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Abstract: In this paper, we propose an enhanced model for pricing vulnerable options. Specifically,
our model assumes that parameters such as interest rates, jump intensity, and asset value volatility
are governed by an observable continuous-time finite-state Markov chain. We take into account
European vulnerable options that are exposed to both default risk and rare shocks from underlying
and counterparty assets. We also consider stochastic default barriers driven by a regime-switching
model and geometric Brownian motion, thus improving upon the assumption of fixed default barriers.
The risky assets follow a related jump-diffusion process, whereas the default barriers are influenced
by a geometric Brownian motion correlated with the risky assets. Within the framework of our model,
we derive an explicit pricing formula for European vulnerable options. Furthermore, we conduct
numerical simulations to examine the effects of default barriers and other related parameters on
option prices. Our findings indicate that stochastic default barriers increase credit risk, resulting in
a decrease in option prices. By considering the aforementioned factors, our research contributes to
a better understanding of pricing vulnerable options in the context of counterparty credit risk in
over-the-counter trading.

Keywords: regime-switching; jump; default barrier; european vulnerable option; credit risk

MSC: 91G40; 91G80

1. Introduction

The over-the-counter (OTC) market represents a significant portion of the financial
market, with many financial institutions actively trading options on it. Unlike exchange-
traded markets, OTC transactions are unorganized and lack transparency, which increases
the risk of counterparty default. This means that one party may fail to fulfill its contractual
obligations. Since the global financial crisis of 2007-2008, participants in the OTC market
have become increasingly concerned about the credit default risk associated with options.
The structural model, also known as the firm value model, is a key tool for pricing options
with credit risk. This article explores option pricing within the framework of the firm
value model. Johnson and Stulz [1] were the first to define options with credit risk as
vulnerable options.

There are several models for vulnerable option pricing in the literature. Klein [2,3]
proposed a model that allows for correlation between the underlying asset of the option
and the counterparty’s asset and assumes that the default barrier is the fixed liability of the
option writer. He also proposed an improved method that includes both the fixed liabilities
of the option writer and losses from vulnerable option shorts in the default barrier. Hui [4]
proposed a European vulnerable option pricing model with a stochastic default barrier
representing the option writer’s liability. Wang [5] assumed that both the counterparty’s
assets and related assets were driven by a related jump-diffusion process and derived a
pricing formula for vulnerable options. These studies suggest that the default barrier has
an impact on the pricing of European vulnerable options. However, they only consider the
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impact of barriers on options and do not take into account how a country’s economic status
at different times affects option prices.

Since the dynamics of risky asset values are not continuous, some literature introduces
jumping processes, compound Poisson processes, or self-exciting Hawkes processes to
better describe their value models. These studies discuss the pricing formula for European
vulnerable options (see XU [6], TIAN [7], Ma [8], and Zhou [9]). Wang [10] proposed
decomposing the underlying asset risk and counterparty assets into systemic and non-
systemic risks and used the obtained pricing formula to discuss the difference between
vulnerable option prices. In addition, many empirical analyses have concluded that the
volatility of risky assets is not fixed. Therefore, some literature assumes that the underlying
asset is driven by stochastic volatility models such as the Heston model and mean reversion
process and discusses the pricing formula for European vulnerable options (see Liu [11],
Yang [12], Lee [13], Wang [14]). Yoon [15] uses double Merlin transforms to obtain closed-
form pricing formulas for European vulnerable options under constant and Hull-White
interest rate models (see Liu [16]). Huang [17] investigated the pricing of European-style
vulnerable options in the presence of non-affine stochastic volatility and double exponential
jumps in the underlying asset price process.

Most option pricing models are within the framework of Brownian motion, which
makes it difficult to capture external factors such as the state of the national economy. The
literature also incorporates vulnerable option pricing under the regime-switching model.
Elliott [18,19] was the first to consider introducing regime switching into the option pricing
model. Wang [20] uses the local risk minimization method to obtain the optimal hedging
strategy for European vulnerable call options. When the option writer’s asset value is
depressed by other financial institutions due to poor sales, Yang [21] used polynomial
change numerical techniques to obtain a semi-analytical pricing formula for European
vulnerable options. Assuming that the default barrier in the vulnerable option model
is fixed, Wang [22] assumes that risk assets are driven by regime-switching geometric
Brownian motion and obtains a European vulnerable option pricing formula. NIU [23]
assumes that the value of risk assets is driven by a relevant regime-switching double
exponential jump-diffusion model and uses two-dimensional Laplace transforms to obtain
a European vulnerable option pricing formula. Han [24] assumes that the value of risk
assets is driven by a relevant regime-switching jump-diffusion model and uses the Esscher
transform to select an equivalent martingale measure to obtain a European vulnerable
option pricing formula and discusses the impact of jump risk on European vulnerable
option pricing. Capponi [25] presents an efficient method for pricing vulnerable contingent
claims in a regime-switching market using a suitable change of probability measure and
a Poisson series representation. Damircheli [26] investigated the modeling of default
probability for publicly traded companies using a synchronous-jump regime-switching
model and incorporating tempered stable processes. They proposed an efficient meshfree
collocation method to solve the partial integro-differential equations associated with the
credit risk model.

However, based on the above literature, we can see that the factors affecting the
pricing of European vulnerable options include default barriers, risk asset value models,
and national economic conditions. We found that there is currently no study on the pricing
of European vulnerable options under a regime-switching model with stochastic default
barriers. In light of this, we naturally consider proposing a model that is closer to the actual
situation. This article assumes that risky assets are driven by a relevant regime-switching
jump-diffusion model and that the default barrier follows a regime-awitching geometric
Brownian motion. We obtain an explicit solution for the European vulnerable option
pricing formula. In addition, we use numerical simulation to explore the impact of default
barriers and parameters on option prices and find that stochastic default barriers increase
credit risk, leading to lower option prices. We differ from Han [24] in that they assume
that the default barrier is constant. We assume that the dynamics of the default barrier
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are regime-switching geometric Brownian motions related to the underlying assets and
counterparty assets.

The structure of this paper is as follows: Section 2 establishes a regime-switching
model for risk assets and default barriers. Section 3 uses the Esscher transform to select an
equivalent martingale measure. Section 4 uses the risk-neutral pricing principle to obtain a
pricing formula for European vulnerable options. Section 5 presents a numerical analysis
of the proposed model using Monte Carlo simulation methods. The conclusion is given in
Section 6.

2. Model Description

We construct a continuous-time financial market on a probability space (Q2, F,P). We
assume that all risky assets can be continuously traded in time [0, T]. Let X = {X;; t > 0}
denote a continuous-time Markov process on probability space (), F,P) with a finite state
space {eq,ez,--- ,en}, wheree; = (0,---,1,--- ,0)/ € RN with the i-th element is “1’. We
assume that the states of the economy are modelled by a continuous-time Markov process
X = {X;;t > 0}. According to Elliott [27] semi-martingale decomposition for X, we have
X; = Xo + fot AXsds + M;, where A = (qif)NxN is Q- matrix of X and M; is a RN-valued
martingale with respect to the natural filtration generated by {X;;t > 0}.

Assumption 1. The risk-free rate ry is related to the state of the economy. Let ry = (r, Xy), where
r={ry,ry, - ,rN}/ € RN, For anyi=1,2,3,---,N,wehaver; > 0; () denotes the inner
product of the vector. When i #j, (e;, e]-> = 0; otherwise, (e;, ej> =1.

Assumption 2. Suppose that S; is the market value of the underlying assets at time t, and V;
denote the value of the counterparty’s company assets at time t. Vy and Sy are driven by the following
jump-diffusion processes:

ds

Tt = oy — ky (A + Aqp)]dt + o1, dWap + (ezfl— - 1)dNt + (ezfl— - 1)dN1t ey
t_

dv; 72 72

T = [Br = k2 (A A dt + 00 Wy + (% —1)dNi+ (4 —1)aNy @)
t_

where Wy, Wy, are standard Brownian motions. Nj; and Ny, respectively, indicate the
individual shocks to the value of the underlying asset S; and the individual shocks to the
value of the counterparty’s company assets V;, where Nj; and Ny; are pure scalar Poisson
process with intensities A1; and Ay, respectively. N; refers to the common shocks to the
corresponding assets, where N; are pure scalar Poisson process with intensity A;.

Fori =1, 2, we suppose that Z{_ denotes the underlying asset’s jump amplitude when
the jump happens, following a normal distribution with mean ; and variance 6?. At any
time, s # t, ZL and Zéf are independent of each other; k; = E(eZL —1) =elm+38}) _1q
represents the average jump of the asset. a; and oy, are the expected return rate of the
underlying asset S; and the volatility of the underlying asset S;, respectively. B; and
oy are the expected return rate of the value of the counterparty’s company assets V;
and the volatility of the value of the counterparty’s company assets V;, respectively.
We assume that ay, Bt, 014, 02¢, A1p, Agr and Ay all depend on the economic state X. Let
wp = (a0, Xp), Bt = (B, Xt), o1p = (01, Xi), 00 = (02, Xp), My = (M1, Xp), Aoy = (Ao, Xi),
At = (A, X¢), where & = (ay,---,a;,---,an) € RN, B = (By,---,Bi,--+,BNn) € RN,
n = (o0 ,0n) € RN, oo = (om0, ,008) € RV,
A=Ay A AN) €RN, Ay = (Ao, Ageeo, An)’ € RN, and
Ay = (Mg, -+, Aggyee e, /\ZN)/ € RN. For anyj=1,2,3 ---,N,and i = 1, 2, there
are 0j; > 0.
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Assumption 3. The value of the counterparty’s company liabilities, also called the default barrier,
is represented by Dy, and Dy is driven by the following geometric Brownian motion:
dD;

o Yedt + 03:dWsy 3)
¢

where W3, is the standard Brownian motion, and o3; is the volatility of the counter-
party’s company liabilities. We assume that y; and o3; are related to the economic state X.

Let Yt = <’>/r Xt>r O3t = <03/ Xt>/ where Y = (r}/l Y I,)/N)/ S RN/
03 = (031, -+ ,03;," - ,(73N)' € RN.Foranyi=1,2,3, - ,N, there are c3; > 0.

Assumption 4. We assume that the covariance matrix of the Brownian motion (Wy;, War, Way)
on probability space (Q), F,P) is as follows:

1 pi2 p13
pi2 1 px |t 4)
p13 p23 1

We assume that Ny, Not, N, ZL and th— are independent of each other. Moreover,
we assume that Ny;, Np;, Ni, Z} and Z? are independent of Wy;, W, Wa;. In addition,
for the convenience of calculation in the following chapters, we express the relevant three-
dimensional Brownian motion Wy;, Wy;, and W3y as

0 0

1
Wit Ny Wi
1— o2 0 hAd
Wy | = |2 P12 || W (5)
013 023—P12013 \/(19%2)(1p%3)2(P23PIZP13) Wt
Vi-ph 1=p1

where Wy;, Wo; and W3, are independent Brownian motions.

Assumption 5. At the option maturity T, if the value of the counterparty’s company assets is
not greater than the value of the counterparty’s company liabilities, we believe that the option has
defaulted. The option holder will receive (1_“})& times the notional amount from the option writer,
where w is the recovery rate. Therefore, at the maturity T, the payment function of the vulnerable
European call option with a strike price of K is as follows:

(Sr—K)" {I{VT>DT} + UIDL?WI{VKDT}} (6)

where Iy y is represented as an indicator function.

3. Selection of Equivalent Martingale Measures

Due to the presence of jumps and the uncertainty introduced by regime switching,
the market is incomplete and there are infinitely many equivalent martingale measures.
Furthermore, it is not easy to obtain an equivalent martingale measure for two jump-
diffusion processes with correlated jumps. It is important to note that while systemic risks
can be hedged, non-systematic risks are specific to individual risk assets and cannot be
hedged, so their premiums need not be considered. In this paper, we assume that the jump
component represents systemic risk and its risk premium must be taken into account. We
should measure changes in the jump component. In this section, we apply the regime-
switching Esscher transform to select equivalent martingale measures for three stochastic
processes with associated jump risks under regime switching.
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Using Ito’s theorem, the solutions of Equations (1)—=(3) are given by

t t t t
St gl = exp / s — ki (As + Agg) — 10125 ds + / 01sdWys + / Zl ANy, + / Z1 dN; (7)
So 0 2 0 0 0
Vi L ' 1, ! o Lo
— 2% = exp / Bs —ka(As + Aos) — =09, | ds +/ 09sdWos +/ Z5_dNpg +/ Z5_ dNs (8)
Vo 0 2 0 0 0

Dt _ 1y _ / ! 1, / !

Do e = exp A Vs 2035 ds + ; 03sdW3s 9)
where Ly; is the return process of the underlying asset S, Ly is the return process of the
underlying asset V4, and Lg; is the return process of the underlying asset D;. According to
the above Equations (7)—(9), we have the three process Li¢, Ly, and L3; as follows:

t 1, t Eoy Eoy
Li= | [as — k(A + Agg) — 2015] ds+ [ ouaWi+ [ ZLdNi+ [ ZLdNe = Coi+ i+ ) (10)
! Lo ! t o i) /
L= [ |Bs —kalhs +hae) = 503 ds+ [ ondWat [ Z2dNoo+ [ Z2dNi=Cortu+J] (D)
t 1, t
Lt = /0 {% - zaas]ds +/0 03sdW3s = Cs; (12)

Let { FX}, cpo,7) and {Fi}, cpo7 (i =1,2,3) be the natural o-filtrations generated by
{Xit}ieo,r and {Litticpoqy (i =1,2,3), respectively. For any i = 1,2,3 and t € [0,T],
define a filtration {#} be[0,T] such that H! is the o- algebra with Hi = FX v F/. For any

t € [0,T], let Ry = H} VHIVH]. Let Vi}, Vo2, V32, Vﬁ, VZj?, Vt] and th, be the regime-

switching Esscher transform parameters, and they are all related to the economic state
of X. Foranym € {c1,j1},1 € {j,j/}, and n € {3, jo}, we assume that V{7 = (V{", X;),

VE = (Vf, Xi),and V] = (V', X ), where V" = (Vji,-- , ViI, -+ V%) € RN, V3t =
/
(g, v, i) € RN, and V! = (V{,--- V- ,VZ{,) € RN. For the regime-
switching Esscher transform parameter V;}?, we assume that V;} = (V;°, X;), where
- ! N
V3t = (Vs Vel Vah) € RV
Under the given condition F, we use the regime-switching Esscher transform pro-
posed by Elliott [18] to select an equivalent martingale measure. Define the equivalent

measure of P as P, the Radon-Nikodym derivative of the regime-switching Esscher trans-
form can be written as follows:

o ol vilaciut ] vidcat ] Vi dcy)
pig Ep{exp [ﬁ)T Vlctl dClH‘foT VZCtZdCZt-i-fOT V3Ct3dC3t] ‘.7-'%(}
exp{joT Vil dpy+ [ VI2dy+ [T Vidfe+ [T V] d][}

: . . ;
EP{exP UOT Vitdhi+ o Viddhit Jy Vidit [y V] d]t,] ]:7)"(}

(13)

X
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By Equation (5) and calculation, we have

- exp{fo Vit o dWay + fo 2o dWor + fo UgtdW3t}
xexp{ 2 fo [( 1Ct1)2‘712t (VCZ) o3+ (V;ts)z‘fgt}dt"‘fo (VJZL +V] zr )dNt}
xexp{—fo [012Vi} 01t Vo oo + p13Vi} 014 Vi 03¢ + 023 V] 03 Vo oy | dit
xexpd — [T Ay [exp( m VI + (5 V“) —1|dt+ [ VIIZ] ANy, (14)

——

T . .
xexpq — [y Azt |exp uaVy: + % (52V2]§> —1|dt + fo szthz_dNZt
—JIA I mV) +3(6v)) + 1 (ev])) 1]

Xexp fo tlexp| mVy + Vi +5(61V{ 2V 1 t

Delbaen [28] showed that the absence of arbitrage is essentially equivalent to the
existence of equivalent martingale measures. Under an equivalent martingale measure, the
price process of a risky asset is a martingale, which is known as the martingale condition.
Due to the uncertainty introduced by the economic state X, the discount process must be
defined on a larger filtration R. From the principles of asset pricing and no-arbitrage, it
follows that under the equivalent martingale measures P, the discount process of risky

assets is a martingale.

Theorem 1. The discounting process of risk assets satisfies the following formula:

Ep{exp [— /Ot rsds} St Ry } = exp (— /Ou rsds) Sy (15)

Ep{exp [— /(: rsds} V| Ru } =exp (— /(;u rsds> Vi (16)
Ep{exp [— /Ot rsds] D{| Ry } = exp(— /Ou rsds) D, (17)

if and only if the regime-switching Esscher transform parameters satisfy the following conditions:

as —ki(As + Agg) — 15 + V1Cs10_,125 + p120'15V2€520'25 + p13V36530'150'35 + Xlskjll + /~\Sk]1 =0 (18)

Bs — ka(As + Ags) — 15 + V5208, + 012015 Vi 0as + p23 Va2 035 + AosklZ + Askh, =0 (19)

Vs — Ts + V5202, + 13015 Vi1 035 + p23 Va2 025035 = 0 (20)
Y j1 o, 1 1 3 2,1 2\
where Ays = Ay exp| Vi + 5((51V15) , Aas = Ags exp| u2Vs, + 2(52V ) ,
~ ; : -\ 2 N\ 2 . ]
A, = Asexp(ylvg+yzvg +%(51Vs]) +3(av]) ) o= (g +1)et -1,

K2 = (ky + 1)eBVE — 1K = (ky + 1)eVe — 11 = (ky + 1)V — 1
Proof. By Bayes’ rule, we have
Ep {e Jo rsdsSt |Ru}
Ev{ IR } e

u u
:exp(—/o rsds>suEp{exp[M§‘+ME+M§+M§” :exp(—/o rsds) Su
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So, if and only if the following formula holds, the risk asset discounting process
is martingale

s —kq (/\s + /\15) — s+ Vlcsl(T%S + p120'15V2CSZO'25 + p13V;530'150'33 + Xlsk]ll + Xskjl =0
Similarly, for the risk asset V;, the following conditions can be proved:
Bs — ka(As + Ags) — 15 + V5202, + 012015 Vit 0o + 023 Va2 0a5035 + Aosk2 + Askh, =0

The following proves the conditions for the equivalent martingale measures of the risk
asset D;. According to Baye’s rule, we also know

{ jo rquDt |Ru }
Ep{ i R }
t u
:Ep{exp [/ { — s+ V3s 035 + p13015V 035 + p23V2CSZc725035} ds] }exp ( /0 rsds> D
u

=exp (— /Ou rsds> D,

We have s — s + V (735 + plgalsV 035 + 023V, 025035 =0.
The proof of Theorem 1is complete. [

Ep{e_fotrsdsDt\Ru} Ep{e fofstDt |Ru}_

(22)

Theorem 2. Under the equivalent martingale measure P, Sy, Vi and Dy are driven by the following

formula:
St ! T Lo ! 7 fo1 For %
log( &t ) = /O o= Ak} — Rak] — 2 |ds + /O o1 d Wi + /O 71 dNy + /0 71 aN. 23)
Vi ! T 5o Lo ! 7¢ 7Ty Lon
tog (7 ) = /0 e — Asky — Aosk — 03| ds + /0 a5 dWhs +- /O 72 dNos + /O 22 4N, (24)

D t 1 t _
10g< t> :/0 [rs — 203%5} ds+/() 03sdW3s (25)

where 17\715, WZS and W35 are the standard Brownian motion under the equivalent martingale
measure P, and satisfyes the following relationship:

. t ¢
Wi = Wi _/o Viiopsds — /0 (012V52005 + p13V52 035 ) dis (26)
A ! C2 ! 1 c3
Wot = Wy — /0 Vo2 opsds — /0 (p12Vilous + pa3 Va2 oss) ds (27)
” t C3 t C1 Co
Wap = W — /o V3o 03sds — /0 (013V4i 015 + P23 Vy2ons)ds (28)

Dt t 1 2 t g

I - / ~ 2|4 / AW

og<D0> A {rs 2035] s+ o 03sdW3g
The covariance matrix of the Brownian motion (Wu, Way, W3t) is the same as that of (Why, Wi, Wsy).
~ ~ ~ ‘ N2
Nit, Nyt and Ny are Poisson processes with respective intensities Ay = A1y exp (;41 Vﬁ + % ((51 Vﬁ) ),
1 o 1 (52> 1 j i1 (sl
Aoy = Ay exp| pua2Vy + §(§2V2t) and Ay = Mexp( V] + Vi + 7(51%) +

7\ 2 ~ -~ N A ~
%(52%’) ), respectively. Z} , Z* , Z1 and Z?  are normal random variables, and Z}  ~
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N(m+ Ve, &), 22 ~ N(yz + Vf252 3), 7 ~ N(yl + V{3, &) and 73 ~

(FZ + Vz]t(S%, (52> k]l (kl + 1) _ k]2 (k + 1) -1, k]1 _ (kl + l)eé%vljt 1
and ka = (ko + 1)3‘52 2 — 1 are expressed as the average jumps of Z}_, 7% , 2} and 7}, respectively.
Proof. According to the multi-dimensional Girsanov theorem, under the given conditions
Fi X and the equivalent martingale measure P, we know that Wlt, Wzt and W3, are Brownian

motion such that Equations (29)-(31) are established. L
Using the theorem T10 [29] (p. 241), we observe that Z} , Z? , Z! and Z? are

normal random variables, i.e., Z}_ ~ N(yl + Vﬁé%, 5%), th_ ~ N(yz + ng&%, 5%),
Zl o~ N(yl + Vljtéf, (5%) and 72 ~ N(],tz + szlég, 5%) We can calculate k]f =
E(e?h —1) = (k +1)e5%"f3 ~1, K = E(eF -1) = (o4 1) -1, K =
E(eZL - 1) (ki + 1)Vl — 1and K = E(e 8 ) = (kp +1)eV2r — 1.

The proof of Theorem 2 is complete. [J

According to Theorem 1, we obtain the martingale condition, but from algebraic
knowledge, we know that there are infinite solutions to Equations (18)—(20). In order to
facilitate the numerical simulation in Section 5, we provide a set of special solutions. Let

ws — ki (As + Ags) — 15 + Vlcsltflzs + 12015 V2025 + p13 V32 015035 = 0

Bs — ka(As + A1s) — 7 + Vo205, + P12015V1C51025 + p23 V32 025035 = 0
Vs —Ts + V ‘735 + PlB‘TlsV 035 + P23VZCSZUZSU3S =0

A1s exp ylvh ((51V]1) ((k1 + 1)exp (5%‘/1];) - 1) =0
Ags exp ( ua VI + ((5 VJZ) ((kz + 1)exp <5§V2]§) — 1) =0
Asexp (ylej + szsj + %(51\/5]) + %(521/5/)2) ((kl + 1)e5%Vsj — 1) =0

. oy N N2 y
Asexp (ylVSJ + ]lesj + %((51‘75]) + %(52‘75] ) ) ((k1 + 1)65%‘/3] — 1) =0

(29)

Solving the above equation can obtain the regime-switching Esscher transform
parameters as

Ve — 45| (P%3 - 1)035(725 + 12 (012 — P23013) 015035 + T3(013 — P23012) 015025

1s — 2]
03502507 _(1 = p12) (1= p13) = (23 — p13p12) ]
Ve — 1 (012 — 023013) 035025 + T2 (P%3 — 1) 015035 + 713(023 — P13012) 71502
2s [ 2]
03301505, | (1 = 1) (1= p3) = (P23 — p13p12)° |
Ve = 71 (013 — P23012) 035025 + 2023 — P13012) 015035 + 703 (03, — 1) 01500
s i 27
015025055 | (1 = p1,) (1 = ps) = (p23 —p13p12)” |
: : 8 +18 5 %
Vl]; = Vs] - ]’1162 1 ‘/S] - Vz]g - _y25§2 2//\'5 _)\Sexp( 2(52 _2‘1/{(5224_82)/

252
T = &g — kl(As "‘)\15) —Ts, 70 = ﬁs - k2(/\s +/\Zs) —rsand 3 = s — 7.

Ms = A exp( , Ao = Ags exp 252 + ), kjl'1 = k]f = k]1 = k]; = 0, where
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4. Pricing Vulnerable Options

In this section, we derive an explicit formula for pricing vulnerable options. Due
to the similarity between call and put options, we only provide detailed calculations for
vulnerable European call options.

Theorem 3. Under the proposed model framework, we obtain the pricing formula of European
vulnerable call options as

C(S,V,D, X)= /[OT]N

Co(Ji, Jo, -+ JN)A1d]2 - - -d]N (30)

where (J1,J2, -+ -, JN) is the joint distribution of accumulated stay time | = (J1,J2,- -+, IN)
given Xo = X under the equivalent martingale measure P. Under the equivalent martingale
measure P, the characteristic function of | = (J1, ]2, -+, IN) satisfies the following formula:

Ep{expli(Z, )] Xo = X} = (Xexp[AT +iGT], 1) (31)

where i> = —1, & = (81,82, ,CN)' e RN, I = (1,1,--- ,1)/ € RN and G is a N order
diagonal matrix generated by ¢1,82,- -+ ,CN;

T
C* = EF{67 -fO r"ds(ST — K)+{I{H721} + (1 - w)HTI{HT<l}}|]:IX}

o [ee] (e}
=Y Y X Q(Ns =n,Nyg = nq, Ns = n2>€_T Rr[A1(my, my) + Ag(m1, ma) + As(m1, ma) + Ag(my, my)]
n=0my=nmy=n (32)

= i i i (XST)“ (ZST)MJ (XZST)"‘Z—” eiT(75+715+X25+§T)

n! (my—n)! (my—n)!

1
[A1(my, mp) + Ap(my, my) + Az(my, mo) + Ag(my, my)]

Proof. According to the principle of risk-neutral pricing, under the equivalent martingale
measures P, Sy = S, Dy = D, V) = V and the initial state of the national economy Xg = X,
the European vulnerable options C (S, V, D, X) can be written as follows:

C(S,V,D, X) = Ep{exp{— fOT rst} (St — K)+{I{VTZDT} + (1_151;)% I{VT<DT}}}

T (33)
= Eﬁ{exp {— IN rsds} (St — K>+{I{HT21} +(1- w)HTI{HT<1}}}
where Ht = g—?. Under the equivalent martingale measure P, the expression of Vr and Dy
are expressed by Equations (22)—(24), and the expression of Hr is
log(%) = fOT [%0’%5 — Xsk]z — Xzskéz — %(TzziJ ds + fOT U’zdeQS — fOT UngW3S (34)
+ Jo Z2 dNps + [y 22 dN,

The model parameters we propose include the interest rate, jump intensity, and
volatility of asset value, which are governed by an observable continuous-time finite-state
Markov chain. To facilitate calculations, we need to determine the residence time of each
state in the finite-state Markov chain (which can be interpreted as the duration of “good”
and “bad” states in the market economy). We assume that J; represents the staying time of
the market economy state {X;},. jo,7] in state i within [0, T] time, we have

RT = T/O rsds = T Zizo ri]i/ ulT = T~/O Ulsds = f Zi:(] Uli]i/

— 1 /T 1 N — 1 T 1 N
Uy = T/O Uzzsds = T Zi:o ‘722,‘11’/ Usr = ?/O (7325015 = T Zi:o Uf%i]i,
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u —l/T(T 0 ds—lzlN 01,09 J;, Ul —l/TU o ds—lZN 01,05
4T—T 0 1sV2s = T £ui=0 1iY2i)is 5T—T 0 1sV3s = T Lui=0 1iY3iJir

— 1 /T 1 N = 1 (T~ 1 N ~
Uer = = ./0 02503545 = T Y o 2i0silis As = T/o Asds = T Y oAl

= 1 /T~ 1N ~ = 1 /T~ 1N ~
Ms =% ./0 Msds = T Yoo Milis Axs = ?/0 Apsds = T Y oAl

We need to calculate the European call vulnerable options C (S, V, D, X) under condi-
tion So = S, Dy = D, Vp = V and X = X, and first calculate the European call vulnerable
option under the given conditions ]-'%(, So=S5,Dy=D,Vy=Vand Xy = X, ie,

C* = C(S, V,D, Ry, U1T1U2T,U3T,U4T,U5T,U6T,7\s,7\1s,/~\2s>

g (35)
_ Ep{e_ f mis(ST — K)+{I{HT21} +(1- W)HTI{HT<1} } ’]:7}5 }

In order to calculate the European call vulnerable option under conditions Sy = S,
Dy = D,V = Vand Xy = X, we rEzed to lglow the joint conditional distribution of

Rr, Uyr, Uar, Usr, Uy, Ust, Ugr, As, A1s and Ay under the equivalent martingale mea-

sure P. But Ry, Uy, Upr, Ust, Usr, Ust, Ugt, As, A1s and Ay, are regulated by the observ-
able continuous-time finite state Markov chain, so the joint conditional distribution of

R, Uy, Uor, UsT, Ust, Ust, UgT, )Ls, /\1S and )\25 under the equivalent martingale mea-
sure P is determined by the conditional joint distribution of the cumulative stay time
J = (J1,]2,- -+ ,]Jn) under conditions Sy = S, Dy = D, Vy = V and Xy = X under the
equivalent martingale measure P. Thus, we have

C(S,V,D,X) = /[O o CWUL T TN ]y (36)

where (1, J2,- - - , Jn) is the joint distribution of cumulative stay time J = (J1, J2,- -+ , JN)
under the equivalent martingale measure P and Xy = X. Under the equivalent martingale
measure P, the characteristic function of ] = (J1, J, - - - , Jn) satisfies the following formula:

Ep{expli(Z, ))]|Xo = X} = (Xexp[AT +iGT],T) (37)

where 2 = -1, ¢ = (81,82, ,(jN)/ € RN, 1= (1,1,--- ,1)' € RN and G is an N order
diagonal matrix generated by ¢1,¢2, - -+ ,{N. See Buffmgton [26] for proof of theoretical
properties.

We next calculate C*, given the condition G(n M) _ {Ns =1, Nys = nq, Nps = nz} and

]—"T , St all jumps are m; = ny + n and Hr all jumps are my = ny + n, we have

Cr = ?{3_ fOTVSdS(ST — K)+{I{HT21} + (1 - w)HTI{HT<1}}|]:]¥}
=Y ¥ Y o(Ne=nNu=mNo=n)Ep{e (5, 68)
n=0mi=nmy=n
K)+{I{HT,H,221} +(1- W)HT,mzf{HT,mza}}}

By calculation, we have

{g fO Tst ST g K) {I{HT/mzzl} + (1 — (U)HT’mZI{HT’m2<1}}} (39)
= e TRI[Ay (my, my) + Ag(my, mp) + As(my, my) + Ag(my, my)]
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By observing A1 — A4, we find that (log( T"'l) 1 g( T'"2>> is a bivariate normal

distribution under the equivalent martingale measure P. In order to calculate A; —

obtain the properties of the bivariate normal distribution (log(

Ay, we first
) ) as follows:

) tog(H

ST, | T 1 1 — 1— 1
Ml (T}’ll) = EF [log( S;nl )- = /O [1’5 — 20'125:| ds — Emlcﬁ = T(RT — E U1T> — Emlé%
Hr \ ] T 1 1 T 1
Mz(mz) = EF |:10g< H;'lz)_ 0 E 0’ 3s 0’25 d §m25% = E( U3T — UZT) — Emzéz
2 _ ST,m _ T 2 2 _ 7T 2
H (ml) = Var |log S = o1,ds + my67 = TUqr + my67
0 0
2 _ Hr n,
H*(my) = Var|log Ho T(Uar + Usr — 2Uerp23) + m2d3
Tm1 HT mz _— —_
Cov | log ,log (Tlsffzsplz — 015036013)ds = T (Uyrp12 + Usrp13)
_ ST,m ) (HTm )) T (Usrp12 + Usrp13)
my, my) = corr| lo ~—L |,1o A2 =
pl( 1 2) < g( SO g Hy \/Hz ml \/Hz(mz)

In order to simplify the calcula

T,mq T,my

) tog ()

tion, we can rewrite <log(

STm
108< 20 l) = My (mq) +\/H?(m1)ey (40)
log<HIZ;”Z) = My (my) + \/ H2(my)en (41)

where (g1,€2) is a two-dimen

coefficient is p; (mq, my). Next,

sional standard normal distribution, and the correlation
we have

Aq(my, mp) = SOexP{Ml(ml) + ;Hz(ml)}NZ(al (m1), a2(m1, mz),p1(m, mp))  (42)

Az(ml, mz) = —KNz(b1(m1),bz(mz),ﬁl(m1, 1412)) (43)

Ag(ml, mz) 250(1 — w)Hoexp{Ml(ml) + Mz(?ﬂz) + %(H2(ﬂ11) + Hz(mz)) (44)
+01(my, mo)H(my)H(ma) }Na(cq(my, ma),ca(my, my),py(my, my))

—K(1 — w) HoetM2m) T3 m)I N, () (my, my), dy(my, ma), By (m1, ma)) (45)

Ag(my, my) =



Mathematics 2023, 11, 4155 12 of 18

Therefore, given the condition F X we can obtain:
T
Cr — Ef{e* i s (g — K)*{I{HTZ” +(1- w)HTI{HT<1}}|J-"%( }
o0 (o] o0 N
= Z Z Z Q(Ns =n,Nig =ny, N5 = nz)é’*T Rr[A1(my, ma) + Aa(my, ma) + As(my, ma) + Ag(my, my)]
n=0 1my=n my=n (46)

o0 o0 00 = n o = my—n ;= my—n - o

— Z Z Z (/\ST) (AlsT) <A2ST) e_T(Xs+X15+X2s+§T)
n! (mq—n)! (mp—n)!
n=0mi=n mp=n
X [Aq1(my, my) + Ap(my, my) + Az(my, my) + Ag(my, my)]

The proof of Theorem 3 is complete. [1

5. Numerical Simulation

In this section, we present the numerical results of European vulnerable call options
prices given by Equations (1)—(3). To facilitate our analysis, we use the set of baseline
parameters given in Tables 1 and 2, and we assume that there are 252 trading days in a year.
To facilitate our simulation, we assume that for X; there are only two regimes, i.e., N = 2.
The first regime e; = (1,0)’ can be interpreted as a good economic state. The second plan
ey = (0,1)" can be interpreted as a bad economic state. We refer to relevant literature (such
as Han [24]) to choose the initial state of the economy X = Xy = (1,0), and the generation
matrix of the Markov chain process X;

_(prn1 pr2\ _ (02 08
4= (P21 Pzz) B (0.7 0.3 (47)

Table 1. Parameter values of vulnerable European call options in the base case.

Parameter Value Parameter Value

Strike price K=10 Mean jump size of V up =0

Time to maturity T=1 Mean jump size of S up =20
Initial price of S So =10 correlation coefficient p12 =07
Initial price of D Dy =10 correlation coefficient 023 = 0.6
Initial price of V Vo =10 correlation coefficient p13 =05
Volatility of jump size of V dp =01 Volatility of jump size of S 0 =01

Table 2. Parameter values of vulnerable European call options in the base case.

Parameter Value in State e; Value in State e,

r r1 = 0.02 r1 = 0.02

S’s Volatility g1 =03 05 =04

V’s Volatility oy1 =03 oy, =04

D’s Volatility op1 = 0.3 opp =04

common jump intensity AM=1 Ay =2

S jump intensity Ag1 =1 Agp =2

V jump intensity Ay =1 Ayr =2

From Figure 1, it can be observed that as the initial price of the underlying asset, S_0,
increases, the price of the European fragile option also increases. This is because as the price
of the underlying asset rises, the potential profit for the option holder increases, thereby
increasing the value of the option.

Additionally, we can observe that under State 1 (good economy), the price of the call
option is relatively low, whereas under State 2 (bad economy), the price of the call option is
relatively high. This is mainly because in a bad economy, the volatility of the risky asset
increases, leading to an increase in the risk value of the option. Therefore, investors need to
pay a higher price to purchase options under adverse economic conditions.
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Figure 1. Vulnerable European call option price against the initial price of the underlying assets S. The
solid, dashed, and dot-dashed lines correspond to State 1, the proposed model, and State 2, respectively.

Furthermore, when considering a mixed state of the economy;, i.e., during a transitional
period, the value of the option lies between State 1 and State 2. This is because in a mixed
state, the economic conditions are uncertain, and the value of the option is influenced
by different economic states. As a result, the price of the option falls between the prices
observed in a good economy and a bad economy.

In light of these observations, we propose the switching model to better explain the
impact of economic conditions on option valuation. In the switching model, the parameters
of the risky asset value model evolve under two different economic states, allowing for
a more accurate reflection of the changing economic conditions on option values. By
introducing the switching model, our model can more flexibly capture changes in economic
conditions, thereby better reflecting the pricing of fragile options in practice.

Now, let us turn to Figure 2. Figure 2 shows that as the initial value of the default
barrier (counterparty’s debt), D_0, increases, the price of the European fragile option
exhibits a decreasing trend. This is because a larger D_0 increases the risk of credit default,
reducing the demand for options from investors and leading to a decline in option prices.

1.8

17 F T

16 .

=
]
/

Option Price
4 a4
SN W oR
[
|
/

/ ]

-

09r =

0.8
8 8.5 9 9.5 10 10.5 1 11.5 12

DO Initial price of D
Figure 2. Vulnerable European call option price against the initial price of the default barrier D. The
solid, dashed, and dot-dashed lines correspond to State 1, the proposed model, and State 2, respectively.

Furthermore, by examining Figure 3, we compare the prices of the European fragile
option under four different models with the initial price of the underlying asset, S_0.
Compared to the Han [24] model, our proposed model has lower prices. This indicates that
our model, which considers the dynamic changes in the default barrier, more accurately
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reflects the increase in default risk, resulting in lower option values. Compared to the
Hui [4] model, our model has higher option prices. This is because our model incorporates
a jump process of the risky asset, increasing the prices of options and better capturing the
impact of economic conditions on options. Compared to the Wang [22] model, when S_0 is
between 8 and 9, our model has similar prices to the Wang [22] model. However, when S_0
is between 9 and 12, our model has higher prices.

3

25 o

[*]

b
o

Option Price

05 F

a8 8.5 9 9.5 10 10.5 1" 11.5 12
S0 Initial price of S

Figure 3. Vulnerable European call option price against the initial price of the underlying assets S.
The solid, dashed, dotted, and dot-dashed lines correspond to Hui’s [4] model, the proposed model,
Han’s [22] model, and Wang’s [20] model, respectively.

Figure 4 shows the price of European Vulnerable options plotted against the initial
value of the default barrier (D_0) for four different models. As D_0 increases, the price
of European Vulnerable options decreases. Notably, our proposed model exhibits lower
prices compared to the Han [24] model, indicating that the uncertainty of the default barrier
increases over time, resulting in higher default risk and lower option prices. To provide a
more comprehensive explanation of these findings, let us delve into the observed models,
starting with the Han [24] and Wang [22] models. In these models, as the fixed default
barrier (representing the initial value of the counterparty’s liabilities) increases, the option
holder assumes higher credit risk. This suggests that if the default barrier is significantly
smaller than the counterparty’s assets, the likelihood of default diminishes, leading to
higher option prices. Next, let us consider our proposed model and the Hui [4] model.
Both models exhibit a similar rate of decline in option prices, indicating that they share a
comparable sensitivity to changes in the default barrier. As D_0 increases, the prices of
options in both models decline proportionally. Lastly, we compare our proposed model
with the Wang [22] model. When D_0 is small, we find that the Wang [22] model yields
lower prices compared to our proposed model. This discrepancy arises because, in such
instances, the impact of the jump process on credit risk outweighs the effect of the default
barrier. These observations provide a detailed explanation of the relationship between
the price of European Vulnerable options and the initial value of the default barrier across
different models. As D_0 increases, default risk amplifies, leading to a decrease in option
prices. Moreover, the influence of the default barrier and the jump process on option prices
and credit risk varies among the different models. These findings contribute to a better
understanding and assessment of pricing and risk management for vulnerable options.

Figures 5-8 show the impact of basic parameters on vulnerable option prices, including
time to maturity, recovery rate, the correlation coefficient between the underlying asset
and the counterparty’s assets, and common jump intensity. These figures display the
option prices calculated using our proposed model plotted against the initial price of the
underlying asset S_0 from 8 to 12 with alternative basic parameters.
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Figure 4. Vulnerable European call option price against the initial price of the default barrier D. The
solid, dashed, dotted, and dot-dashed lines correspond to Wang's [22] model, the proposed model,
Han’s [24] model, and Hui's [4] model, respectively.
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Figure 5. The option price with different maturity T for w = 0.5, A; =1, A =2 and p;3 = 0.5. The
solid, dashed, and dot-dashed lines correspond to T = 0.5, T =1, and T = 1.5, respectively.
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Figure 6. The option price with different recovery rate w for T=1,A; = 1, A = 2and pj3 = 0.5. The solid,
dashed, dotted, and dot-dashed lines correspond to w = 0.3, w = 0.5, w = 1, and w = 0.8, respectively.
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Figure 7. The option price with a correlation coefficient between the underlying asset and the assets
of the counterparty for w = 0.5, A1 =1, A; = 2 and T = 1. The solid, dashed, and dot-dashed lines

correspond to p13 = 0.9, p13 = 0.5, and p13 = 1, respectively.
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Figure 8. The option price with different common jump intensity A for T =1, w = 0.5, and p;3 = 0.5.
The solid, dashed, and dot-dashed lines correspond to (A1, Ay) = (0.5,1), (A1, A2) = (1,2), and
(A1, A2) = (2,4), respectively.

As shown in Figure 5, as the option’s time to maturity increases, the option price also
increases. This indicates that a longer time to maturity increases the risk of counterparty
default and, therefore, increases the value of the option. Figure 6 shows that the option
price increases as the recovery rate w increases. This is because a higher recovery rate
results in a higher return at maturity. In Figure 7, we can see that the option price de-
creases as the correlation coefficient p_13 increases. The correlation coefficient reflects the
relationship between two assets that move together. This means that as the initial value
of the underlying asset S_0 increases, the distance between the three lines also increases.
A stronger correlation between the underlying assets and the default barrier means that
default risk has a greater impact on vulnerable option prices and results in lower option
prices. Figure 8 shows that the option price increases as common jump intensity increases.
This result is consistent with our intuitive understanding.
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6. Conclusions

This paper discusses the pricing of vulnerable European options using a regime-
switching jump-diffusion model. In the structured model, it is assumed that the coun-
terparty’s asset-liability structure (or default barrier) is driven by a geometric Brownian
motion under a regime-switching model, and there exists a correlation among all risk assets.
By applying the Esscher transform to select an equivalent martingale measure, a pricing
formula for vulnerable options is derived. The results of numerical simulations show that
the European vulnerable option prices in the proposed model are lower than those in the
model assuming a fixed counterparty’s asset-liability structure. This result is intuitive
because the counterparty’s liability level is stochastic, increasing the risk of option default
and thus lowering the option prices.

This paper mainly investigates the pricing problem of options with random default
barriers and credit risk under a regime-switching model. Several research findings are
obtained. However, there are still some gaps between the proposed model and the real
financial market. Further research can be conducted in the following aspects:

1.  More data on OTC option trading can be collected to discuss the parameter estimation
issues of the relevant pricing models for vulnerable options, referring to existing literature.

2. Asboth models in this paper assume fixed volatility of risk assets and risk-free interest
rates, further research directions can consider introducing stochastic volatility and
risk-free interest rates into the proposed models to make them adhere to more general
models. Additionally, with the advancement of computer performance, alternative
methods can be considered to numerically solve the option pricing formulas.
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