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Abstract: The invariance method, known as Lie analysis, consists of finding a group of transforma-
tions that leave a difference equation invariant. This powerful tool permits one to lower the order,
linearize and more importantly, obtain analytical solutions of difference and differential equations. In
this study, we obtain the solutions and periodic solutions for some family of difference equations.
We achieve this by performing an invariance analysis of this family. Eventually, symmetries are
derived and used to construct canonical coordinates required for the derivation of the solutions.
Moreover, periodic aspects of these solutions and the stability character of the equilibrium points
are investigated.
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1. Introduction

In certain cases, difference equations are used to model the evolution of natural
phenomena occurring over time. The analysis of difference equations has attracted the
attention of many researchers and interesting results have been obtained. The type of
difference equations where initial conditions and parameters appearing in the equations
are fuzzy numbers, known as fuzzy difference equations, have also been studied and
progress has been made [1,2]. In numerous articles that dealt with solutions of difference
equations, we noticed the use of proof by induction to show that the presented formulas
for the solutions are valid. To the best of our knowledge, the use of Lie analysis to obtain
analytic solutions to difference equations is to some extent new. This method, originally
applied to differential equations, has recently been applied to difference equations. It traces
back to the twentieth century when Maeda [3] proved that, as long as a difference equation
admits symmetries, its order can be reduced. Recently, it has been shown, for differential
equations, that when symmetries and conservation laws are associated, one may proceed to
double reduction [4]. It is now known that this approach works for difference equations [5].
With regard to differential equations, computer packages that generate Lie symmetries
have been developed. Regrettably, this is not the case for difference equations. Symmetries
of difference equations are mostly computed by hand and frequently involve cumbersome
computations.

In this study, unlike in many articles where the change of variables is made by guess
work, we employ symmetries to reduce the order of the difference equation

Xn xn+kxn+2k (1)

Xntek = ’
Xy akXn45k (An + BuXnXy 1k Xn12kXn43k)

via canonical coordinates. We clearly state the link between the symmetries (characteristics)
and the new variable (invariant). Note that in (1), A; and B, are real sequences and x;,
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i=0,1,...,6k — 1 are the initial conditions. As a matter of choice, some authors prefer the
equivalent form

Y, — Xn—6kXn—5kXn—4k 2)
L=
Xp—2kXn—k(An + buXp 6k Xn—5kXp—akXn—3k)

of (1). Studies of special cases of (2) can be found in the literature [6] where the authors
consider the equation
Xn—6Xn—5Xn—4

Xn = 3)
" xy_oxu_1(a 4 bxy_eXn_5Xn_4Xn_3)

and presented the formula for solutions as well as their asymptotic behavior. For similar
studies on difference equations of this form, the reader can refer to [5-12].

The paper is organized as follows. In Section 2, we provide some basic theory needed
for finding symmetries of difference equations and the reduction of order. We also discuss
some well-known theory on the stability of equilibrium points. In Section 3, we obtain
symmetries and solutions of (1). A more detailed study is conducted for some special cases.
Section 4 is mainly dedicated to the stability of the equilibrium points and the periodicity
aspects of the solutions of (1). Finally, in Section 5, we show that some existing results in
the literature are special cases of our findings.

2. Preliminaries

The algorithm for finding symmetries of difference equations is explained at large
in [13]. Consider an equation involving some continuous variables x = (x1,...,%;) and a
local diffeomorphism (point transformation): 7 : x — X(x).
Definition 1. A parameterized set of transformations

Te(x) = 2(x;¢) 4)

is a one-parameter local Lie group of transformations if the following conditions are satisfied:
1. 7Ty is the identity map, so that ¥ = x when e = 0.

2. Ty Te = Tyqe for every v, e sufficiently close to 0.

3. Every £, can be represented as a Taylor series in ¢, that is,

Ru(x;€) :x,x—}—e;ya(x)#-O(sz), «=0,1,...,q9.

Definition 2. The infinitesimal generator of the one-parameter Lie group of point transforma-
tions (4) is the operator

q
X=X(x)=nkx) A= Zlmx(x)aia, ®)

and A is the gradient operator.

Theorem 1 ([13]). F(x) is invariant under the group of transformations (4) if and only if
XF(x) =0.

Suppose a difference equation has the form

Xnt+6k = .A(i’l, Xns Xn+kr Xn+2ks Xn+3ks Xn+4ks xn+5k)/ (6)
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where A is a known function that satisfies d.A/dx, # 0. As said before, we explore a
one-parameter Lie group of point transformations

0= xn+en(n,x,) (7)

where ¢ represents the group parameter. The function 7 = (1, x,,) is referred to as the
characteristic of the Lie group. The infinitesimal generator takes the form

d
X = () 3 ®)

Although the transformation depends on n and x; only, one needs to investigate how
the symmetries affect the other variables appearing in the right hand side of (6), hence the
introduction of the prolonged infinitesimal generator X of X’

%)
X =n(n,xn)5— +1(n+k k)

ox +77(n+2k1 xn+2k)7 +77(n +3ern+3k)
n

0X 40k 90X, 3k
d

+1(n + 5k, xn+5k)ax7+5k
n

9
Xy y

+ ’7(” + 4k' xn+4k) ox 4k
n

admitted by the group of transformations (7). Accordingly, the infinitesimal condition for
invariance is given by #(n + 6k, x,1¢) — X(A) = 0, that is,

1n(n+ 6k, xu16) — 1(n + 5k, x,5¢) — n(n+ 4k, xyq4x) — 5———1(n + 3k, x, 1 31)
90X, 5k 0X 1y 4k 90X, 3k
0A 0A 0A
- axn+2k’7(” + 2Kk, Xp12k) — m’?(” + K, xp k) — E’?(”/ Xn) =0 ©)

on condition that (6) is satisfied. The functional Equation (9) can be solved for Q after a set
of lengthy computations.

The analysis of stability of the equilibrium points will be carried out using the follow-
ing definitions and theorems. They can be found in [14].

Definition 3. The equilibrium point  of (6) is stable (locally) if for all e > 0,3 6 > 0 such that
6k—1

Y |xi—%| <6 = |x, — %| < € forall solution {x, }°_ of (6).

i=0

Definition 4. The equilibrium point x of (6) is a global attractor if x, — %, as n — oo, for any

solution {x,}5_, of (6).

Definition 5. The equilibrium point X of (6) is globally asymptotically stable if % is locally stable
and is a global attractor of (6).

We introduce the characteristic equation of (6) of the fixed point X:
A — psiA™ — pyd® — pad™ — oA — pedf — po = 0 (10)

9A_(%,...,%), i=0,k 2k, 3k, 4k,5k.

where p; = Er

Theorem 2 ([14]). Suppose A is a smooth function defined on some neighborhood of %. Then,

(i) Ifall the roots, A;, of (10) are such that |A;| <1, then X is locally asymptotically stable.
(ii)  If at least one root of (10) has absolute value greater than one, then X is unstable.

Definition 6. The equilibrium point % of (6) is called non-hyperbolic if there exists a root of (10)
with absolute value equal to one.
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Theorem 3 ([14]). Assume pg, Pk, Pok, Pax and psy are real numbers such that
[pol + [pil + [p2kl + [pae] + |paxl + [psil < 1.
Then, the roots of (10) lie inside the open unit disk |A| < 1.

3. Symmetries and Solutions
To find symmetries for (1), we apply the condition (9) to (1) as follows:

7(n+ 6k, A) + X X kX 2k X4k (1 + 5K, Xy 55) + XXy, X0k Xny 567 (1 + 4K, X0 ax)
x%+4kx3,+5k(An + BuXnXy kX 2kXn+3k)

i BuxXn® Xk Xk (1 4 3k, X 31) _ AnXnXy 1] (1 + 2K, X140k )

11)
2 2 (
xn+4kxn+5k(An + annxn+kxn+2kxn+3k) xn+4kxn+5k(An + annxn+kxn+2kxn+3k)

AnxnXy it (n+Kk, X0 1) _ AnXpykXn21 (1, Xn) -0

2 2
X4k X5k (An + BuXn Xy kX 12k X0 13k) Xy akXn15k (An + BnXnXy 4k Xn42kXn43k)

We differentiate (11) with respect to x, viewing x,.,4 as a function of x;, x4,

X0k, Xnisk Xpisk and A. To put it in another way, we apply the differential operator

%Tn —(Ax,/ Ax, ) ‘—(»;xnﬁ to (11) to obtain (after clearing fractions except for the reciprocal

of xy):

Xprak (An + BuXnX kX ok X 36)0 (14 4k, Xy ax) — (An + BuXn Xy kX ok Xn436)1 (1 + 4k,
Xpgak)  BnXnXp sk Xng 2k Xntart] (1 4 3K, X 13k) + BudXn Xk X3k Xntart] (0 + 2k, X, 40k ) (12)
+ BuXn Xy ok Xnt 3k Xnakl] (1 + K, X4 5) — Xy (An + annxn+kxn+2kxn+3k)77/(nr Xn)

A
+ X4k <xn + 2ann+kxn+2kxn+3k> n(n,xg) =0.
n

Observe that A , denotes the derivative of A with respect to x and ' represents the
derivative with regard to the continuous variable. Next, we differentiate (12) with respect
to x, and we utilize the method of separation to obtain the following system:

" 1. 2 1 2 (13)

. n __
XnXpikXnp2kXnt3kXnsak 21 =0
X 44k s = a5 =0

It is easy to verity that the general solution of the above system is given by

7’](7’1/ un) = )\nunz + Ontiy (14)

for some arbitrary functions A, and 6, depending on 1. We replace (14) and the correspond-
ing shifts in (11) (x,,¢ must also be replaced by its expression in (1)). Clearing fractions
and separating with respect to products of x,;, the resulting system of equations reduces
to the constraints:

An =0, (15)
On + 0k + Onpok + 043k = 0. (16)

The constraint in (16) is a homogeneous linear difference equation with characteristic

. X r r . i( 7T+4p71) l.(27r+4p7r) i(3n+4pn>
equation 73 + 12 4+ % + 1 = 0 whose solutions are e\ % /,e'\" % Jande\ % / for
p=0,...,k—1. Solutions of (16) take the form " and using (8), we have 3k symmetries
given by

m+dpm 2n+4pm 3n+dpm

:ein< 2k )Xnaxnr XZP = ein( 2k >Xnaxnr X3P = ein< * )x'flaxn/ (17)

X1p
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p=0,1,...,k—1. We construct the canonical coordinate as

dx, 1
= = —1 1
Sn ann 07[ n |x'fl‘ ( 8)
and we set
[Vl = exp{—(Snbn + Sp1kOntk + SutokOniok + Sntakbnr3k) }- (19)
The variable V,, can take the form
1
Vi = (20)
XnXn4+kXn+2kXn+3k

and, as a matter of fact, is an invariant because

]

d d d
X(V,) = 0,x,— +0 —+0 —+0 —_—
(Vi) ( nXn o, + n+kxn+kaxn+k + n+2kxn+2kaxn+2k + n+3kxn+3kaxn+3k

d
OnyakXniakm—— + OnaskXnisks—— | Va
0Xy, 4 4k 0X 4 5k
_ -1
XnXpn4kXn+2kXn+3k
=0. (21)

(971 + 9n+k =+ 9n+2k + 9n+3k)

Using (1) and (20), we derive the following relations:

Viisk = AnVn + By (22)
and v
Xn+4k = Vinxn (23)
n+k

from which are obtained

n—1 n—1 n—1
Vaknj _Vj< ASkk1+j> + ) <B3km+]' I A3kk2+j>/j =0,1,---,3k—1, (24)
k1:0 m=0 k2:m+1

and

= Vs

Xafen+j :xj< ) j=0,1,---,4k—-1 (25)

5=0 V4ks+k+j

using simple iterations. Since we do not have an expression for Vjs;, we make use of (25)
to obtain the following:

n_1 V4ks+j )

X12kn+j =Xj
PN 6 Vakstk

—x»%l Vidkstj  Viokstak+j  Viokst8k+ 26)
16 Vidks tk4j Vizkstak+krj Vidks +8k+k+]
nl 20 Vioksiakrs

5=0 r=0 V12ks+4kr+k+j

V r4j .
=xjﬁﬁ il Gl ) MG i=0,1,...,12k—1.

5=07=0 V3 (45+ [ 203 | ) (@ -+)
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Observe that the symbol |- | represents the floor function and 7(g) is the remainder

after division of g by 3k. It follows that 0 < 7(p) < 3k — 1. Employing (24) in (26), we
find that

X12kn+j = Xj H H

s=0r=
4s—1+ 4s—1+ 4s—1+
L4k7+]J L4kr+lj L4kr+]J
Ve (akr+j) H Askky+r(akrej) | T Z B3t v(akr+ ) Il Askky+(4kr+))
17 m=0 k2:m+1
45—1+ 4s—1+ 4s—1+ (27)
L4kr+k+jj L4kr+k+jj L4kr+k+jJ
3k 3k 3k

Vearkrskep) | Tl Asgrr@irsisi) | + 2 [ Bakmac@orskts)  I1 Askytr(akrri+)
) RN j A N j
= ~

where V; = 1/ (x;jx; Xi 1ok Xi1 k). Equation (27) gives the solution to the difference Equa-

tion (1). Naturally, the solution of (2) is deduced from that of (1) by backshifting it 6k times.
So, using (27), the solution of (2) reads

X12kn—6k+j = Xj— 6kH H

5=0 r=
4Sk_1+ 4Sk_1+ 4ik—l+
o1 o1 :
5t 155 5]
U (4kr+j) Ha3kk1+r(4kr+j) + X b3km+r(4kr+j) I1 a3kk2+r(4kr+])
kl =0 m=0 2 m-+
4s—1+ 4s—1+ 4s—1+ (28)
L4kr+k+jj L4kr+k+” L4kr+k+”
3k 3k 3k
Ocakrikf)|  TT @akktr@hrinr) |+ X b3km+T(4kr+k+]) I1 A3tk +(dkr-+K+)
k=0 m=0 ko=m+1
where v; = 1/(x;_gkXi_skXi_akXi_sk). For 1, k, 3k-periodic sequences A, and B, the

solutions simplifies considerably. The following subsection is dedicated to the case where
Ay and By, are 1-periodic.

3.1. The Case Ay, and B,, Are 1-Periodic Sequences
Letting Ay, = A and B, = B in (27), we obtain

4s—1+| 4|

, - as+| |
p1| Ve AR 4B x AT ARt 4B p A
x R 1—[ m=0 m=0
12kn+j ] ol . 45*1+[]+kJ ; 4S+L]+2kj
= j+ +2
Ve AN 4B L Am Vg A% 4B 2 Am
m=0 m=
+2k 4s+1+ )
Ve A® S 45 T an
m=0
4542+ | 4 |

A
VT(]) A4S+3+L3kj + B mgo Am
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; 4S+L3kj -1 ik 4s+Lj i
- A+l + VB- Yy AM Attt 5] + VB Z AM
—x [] W m=o ) e y
T8 ; 4s+2+L | 4s+L%j 1
A4S+3+L§J + E Am A4S+L J_|_ Am
Vr(;‘) oo Vi 2o
4s+1+ HZk
A4S+Z+U+ 2| - L5 JAm
T(j+2k) m=0
as | 2| ’ @)
ds+1+| 2| B m
A T Va(jr2x) LA

j=0,1,...,12k — 1. However, j = 0,1,...,12k — 1 can take the form j = 3kr + pk + j; with
r=0,123p=0,1,2j; =0,1,...,k— 1. Consequently,

4s—ii
—
1 A4s+r + N B : AM
B Pk =0
X12kn-+3kr-+kp+j1 = X3kr+kp+j H) 4542
5= +
Ads+3+r L B . Am
Vit m=0
Astrt ds+1+47+
L (pe1)k Bk T (pk |EH5E2E
bl P %
A4s+l+r+L j+ . y A A4s+2+r+L j_i_v# yoOAm
(/1+(p+1)) =0 (i1 +(p+20) =0 (30)
4s4+r—1 4ds+r+
F(p )k | At +(pH2)k | K
Attt UEER L B P am e MR B A
i1+ "0 LU Va1 —,
More explicitly,
4S+ 4115+
+r
4; 4s5+1 B 4542 B
. As-i—rVEAm As++r+ kZAmAs++r+ kZAm
— =0 Vit Vit 220
X12kn-+3kr+j; —X3kr+j; H 4s+ 45+ 4s+r
s=0 B r—1 Adstldr L B v pm
Atst3+r 4 L ZAm Atstr 4 B - ) AM Vi+2k, =
Vini=0 n*m=o
4s+ 4
S+7r
1 A4s+r+ ]13 Z AM A4s+1+r+ ]1+2k ZO Am
J— . m=
X12kn+-3kr+k+j; =X3kr+k+j; 11) 4s+ 4s+
s=
A4s+3+r+ A4s+r+2+ Z Am
Vip+ Zk
4s+
A4s+3+r_|_ B Z AmM
Vi m=0
4s+ !

A4s+2+r+ B ): A

Jlm =0
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As+r— 4s+r+1
. A45+r+ y Am A4s+2+r+ B Yy A™
n /1+2k =0 Vir m=0
X12kn+3kr+2k+j; —X3kr+2k+j; H 454241
0| Ats+34r 4 o Z A™ Adstril g B Z A™
Vir+2x m=0 jlm =0
A4s+3+r+ B 4S+ZZZ+:4"1
jl+k —
m=0 (31)
sorn B 4s+r+1 m !
Ads+2+r + m E
1 m=0

forr=0,1,2,3;j1 =0,1,...,k — 1 with V;, = 1/(x,X,, 1 kX, 2kXn+3). Equations in (31) are
given in terms of the first 12k terms including the initial conditions. Since one of the aims
of the paper is to present the solution in closed-form, we use (1) to provide the expressions
of x;,i=6k+1,---,12k — 1, as follows:

_ X1 Xjy +k X1 +2k X3k+-jy Xjy +4k (A T, Vi )
Xek+j, = 5\ YTkt = ‘
stk (A + ) v (4+75)
B
| Makj Xy 45k (A + Vj1+k) XXtk (A + v +zk) 3
X8k+j; = A 1 X9k4j; = A2 A ’ (32)
Xk+]1< Ty, +2,{) xj1+4k( +(A+ 1)\/7])
Xy +k X+ 2k (A +(A+ 1)\/@)
X10k+j; = ’
. B\ (A2
xjyase(A+ Vn) (42 +(a+1)y +k)
Xj 3k Xy +4k Xy +5k (A + VL) (A (A+1)y +k)
X11k+j, =

i ]1+k(A+ )(A2+(A+1) +2k)
for j; =0,1,--- ,k—1.

3.1.1. The Case When A # 1
If A # 1, (31) simplifies to

4s+r B 1—A%Hr 4s+1+r B [ 1-A%strtl
e AT () 4 e (A
X12kn+4-3kr+j; =X3kr+j; H

— A4s+r+3 _ Ads+
20 | Asstar 4 Vi_(l b ) ASSHT 4 o +k (1 e )
1 1

Adst2+r . _B <17A45+’+2>

Vii+2k 1-A
— Ads+rtl ’
Ads+1+r L(L)
+ i1 +2k 1-A

| AR B (1SR pterler oy B (Logti)

Viitk \ 1-4 Vi +2k 1-A
X12kn-+3kr+k+j, —X3kr+k+j; H
5=0 | AdsH3+r 1 VB (17?41”3) Alstr2 4 . B (1,1{14s:+2>
j1+k - j1+2k -

B(l _A4s+r+3)

4s+3+r
S A ()

4542471 B(l_A4s+r+2) 4
A + Vi, (1-4)
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4s+r B 17A4S+’> 454247 (1—A4S+f+2)
12kn~+3kr+2k+j; 3kr+-2k-+jq 20 | Adst34r 4 B (1,A4s+r+3) Adstrl 4 B (1,A4s+r+1)
Vi +2k -4 1A 1—A
A4S+3+1‘ + B<1_A4s+l‘+3)
V.t (1—A)
j1tk (33)
Ads+2+r + B(1-Afstr+2)
Vi +k(1-A)
with xg, - -+, X101 given in (32).
The case A = —1: For this case, after simplification, we have that
n n
o le( +V]1+k) _ Xk+jl< 1+ J1+2k) ( 1+ ]1)
X12kn+j; = B\" B s X12kntk+j; = B \" ’
(1) (14 vt) 7)
i j1+2k 1tk
n n n
_ B ) B _ B
x2k+h( 1+ Vf]‘*"‘) X3k+h( * V/1+2k) < 1+ V]l)
X12kn-+2k+j; = B \" 5 N\’ X12kn+3k+j; 5 \"
(-1+ &) (-1+ v25) (-1+vE;)
i j1+2k 1tk
n n n
_ B ) B _ B
X4k+]1 ( 1 + Vh-%—k) XSk+]l ( + ‘/j]+2k ( 1 + le )
X12kn-+4k+j; = 5 \" 7 X12kn+5k+j; 5 \"
(1) (1 vis) (-1+95%)
i j1+2k 1tk
B n
i1 J1+kxh+2k( 1+ le+k)
X12kn-+6k+j; = n+1 n’
X e -1 + B —1 _B
4k—+j1 % jp +5k V] Vj1+2k
n
x]-1+3kle+4k( 1 + +2k)
X12kn+7k+j = — 1) (34)
1+ p2 )" (<14 )
i ( V]] +k Vi
n+1
]1+4kx]1+5k( I+y )
X12kn+-8k+j; = n+1’
(1) (14 mts)
it ]1+k( T /1+k)
X12kn4-9k+j; = 5 \" 1
a1+ ) (14 7
B n
xj1+kxj1+2k(_1 + th)
X12kn+10k+j; = p “n-1)’
(1) (1 8)
J1+5k V. % Vi
B n—1
Xj +3kXj; +4kXj; +5k (—1 + Vj1+k)
X12kn+11k+j; = -1 T’
() (e vls)
N le Vj1+2k

for 1 =0,1,...,k—1.
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3.1.2. The Case When A =1
If A =1, Equation (31) reduces to

w1 14 (457)3 1 (4s‘J;r+1)B (4s;r+2)B
X — ) 1 1tk +2k
12kn+3kr+j; =*3kr+j1 1 . 14 (Bstr3)B o (4s4n)B (4s+7+1)B
B Vir Vig+k Vip+2k
ne1 14 (4s+r)B (45;—r+1)B (4s+1;+3)B
x —x H Vin+k j1+2k il
12kn+3kr+k+j1 —*3kr+k+j; 14 (s4r13)B 1\ (ds+r+2)B (4s+7r+2)B
Vii+k Vii+2k Vi
01 1+ B(4s+r) (4s+‘;+2)B (45‘—;r+3)B
X R Viy+2k i1 1tk (35)
12kn+3kr+2k+j, 3kr+2k+]1 (45+r+3) (4s+r+1)B (4s+r+2)B
01+ 14 Et73lB g 4 (od
Vip+2 Jit itk

with xgp, - - -
and presented in the following closed-form:

, X12k—1 given in equations in (32). These equations in (35) can be unpacked

a1 14 (4s.)B 14 (45+1)B 1 (4$+2)B
x —x 1—[ Viy Vig+k j1+2k
12kn+j; =Xj; 511 (4s+3)B 1, (4s)B (4s+1)B
Ss=
iy Vig+k Vip+2k
w1 14 %/4;)3 14 (4%;+1)B 1 (45‘4;3)3
x J—— . j1t+k j1+2k 1
12kn+k+j; —Xk+j; 14 (4s+3)B 1 (4s+2)B (45s+2)B
il
VJ'1+k ‘/f1+2k Vfl
w1 14 ‘(/45)8 14 (45;2)3 1 (4{;%3)3
x J—— . ]1+2k j ]1+k
12kn+2k+j; —*2k+j 14 (Bs+3)B g (4st1)B ¢ | (4542)B
Vip+2k Vir Vip+k
ne1 1+ (4s+1) 1+ (45+2)B 1 (%/s‘-&-B)B
X C—x ] ]1+k j1+2k
12kn-+3k+j1 h+3k Ll (4s+4) 14 (45+1)B 14 Ust2)B
Vii+k Vi +2k
a1+ (4s+1) 1+ (%/s‘+2)B 1 (45;4)3
x —x H Vi tk i1 +2k i
12kn+4k+j, = *4k+j 14 (4s+4 14 Gst3)B 4 | (4s+3)B
Vig+k Viy+2k Vi
n1 14 (4s+1) (45;3)3 1 (4‘#4)3
x —y H ]1+2k j j1t+k
12kn+5k+j1 —*5k+j1 14 (4s+4 14 (4s+2) 14 (s+3)B
Vir Vig+k
(4s+2) (4s+3) (45+4)B
Xy Xju+kXjy +2k ntl+ Vi 1+ Vig+k Vig+2
X12kn+6k+j; = : : " !
n T . B (4s+5) (4s+2)B (4s+3)B
X X 1+
ik sk (1 7o) 50 14+ S22 14 el R
- B (45+2)B (4s+3)B (45s+5)B
S Va1 v et 145 1 v 14 7y
X12kn+7k+j; = B
xi (1+ (4s+5) (4s+4)B (4s+4)B
A I R R
(4s+2) (4s+4) (4s+5)
x4k+]l ]1+5k(1 + ) n—1 1 + ]1+2k 1 + 1 + ]]+k
X12kn-+8k+j; —
xk+h( + 7 +2k) o1+ (4s+5) 14 (45+3)B 1 (4;+4)B

j1+k
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4543 4s+4)B 45+5)B
— :lexj1+k(1 + sz;y{) n—11+ (4 ]6> <4V]1;}3 (Zflfj)"B
Xjy k(1 + W) w0 14 S+ B4 S;ﬁ (Vs]:rz)k
Xj kX ok (1 + *) n-11+ (4s,+3 (%/s;@B (45‘216 .
T T (L ) (T ) g1 4 IR g (RSB T STD
N ‘ _xf1+3kle+4kle+5k(1 + W.l)(l + v],le Jn-11+ (4s++32)k (45‘215)8 (4‘2;6123 (36)
12kn+11k+j; — lele+k(1 + ﬁ)(l + V]ffzk) S014+ (4s+62)k 1+ (455;14)3 14 (4‘215}28

x4k+l~:xl-,i:0,...,2k—

forj1 =0,1,..., k=1 with V; = 1/ (x;x; 1 kX Lok Xis 3k ) -

4. Periodicity and Behavior of the Solutions

Here, we study the periodicity of the solutions via the formula of the solutions obtained
in the previous section and we look at stability of the equilibrium points.

Theorem 4. The solution x, of

XnXn+kXn+2k
7
X4k X5k (A 4 BXn Xy kX 2k Xn3k)

Xntek = (37)
where A # 1 and B # 0 are real constants, is 4k-periodic if and only if the initial conditions, x;,
satisfy the following conditions:

(i) xXi = Xijar
(ii) XXk XipoxXnsak = (1 —A)/B.
(iii) X; # Xj  OF X; # Xjyok-

Proof. Suppose the initial conditions xg,...,xg_1 satisfy x; = x4 with
XiXipkXitokXis3k = (1 — A)/B. The last condition eliminates k and 2k-periodicities. Now,
thanks to condition (i), (31) and (32), we have

12k — 1.

1} Xek+i = Xit2ks i :0,...,6k—1,‘ X12kn+i = Xis i= 0,...,

This implies that x,, = x,,1 4 for all n and the solution is periodic with period 4k. [

Figure 1 shows the graph of (37) for k = 2 with the initial conditions satisfying the
three conditions in Theorem 4. As expected, the solution is 8-periodic.

Figure 2 shows the graph of (37) for k = 2 with the initial conditions not satisfying one
of the three conditions in Theorem 4, condition (ii) to be specific.

Theorem 5. The solution x,, of (37) is 2k-periodic if and only if the initial conditions, x;, satisfy
the following conditions:

(i) Xi = Xi42k

(ii) x?x? X, =(1-A)/B

(i) x; # i

Proof. Suppose the initial conditions satisfy x; = x; o and x%x? . = (1—A)/B. Condi-
tion (iii) eliminates k-periodicity. Invoking condition (i), (31) and (32), we have that
x2k+i:xi,i:0,...,4k— ,12k—1.

1; x6k+i:xi,i:0,...,6k—1; lekn+i:xi,i:0,...

Therefore, x,; = x,,1 5 for all n and the solution is periodic with period 2k. O
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Figure 3 shows the graph of (37) for k = 2 with the initial conditions satisfying the

three conditions in Theorem 5. As expected, the solution is 4-periodic.
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x10 = —1/4,

1/2, X2

2 with the initial conditions not satisfying

100
X9

1, X1

80
X8

60
) with x(

1/2,%¢ = —1/4,x; = —1/2.

40

XnXntkXn+2k
X4 4k X5k (26X Xk X 42k Xn 43k

20
1, X5

Figure 4 shows the graph of (37) for k

condition (ii) in Theorem 5.
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Note that the solution x,, of (37) is not k-periodic when the initial conditions satisfy
x; = Xjyx and x;} = (1 — A)/B. In this case, we have a constant sequence. Nevertheless,

all the initial conditions being the same does not guarantee the existence of 1-periodic
(constant) sequences. We illustrate this in Figures 5 and 6.
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L T L A N R R A
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00 1 R | A R A TR VR
! |! il i G L
3] 1 o
3 2 20 o0 8 100
Figul'e 5. xn+6k — XnXn+kXn+2k

withx) = X1 =X = X3 = X4 = X5 = X = Xy =
xn+4kxn+5k(2_16xnxn+kxn+2kxn+3k) 0 1 2 3 4 5 6 7
Xg = X9 = X109 = x11 = 1 not satisfying x} = (1— A)/B.

—-= x(n)
1.04 A
1.02 -
21004 —— B
x
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0.96 -
° 20 40 60 80 100
i XnXp kX,
Flgul‘e 6. xn+6k = nXn+kXn+2k

withxg = x| =X = X3 = X4 = X5 = Xg = X7 = Xg =
xn+4kxn+5k(2_1xnxn+kxn+2kxn+3k) t 0 1 2 3 4 5 6 7 8
X9 = X10 = X11 = 1 satisfying x? = (1 — A)/B
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5. Concluding Remarks

Although Equations (1) and (2) are the same, the solution of the later equation is
obtained by backshifting the solution of the first equation 6k times. For example, when
k = 1 and for constant coefficients, (2) becomes

Xn—6Xn—5Xn—4

Xy =
Xp—2%n1(A + Bxy_6Xn_5X34Xy-3)

and its solution, using (33) and (35), is given by (after backshifting 6 times and remembering
that, in this case, 1/V; = x;Xj11Xj12Xi13)

A4s+r(1 —A— T

X12kn+3r—6 =X3r—6
=0 A4s+3+r( —A— - ar ar
A4s+2+r( A_i)_'_vi
Ads+l4r(1 — A — 7) + Vi
4s+r(1 _ B B 4s+1+r(1 _ _ B B
X12kn+3r—5 —X3r—5 . (1 . VB)+V§ . (1 . V§4)+V§4
=0 A4s+3+r(1_A_ V7)+V7,5 A4s+r+2(1_A_ T)+V7,4
A4s+3+r( A_7)+%
A4s+2+r(1 —A-— V7—6) + %5
4 B 4542 B B
X12n+3r—4 =X3r_4 i U A_i)JrT AR -A- o)+ v
n+3r—4 —A3r—
5 A4s+3+r(1 _VL) VLA%HH(l_A_V*ﬁ)"‘V%G
4s+3+r -
A 1-A )+V5
A4s+2+r(1 A— 7) + V_
when a # 1; and
. . il 1+ P (ds4r) 1+ P (ds+r+1) 1+ P (ds+r+2)
12n43r—6 =X3r—6
e T T+ B (4 +r+3) 1+Vi(4s+r) 1+ (s +r+1)
. . il T4 Po(ds+r) T4 B (ds+r+1) 1+ 2 (4s+7+3)
12n+3r—5 =X3r-5
e Tl A s+ 1+ s+ r+2) 1+ (45 +1+2)
i i nl T4 Po(ds+r) 14 P (ds+r+2) 1+ A (45 +7+3)
2n43r—4 =X3r—4
1 ’ 5:01+Vli (4s+r+3)1+ %(4s+r+1)1+vi(4s+r+2)

when a = 1. This special case was studied in [6]. In fact, setting n:=n+1landr+2:=j
yields Theorem 2.1 and Corollaries 2.2 and 2.3 in [6].
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