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Abstract: It is very meaningful and challenging to efficiently seek common solutions to operator
systems (CSOSs), which are widespread in pure and applied mathematics, as well as some closely
related optimization problems. The purpose of this paper is to introduce a novel class of multistep
implicit iterative algorithms (MSIIAs) for solving general CSOSs. By using Xu’s lemma and Maingé’s
fundamental and important results, we first obtain strong convergence theorems for both one-step and
multistep implicit iterative schemes for CSOSs, involving asymptotically demicontractive operators.
Finally, for the applications and profits of the main results presented in this paper, we give two
numerical examples and present an iterative approximation to solve the general common solution to

the variational inequalities and operator equations.

Keywords: strong convergence; common solution; asymptotically demicontractive operator system;
novel multistep implicit iterative method

MSC: 47H10; 47H09; 47]25; 41A25

1. Introduction

Throughout this paper, let H, H1, and H; be three real Hilbert spaces with the inner
product as (-, -), and the induced norm as || - ||. Assume that j; := {1,2,---,p1} and
J2 :={1,2,---,pa} are two sets; here, p; and p; are two arbitrary positive integers. We
assume that all the problems and iterative schemes are well-defined.

Foralli € jy and eachj € jp, letS; : H — H and F; : H — H be two nonlinear
operators, and Q; C H be a given nonempty closed convex subset for any j € j>. In order
to solve the general common solution to variational inequalities and operator equations
(GCSVIOE), we consider the following;:

Vi e 71,

0=x—S5;x
14 ) 1
{ VijQj,]sz. ()

(Fix,y; —x) >0,

It is not difficult to note that (1) can also be reformulated as the following nonlinear
operator system (see [1]):

Vi € 1,

. 2
V]E]z, ( )

0=x—S;x,
0=x— PQ/.(I - pF)x,

where p is a positive constant, I is the identity operator, and for each j € j,, Pg. is the metric
projection from # to Q; , which is used to find the unique point Pg,x in Q; fulfilling

I~ Poxl| = int{lx ~ yllly € O},
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ie.,
(x — Pgx,y — PQ].x> <0, Vyeq;

If PQ].(I — pFj) in (2) is generally replaced by T; : H — H for all j € j», then one can
easily see that GCSVIOE is a special case of the following common solution problem for
the operator system (CSOS) involved in the nonlinear operators S; and T}, which aims to
locate the point x € H such that

{ 0=x—S;x, Vi€, 3)
0=x—-Tx, Vj€.

Example 1. When j; and j; are single point sets, i.e., py = 1 for k = 1,2, and S1 and Ty are
separately denoted as S and T, one has the following special nonlinear operator system from (3):

0=x—Sx and 0=x—Tx. 4)
Example 2. If T; = I for every j € ja, then (3) reduces to a family of operator equations as follows:
(I-S)x=0, Viep, @)

which was considered by Gu and He [2].

Furthermore, the split common fixed point problem (SCFPP), which is used to describe
intensity-modulated radiation therapy, can be transformed into a CSOS.

Example 3. Give a bounded linear operator A : H1 — Ho, and two series of nonlinear operators
Si "1 — Hy forany i € jyand T; : Hy — Hy for each j € jp. Then, the SCFPP can be
formulated by finding the point (x1,x2) € (H1, Ha) such that

Axy = xo,
X1 = Six1, Vi e J1,

xp =Tjxa, Vj€j,

which was first introduced by Censor and Segal [3] in 2009 and has attracted widespread attention—
see [4]. According to the Lemma 3.2 in [5], the SCFPP can be transformed into the following CSOS:
Find x € Hq such that

0=x—S;x, Vi€,
0=x—(A*A)'A*T;Ax, Vjep,

where A* is the adjoint operator of A.

Remark 1. We remark that CSOSs have a wide range of applications in physics [6], mechanics [7],
control theory [8], economics [9], information science [10], and other problems in pure and applied
mathematics and some highly related optimization problems [11,12].

In order to solve (5), Gu and He [2] introduced the following multistep iterative

process with errors u,(f) fori € jyandn € N:

X1 € C,
(0)

xnﬂ =Xn 7 . . . ;
x,(f_l) _ {1;(11)51‘355:) 4 bi(ql)xn + Cgll)ugll),

xglpl) = x}’l/

(6)

where C is a nonempty closed convex subset of H and S; : C — C. {a,(j)}, {bg)} and
{c,(f)} are three real sequences in [0, 1] and satisfy certain conditions. They also prove that
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(6) converges strongly to a common solution while {S;};¢ 51 is a family of nonexpansive
operators in Banach space. Afterward, when S; in (5) is the more general asymptotically
demicontractive operator for all i € j;, Wang et al. [13] introduced an iteration scheme

as follows:
{ X1 € H,

7
Xn4+1 = (1 —an — bn)xn + by le;l ciS?xn, Vn e N, ( )

where {a,}, {b,} C (0,1) are two real sequences, and a strong convergence theorem was
also obtained in real Hilbert space.

In order to solve (3), which is involved in a family of nonexpansive operators {S; };c :
and a series of asymptotically nonexpansive operators {T;} jc,, here, when j = {1,2,-- -k}
and k € N, Yolacan and Kiziltunc [14] proposed the following multistep approximation
algorithm (YKMSA):

X1 € H,
Xpi1 = x0
l’l.—‘rl ‘nos ) ) ) . (8)
x,(f) = a,(f)Ti”x,(fl) + b,(f)Sl-xn + c,(j)uﬁl’),
xff” = xy.

On the other hand, it is well known that the implicit rule is one powerful tool in
the field of ordinary differential equations and is widely used to construct the iteration
scheme for (asymptotically) nonexpansive-type operators; see, for example, [15-19] and the
references therein. Of particular note is that Aibinu and Kim [20] compared the convergence
rates of the following two viscosity implicit iterations:

X1 € H, (9)
Xpy1 = AnSxy + (1 - an)T(bnxn + (1 - bn)xn+1)/ Vn > 1,

and
X1 € H, (10)
Xpi1 = 3nSxy + bpxpy + cnT(dpxy + (1 —dy)xy11), Yn>1,

where {a,}, {bn},{cn}, and {d,} are four sequences satisfied by special conditions, and S
and T are two self operators for H. They also proved that iteration (10) converges faster
than (9) under some prerequisites.

Due to the complexity and effectiveness of the implicit rules (see [19]), there are few
pieces of research on implicit iterations for the more general asymptotically demicontractive
operators. Thus, the following question comes naturally:

Question 1. How can a novel iteration scheme be to established with an implicit rule for the CSOSs
(3) involved in asymptotically demicontractive operators? What conditions should be satisfied for
strong convergence?

Motivated and inspired by the above-mentioned works, we provide a kind of novel
multistep implicit iteration algorithm (MSIIA) to answer Question 1. The basic definitions
of the related nonlinear operators and some useful lemmas are given in Section 2. In
Section 3, we present the details of the proposed MSIIA and prove the main results. Two
numerical experiments and an application on GCSVIOE are shown in Section 4. Finally, we
make a brief summary of this paper in Section 5. Our studies extend and generalize the
results of Gu and He [2], Wang et al. [13], and Yolacan and Kiziltunc [14].

2. Preliminary
In a real Hilbert space H, the following inequalities hold for all x,y € H:

Ix + > < llx|* +2(y, x +y), (11)

and

lax + (1 = a)y||* < allx]|> + (1 = a)lyll>, V¥a € [0,1]. (12)
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In the remainder of this section, we recall some useful definitions and lemmas.

Definition 1. A nonlinear operator U : H — H with fixed point set Fix(U) # @ is said to be

(i)  a c—contraction if there exists a constant ¢ € [0,1) such that
[Ux Uyl <cllx=yl, VeyeH
(ii) nonexpansive if
[Ux = Uyl < llx—yll, Vxye;
(iii) L-Lipschitzian-continuous if there exists a constant L > 0 such that
IUx = Uyl < Llx—yl, VxyeH
(iv) L-uniformly Lipschitzian-continuous if there exists a constant L > 0 such that
[Ux —U"y| < Lllx—yl, VxyeH
(v) dé-demicontractive if there exists a constant 6 € [0,1) such that
[Ux —p|*> < ||x — p||® +6||Ux — x||?, Vx € Hand p € Fix(U),

which is also equivalent to

(x —Ux,x —p) > 1_(5||x— llx||2;

- 2

(vi) asymptotically demicontractive if there exists a sequence {k,} C [0, 00) with lim, o ky =1
and a constant x € [0,1) such that

[U"x = qlI* < ki llx = ql* + &llx — U"x[|?,  Vx € C,q € F(U),

which is also equivalent to the following inequalities:

K +1 x—1
(U'x—q,x—q) < ~—|x—ql* + 5 Jx — U"x||?,
K2 -1 x—1
(U —x,x —q) < =5 llx—ql*+ 5 lx — U"x|)>.

In order to enhance clarity and precision, we use a (kj, x)-asymptotically demicontrac-
tive operator to represent the above-defined asymptotically demicontractive operator for
the sake of convenience.

Lemma 1 ([21]). Let C be a nonempty closed convex subset of H and U : C — C be a L-uniformly
Lipschitzian-continuous and asymptotically demicontractive operator. Then, Fix(U) is a closed
convex subset of C.

Definition 2. Let U : H — H be an operator. Then, I — U is noted as being demiclosed at zero if,
for any {x,} C H, the following implication holds:

Xy — X

(I—U)xy — 0 } = x=Ux

where — and — represent weak and strong convergence, respectively.
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Definition 3 ([22]). An operator T : H — H is called uniformly asymptotically regular if, for
any bounded subset C of ‘H, there is the following equality:

lim sup | T"1x — T"x| = 0.
n—o00 xeC

Example 4 ([23]). Let K =R, and T : K — K be defined by

rx, ifo<x<1/2,
T(x) = r;::jlc) ifl1/2<x<r, (13)
0, ifx <Qorx>r,

where 1/2 < r < 11is a given constant. Then, T is a uniformly Lipschitzian-continuous and a
(r,0)-asymptotically demicontractive operator that is uniformly asymptotically regular for K, and
I — T is demiclosed at 0. The fixed point of T is 0.

Example 5. Let C be a nonempty closed convex subset of ‘H, and operator F : C — H be a
o/ u?-inverse strongly monotone operator, i.e., o/ u*||Fx — Fy||> < (Fx — Fy,x — y) for any
x,y € C. Then, T := Pc(I — pF) is uniformly asymptotically reqular if constant p € (0,20/u?).

Proof. Since F is o/ y2-inverse strongly monotone, F is also p-Lipschitizan-continuous and
o-strongly monotone such that o||x — y||> < (Fx — Fy,x — y).
Now, we have the following inequality for all z € C:

HTn+1Z _ TnZHZ
[Pe(I = pF)]" 'z — [Pc(1 — pF)]"z|)?

|
< |[(I = pF)T"z — (I — pF)T"2|?
< |(T"z — T" " 'z) — p(FT"z — FT" '2)||?
= | T"z — T"'2|?> — 20(T"z — T" "'z, FT"z — FT"'z) + p?||FT"z — FT" "'z
_ (% _
< T2 =T 2|2 + (0* - ZPP)HPT"Z — FT" z?

(1+ p22 — 200)||T"z — T 2|
< (14 o242 — 200)"| Tz — 2|2

It follows from p € (0,20 /u?) that

(e )
_>z€

lim sup | T" "z — T"z| < lim sup(1 + p?pu* — 200)% || Tz — z|| =0,
n C n—o0 2eC
which means that T is uniformly asymptotically regular. O
Lemma 2 ([24]). Let {¥,} be a sequence of nonnegative real numbers such that
TH+1 S (1—an)‘Pn+ﬂnbn, n G N,
where {a, } and {by } satisfy the following conditions:
() an € [0,1] and Y37 a, = oo; (ii) limsup,,_, by < 0.

Then, limy, 0o ¥, = 0.

Lemma 3 ([25]). Suppose that {¥} is a real number sequence that does not decrease at infinity.
Then, there exists a subsequence {‘I’k], }i>0 of { ¥k} such that

Tk]' < Tkj‘#l‘
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Let {7 (k) } x>k, be a sequence of integers defined by
T(k) = max{i < k|¥; < ¥;11}.

Then, the following statements hold:

(i) {7(k) }x>k, is a nondecreasing sequence, and hm T(k) = oo;

k—o0
(i) max{¥r), ¥} < Yrp)q1 forall k > ko.

Lemma 4. In a real Hilbert space, the following inequality holds:

l—-a—-b-c
I@—a—b—c)x+by+cz—p|* < —F——Ilx—pl*+

1 lz=pI2+allp|?,
wherea € [0,1) and b,c € [0,1] witha+b+c < 1.
Proof. According to (12), we have
[(1—a—b—c)x+by+cz—p|?
— 10~ a) ;[ —a—b—c)(x— p) +b(y— p) +c(z— p)] +a(-p)|P

< Q-1 —a—b—c)(x—p)+bly—p) +c(z— I +allpll?

1
=1 0—a=b=0)x=p)+by—p)+cz-p)I +alpl
Then, similar to the above inequality, it can be proved that

(1 —a—b—c)x+by+cz—pl|?

< b+ alp?
A e =P+ e PP

= b a2
+”ﬁ?”£§ic[bic<y—v>+b%c<z—p>m2

<> i 2 “Jlx - pll2 + V- MF JV—pW+MWW-

This completes the proof. [J

3. Main Results

In this section, we first introduce a one-step implicit approximation algorithm for
(4) with a contraction operator and an asymptotically demicontractive operator, and then
strong convergence is obtained. In order to go a step further, to solve (3), which is in-
volved in a series of contraction operators and is a finite of asymptotically demicontractive
operators, a multistep implicit iteration method is proposed, and strong convergence
is proved.

Through this section, we denote the solution set of (4) by I' := Fix(S) N Fix(T),
assuming that I' is nonempty and x* € I' is a common solution. We introduce the following
implicit Algorithm 1.
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Algorithm 1 Novel one-step implicit iteration for CSOS

Choose an initial point x; € H, and for any n € N do

Yn = MnXn + (1 - ﬂn)xn+1/
X1 = (1 —an — B — 1) Sxn + BnXn + Yn[0nyn + (1 = 60) T"yn],

where S : ‘H — H is a c—contraction operator, and T : H — H is a L-uniformly
Lipschitzian-continuous and is a (ky, x)-asymptotically demicontractive operator, where
{kn} C [0,00), nlE)Iolo kn, =1,and x € [0,1). The real sequence {a, }, {Bn}, {Vn}, {0n}, and

{1} satisfies the following conditions:
(i) @n, Bu,Yn,On,1n are allin [0, 1];

(ii) 1,06?::(37"",7" <l-g
(i) 2% — 0,7, = 1,and 12 ay = oo;
(iv) max{x,1— /5}+e <8, <1—¢ here M =sup{k3}2, ande > 0.

Lemma 5. If {x,} is a sequence generated by Algorithm 1, then the following inequality holds:
s =212 < (1= An)llan — 27|12 + Anll2*|1%, (14)

where x* € T and
Xp

A, = .
" 1—ay —27,(1— 1)

Proof. Due to Lemma 4, we can easily obtain

1—ay — By —
Jtasr —x* 2 < ETE PR g g P 4 Py — 2P
1—ay, 1—ay,

Gy + (1= 60 Ty — x| (15)
—

Note that

1S2n = x| = [|Sxn — Sx™||* < cllay — 2|2

and
[[0nyn + (1 = 0n) T"yn] — x*||
< Sllyn = 22 4 (1= 6| Ty — %72
+26,(1 = 6,)(T"yn — x*, yn — x™)
< (07 + (1= 8u)?k5; + 6n(1 = 6n) (ks + D)]lyn — x*|1?
(1= 8u)*x + 8n(1 = 60) (k = V)] lyn — Ty
= (8n + (1= 8n)k3) lyn — x*|1?
+(07 = (1+5)8n + &) [[yn — T"yul?
< 2[|yn —x*|?
< 2070w — 2|2 4201 — ) 21 — 27 (16)

It follows that

c(1—ay—PBn—n) B

—_x*12 < (|12 n k)2 %112
[xp1 = x7[|7 < — [[xn — x| +71_(Xn\|xn X7 [ x|
el =[P+ S g — 2
_ C<1_lxn_ﬁ"_’Yn)—i_ﬁn_'—z’)/";?””x —x*||2+zx ||x*||2
1—a, n n
29, (1 —
T 1S )Y P (17)

1—ay,



Mathematics 2023, 11, 3871

8 of 20

When combining the similar terms in (17), it means that
c(1 —an — Bn—Tn) + Bn+ 27nin
1—ap —29,(1—1n)
Xn * (12
+ X7
1_lxn_2,)/n(1_r]n)|| ||

&n+Yn < _ : _
As JEr e S 1—¢, since A, =

||xn+1—x*|\2 < ||9C11_X*||2

W’M, we immediately obtain (14). O

Lemma 6. If {x,} is a sequence generated by Algorithm 1, then the following inequality holds:
*'Yn(é;% — (1 +%)6n +1)[|yn — Tnyn”z (18)
< e(X—an — B — ) + Bu 4 27utn] || xn — x*”Z
—(1—an =27 (1 = 170)) [ X041 — x*”z + “nHX*HZ-

Moreover, if the limit of ||x,, — x*|| exists, then lim lyn — T"yu|| = 0.
n—oo

Proof. According to (16), we have
[[8nyn + (1 = 1) T"yn] — x*||
< (6n+(1- 5n)k2)||yn - X*HZ + (‘55 — (1 +%)0n +1)[|yn — T"yn\l2
<2lyn — x*? + (65 = (1+K)0n + ) |y — T"ya)?
< 2070w — 2|2 4201 = ) 21 — ¥
+(5% — (1 +%)0n +x)||yn — Tn?/nHz‘

and then
1—wa, — B8, —
lrgrs =P < Az =Bazm)y ey B 2 g
1—ay, 1—ay,
2y 29 (1 — 1)
PPy |2 Iy —
62— (1+%)6, +x
_’_’)/ﬂ( n 1( ) n )||]/H_Tnyn||2
— C(l_“Yl_;Bn_'Yn)+.Bﬂ+2')’Vl77n||x _x*”Z_’_“ ||x*||2
1—a, n n
279, (1 — 02 —(1+%)6, +x
(2o ey Tl Z AR gy e

1—ay, 1—ay,
The above inequality is equivalent to
(65 — (14 1)8n + 1)y — Tyl
< [e(1 = au = Bu = 1u) + B+ 2yutfn] 1 — || + a2
—(1 = ot = 290 (1 = 1)) %01 — X*[1%,

which is the objective inequality.

According to the conditions in Algorithm 1, we have % <1-—cand % -0,
thus
limsupc(l_an —Bn =) +Bnt 2 1 <0
n—co Tn
holds. Assuming that lim |x, — x*||? = L, we have
n—oo
(67 — (1 +%)6n + ) lyn — T"yul?
S C(l — &n _ﬁﬂ _r),n) +:871+2')'11 _1L+ “le*HZ
Tn Yn
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Due to the definition of &,,, one has 62 + (1 + k), + k > €1 > 0, where € is a positive
number in (0,1). Thus, we can deduce that

[yn = T"yull =0, 1 — oo
O

Lemma 7. If {x,} is a sequence generated by Algorithm 1, and 1i_r31 lyn — T"yu|| = O, then
n—oo

[[%p11 — xn]| = 0as n — oo.

Proof. According to Lemma 4, we have

xns1 = ynll* = (1= an = Bn — Yn)Sxn + Buxn + Yu[0uyn + (1 = 62) T"yn] — yu |
1—an— P —
= Lin 2S5 = 12 + ey
n
B 2 (1 =3u) 1m 2
- Yl )y 2
"‘1_“” [0 = ynll* + 1—a, IT"Yn = yull

Note that a,;, — 0 and || T"y, — yx||*> — 0, which implies
tim [t —yalP < Jim [ -yl
According to 77, — 0, we have y, — x,, thatis
fim 15,1 = x| = 0.

The proof is completed. O

Lemma 8. If {x, } is a sequence generated by Algorithm 1, then the following inequality holds:
1 — 212 < (1= An) 00— 2P + An2(0 — %, %1 — 5°), (19)

where Ay, is defined in the same as Lemma 5.

Proof. For inequality (11), we have

xps1 = X2 < (1= an — Bu — ) (Sxn — x°) + B (xn — X*) + Yu[Suyn + (1 = 6,) Ty — x*] ||
+20, (0 — X", x4 — x7)
= I(1 = an — B — 1) (Sxn — x¥)

1 " 2
_ — )+ YulOuyn + (1 — 6,) Ty, — x*
tn + B + 1 [Br(xn — x*) + Yn[dnyn + ( )Ty — x|
+200, (0 — x*, X1 — ™)

< (X —an—Bn—7n)|ISxn — x*||?

+(an + B+ vu)

ﬁn+')/n ,Bn %

+(@n + pn + Xy — X

(an + B %)”an-i-ﬁn-i-%[ﬁn-l-’yn(n )
Tn n * 2 * *
+ 1) +(1-906,)T —x +2a,(0 — x*, x — X
ﬁn+,yn[nyn ( n)T"Yn 11 n n+1 )

< (1—an — Bu — 1) ||Sxn — x*|1* + Bullxn — x*||?
+0ull6nyn + (1= 82) Ty — x*[|* + 200 (0 — x*, 2 11 — x¥)

< (1 —an = B —va)xn = [P+ Bullxw = x*|P + 200 (0 — x*, 2,11 — x¥)
+29ntn |20 — X*HZ + 29 (1 — 170 |41 — x*Hz-
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This leads to
C(l—txn—an—’)’n)‘f',Bn‘i‘z')’nnn 2
Xpp1 — X572 < Xy — x*

el T TG p—— Ien =7l

(Xn * *

N, V(o W _

+1_27n(1_7]n) <0 X /xn+1 X >

< C(l_lxn_ﬁn_7n)+ﬁ”+2’y”77"||xn_x*”2

1—ap —29,(1—1n)
n 20,
1—an —29,(1—1n)

(0 —x*, xp01 —x%).

Xn+Yn
1—ay—PBn—rn

Note that when A, = 17%72";‘” = <1 — ¢, we immediately obtain

the objective inequality (19). O

} and

Next, we give a strong convergence theorem for Algorithm 1.

Theorem 1. If {x,} is a sequence generated by Algorithm 1, T is uniformly asymptotically reqular
for H and I — T is demiclosed at 0; then, {x, } converges strongly to Pr0.

Proof. According to Lemma 5, we have {||x, — x*||}, and {x, } is bounded. In the sequel,
we consider the proof in two possible cases.

(Case I) If there exists a positive integer N* such that ||x,11 — x*|| < ||x, — x*|| for
all n > N*, then we know that nlgr.}o |lx, — x*|| exists, and because {x,} is bounded, there

exists a subsequence {xy, } of {x,} such that klim Xn, — g. Then, from Lemma 6, it follows
—» 00
that lim ||y, — T"y,|| = 0. Since y,, — x, as n — oo, one also has lim ||x, — T"x,|| = 0.
n—oo n—oo

Recall that T is uniformly asymptotically regular for H and {x,} is bounded. This
means that we can find the nonempty closed convex subset K of H such that x, € K holds
for all n € N. Then, one has

xp — Txnl| = |20 — T + T"x — T oy, + Ty, — Ty ||
<l = Tl 70— Ty 4 [Ty — T |
< (1 +L)|xn — Tyl +sup || T"z — T"z|| — 0. (20)
zeK

Next, according to Lemma 7, we get ||x,41 — xx|| — 0as n — oo, so g € Fix(T)
according to the demiclosedness of I — T. Hence, we have

lim (0 — x*,x,17 — x¥)

n—oo
= }111_1}010(0 — X", X1 — X7)
= nlgrolo<0 —x*,q—x*).

Letting x* = Pr0, the following inequality holds:

limsup(0 — x*, x,41 —x*) = (0 —x",g —x*) <0.
n—o0

Note that

o)

o
&n
A, = > 0y = 00.
" i;l—“n—z’rn(l—’?n)_g !

[ agk:

According to Lemma 8 and Lemma 2, we now obtain ||x, — x*|| — 0.

(Case IT) Put ¥,, = ||x,, — x*||%. If there does not exist a positive integer N* such that
Y41 < ¥y foralln > N*, then there exists a subsequence {¥(,,) } according to Lemma 3
such that ¥ (,) < ¥;(y41 and ¥y < ¥o(,)41, and {7(n)} is a nondecreasing sequence
such that T(n) — ccasn — oo.
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From Lemma 6, it is not difficult to verify the following inequality:

lim ||yr(n) - TT(n)yT(n)H =0.

n—o0

Since Y (n) — X¢(n), We also have
Tim |27, — T" x| = 0.

Similar to the inequality in (20), one can obtain ||x;(,) — Tx(,)|| — 0 as n — oo. Then,
according to Lemma 7, we have

HxT(n)+1 — Xz(n) H — 0.
According to the demiclosed principle, we have x.(,y — q € Fix(T) again, and

lim (0 — X7, xr(y 0 — %) = lim (0 —x7, 2y — x7)

= lim (02", 1)

<0.
It follows from Lemma 8 that

Tr(n)+1 < (1 - AT(?’!))TT(H) + AT(H)2<O —x’, Xr(n)+1 — X*>f

AciyYemy+1 + (1= Aro) Y1 = ¥em) S Arn)2(0 =275, Xy 1 — x7)-
Recalling that ¥ ;(;;) < ¥(;;)41, then we have
AcmyFem+ < Army2(0 — 2%, xp ()11 — X7),
and so
Yeme1 < 20— 2% xp(y)41 —x7) — 0.

Finally, since ¥, < ¥;(;);1, we obtain ¥), — 0, meaning {x, } converges strongly to
x* = Pp0. O

Assuming that 7 = 1, then the implicit Algorithm 1 reduces to the following explicit
Algorithm 2.

Algorithm 2 Novel one-step explicit iteration for CSOS

Choose an initial point x; € H, and for any n € N do
Xn+1 = (1 — 0y — Bun — 'Yn)sxn + Buxn + 'Yn[5nxn + (1 - 5n)Tnxn]r

where the real sequence {«a, }, {Bn}, {7n}, and {4, } satisfies the following conditions:

(i)  an, Bn, yn and 6, are allin [0,1];

(i) gt <1-g

(iii) % — 0,and Y77, ay = oo;

(iv) max{x,1— ﬁ} +e<36,<1—¢€ here M = sup{k%Z = ,and € > 0 is a positive
number.

Corollary 1. IfS : H — H isa c—contraction operator, T : H — H is a L-uniformly Lipschitzian-
continuous and (ky, k)-asymptotically demicontractive operator, and T is uniformly asymptotically
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regular for H, with I — T being demiclosed at 0, then {x,} converges strongly to a point in T
according to Algorithm 2.

In the remainder of the section, we introduce a multistep implicit iteration algorithm
(MSIIA) for (3) that is involved in a series of contraction operators and a finite of asymptoti-
cally demicontrative operator.

Theorem 2. Foralli € {1,2,---,p}, let S; : H — H be a c;—contraction operator, T; : H — H
be a Li-uniformly Lipschitzian-continuous and (k,(j), «x(D)-asymptotically demicontractive operator,
where {kg)} C [0,00), Jlim KD =1, and «0) € [0,1). Moreover, assume that T; is uniformly
asymptotically regular for H and I — T; is demiclosed at 0. Let 2 be the solution set of (3) if {x,}
is a sequence generated by Algorithm 3; then, {x, } converges strongly to Pg0.

Algorithm 3 Novel multistep implicit iteration for CSOS
Choose an initial point x; € H, and for any n € N do the following:

) =i+ (1- ,(1)) W,
x,gl):(l—a,gl) ()) 1% +/5
+7) [J,S”yff) +(1— )Ty }
fori = 2,‘3, P
i) = i (),
ORI I N
HS)L'S)‘V()H — o),
Xos1 = 2

The real sequence {ocn 1, {,B,1 1, {’y } {5 } and {17,1 } satisfies

@« B 40,60,y areallin [0,1];
(i) (0)

i) e g

(i) 12l g _m =G

n n

0) ; ;

(iif) % 0,7y = 1,and £, a]@ = o0

(iv) max{x(®,1— ﬁ} +e <6 <1—¢; here, M; = supn{(k,(f))z} ande; > 0Oisa
positive number.

Proof. Let x* € E. We divide the whole proof into four parts.
Step 1. First, we prove that the sequence {x, } is bounded. Assuming that

Aflj) = - 04,(1])‘ —,
1—af =290 (1 =)

according to Lemma 5, we then obtain
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Ixus — x| = [|xF) — 2|2
<(1- AP *\|2+A x|
s<1—A5f>><(1—A£ N2 - *||2+A(”’”Hx 12) + AP |x* |2
1 z 1 .
=AY P — )2 4 +2A 1— AP D)) |2
i=0 ]:0
2 =D\ (=3 ep2 1 AP L o= A1) T (P—)\n ([t 112
<TTa =AY D7 =22+ (AP + Y A (1= AL D)) x|
i=0 i=1 =0
T A 5 -0 T
<TI0 =AY N xg =22+ (AP + ¥ AT T](1 - )| (21)
i=0 i=1 j=0
Note that
p—1 1 1

and letting B, be

then, one has

xne1 =21 < Bulloow —x*| 4+ (1= Bu) [ x*?
< Bu(Bu—|xn—1 — x*[* + (1 = Bya) [x*[1%) + (1 = Bu) [|x*|?
= BuBy—1lxy—1 — x| + (1 = BuBy—1) ">
< BuBy—1(Bu-2l|xn—2 = x| + (1 = By—2) [x"[|*) + (1 = BuBy—1)||x"||?
2 2
< [1Bu-illxu2 =21+ (1 =] Bu-i) ¥

i=0 i=0

n

n
<[IBilla =2+ @ =T TB)llx*|%
i=1

i=1

Due to B; € [0,1], one has ||x,,41 — x*||*> < max{||x; — x*||, ||x*||?}, which means that
{xn} is bounded, and {y, } is bounded.
Step 2. According to Lemma 6, it is easy to see that

12 — (1 +x)sV + )y - TR < [ —al) — g — o)+ g +21715>7n ]Hxn |2

a2 = 1= el =290 (@ = i)Y — 2|2,

and fori € {2,3,---,p}, we have
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P16 = 1+ 1) + 1]y = TP < [ —al? = B — o)+ B 27y “]nx“ D2
ol |2 = 1 —aé)—zmﬁ)(l—nn M — 12,
Step 3. Assume that

Xn = sup 2<O — x*,xﬁf) — x*).
i€{1,2,--,p}

We have the following inequality according to Lemma 8 and (21):

PP — w2+ AP %,

Jtnsn —x|2 < (1-
<(1- Aﬁ’”)(l -4y ||x$f*2> - ||2 +(1- A;&"))A,S”*” + A

,_.

1 . ,
=10 APl =2+ (A0 + 2 AVTIO - AP )
i=0 ]:O
: (P=)117-3) _ 34|12 4 T 1 =)
Sl_[(l_An IIES — X7+ +ZA — Ay )X
i=0 ]:0

-
|
—_

() ) N AT (1 AP
<TTa =4 Dxn =P+ A + ¥ AT TTa = A7)
i=0 i=1 =0
Because B, = Hp ! (1- i)), we immediately have
1 =21 < Buflxw — %[>+ (1 = Bu) xu- (22)

Step 4. To prove the strong convergence, we consider two possible cases.
(Case 1) If there exists a positive integer N* such that ||x, — x*|| < ||x,41 — x*|| for all
n > N*, then one knows that li£r1 ||x, — x*|| exists, and because {x,} is bounded, there
n—,oo

exists a subsequence {x;, } of {x,} such that x,,, — q.
According to Step 1, we have

* 1 * *
run — x> < (1= AP — 2|2+ AP %)%,

and forallv =1,2---,p — 2, the following holds:

1 v z 1
%1 — x| < H NP =22+ (AP + Y AT TT = AP 7)) x|
i=1 j=0

— z 1

H Nllew — 2|2+ (4 + Z A H DIEA R

i=0 —

Let W := klim |xn, — x*||*>. With the conditions in Algorithm 3, it can be seen that
—00

A,(f) — 0asn —ocoforalli € {1,2,---,p}; then, we have

W < lim ||x,(fk) —x*Hz <W, Vi=12,---,p,
k—o0
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which means that klirn Hxﬁllk) — x*||2 = W. According to Lemma 6, one directly obtains
— 00

i (i) 2 .
iy, — Ty 1P =0, Vi=12---,p.
Similar to the proof in Lemma 7, the following equalities hold:
. (1 5 B
kh_I}olo ”x”k) — Xy H = 0,
k H2 = 0, Vl:2,3,,p

lim ||
Jimn [ - Ty

The above equations lead to x,(fk) — g. Since T; all are uniformly Lipschitzian-

continuous operators, one has
lim [|x{) — Tx{ |2 =0, Vi=12,--,p.
k—o0
Because T; is uniformly asymptotically regular for H, we have

i () 2 .
Jim () = Tixl) |2 =0, ¥i=1,2,p.

According to demiclosedness, we have g € (}_, Fix(T;) and

limsup(0 — x* x,(f) —x*) = limsup(0—x", x,(fk) —x*)
n—oo k—y00
< 0

foreveryi =2,3,---,p. Now, we have limsup, . xn, < 0. Note that when 2]911 oc](l) = 09,
we also have Y7 ; (1 — B,) = oo via a simple calculation. Together with (22) and Lemma 2,
it implies that ||x,, — x*||> — 0.

(Case II) Similar to the proof in Theorem 1, make ¥, = ||x, — x*||?. If there does
not exist a positive integer N* such that ¥,,;1 < ¥, for all n > N¥, then there exists a
subsequence {¥(,} such that ¥,y < ¥(y)41 and ¥y < ¥ (;y41. Moreover, {T(n)} isa
non-decreasing sequence such that 7(n) — oo becasue n — oo.

Since ¥ () < ¥r(n)41, it follows from Lemma 6 that

lim [y, = TE v 1 =0, vi=12p.

n—00 Ye n)

For Lemma 7, these equations follow:

mww”—%®w — 0,

lim ||x
n—o0

-1 .
—G VB = 0 =23

i

Thus we can assume that Xeim) 4 Since Y (n) = X7(n), ONe gets

: (i) T(n) () ) — _
nlgr.}o ||xT(n) - T(l.) xT(n)H =0, Vi=12---,p.

By the uniformly asymptotically regularity of T;, one has ||x$() - T; x || — 0.
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and we have x.(,) — q € &, again, by using the demiclosed principle, and

(i)

lim Sup<0 o x*,xil()n)+1 _ x*> = lim sup<0 - x*; xT(Vl) - X*>
n—s00 n—oo
< 0

foranyi € {2,3,---,p}. Then, according to (22), we have

‘YT(VI)-i-l < Br(n)TT(n) + (1 - BT(”))XT(n)'

(1 - BT(”))TT(H)+1 + BT(n) (‘Ijr(rz)Jrl - ‘Fr(n)) < (1 - BT(”))XT(n)'

Recall that ¥ (,;) < ¥;(;,)41; it is easy to see that

Yoy+1 < Xen) = 'e{flzlp }2(0 — x*,xgl()n) —x*) <0.
1 2,00 ,p

Finally, as ¥, < ¥(;)41, we also get ¥, — 0, which means {x, } converges strongly
to a solution: x* = Pz0 of (3). [

Like the implicit one-step Algorithm 1, the multistep implicit Algorithm 3 can also be

simplified to the multistep explicit Algorithm 4. Foreveryi € {1,2,-- -, p}, letting 11,(11) =1,

one can easily have the following Corollary 2 for Algorithm 4.

Algorithm 4 Novel multistep explicit iteration for CSOS
Choose an initial point x; € H, and for any n € N do the following:

i) = (1= = ) — )51 + B
i [o ) + (@ - ey,
fori=2,3,---,p,
) = (1—ay) — g — 4i)six Y 4 gl Y
+74) L&é”xff') + (1 - o)1),
P

(
Xp+1 = Xy~

The real sequence {tx,(f) 1, {ﬁ,(f) 1, {’y,(f) }, and {5,(1i)} satisfies the following conditions:

(1) zx;i), ,B,(j), %(f), (5£,i) are all in [0,1];
N
W gy

1—cj;

(@) i
(iti) =5 — 0, and P} o = 0;
'y ]

n

(iv) max{x(®,1— ﬁ} +e€ < (5,(1i) < 1—¢;; here, M; = supn{(kg))z} ande > 0isa
positive number.

Corollary 2. Foralli € {1,2,---,p}, let S; : H — H be a c;—contraction operator and T; :
H — H be a Li-uniformly Lipschitzian-continuous and (kgf),K(i))—asymptotically demicontractive
operator. Moreover, suppose that T; is uniformly asymptotically reqular for H and I — T; is
demiclosed at 0. Then, {x,} converges strongly to a common solution of (3) if it is generated by

Algorithm 4.
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4. Applications

In this section, we first give two numerical experiments to show the efficiency of
the algorithms proposed in this paper. Then, by applying the main results, we solve the
nonlinear optimization problem GCSVIOE corresponding to (2). All codes are written in
Matlab 2020a and run on a laptop with 2.5 GHz Intel Core i5 processor.

Example 6. Let H = R. Let S(x) := x/2, and T be defined by (13) with r = 3/4. It is not
difficult to verify that {0} is the only common solution of (4). Note that S and T satisfy all
conditions in Theorem 1 and Corollary 1; thus, the sequences generated by Algorithms 1 and 2
converge to 0 together.

Example 7. Let H = R. Leti € {1,2,---,10}, S;(x) := (0.5 — 0.02i)x, and T; be defined by
(13) with r; = 0.6 — 0.02i. The common solution of (3) is {0}. It is easy to see that S; and T;
satisfy all conditions in Theorem 2 and Corollary 2, which leads that the sequences produced by
Algorithms 3 and 4 converge to 0.

We compare the convergence speed of Algorithms 1-4 to YKMSA [14] (i.e., (8)) through
Examples 6 and 7. The parameters are set as follows. In the proposed algorithms, set
gy =1/9n+1), By =1/4, v = n/(9m+9),6, =099 —-1/(4n+1),4, = 1/n, and
let zx,(f) = wy, ‘BSZ) = Bu, fy,(f) = 'yn,é,(f) = 0y, 17,(1’) = #y. For YKMSA, seta, = b, =
(n? —1)/(2n?), ¢y = 1/1?, uy = 1+ 1/n according to Lemma 3.1 [14]. The stop criterion is
setas || x,+1 — x| < 1071% or a maximum iteration of 10%. Take the initial points as 0.6 and
0.9 for Example 6 and 0.5 for Example 7. The numerical results are shown in Figures 1-3.
As shown in the figures, it can be observed that both the one-step and multistep algorithms
involving implicit rules perform slightly better than explicit algorithms. Furthermore, as
the one-step and multistep YKMSAs [14] contain Halpern-type constants, the proposed
algorithms in this article converge much faster than YKMSA.

2 ; ; - 2 . .
'I —Algothhm 1 —— Algorithm 1
:, """ Algorithm 2 ok | Algorithm 2| |
Lskn ---YKMSA || . - - -YKMSA
S
1! sy L
il ) -2
! IT
g 1 g 4T
1! =
[ o0
l S 61
1
051\,
|\ gl
\
0 -10 . : . :
0 10 20 30 40 50 60 0 10 20 30 40 50 60
No. Iter. No. Iter.

Figure 1. Results of Algorithms 1 and 2, and YKMSA for Example 6 with an initial point of xy = 0.6.

2

Algorithm 1

||| —— Algorithm 1
:. """ Algorithm 2 o~ | Algorithm 2| |
150 I‘l - - -YKMSA N - - -YKMSA
“
1! —= L
i ) 2
! f:r
§ o1 g 4r
| S
! 0
! L 67
1
057\,
|‘ 8t
\Y
0 ‘ - : -10 : : : : >
0 10 20 30 40 50 60 0 10 20 30 40 50 60
No. Iter. No. Iter.

Figure 2. Results of Algorithms 1 and 2, and YKMSA for Example 6 with an initial point of x5 = 0.9.
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—— Algorithm 3 —— Algorithm 3

OF M. | Algorithm 4| or T°7~<_ |- Algorithm 4|
ol < YKMSA - - -YKMSA
) _2r Teee=-o o]
. 4 g
) T oA4r
S 6f &
2 = 6f
8t S
10 F 87
12t -10
14 . . . . 12 . . . .
0 2 4 6 8 10 0 2 4 6 8 10
No. Iter. No. Iter.

Figure 3. Results of Algorithms 3 and 4, and YKMSA for Example 7 with an initial point of xy = 0.5.

According to (2), we have shown that GCSVIOE is equivalent to a CSOS. Now, we
give the following multistep implicit Algorithm 5 and Theorem 3 to find the solution
of GCSVIOE.

Algorithm 5 Multistep implicit iteration for GCSVIOE
Choose an initial point x; € H, and for any n € N do the following:

2y = 1713) 2o+ (1 1)),
v = a2l + (1= 8Py, (1)) —rRiz),
) = (1 - oz;(f) =B = 81 (x) + B+ s,

. +(1- 8P, (28 - rR2l)), -
o _ <1 - asp =B sy 0 00

The real sequence {aﬁli)}, { ﬁ,(f 1, {’y } {(5 } and {ﬂn } satisfies the following conditions:
() tx,(f), ,B,(j), %(11‘), (5,(1i), 115? are all in [0, 1];
(i) 4 ()

(ii) % <1l-g¢;
(1)

i) 5 =0,y = Land 52, 4l = o;
'Yn

(iv) ¢ < (5(1) <1 —¢€j; here, €; > 0is a positive constant;

(v) re (0, E{S}Q’pZ(E/y )-

Theorem 3. Foralli € {1,2,---,p}, suppose that S; : H — H is a c;—contraction operator and
F:Qi—>Hisao;/ ]/tl-z-inverse strongly monotone operator, where Q; is a nonempty closed convex
subset of H. Then, the sequence {x, } generated by Algorithm 5 converges strongly to the solution
of (2), that is, GCSVIOE is solved by Algorithm 5.

Proof. Foranyi € {1,2,---,p}, let T; := Pg,(I — rF;). Then, according to [26], one has T;,
which is a nonexpansive operator foralli € {1,2,--- ,p}. Thus, foreachi € {1,2,---,p},
T; is also 1-Lipschitzian-continuous and (1, 0)-asymptotically demicontractive, and I — T;
is demiclosed at 0 [27]. Recall Example 5; one can easily see that T; is also uniformly
asymptotically regular foralli € {1,2,---,p}. Hence, T; (i = 1,2, - - , p) satisfies all the
conditions required in Theorem 2.

Then, by directly applying Theorem 2, one sees that the sequence {x, } generated by
Algorithm 5 converges strongly to a point in ;{1 5,... ») Fix(S;) N Fix(T;). This completes
the proof. [
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5. Conclusions

In this paper, to answer Question 1, we propose a brand-new multistep algorithm (i.e.,
Algorithm 3) for solving CSOSs (3), which are highly related to nonlinear optimization
problems. We first give two strong convergence theorems for both one-step and multistep
iterations, utilizing the implicit rule for CSOSs that involve asymptotically demicontractive
operators. In order to show the efficiency of the proposed algorithms, two numerical
simulations on single-set and multi-set CSOSs are given in Section 4 and are also applied
to GCSVIOE.

However, the following two areas are worthy of future research:

(i) The common solution of two finite or infinite asymptotically demicontractive opera-
tors requires in-depth exploration.
(i) Convergence for CSOSs involving multivalued operators—see [28].
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Abbreviations

The following abbreviations are used in this manuscript:

CSOSs Common solution of operator systems

MSITA Multistep implicit iterative algorithm

GCSVIOEs  General common solution to variational inequalities and operator equations
SCFPP Split common fixed point problem

YKMSA Multistep approximation algorithm proposed by Yolacan and Kiziltunc
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