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1. Introduction

Let C"*" denote the set of all the n x n matrices over the complex field C. For
A e C™" if X € C™*" satisfies the following conditions

AX = XA, XAX = X, AFXA = AF,

then X is called the Drazin inverse [1] of A, denoted by A%, A4 exists and is unique [2]. The
smallest nonnegative integer k that satisfies rank(A¥*1) = rank(AF) is called the index of
A, denoted by k = ind(A). Let A™ = [ — AA?, where I is the identity matrix. For p € Z,
[5] represents the largest integer not exceeding §.

Since the middle of last century, the Drazin inverse of a matrix has become a very
important research field. Up to now, it is still one of the most active research branches in
the world. The Drazin inverse of a matrix has been widely used in many fields, such as
differential equations, integral equations, operator theory, statistics, cybernetics, Markov
chains, optimization, etc. (see [2,3]).

For P,Q € C"*", Drazin first gave the explicit formula of (P + Q)? in the case of
PQ = QP = 0 (see [1]), which led to later research on the Drazin inverse representation
of the sum. In 2001, Hartwig et al. gave the formula (P + Q)¢ under the condition
PQ = 0 (see [4]). In 2009, the formula (P + Q)d was established under the conditions
P2Q = 0,Q% = 0 (see [5]). In 2011, an additive formula was given under the conditions
PQ?* = 0,PQP = 0 (see [6]). In 2016, Sun et al. (see [7]) derived a formula for (P + Q)d
under the conditions:

(1) PQ?=0,P>QP =0and (QP)? = 0;
(2) P2Q=0,QPQ*=0and (QP)?> =0;
(3) P2QP=0,P3Q=0,Q%=0.

Other representations of the Drazin inverse for P 4 Q were developed in Refs. [8-12].

One of the reasons for the study on the representations for the Drazin inverse of block
matrices essentially originated from finding the general expressions for the solutions to
singular systems of differential equations [13-15]. Then, Campbell and Meyer [3] posed
a problem: establishing an explicit representation for the Drazin inverse of 2 x 2 block
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Ié g ) in terms of the blocks of the partition, where the blocks

A and D are assumed to be square matrices. This problem has not been solved so far but,
in recent decades, some results are presented in Refs. [16-19].

In addition, the representation of the Drazin inverse of anti-triangular block matrix
M(D = 0) has always concerned many scholars, which can be applied to the study of
solutions of second-order differential equations, graph theory, saddle point problems,
optimization, and other problems [20-23]. In recent years, the problem has been widely
studied, and some results have been obtained under some conditions [22,24-28], but it still
remains open.

This objective of this paper is to present the representations for the Drazin inverse
of the sum of two matrices and anti-triangular block matrix M(D = 0). In Section 2,
we first present some preliminary lemmas which are used in the subsequent proof. In
Section 3, we give the explicit formula of (P + Q)? when P>2QP = 0, PQ*P = 0, PQ° = 0,
P2Q? = 0, (QP)? = 0 which also extends some existing results in Ref. [7]. In Section 4, we
give the representation for the Drazin inverse of M(D = 0) under the following conditions:

(1) ABCAA™ =0,ABCA™B =0, ABC = (;
(2) BCAAT™ =0,(BC)?A™B = 0,CBCA? =0, A“BC = 0;
(3) ABCAA™ =0,ABCA™B = 0,CBCAA™ = 0,CBCA”B = 0, AYBCA = 0.

These can be regarded as the generalizations of some results given in Refs. [5,22,28].

complex matrix M = <

2. Some Lemmas
Lemma1 ([3]). Let B,C € C"*". Forany positive integer i, we obtain ((BC)?)! = B((CB)?)'*1C.
Lemma 2 ([6]). Let P,Q € C™", ind(P) = r and ind(Q) = s. If PQP = 0 and PQ? = 0, then
r—1 ) ) s—=1 ) s—=1 )
(P+ Q)d — Z(Qd)z+1Pan + Qn Z Ql(Pd)H-l + Qn Z Ql(Pd)1+2Q
i=0 i=0

i=0

n i(Qd)i-&GPi—&-anQ — o'piQ — (Q1)2PPQ.

i=0

Lemma 3 ([18]). Let M = ( Ig
D € C"", ind(A) = r and ind(D) = t. Then

Al X
d __
w=(7 o)

where X = Y1} (AT)*2BD'D™ + A7 y_} AIB(D?)i+2 — A9BD".

) is 2 x 2 block complex matrix, A € C"*™,

Lemma 4 ([22]). Let M = ( Ié ]g > is 2 x 2 block matrix, A € C™™" (0 ¢ C"*",

ind(A) =r.IfBCA™ =0and (I — A™)BC = 0, then

M — A+ Vv (A%)?B + VA‘B
—\ c(A?)2 4+ cvAal C(AY3B4CV(AY)?B )’

where V = YL A"BC(A9)"+3,
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3. The Drazin Inverse for the Sum of Two Matrices

Theorem 1. Let P,Q € C"™". If P2QP = 0, PQ?*P = 0, PQ® = 0, P2Q? = 0, and (QP)%> =0,
then

(P+Q)* =[(Q™ — QP+ PQ(P")*) (P")* + (Q")*(P + Q)P™](P + Q)

-1
+ Y (QHH(P+ Q)PHT(P + Q)P (P + Q)
i=0

s—1
+ 2 QnQZiJrl (P + Q) (Pd)2i+5(P + Q)Z/

i=0
where | = ind(P? + PQ), s = ind(Q? + QP).
Proof. Using the definition of the Drazin inverse, we have that
(P+Q)" = (P+Q)(M+N),

where M := P? + PQ, N := QP + Q2. Since P?Q? = 0, P>2QP = 0, PQ® = 0, and PQ?P =0,
by Lemma 2, we obtain

1-1 ) ) s—1 ) )
(M+N)d — Z(Nd)l+lMlM7T + NﬂNl(Md>l+1,
=0 =0

where | = ind(M), s = ind(N). Since PQ® = 0 and (QP)? = 0, by Lemma 2, we obtain
r—1

r—2
N? — Z(Qd)z(i+1)(Qp)i + Z(Qd)z(i+3)(QP)i+1Q2
i=0

i=0
=(Q")?+(Q")*P + (Q)°PQ?,

where 7 = ind (QP). Since PQ“ = 0, for any positive integer i, we obtain

(N9 = (@)X D (@) + (Q1)°P +(Q%)°PQ?), M)
NTL’: I_(Q2+QP)((Qd)2+(Qd)3p+(Qd)5PQ2) (2)
= Q" - QP (Q")°PQ".
From PQ® = 0, PQ?P = 0, for any positive integer i, we obtain
Ni _ QZi + QZi—lP + QZi_3PQ2. (3)

Since P2QP = 0, (QP)2 = 0, by Lemma 1, we obtain that
M4 = P(P*+ QP*)¥ (P + Q).
Noting that P2QP = 0, by Lemma 2, we obtain (P* + QP3)¢ = (P%)* 4 Q(P?)°. Hence,
MT = (P12 + (P17°Q + PQ(P!)* + PQ(P)°Q.
By P?QP = 0, for any positive integer i, we have

(Md)i _ (Pd)Zi + (Pd)2i+1Q + PQ(Pd)ZiJrZ —|—PQ(Pd)2i+3Q. (4)
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From P2QP = 0, QP(QP)? = 0, we obtain
M™ = P™ — PYQ — PQ(P?)* — PQ(P*)*Q.
For any positive integer i, we can prove by induction that
(P+QP) = (P+QP*, (5)
M'M™ = M'(P"™ — PQ) = (P(P +Q))(P" — P'Q). ©)

By substituting Equations (1), (5) and (6) into Zl 1 1 (N )i+ MiIMT, it yields that

—_

(PJd)v+1A41A4n

|
==

Y (QDX((QN*+ QNP+ (Q1)°PQ*) (P(P +Q))/(P™ — P'Q)

I
—_ =
| HI“
_ =

Y (QDX(P+Q)(P(P+Q))/(P™ — PQ)

|
—_ =
| Hl"
—_ =

Y (QDZF((P+Q)P) (P +Q)(P™ — PIQ)

I
g

—_ -
[
_ =

(@D (P+ QP (P +Q)(PT — PQ).

I\
MR

Moreover,
NIM™ = (Q2P™ — (Q)?P'Q + (Q")°PP™ — (Q7)’PPQ + (Q)°PQ™.
Since P2QP = 0, P>2Q? = 0, PQ® = 0, we obtain
NTM™(P+Q) = ((Q1)?P™ + (Q1)*PP™) (P + Q) = (Q)*(P+ Q)PT(P+Q). (V)

Using P2QP = 0, Q% = 0, we obtain

N
>_|

(Nd)l+1MlM” (P+Q) = Z (QH2H3(P 4+ Q)PX~1(P 4+ Q)P™(P + Q). (8)
i=1

I\
—_

Combining Equations (7) and (8), we have

-1 -1

Y (NDFIMMT(P+ Q) = ) (RN (P + QP (P + QP™(P+Q) ©)
i=0 i=0

+((QY)’(P+Q))P™(P+Q).

Substituting Equations (2)—(4) into 7", I NTNi(M?)i*1, we have

s—1

Z Nan(Md i+1 _ Z QTL’QZI P + Q) (Pd)21+3(13 + Q) (10)

i=1
Further,

N™M* =Q™(P*)? + Q"(P!)’Q + Q"PQ(P*)* + Q"PQ(P')°Q
- QP! - Q'(P")*Q.
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From P?QP = 0, P2Q? = 0, (QP)? = 0, we have

N™MY(P+Q) = (Q"(P?)? + PQ(P)* — Q'P?) (P + Q). (11)
Combining Equations (10) and (11), we obtain
s—1 s—1
Z N?TNi(Md)i+1(P + Q) — Z Q7‘[Q2i+1 (P + Q)(Pd)2i+5(P + Q)Z (12)
i=0 i=0
+(Q" = Q'P+PQ(P!)?) (P)*(P + Q).

Finally, combining with Equations (9) and (12), we conclude the representation for
(P+Q). O

Now, we state the symmetrical formulation of Theorem 1.

Theorem 2. Let P,Q € C"". [FQPQ? = 0, QP?Q =0, PQ = 0, P>2Q? = 0,and (QP)? =
then

(P+Q)* =(P+Q)[Q™(P+Q)(P")* + (Q")*(P™ — QP* + (Q")*PQ)]
+ l_Zl(P +Q)Q™(P + Q)Q¥ (P + Q)(P1)* 5

i=0

s—1
+ Z(p + Q)Z(Qd)2i+5(P + Q)P2i+1pn,
i=0
where | = ind(P? + PQ), s = ind(Q* + QP).

The following result is a direct corollary of Theorem 1, the conditions of which were
considered in [7] (Theorem 1).

Corollary 1. Let P,Q € C™", If PQ> = 0, P2QP = 0, and (QP)? = 0, then
(P+Q) =[(Q" — QP+ PQ(P!)*) (P))* + (Q")*(P+ Q)P™] (P + Q)
my—1 . .
+ Z Q21+1Q7I(P+Q)(Pd)21+4(P+Q)

i=0

Z Qd 2i+5 P+Q)P21+2PT[(P+Q)

where my = ind(P?), my = ind(Q?).

Proof. It follows from (QP)? = 0 and P?QP = 0 that Z:il(;l(Qd)z”S(P + Q)P¥HIpT(P +
Q) = 0, thus we obtain the representation. [

Theorem 3. Let P,Q € C"*". If P2QP = 0, Q* = 0, then
(P+ Q) —( Y (((PQ))* + ((QP)?)+1) P27
=0
PR +(@PQPY) (PO - (P2 (P+ ),

where t = ind(P?), s = max{ind(PQ),ind(QP)}.
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Proof. It follows that
(P+Q)" = (P + QP+ PQ)*(P+ Q)
=P+ Q) (P+Q), -
where P; = P2 + QP, Q; = PQ. Since P2QP = 0, we have P;Q; = 0. Lemma 2 shows that
Pé = (P? + QP)*

O | o (14)
— (QP)T( Z(QP)I(Pd)ZH-Z + Z((QP)d)H_lPZZPn,
i=0 i=0

where | = ind(QP), t = ind(P?). Since P;Q;P; = 0, P;Q% = 0, by Lemma 2, we obtain

5171

(P1+ Q1) =(PQ)™ Y (PQ)'((P* + QP)*)"™ — (PQ)*(P* + QP)?PQ
i=0
Y (PQYT (P2 + QPY (P2 + QP)TPQ
i=0
rfl (15)

((PQ)*)"™(P* + QP)!(P* + QP)™

I
o

i
31—1

+(PQ)™ Y (PQ)'((P*+ QP)%)*2PQ
i=0
— ((PQ)")*(P? + QP)(P* + QP)“PQ,

where s; = ind(PQ), r = ind(P? 4 QP). Combining Equation (14) and Q? = 0, Q(QP)% =
we have

-1
Q) Y (PQ) (P + QP!
i=0

16
— (PQ)" T(PQY (P2 4 (PQ)(P + QP "
For any positive integer i, we can prove by induction that
T (PP + QY = g((PQ)d)i“Pzi,
(P24 QP)(P*+QP)* = PP! + (QP)" ZO(QPV“(P%M +QP Z (QP))*+1p¥pr, (17)
(P77 4 QPP+ QP)T = T (PQ)* 4P
From (PQ)?Q = 0, Q(QP)¥ = 0, we obtain
(PQ)™ (P +QP)* =(PQ)" [(QP)" Z}f(QP)Z’(P”’)M + jz:«QP)d)i“le'P"]
i ) (P12~ PQ(PQY(PYR + T (QP)) PP, "

i=0

Since (P? + QP)PQP = 0, Q* = 0, substituting Equation (15)—(18) into Equation (13),
we obtain



Mathematics 2023, 11, 3661

7 of 16

r—1
(P+Q)" =[ Y ((PQ)")"*!(P* + QP) (P> + QP)™
i=0
Sl—l

+(PQ)™ Y (PQ)'((P*+QP))™!] (P + Q)

i=0
r—1 si—1 . ,
=[ Y ((PQ)H) PP + (PQ)™ Y (PQ)!(P4)?*2 — PQ(PQ)" (P?)?
i=0 i=1
-1 t—1
+(QP)™ Y (QP) (P1)22 + Y~ ((QP)")™ P¥P™] (P + Q)
i=0 i=0
r—1 5171

:[ Z((PQ)d)i+1P2iP7T + (PQ)T( Z (PQ)i(Pd)2i+2 - (Pd)z

i=0 i=0

1-1 ) ) t—1 . .
+(QP)™ Y_(QP) (P*)* T2 + Y ((QP)")™™P¥P™| (P + Q).
i=0 i=0

Let s = max{s1,!} and t > r; we thus conclude the representation for (P 4+ Q)4. [

Theorem 4. Let P,Q € C"™". I[fPQP? =0, Q? = 0, then

t—1
(P+ Q) =(P+Q) ( Y PR ((PQ)T) 4 ((QP)YHY) — (P4
i=0

s—1
+ L (P (PQY(PQ)" +(QPY(QP)T)),

i=0
where t = ind(P?), s = max{ind(PQ),ind(QP)}.

Applying Theorem 3, we can easily deduce the formula of (P + Q) under the condi-
tions P>Q = 0 and Q% = 0in Ref. [5].

4. Representations for the Drazin Inverse of Anti-Triangular Block Matrices
This section is devoted to the Drazin inverse of 2 x 2 anti-triangular block matrix

A B
M= ( A ) (19)
where A € C"*™ (0 e C"*",

First, as the application of Theorem 3, we give some representations for the Drazin
inverse of M.

Theorem 5. Let M be the form as in (19). If ABCAA™ = 0, ABCA™B = 0, and AYBC = 0,
then

(20)

M — AT+ (AD2B+ A
- o} P '

where
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Y= lel(BC)i(BC)”F(Ad)Zi+1 + E((BC)d)i“(AziY + (BC)?A%+1BCAT),
=0 i=0

A = E(Bc)H(BC)iF(Ad)2i+2B —O—E((BC)d)[JFlAZi(An _ F)B,
i=0 i=0

r—1 ) )
Q= —C(BC)?ATA? + 6 + Y_ C((BC)?)" ™2 A% (YA + BC),
i=0
r—1 ) )
® = —C(BC)AT(A%)?B + 6A"B+ Y C((BC)*)'*2A%YB,
i=0
-1 ) ) ) )
6 =Y C(BC)™(BC)'(A%)?*2 4+ C(BC)™(BC)'Ar(A")**3,
i=0

p—1
Y=AAT-TA, T=Y A"BC(A%)"*2,
n=0

and ind(A) = p,ind(BC) =1,r = [g]

Proof. We split the matrix M = P + Q, where

A B 0 0
P_(CAAd 0>’Q_(CA” o>'

Obviously, Q%> = 0. Since ABCAA™ = 0, ABCA™B = 0, we have P2QP = 0. Applying
Theorem 3, it yields that

s—1

(P+Q)* =( ZO ((PQ)™(PQ)" + (QP)™(QP)") (P)2(H1) — (P2
= (21)

—1
+ tE ((PQ)H*! + ((QP)d)i+1)P2iP”> (P+Q),
i=0

where t = ind(P?), s = max{ind(PQ),ind(QP)}.
From AYBC = 0, we obtain A4(BC)? = 0,
A"BC = BC, by Lemma 1, we have

ATBC = BC,A™(BC)4 = (BC)". Since

(CA™B)? = C((A™BC)¥)2A™B = C((BC)*)2A™B,

(BCA™)? = BC((A™BC)%)*A™ = (BC)?A™.

From Lemma 3, it follows that

0 0
(QP) = ( C((BC))2A™A C((BC)!)2A"B >

7T I 0
(QF)" = ( ~C(BC)?ATA 1—C(BC)?A™B >

and for any positive integer i, we can verify that

i 0 0
(QP)" = < C(BC)I"'AT™A C(BC)i~1A"B )
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i_ 0 0
((Qpy’y = ( C((BC)?)TATA C((BC)?)*1A™B )

Similarly, by Lemma 3, for any positive integer 7, we have
ayi _ [ ((BO)H)'AT 0
(et = (PP D),
From (BCA™)™ = I — BC(BC)?A™, for any positive integer j, we can verify that

(PQ)™ = ( I—BC((fC)dA” (I) ),

paytpoy = (VG .

Since BCAAYA™ = 0, AAYBCAAY = 0, matrix P satisfies the condition of Lemma 4

and therefore
pi_ [ I+D)AT (I+T)(A7)?B
L C(Ad)? C(A%)3B ’

whereI' = Zz;(l] A"BC(A)"*+2, From AYBC = 0, for any positive integer j, we obtain

‘ I+T) (AN (I+T)(A%)/H1B
i ((OZTAD (enia

Since TAA“ = T, for any positive integer k, we obtain

pr_ (AT —(I+T)A"B
fCAd I-C(A)?B )’

p2kpr _ ( A*"1(AA™ —TA) A*"2(AA™—-TA)B )
0 0 '

For any nonnegative integer i, we have

d\i+1l a7
(P + (@2 = ( {(eiannr cipoyiaas )

Therefore, we obtain

T
L

(((PQ)d)i-H + ((Qp)d)i—‘rl)PZiPr(

< o~
(!
_ =

o ((Bc)d)i-‘rlAﬂAZi—lY ((Bc)d)i-‘rlATcAZi—ZYB
=, C((BC)d)i—I—ZAAnAZi—lY C((Bc)d)i—i-zAAnAzl'_zYB ,

1

I
—

wherer = [£], Y = AA™ —TA.
From A?BC = 0,TA = BCAY + AT, we obtain 'BC = 0, A"BC = BC ,TABC = 0,
A™T =T, ATA =TA? - BCAA?, TA? = BCAA? + AT A, we compute

_..
|
-

((PQH™ + ((QP)H)™ ) PXP™(P + Q)

—_ =

r— ((B )d)i+1A2iY_|_ ((BC)d)i+1A2i—1BCA7T ((BC)d)i'HAZi_lYB
( C(( C)d)i-l—ZAZiYA + C((Bc)d)i+2A2iBC C((Bc)d)i+2A2iYB );

i=
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where Y = AA™ — T'A. Further,

((PQ)* + (QP)*)P™
B (BC)?A™ — (BC)“T —(BC)“T A“B
_( C((BC)4)2AA™ — C((BC)?)2AT — C((BC)%)2BC A4 ¢ )
where
© = —C((BC)¥)2AT AYB + C((BC)¥)>A™B — C((BC)?)2BC(A)?B.
Therefore,
((PQ)* + (QP)")P™(P+ Q)
B (BC)4Y ((BC)YA™ — (BC)‘T)B
_< C((BC)?)?(A2A™ —TA?) +C(BC)* C((BC)¥)>(AA™ —~TA)B )
Then
t—1
Y- (P + (@) 1) P*P™(P + Q)
i=0
_7—21< ((Bc)d)iJrl (AZiY 4 (Bc>dA2i+lBCA7T) ((Bc)d>i+lA2i(A7T _ r)B > (22)
A C((BC)H)+2A% (YA + BC) C((BC)¥)*2A%YB

For any positive integer i, we can prove by induction that

(QP)'(QP)"
_ 0 0
_< (CB)™C(BC)""1AA™ (CB)™C(BC)""1A™B )

(PQ)™(PQ)' + (QP)™(QP)'
B (BC)!(BC)" AT 0
_( (CB)"C(BC)""1AA™ (CB)™C(BC)""1A™B )

let A; = (PQ)™(PQ)! + (QP)™(QP)}, we have

Ai(Pd)Zi _ ( (BC)i(BC)HF(Ad)Zi (BC)i(Bc)nr(Ad)2i+1B >/

o DCiAdB (23)

where a; = C(BC)™(BC)'~1 AT (A%)% 4 C(BC)™(BC)!(A?)%*1. Further,

d d\2
P+ = (Lt )

therefore, we have

T AP (p 4 Q)
i=1
B I-1 (BC)i(BC)ﬂF(Ad)ZiH (BC)i(BC)”F(Ad)ZH'ZB
- ;( a; A4 w;(A%)?B )

where «; is shown in Equation (23). In addition, by Equation (21), calculate that
((PQ)™ +(QP)™ — 1) (P)*(P + Q)

- A4 4 (BC)™T A4 (A4)2B + (BC)™T(A%)?B
_( C(BC)™(A%)2 — C(BC)YATA? —C(BC)4AT(A%)?2B 4 C(BC)™(A%)B )
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thus, we obtain
s—1 i . .
(L (P Py + (QP)(@PY) (P22 - (1) (P + Q)
i=0 24
_< A4 4+ Y 73(BC) (BC)™T(A)%+1 (A4)2B + Y[_ ) (BC)™(BC)'T(A%)%+2B > )
- —C(BC)?ATA? +§ —C(BC)gAF(Ad)ZB +JA"B ’

where § = Y'~1 C(BC)™(BC)!(A%)%*2 + C(BC)™ (BC)! AT (A%)%3,
Finally, substituting Equations (22) and (24) into Equation (21), we conclude the
representation for M. []

The following conditions are discussed in Ref. [28].
Corollary 2. Let M be the form as in (19). If ABCA™ = 0, A’BC = 0, then

M — AT +T (AD2B+ A
B 0 P '

where Y,T, A, Q, ®, 5 are defined by Equation (20), & = Zé;é(BC)"(BC)"I‘(A"Z)%Jrl + Zlf;é
((BC)?)*1A%Y, and ind(A) = p, r = [§], ind(BC) = .

As corollary of Theorem 5, the following results were discussed in Refs. [5,22],
respectively.

Corollary 3. Let M be the form as in (19). If ABC = 0, then
i [ ®A D
M"= ( CO CP?’AB )

where ® = z};})(BC)f(BC)”(Ad)ZHZ +®@, 0 =YI_((BC))HTAZAT, and ind(A) = p,
r = [£],ind(BC) = L.
In particular, if BC = 0, we obtain ® = (A?)2.

Corollary 4. Let M be the form as in (19). If BCA™ is nilpotent matrix, ABCA™ = 0,

AABC = 0, then
YA ¥B
d __
M= ( CY CYA‘B )

where ¥ = (Ad)2+2§;3(BC)fr(Ad)2f+2 , T = Y'~3 A"BC(A?)™#2, and ind(BC) = I,
ind(A) = p.

The following result is obtained by applying Theorem 4.

Theorem 6. Let M be the form as in (19). If BCAA™ = 0, (BC)?A™B = 0, and CBCA“ = 0,
A9BC = 0, then

M = YITd AL ((BC)Y) AT + F AR
— \ Lo CAY((BC)!)HAT + CH (A2 CF(AT)?2B )’

where ¥ = A4 + y.P_  A"BC(A?)"+3, and ind(A) = p,r = [5].
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Proof. Consider the splitting of matrix M,

A B 0 0
M_(CAAd o>+(c1¢vT 0)‘_P+Q'

Obviously, Q? = 0. From AYBC = 0, BCAA™ = 0, CBCA“ = 0, we obtain PQP? = 0.
Since AYBC =0, by Theorem 5, we have

0 0
(QP)' = ( C((BC)?)2ATA C((BC)?)2A™B )

From BCAA™ = 0, (BC)YA™B = 0, we obtain (QP)? = 0.
Applying Theorem 4, we obtain
s—1

(P+Q =(P+0Q) ( Y (P26 ((PQ) (PQ)™ + (QPY)

i=0

+ EPHPZi((PQ)d)iJrl _ (Pd)2>,

i=0

(25)

where t = ind(P?), s = max{ind(PQ),ind(QP)}.
Similar to the proof of Theorem 5, we can obtain

t—1 r—1 A2i+1 d\i+1 am
7 p2i dvivl _ [ Lig AZTH((BC)*) AT 0

From A?BC = 0, we compute

d\2 d\3
(PR((pQy+ 1) - (P2 = ( EDNADT (TEDEETE ),

Y (P2 F2((PQ) (PQ)™ + (QP)') =0,

i=1

and then
(P+Q)(P)*(PQ)"
[ A(I+T)(A%)?+BC(A%)®  A(I+T)(A%)°B + BC(A?)*B
( C(I4T)(A%)3 C(I+T)(A%)3B )

Denoting by ¥ = A(I 4 T')(A%)2 + BC(A%)? and substituting the above three equa-
tions and Equation (26) into Equation (25), we obtain

Md _ er;é A2i+1((BC)d)i+1A7T +{17 \TJAdB
B "3 CAZ((BC)H)H1A™ + C(I+T)(A%)> C(I+T)(A%)3B )’

since CA(I+T) = C(I+T)A, we have

Mt — Z:‘;é A2i+1((Bc)d)i+1A7I +‘? Y AR
- ' CA%((BC)4)H1A™ + CY(AY)? CY(AY)?B )’

where ¥ = A9 + Y ! _  A"BC(A%)"+3. [

Next, we give another result by using the additive result of the Drazin inverse of
Corollary 1.
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Theorem 7. Let M be the form as in (19). If ABCAA™ =0, ABCA™B =0, and CBCAA™ =0,
CBCA™B =0, A’BCA = 0, then

ai— [0+ BCA™¥)(YA +¥AYBC) (I+BCA™¥)¥B
B CY¥(I+ (A%)2BC) CYA‘B ’

where ¥ = (A")2 + LV _, A"BC(A?)"+4, and ind(A) = p.

Proof. Decompose the matrix M as follows:

A B 0 0
M_(CAAd 0)+(CA” o)'_P+Q'

From ABCAA™ =0, ABCA™B =0, A”BC = BC,CBCAA™ = 0,CBCA™B = 0, we
obtain

T T
P2QP—< ABCATA ABCA™B )_0’

CAAYBCAT™A CAAYBCA™B

2 _ 0 0 B
(QP)"= ( CATBCAA™ CATBCA™B ) =0.
Using Corollary 2, we obtain
(P+Q)" = (1+PQ(P?) (P (P+ Q)+ QP+ Q(P) (P+Q. (27

Using Lemma 4, for any positive integer j, we obtain

: FA(ATT ¥(A%)I—1B
o= (i s )

where ¥ = (A%)2 + y.F_ A"BC(A)"+4,
Since YAA? = ¥, ATBCA? = 0, 9% = ¥(A9)?, then

(I+PQ(P)?)(P)*(P+ Q)

_( (I+BCA™¥)(YA +YA'BC) (I+BCA™Y)¥B (28)
_< C(A%)?2 + C(A%)*BC C(A%)%B )
and
Q(P+Q)(PHY*(P+Q)

0 0 (29)
_< (CAA™FA? + CBC(A%)*) (I + (A")2BC) CAA™Y¥(A?)?B + CBC(A?)B )
Substituting Equations (28) and (29) into Equation (27) and noting that CAA™Y AL +
CBC(A%)* 4 C(A%)? = CY¥, we obtain
ai— U+ BCA™Y)(YA+YAYBC) (I+BCA™Y)¥B
CY¥(I + (A%)2BC) CYA'B
Thus, the statement of the theorem is valid. [

The following Corollary 5 was discussed in Ref. [28].
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Corollary 5. Let M be the form as in (19). f BCAA™ = 0, BCA™B = 0, A’BCA = 0, then

ait — YA+ (AY)?BC) 9B
~ \ C¥(I+(A)?BC) CYiA'B )’

where ¥ = (A")2 +y!_, A"BC(A?)"+4, and ind(A) = p.
Proof. This result follows from Theorem 7 by noting that BCA™ =0. O

5. Examples

In this section, we give some applications of the theorems in Sections 3 and 4.

Example 1. Let

0 00 11 01 010
0 00 00O 0 00 11
pP=|11 000 |,Q=]01110O0
0 00 00O 0 00 0O
0 00 00O 0 00 00O
It can be checked that
0 00 0O
0 00 0O
PQ*=|1 00 0 1 1 |,
0 00 00O
0 00 00O

therefore PQ? # 0. One of the conditions from Corollary 1 is not be satisfied, but it is easy to verify
that P and Q satisfy the conditions in Theorems 1 and 2.

Example 2. Let

S O OO
oS O O
SO O Rk O
o= O O

It can be checked that

el

@)

N

I
coc oo
coc oo
coc oo
co o~

therefore PQ? # 0 . One of the conditions from Corollary 1 is not be satisfied, but it is easy to verify
that P and Q satisfy the conditions in Theorems 1 and 2.

11
P=111
11

0 -3 3
rPg=o0 -3 3
0 -3 3

and Q? =0, therefore P2QP = 0, PQP? = 0,P2Q # 0. The matrix P and Q do not satisfy the
conditions given in Corollary 1, but satisfies that in Theorems 3 and 4.

Example 3. Let

1
1
1

Since
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00 1 0
A B 00 -1 0
Example 4. LetM-(C O),whereA— 00 o0 ol
00 0 O
o 2 20
B = ,C=1 -2 -2 00
0 10 0 0 00
0 0 O

Since ABCA™ # 0, the conditions given in Corollaries 2—4 are not satisfied. On the other
hand, we can check that M satisfy the conditions of Theorem 5.

A B 0 -1 1
Example 5. Let M = , where A = o 0 0],
C 0
0 0 O
1 00 1 0 -1
B=|(0150],C=110 -1
1 0 0 1 0 -1

Since BCAA™ # 0,BCA™ B # 0, the conditions mentioned in Corollary 5 are not satisfied.
However, we can check that M satisfies the conditions of Theorem 7.
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