy the Lipschitz condition also.

Step n. Assume that (8) is true for j = n — 1. Since the set 7;,;,]. C G{fl is connected,
then 7;,,1], C Gy forsome 1 <k <m,_q.If éh,k =G \ 7},;,], is connected then

Gl = u Gy UGt
T ciam,y, ipk T TRk

If the set Gh,k is not connected, then repeating the argument at step 1 (with G} replaced by
Gy x and 7'1%11, ’T{hl replaced by ’7}5 , 77hv), we see that Gy, is represented as the union of
7 % 7 ] 4 ]

two non-intersecting regions éfl  and GVZ ¢ In this case

T <i<my_y, ik hii hk hk

Thus, representation (8) also holds for j = n.
Having done N steps, we claim equality (7).
The lemma is proved. O

Introduce the space H} (G) consisting of functions u € £3(G) such that u € H(Gy,)
forall1 <k <m,u; € H 1(7}/,1) forall1 <j < N, and the following junction conditions

[]jlz=nj—0 = Ujlz=nr0,  jlz=t;—n;—0 = [lj|z=¢;—n;+0 (10)
hold.
Naturally, u; = [u;]; € H'(0,¢;) and Vu;(x) = (0,0, D,uj(z)) for x = (y,z) € T,
1<j<N.
Note that ’H}l (G) is a Hilbert space with the inner product and the norm

(u, U)H}I(G) = (KVu, Vo) 12(6) + (1,9)12(c),
1/2
lullan ey = (IVEVulZ2 )+ lull226) )
Lemma 5. The embedding of 1} (G) into £2(G) is compact.

Proof. Assume that {u,}? ; C H}(G) is a sequence that converges weakly in H} (G).
As a result, it weakly converges in H'(Gy,x) for all 1 < k < m and in H1(7;,h) for all
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1 <j < N.So, {u}; converges strongly in L?(Gy ) for all 1 < k < m and in L?(7j,) for
all 1 < j < N. Thus, it converges strongly in £3(G).
The lemma is proved. O

Lemma 6. Suppose that u € Hj (G) and Vu = 0. Then, u = const.

Proof. It follows from Vu = 0 that u(x) = ¢, = constin Gy forall 1 < k < m and
u(x) = ¢j = const in 7;,,1]. forall1 < j < m. Hence, due to the connectedness of G and

condition (10), it implies that u(x) = const in G.
The lemma is proved. [

The following analogue of the Poincaré inequality holds in %} (G) (see analogous
inequalities in some spaces of discontinuous functions in [19,24]).

Lemma 7. There exists a constant C > 0 such that
2
Il 6) < c[(Kw,Vu)Lz(G) + (é udx) } Vu e HL(G). (11)
Proof. Assume the opposite. Then, there is a sequence {1, }5_; C H}(G) such that

2
lunls cy > [ (KVtn, Vn)y + ([ nd)?] ¥ > 1

Putting v, = iy, we have ||v, ||H21(G) =1and

”“n||y}1(c)

S| =

> (KV0y, Vou) 26y + ( [0 dx)® Vn>1. (12)

Using the compactness of embedding of 7} (G) into £2(G), we choose a subsequence
{4}, such that v,, — v weakly in #}(G) and strongly in £2(G).
It follows from (12) that || Vo, [[12() — 0and [ vy, dx — 0. So, Vo = 0,0 = ¢ = const
G

and [vdx = ¢-measG = 0. Thus, v = 0 and v,, — 0 in %} (G) which contradicts the
G

equality ankH’H}l(G) =1
The lemma is proved. [

Let us introduce in #} (G) the closed subspace

HL(G) = HE(G)NL2(G) = {u € HL(G) | (f;udx =0}.

It follows from (11) that 7?[}, (G) is a Hilbert space with the following inner product
and the norm:

(u, 0)7.7,11((;) = (KVu, VU)LZ(G)I H“Hﬁ}ll(c) = \/Kvu”LZ(G)-
Moreover, it follows from Lemma 5 that the embedding of 7-7}1 (G) into Zﬁ (G) is compact.

3.2. Setting of the Approximate Spectral Problem

Consider the following spectral problem: find a couple (A, U) € R x H} (G), such that
[Ull 2(c) = 1, satisfying the equation

—div(KAU) =AU, x€G,UT, (13)
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KVU-n=0, x€dG (14)
and the following junction conditions:
[Ujllz=n;—0 = Ujlz=n;v0r  Ujlzmtj-nj—0 = Ujllz=g;-n;+0, 1< j<N, (15)

DoUjlz—p;—0 = DzUjlz—p;v0,  DzUjlz—gj—pj—0 = DeUjlz—g;—pi+0, 1<j<N.  (16)

where Uj is the restriction of U on 7;.
The weak formulation of this problem is given by the following identity:

(KVU, Vo) 2c) = AU @) 12y V¢ € Hjy(G). (17)

Note that conditions (15) are satisfied since U € Hh( ). We will show also that (17)
implies a validity of junction cond1t10ns (16) (see Corollaries 2 and 3).

It is clear that each eigenvalue Ai is non-negative, the minimal eigenvalue is Ao =0,
and the corresponding eigenfunction Uy is a constant.

Since the embedding of 7—7}1 (G) into Z%(G) is dense and compact, we are in a classical
abstract framework of bilinear, continuous, coercive forms on a couple of Hilbert spaces
7—~l,11(G) and Z%l(G), cf., for instance, Theorem 5.5 of Chapter I in [25]. So, the following
theorem is true.

Theorem 1. There exists a system {q)k} o, of eigenfunctions to problem (17) corresponding to
the eigenvalues 0 < Ay < Ay < --- < A < ... forming an orthonormal base in 7—[1( ) and an
orthogonal base in L3(G).

Corollary 1. There is a system {(pk} k=0 of eigenfunctions to problem (17) corresponding to the

eigenvalues 0 = A <A <Ay <. A< ., forming an orthonormal base in L3(G) and an
orthogonal base in 1} (G).

3.3. Some Properties of Eigenfunctions

Henceforth, in this section, A is an eigenvalue and U ¢ H}Z(G) is corresponding
eigenfunction such that ||U||2(g) = 1. Moreover, A= A/ Kj,1<j<N.

Lemma 8. The function U satisfies the identity
(KVU,V9)12i6) = MU 9)12) V9 € H'(G). (18)

Proof. Let ¢ € H'(G). Note that the function

~ p(x), x€Gy,
X) = .
#x) {[(p]j(x), x€Tn, 1<j<N

belongs to 7} (G) and

(Kvu, v‘P)LZ(G) - /A\(ur (P)LZ(G) = (KVU, V(F)LZ(G) - K(U/ @B(G)

So, (18) holds.
The lemma is proved. O

Remember that Llj is the restriction of U on ’7}, 1 <j < m. We will consider U]- as a function
n (0, ;) with values in H'(€)j). We put W( z) = D;Uj(z) for z € (0,h;) U (¢; — hj, {;)
and Wj(z) = D.[Uj]j(z) for z € (hj,{; — h;). It is clear that U; € L%(0, 4 ; HLY(O i) and

W; e Lz(o,é],LZ( ;). Moreover, [Uj]; € L2(0 (;) and D.[Uj]; € L*(0,¢;).
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Lemma 9. The function W; has a derivative D;W; € L*(0,£;; (H'(€Y;))’).
Proof. It follows from (17) that

¢

E]
JWi@, @)z @) dz+ [ [(Vili(2), 940)2(0) =AUy (2), 9) 2 12D d2 =0 (19)
0 0

forall ¢ € Hl(Qj) and 77 € C (0, £;). Remember that A; = ?\/K]’
Therefore, the function W; has a derivative D;W; : (0,¢;) — (H H(e) ;)" such that

(D=W;(2), ) (111 () it e)) = (Vylj(2), Vy@) 120y = Ai(Uj(2), @) 120 V9 € H' ().

for almost all z € (0, ;).
It follows from the estimate

[(DzWj(2), @) (1 (0 <11 ()| < IVyUj (@) 1200 I Vi @lli2(0) + AU (2) 1200 @1l 20
< max{L, A H[Uj(2) | ) |9l ()
that
ID=Will 120,611 (03p))) < max{lrx}||uj||L2(0,€j;Hl(Oj))'

Thus, D;W; € L%(0,4;; (H'(€Y))).
The lemma is proved. [

Corollary 2. W; € C([0,¢;]; (Hl(Qj))’ ), and so, the eigenfunction U satisfies the junction
conditions (16) in (H(€Y;))’.

Lemma 10. The function [U,]; belongs to the space H*(0, {;), and
—D2{Uj); = AjlU);

Proof. The substitution of ¢ = Kj_lq with 7 € C°(0, ¢;) into (17) gives

2 2
/ D.[U});(z)y'(2) dz = %, / Uli(z)n(z)dz =0 ¥ € CF(0,4). 20)
0 0

The lemma is proved. O

We put R; = U; — [Uj];, 1 < j < N and will consider R; as a function on (0, ¢;) with
values in H'(€);). Itis clear that R; = 0, D;R; = 0 on (hj, {; — h;) and D,R; = W; — D [Uj];
on (0, ]’Z]) U (6] — ]’l], éj)

It follows from Lemmas 9 and 10 that D, R; € C([0, /;]; (H'(€Y}))"). So D.R;(h;) =0
and D R;(¢; — h;) = 0in (H'(0};))".

Lemma 11. For each 0 < a < h; the function R; has derivatives D2R; € L*(a, hj; L*(€Y})) and
DZR; € L2({; — hj, j — a; L2(©))).

Proof. We put E]-(z) = Rj(z) for 0 < z < hjand ﬁj(z) = R;j(2h; — z) for hj < z < 2h;. Note
that R; € C(0,2h;; L2(Q);)) and D-R; € L2(0,2h;; L2(CY;)).
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Let ¢ € L?(0,2h i H 1 (Q)j)) be an arbitrary function identically equal to zero in some
neighborhoods of the points z = 0 and z = 2k and such that D, ¢ € L?(0,2hj; L*(€);)).
As Rj(z) = 0for z € (hj,{; — h;) then (17) and (20) imply that

hj hj hj
/ D.R;, D) 2(cy) dz + / VR Vy9) 1200 /
0 0
Moreover,
2 2 2h;
- /(Dzﬁjr D:9)12(0y) 42 + /(Vyﬁjf Vy@)iz(q) 42 = Aj /(ﬁj’ Pr2(0y) 42,
hj hj hj

where ¢(z) = ¢(2h; — z). Consequently,

Zhj Zh Zh/
/(DZR],DZq))Lz(Q)dZ—i-/ YR}, V)20 dz = A /( D)@ dz @)
0 0

Assume that 0 < a < h]- <b< 2h]- and ¢ € CS"(O, Zhj) is a cutoff function, equal to

one on (a,b). Substituting into (21) the test function ¢ = féh(gzahﬁj), where 1 is small
enough, we have

2h;
~ —h ~
—/ D:R; "((%3"D.R Rj) 12y dz-/(Dsz,3 (ZCC/ahRj))LZ(Qj)dZ
0
/ (VyR;, V" (F20"R))) 2 d2 = =4 / 3" (C20"R))) 2 2.

0
Using the difference analogue of the formula for integration by parts, we obtain
2h; 2h;
/ 160" D= 2 2+ [ 116"V 12 2
0

2h;
(gahDZﬁj,zg'ahﬁj)Lz(Q]_)dz+Xj / 16" R; (122, , 2
0

|
o<\_~\$£§

2h; 2h;
<3 / 160" DRy 22y 2 + 5 / 1283 Ry 122 2 + 3 / 169" R 2,
From here, we have the following estimate uniform in k
h D112
10" DeRj 10 1200y < €l D=Rjll T2 0. 12(00)) = 22lID=R; 1201120
This implies the existence of the derivative D2R; € L2(a, b; L2(€);)). Thus, D2R; € L?(a, hj; L2(CY))).
The existence of the derivative D%Rj € Lz(é h],é a; L? (Q)) is proved in a

similar way.
The lemma is proved. [
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Corollary 3. The following properties hold:

(1) D.R; € C((0,h]; L?(€)})) and D;R;(hj — 0) = 0 in L*(};).

(2) DZR]‘ € C([f] — h], éj),Lz(Q])) and DZR]‘(KJ' — h] + 0) =0in LZ(Q]').
(3)  The eigenfunction U satisfies the junction conditions in (16) in LZ(QJ-).

Proof. To prove properties (1) and (2), it should be taken into account that, due to Corollary 2,
D.R;(hj —0) = 0, D.R;(¢; — hj +0) = 0in (H*(Q);))’, and H'(Q);) is dense in L?(}).
Property (3) holds because D.U; = D.[Uj]; + D:R;, where D:R;(z) = 0 for
AS (h], éj — h]) and DZ[U]]] € C[O,gﬂ
The corollary is proved. O

Lemma 12. For almost all z € (0,h;) U ({; — hj, £;), the following identities hold

>

(Dguj(z)r(P)Lz(Qj) = (Vyuj(z)fvyWLl(Qj) - j(uj(z)/(P)Lz(Qj) Voe Hl(Qj)- (22)
(DZRJ‘(Z)’GD)LZ(Q].) = (VyR(2), Vy@)12(00)) = Aj(Rj(2), )12y V9 € H'(Q).  (23)

The proof is similar to the proof of Lemma 3.

4. Formulation of the Main Results

Let {Ay}32, be the set of eigenvalues to problem (2), and {/A\k};"zo be the set of eigen-

values to problem (17).
€

1+¢
Let 0 = po,; < p1j < pip,j < ... be the set of eigenvalues to the Neumann problem

Let ¢ be the desired accuracy, 0 < e < land e} =

Ay =pyp, yeQy
VylP'VZO/ yEaQ]/

and {yy ;}12 be the set of corresponding eigenfunctions, forming an orthogonal base in
H! (Q}j) and an orthonormal base in L2(0y)).

Theorem 2. Let A be the eigenvalue of problem (2) and 7\]» = A/Kj < pyjforall1 <j<N. Let
the numbers h; be such that

1 2 96PKIvE  242KiAvE
— maxq In 5, In 2] . 5 J <hj</{/2, 1<j<N, (24)
Vi € € =1

where vy ; = \/p1,j — }N\j. Then, the following estimate holds:

in|A, — Al <e. 25
rkrlzl(r)llk | <e (25)

Theorem 3. Let A be the eigenvalue of problem (17) and X]- = X/K]- <pyjforalll <j<N.Let
the numbers h; be such that

1 4 9K} 122KA0%
— max< In —,In 2] ™ > J gh]-<£]-/2, 1<j<N, (26)

Vi €] € €

where Vy; = \/p1,j — X]-. Then, the following estimate holds:

in|A, — Al <e. 27
rgglk | <e (27)
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Consider a special case where, for each of the tubes T;, its cross section is a disk with a
radius of €;. Remember that, in this case, yi1,; = p?/ 6]2, where p = 1.8142. .. is the smallest
positive root of the derivative ]{ of the Bessel function J;. So, Theorems 2 and 3 can be
reformulated as follows.

Theorem 4. Let A be the eigenvalue of problem (2) and A < K]-pz/ 6]2 foralll <j < N. Let the
numbers h; be such that

/K 96202 242 )\ p:
\/pjmax{mzz,ln B om0 < 1<j<N,
j

€ € €

where p; = K;p* /€7 — A. Then, the following estimate holds:

min|A; — Al <e.
k>0

Theorem 5. Let A be the eigenvalue of problem (17) and A < K;p?/ € forall1 < j < N. Let the
numbers h; be such that

VK 9607 122Ap;
]max{ln4ln p],ln ZP] <hj<¥¢/2, 1<j<N,

2
€ €

where p; = /K;p?/ 6]2 — A. Then, the following estimate holds:

min|A; — A <e.
k>0

5. Proof of Theorem 2

Let u € H'(G) be the eigenfunction of problem (2) corresponding to the eigen-
value A such that [[u[|2) = 1. Recall that according to the hypothesis of the theorem,

XJ- = /\/Kj <y foralll1 <j < Nandvk,]- = \/ Mk, —71]- fork > 1.
Henceforth, we will use the following notations:

7;’]1]./2,]1]. = Q] X [(l’l]/z, l’l]) U (6] — h], fj — h]/Z)],
Tingsan, = Qi < [(1/4,h) U (4 = By, € — 1/ 4)).

We introduce the function ii € H; (G) by the formula
N__
u(x), x€Gup=G \jngj,hj/zr
uj(y,z) = j(2)rj(y,2), x=(y,z) € Tiny, 1<j<N,
where  7(y,z) = u;(y,z) — [uj(z), (y,2) € 7;,;1]./2, 1<j<N and

16

1 3
5+ E(z —3hi/4) — ﬁ(z —3h;/4)%, z € [hj/2,h,
]
(s _Jd1 3 16
Gjz) = 5—E(z—£j+3hj/4)+ﬁ(z—£j+3hj/4)3, zelt—hti—ny/2, (@8
]
1, ZE[h],Z]—I’Z]]
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Note that {; € H?(h;/2,{; — hj/2). Moreover,
gi(hi/2) =0, gj(h;/2) =0, g,-( —hi/2) =0, Tj(t;—hj/2) =0,
3
/

Let us expand 7;(z) and D.r;(z) for almost all z € (0, ¢;) into a Fourier series converg-
ing in L? (Q))

ZCkJ J¥ijs  Derj ch] )k ji

where ¢ ;(z) = (r(2), lij)Lz ) ck]( ) = (Dzr(2), 1Pk])L2 )" It is clear that ¢ ;(z) = 0,
cf)’j(z) =0.

It follows from (2) and (20) that
¢ 4

[Py @iz 42+ [ (uri(2), 1)Vt i
0

[,

o

[
/ (@912 dz 1 € CF0,6).
0

Taking into account that
(Vyrj(2), V)20 = #ii(ri(2), Y12 ()
we have

b
"(z)dz + /v,%/jckrj(z)n(z) dz=0 VneC5(0¢).
0

O\.\.‘i‘
(9}
~
.
—

Thus, forallk > 1,
ci(z) = v,%’]-ck,j(z), z € (0,¢)). (30)
Lemma 13. Let hj < @/2, 1 < j < N. Then, for all k > 1, the following estimates hold
||Ck]||L2 hi/2h)) + Hck,j||%2(€j—hj,ﬁj—hj/2) < 4e_vl’jhjHck,jH%Z((),g].)/ (31)
||ij||Lz (h/2,0-1y2) < 2€_Vl'fhf||Ck,j|\%z(0,g.)/ (32)
< 4e M 12 - 33)

”Ck]”LZh/Zh +||Ck]||L21z —hj b—hi/2)

Proof. Since the coefficients cy ; satisfy Equation (30), then forall 0 < ¢ < h;/2 < z < k;
the following formulas hold:
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cx,j(z)
[e—vk,j(z—é‘) _ E—Vk,j(yj—fi(f—z)]ck,j(g) + [e_Vk,j(é/’_C_z) _ e—Vk,j(fj—3§+Z)]Ck,]. (4 —0)
1_ 6721/;(,]'(2]-72&5)
o Vki(z=%) 11— e—zvk,j(fj—é—z)]ck,j(g) 4o Uil —=¢-2) [1-— e—zvk,j(z—é)]ck,j(gj — )
1 — o 2%,(¢=29) /
ckj(€j —z)
[ekilli=278) e*Vk,j(Zj*3§+Z)]Ck’j(§) + [ Ui (70 — e*Vk,j(2fj*3§*Z)]ck/j (6 —0)
1 — o 20y 20)
e Vkilli=2=0)[1 — E—ZVk,j(Z—C)]Ck,j(g) + e vilF8) ] — e—zvk,j(fj—z—é)]ck,j(gj —f)

- 1 _ e*ZV&j(fj*Zé) 4

From here,
i j(z) < 20e7 WG (@) + 2 TG (G - )],

c%,]-(ﬂj —z)<2 [efzka/(ff’c’z)cij(ﬁ) + efzv’frf(z’g)cf,j(fj -2)].

Summing up these estimates, we have

Gj(2) + (€ —2) < 2[e7 20 e 2] (4 () + e (4 — 8)]
< 2[6721/14-(27@') + 6721/1,,'(4*@'72)} [C%J(g) + C%,j(ej — é)]
From here,
e Gi(z) + o (0 —2)] <2+ e P [ + (0 —-8)]. (34)

Integrating this inequality over { € (0,/;/2) and over z € (h;/2,hj), we arrive at
the estimate

2 2
lex L2(h/2) T ek, L2(4j—hj,tj—h;/2)

< 2[e M + eI gy < de "1 ||y ;

2 ] 2
L2(0;i—h:/2,0: L2(0,4))"
] ] ] ]

2
12(01;/2) T ek,

Integrating inequality (34) over ¢ € (0,h;/2) and over z € (h;/2,£;/2), we have

— s hs 2
(1 —e f)\|Ck,j||L2(h,v/2J-’rhj/2)

v i vy (Li—h; )2 2 2
<2(e7uili — e ve,j(€=h;/ )) [||Ck,j‘|L2(0,hj/2) + ||Csz||L2(£j7hj/2,Zj)]

(35)

—vy il 2 2
<27 [llewll2 (0, /2) + kil —n; /20 )-

From here,

2 —vy jh; 2 2
”Ck/]‘HLZ(h]-/Z,(jfh]-/Z) <2t /[”Ck,jHLZ(O,h]./z) + ||Ck'j|‘L2(€j—hj/2,éj)]

+ €7V1’jhj ||Ck,]‘

2 —v jh; 2
2(n/2.6-m/2) < 267kl 20,0

It follows from (30) that the coefficients c; j satisfy the equation (cp)" = Ve iCkj- There-
fore, estimate (33) is proved in exactly the same way as estimate (31).
The lemma is proved. O
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Corollary 4. Let hj < {;j/2,1 < j < N. Then, the following estimates hold:
2 —v1,ihj|,, 112
”’/J'HLZ(Th./Zh.) < 4e 1 ]H”]'HLZ(?;)' (36)

HDZrJHLZ(Th/ i) < de V1 /||Dzuj||%2(7]_). (37)
Proof. Indeed, it follows from (31) that
2 = 2 2
HerLz(ﬁ,hj/z,hj) = k:z‘i [HCkIjHLZ(hj/Z,hj) + Hck'j||L2(fjfhj,éjfh]v/2)]
(e}
—uy il — vy il —yy hs
<4e Y lewlif o) = 4e” " luj = [uljligacr) < 4™l 22 )

k=1 /

Similarly, estimate (37) follows from (33).
The corollary is proved. [

Lemma 14. Let VL In — 2 < h;j </{;/2,1 <j < N. Then, the following estimate holds:
L

[ — ul[p2(c) < &1 (38)

Proof. Using estimate (32) and noting that 2e7 "M < ¢2, we have

12— ul <<znmmTM2

Mz T Mz

[eS) ) N o " )
o
Z ||Ck,j||L2(hj/2,ijh]v/2) < gkilze Y ]”Ck,J'HB(o,éj)

N
= Gt < 2 Dl < ook =

-
Il
—

The lemma is proved. O

Lemma 15. The function i satisfies the identity

(KViZ, Vo) 26) — A @) ) = (¥, 9)r2c) Vo € Hy(G), (39)

N

0, x¢€ G\jglﬁ,hj/z,hj,
%)) = K[ ()10, 2) + 202) Dar(, ), % = (0,2) € Ty s 1 < N.
Proof. Let ¢ € #;(G), and let functions 1; € C*[0,¢j], where 1 < j < N, be such that
77](2) =0forz € [O,h]/4] U [61 — hj/4,£j}, and 11](2) =1forz € U’l]/z,f] — h]/Z]

Introduce functions

N

p(x), xe€G \].517;}1]-/4,
(1=ni(2))e(y,2), x=(y,2) € Tipar 1<j<N.

Pi(x) = {O' X € G\ Tipy/ar
! 1i(2)ey,2), x=(y,2) € T

Po(x) =
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N
As¢ =} ¢, then
j=0

(KVUI, V@) 12(6) — Mil, @) 12(6) = (KViL, Vipo) 126y — AL, o) 12

N ~
i Zl K] [(vi{\’ V¢j)L2(7;/hj/4) — A]'(u/ lP]')LZ(ﬁ,h]-/4):|
]:

Note that ¥ € H'(G), 9 = 0in G \ Gy, and @ = u in Gy, /5. So,
(KViL, Vipo) 2(c) — Mit, o) 26y = (KVu, Vipo) 12y — AMut, o) 26y = 0.

Note also that

(Vi, V’P}')LZ(Tth/U — A, lpj)Lz(ﬁ”/‘/‘*)
= (D1, Dzl/’f)Lz(Tj,hj/4,h]-> + (Vyii, Vylpj)LZ(Tj,h]-/4,;,j) —A;(@, ¢j)L2(Tf,hj/4,hj)

+ (D[l Devj)uacry, ) = Al )i, )-

Integrating by parts over z and taking into account that y;(h;/4) = 0,
¥i(¢; —hj/4) = 0,and —D2[uj]; = 7\]' [uj]; in Tjn;» we have
(ViL, Vip;) (T ) ~ Aj(#, lzbj)Lz(ﬁhj 1)
= —(DZii + A/, ¢]’)L2(7},hj/4rhj) + (Vyii, Vy¢j)L2(7},hj/4,h,)
+ (D1, ) 12 (0 lz=n;—0 + (Dzltlj, ¥ 12(0;) lz=t,--0
— (Dz[ujlj, ¥j) 12 (0 lz=n+0 — (Deil, ) 12(qa;) lz=¢;—h—0-

Noting that D#i(h; — 0) = D;[u;];(hj — 0) does not depend on y and [¢;];(h; — 0) =
¢j(hj +0), we have

(D=1, ¥7) 120 le=t;—0 — (D:[uj]j ¥5) 120y la=hy+0
= (Dz[ujlj, [Wlj)r2(0))lz=n;-0 = (Dz[uj]j )12 (0 lz=n;+0 = 0-
Likewise
(D21t ) 12(0) 2=,y —0 = (Dz[ulj ) 12 (0l 0 = 0.
Thus, using (5) we obtain

(VL V)2, ) = )17y, )
= — (DX + )N\jﬁ, lp]-)Lz(leth,h]_) + (Vyii, VVIPJ')LZ(Tj,h]-/zx,hj)
= —(D>u + )N\]-u, ¢j)L2(7}/;,j/4/hj) + (Vyu, Vylpf)Lz(ﬁhj/&hj)
+(D2E) + 4G )iz o)~ (Vo &) Vize, o)
= (§j'rj +2iDzr, lPJ')LZ(Tj,h]v/z,hj)Jr

-
+(Darj + A Giiaryy )~ (VT GV, 1)
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By virtue of identity (6), the last two terms vanish. Noting that ¢; = ¢ on 7;,;1]. /2
we obtain

N
(KVﬁ,Vq))Lz(G) - )\(ﬁ,(P)LZ(G) = ZK]( ;/7’]' +2€;Dzrj, le)LZ() = (“F, ¢)L2(G)-
j=1

The lemma is proved. [

Lemma 16. Assume that the numbers h; satisfy the conditions in (24). Then, the following
inequalities hold:

482 _ 1 122 1
2 —vq ih; 2 —v 2
2Kj h?e s gas 2K " el < oyt (40)

Proof. Let us sett = vy jh; and transform the inequalities in (40) to the form

t—|—4lnt2¢xj, t+21nt2/3j (41)
96> K3t 247K iAv?
where a; = In 72], Bj =1In 72]
a a

The function g(t) = t +4Int is increasing. If a; < 1, then g(t) > g(1) = 1 > a; for
t>1.Ifa; > 1, then g(t) > g(a;) > a; for t > ;. Thus, the first inequality in (41) holds for

1
hj > E max{w],l}

1
Similarly, the second inequality (41) holds for h; > — max{B;,1}.
y

/]
It should be noted that (24) implies that hjv; ; > max{txj, Bi, 1}. Furthermore, note
that vy jh; > In(2/e 2) already implies that v4 jhi > 1
The lemma is proved O

Lemma 17. Assume that the numbers h; satisfy the conditions in (24). Then, the following estimate
is true:

[¥ll2(6) < &1 (42)

Proof. Using estimates (29), (36), (37), we have

N
2 2
191226 ZH\FJHLZ i) < 2K, )+ 1D o, )
242 62
2 2
< ZJ;Kf h4 Hr]HLZ (Tinir2n;) h]z||Der||L2(77,hj/2,hj)‘|

_ 122
] j

Due to the estimates in (40), we have

N

1 &
¥y < 1[Iy + 18570l | 3 = (Il + VRSl )] 3

=1

1
Taking into account that 1 |vVKVu ||%2 © = || ||%2 © = 1, we arrive at inequality (42).
The lemma is proved. [
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Let us now show that estimate (25) holds under the conditions of Theorem 2.

Let {/A\k}zio be the set of eigenvalues to problem (17) and {@};-, be the set of
corresponding eigenfunctions, forming an orthonormal base in £ (G).

From (39) and equality

(KV, V§i)12(c) = M, )12y, k=0
it follows that

Ak = M, ) 26) = (¥, P12y, k> 0.

So,
r’{;lgt (Xk - ||u|| Z Ak - (i, (Pk)Lz( G) < Z(T/ ak)%z(c) < ||‘P||%2(G)
= k=0 k=0
Hence,

min [ A — A1l 26y — 17— ulli2(6)) < minfAe = Alalli26) < ¥z
As [ull2g) =1 [l — ull12(g) < €1 and [[¥|[12(g) < €1, we obtain the estimate
in[Ay— Al (1—¢e1) <ey,
min A —A[(1—e1) <&

which is equivalent to estimate (25).
Theorem 2 is proved.

6. Proof of Theorem 3
Let U € H} (G) be the eigenfunction of problem (17) corresponding to the eigenvalue
A and such that ||U]| 12(g) = 1. Recall that according to the hypothesis of the theorem,

Aj=A/Kj <myjforalll1 <j< Nand; = /pr—Ajfork>1.
We introduce the function U € H'(G) by the formula

N
U(x), x€G\ UTjn/on
j=1 ] ]
Uj(y,z) = j(2)Rj(y,2), x=(v,2) € Tipson, 1<j<N,
where
Rj(y,z) = Uj(y,z) — [Ujlj(2),  (v,2) € Tinjomy 1<j<N,
and the function {; is defined by Formula (28).

Let us expand R;(z) and D;R;(z) for almost all z € (0, h;) U (¢; — hj, £;) into a Fourier
series converging in L?(€))):

0
Z Ck,] wk]r DZ Z Ck] I/Jk,]

where Ck,]'(z) :( ( ) lpk,])LZ Q)) Ck]( ) (DZ ( ) lpk,])Lz Q)
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It follows from (17) that
hy

(DzR;(2), 1" (2) e, 12(qry) 42 + /(Vij(Z)/U(Z)vy¢k,j)L2(Q]-) dz
0

o —_ =

hj
/ lle])Lz )dz Vi € Cy(0,hy).
0

Taking into account that
(VyR;(2), Vy¥rj)iz(ay) = #ej(Ri(2), i )r2(0,),
for almost all z € (0,k;) U (¢; — hj, {;), we have
by by
/ (@) (=) dz + / R (2)(z)dz =0 V€ CP(0,;) UC (& —hj, £y).
0 0
Thus,
ci’,j(z) = ﬁ,%,jck,]-(z), z € (0,h)) U (€; —hj, £;). (43)
Remember that D;R;(hj) = 0, D:R;({; — h;) = 0 (cf. Corollary 3.5). Hence,
c;(,]-(h]-) =0, c;(’j(ﬂj —hj)=0 Vk>1

Lemma 18. Let h]- < Ej/2, 1 <j < N. Then, for all k > 1, the following estimates hold:

< e "M ”ij”%zm,gj)r (44)

12(04)) (45)

2
C Cr i
I k]HL2 n/2n) T+ ek, L2(¢—h; 6~ /2)

<efll ih;

/(12
”CkJHLZh/zh +||Ck,j L2(6j—h;,ti—h;/2)

Proof. Let 0 < § < hj/2 < z < hj. As the coefficients ¢y ; satisfy equation (43) and the
condition c} ](h )=0, we have

(ng) 1 + e*Zl//\k,j(hjfz)

() — o —Tkj e - -
cxj(2) = (e 14 o 200

From here,
_29, (z— 20 (z—

o} (z) < 4ck(&)e i) < df (&)e2Nil=0),

So,
c%,j (z)e 246 < 4c%,j(§)e*2ﬁlffz.
Integrating this inequality over ¢ € (0,4;/2) and z € (h;/2,hj), we come to an inequality
—7 hs
||Ck,j|‘%2(hj/2,hj) < dem " ]||Ck,j||%2(0,hj/2)- (46)
The following inequality is proved in a similar way
2 R TPRIE
”Ckzj||L2(fj*hjlfj*hj/2) <4 ]HckHB(@/*hJ‘/Z'ff)' 47

By adding inequalities (46) and (47) and coarsening the result, we arrive at inequality (44).
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From (43), it follows that the coefficients c; ; satisfy the equation (c;)" = V2 ik Taking
into account that Cfcj(h]') =0, wehaveforall 0 < ¢ < h;j/2 <z <Hhj

—20; i(hi—2z)
N g e AL
cx(2) = ¢ (§)e 1o 250
From here,
|ch(2)? < [ch (&) Pe™ 2078 < |cp (&)[2e =0,

Hence,
e i cl (2)]? < e (&) Pe 2N,

Integrating this inequality over ¢ € (0,4;/2) and z € (h;/2,h;), we come to an inequality

2 —
Hc;c,j Lz(h/-/2,h) <e Vl] /”Ck]HLZ 0,h; /2) (48)

In the same way, we prove the inequality

2 —O 2
2(6-m - /2) S € k120 n 20)- (49)

/
||Ck,j

By adding inequalities (48) and (49) and coarsening the result, we arrive at (45).
The lemma is proved. O

Corollary 5. Let hj < Ej/ 2,1 < j < N. Then, the following estimates hold:
2 —7y ik 2
||R]'|\Lz(7h‘/2,hj) < 4e V1 Y1227y (50)
— 7 s 2
HDZR HLZ Th /Zh) < e " ’HDZUJ'HLZU;)' (51)

Proof. Indeed,

[e9)

IRlE27, ) = kz;l{nck,]-

2 2
20 2) ki Lz(fj—hjréi—hf/z)}

—Uy hs —Uy ks —Uy hs
4o ]kZ;||Ck,jH%2(OIZj) — g MM U — [uj}jnﬁzm < 4o M| U1 oy

o0
ID=R]17, (Tin 123, Z[H killT (/2 + I 1I7 L2ty (; h/z)}

- —y jh O 2
< e Tl Z lek 12 0,6 = €M 1 D=U; = DUl 7y < €| DI
The lemma is proved. [

Lemma 19. Let % In iz < hj<{;j/2forall1 <j < N. Then, the following estimate holds:
L 8

1T —Ul| 12 < &1 (52)
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Proof. Using estimate (50) and taking into account that 4o~ "1l < s%, we have

N
2
Ia - UHLZ(G) - Z ||€]R]”L2(T; i/2h) ) S ; ‘|Rj‘|L2(7},11]—/2,izj)

z

N
D1l
< 246 ez f||Uj||%z T Z £1 < U7z (g)eT = €l

The lemma is proved. O

Lemma 20. The following identity is true:

(KVU,V9)12i6) — MU 9)126) = (®,9)126) Vo € H'(G), (53)
where
0 €G\ 0 T;
, X ih; 7
o(x) = jo T2

®;(x) = K[! ()R (v, 2) + 204(2) D=Rj(y,2)], x = (1,2) € Typy oy 1<j < N.
Proof. From (18), it follows that

~ o~

(KVﬁ V(P)Lz( G) — X(U, QD)LZ(G) = (KV(Z/:I - U), v¢)L2(G) - X(U - U, QO)LZ(G)

*ZK[DZ GR1), Do) 127, ) TG VARG V@2, )M ERE D27y, |

Using the fact that D;({;R;)(z) = 0in L2(O j) for z = hj/2,h;, £ — hj, {; — h; /2, we
perform the transformation

_ 2
(D=(8iR}), D=@)iz(7y, 1) = ~ (DGR}, @275, 1)

_ 2P, I ! .
= —((;D:R;, (P)Lz(Tj,hj/z,hj) - (C]- Rj+2G;D:R;, (P)Lz(Tj,hj/z,hj)'

As a result, we obtain

-~

(KVU, Vo)) — A, P2y = (P 9)2(c)

N
+ ;Kf (D2 Rj+ /\]R],é]qo)Lz(ﬁhj/zlhj) = (VyRj, é]4quo)L2(7?,11j/2,h]-)]‘

Using identity (23), we arrive at (53).
The lemma is proved. [

Lemma 21. Assume that the numbers h; satisfy the conditions in (26). Then, the following
inequalities hold:

21<2 482 e il < g 21<-ge*%’“f < i (54)
It 27 7 " ~ o

The proof of this lemma repeats the proof of lemma 16.

Lemma 22. Assume that the numbers h; satisfy the conditions in (26). Then, the following
estimate holds:

1@l 12(c) < &1 (55)
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Proof. Using estimates (29), (50), and (51), we have

2
LY. 2 191073,

2 1!
<23 R Rl o)+ DR, o, )

- N ) 242
<2}, Kj F‘|RJ‘|L2(7},rzj/2h h2 ”DZR ||L2(Th /2h;)
]

j=1

N
< 2,211(1'8 i
]:

U g+ S IDU s |
] ]

Using estimates (54), we have

N 2 1 82
1122, < 2[|unw A||[ DelljlEz() 5 < Ul + 5 IVEVUIE )| 5 -

Taking into account that %H VKVU|?, ©) = ulz, () = 1, we arrive at inequality (55).

The lemma is proved. [

Let us now establish the validity of Theorem 3.
Remember that U € H!(G). So

(KVU, V)2 = MU ¢x) 12y, k>0 (56)
It follows from (53) and (56) that

(A —A)(T, ?K)2c) = (@, k)2, k=0

So,
I;fg{)l (Ax _X)ZHHH%Z Z Ak — U q’k)LZ( G) < Z(dD,qok)%z(G) = HCDH%Z G
=z k=0 k=0
Hence,

min (A = AU 2c) = U = Ull2(6) < min A = AUl 26y < 12

As [U|l26) =1, | — Ul 12(c) < €1 and || @] 2y < €1, we obtain the estimate
in|A,—Al(1—g;) <e ,
min A —A[(1—e1) <&

which is equivalent to estimate (27).
Theorem 3 is proved.

7. Conclusions

A new method reducing computational resources is introduced to find a set of first
eigenvalues of the Neumann diffusion operator in a three-dimensional domain containing
thin tubes. The method consists of the truncation of the tubes at some small distance from
the ends of the tubes. The truncated parts are replaced by one-dimensional segments,
and special junction conditions are stated on the interfaces of the three-dimensional parts
and one-dimensional segments: pointwise continuity of the fluxes and continuity of an
average of the eigenfunction. The method is justified by the theorems pointing out at what
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distance we can truncate the tubes while keeping the given accuracy for the approximations
of eigenvalues. In the case in which the domain consists of thin tubes only, the method
significantly reduces the computational time: if the ratio of the thicknesses of tubes to their
lengths is 1/m, the time is reduced m times. This acceleration brings a significant gain in
time and allows the computations of the eigenvalues in domains of complex geometry.
Using the technique developed here, the approach to the eigenvalues of the original and
reduced problems preserving their multiplicities (up to a prescribed accuracy), and the
approaches of the corresponding eigenfunctions will be addressed in a forthcoming paper
by the authors. This extension shell likely involve the construction of sets of almost
orthogonal eigenfunctions of each problem (cf. [26,27] for an abstract framework and [28]
for the technique in a singularly perturbed spectral problem). The analysis of the method
will be extended to the comparison of the eigenfunction of the original and partially
decomposed problems.
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