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Abstract: Three models of abundance dynamics for forest insects that depict the development of
outbreak populations were analyzed. We studied populations of the Siberian silkmoth Dendrolimus
sibiricus Tschetv. in Siberia and the Far East of Russia, as well as a population of the pine looper Bupalus
piniarius L. in Thuringia, Germany. The first model (autoregression) characterizes the mechanism
where current population density is dependent on population densities in previous k years. The
second model considers an outbreak as analogous to a first-order phase transition in physical systems
and characterizes the outbreak as a transition through a potential barrier from a low-density state
to a high-density state. The third model treats an outbreak as an effect of stochastic resonance
influenced by a cyclical factor such as solar activity and the “noise” of weather parameters. The
discussion focuses on the prediction effectiveness of abundance dynamics and outbreak development
for each model.

Keywords: forest insect; population; population dynamics; population outbreak; model; autoregression;
phase transition; stochastic resonance
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1. Introduction

Analyzing processes related to forest insect population dynamics is crucial for
two reasons. Firstly, the simplicity of population estimation opens up opportunities to
study patterns of population dynamics and the factors influencing these dynamics. Sec-
ondly, forest disturbances are increasingly common worldwide, and they are growing in
frequency and intensity [1]. These disturbances have significant impacts on both local
and global carbon stocks in terrestrial ecosystems [2]. Insect damage to forests can result
in forest mortality and trigger large-scale forest carbon emissions [3]. For example, the
bark beetle Dendractonus frontalis damaged more than 15 million ha of forest lands in the
western United States [4]. Attacks by the bark beetle have resulted in the destruction of
10 to 20 Tg C year−1 of living biomass [5,6] and have caused an associated decline in NEP,
estimated at about 3 Tg C per year from 2000 to 2009 [5].

In Canada, major bark beetle infestations affecting 12 million ha were recorded in the
2000s, killing about 20 Tg C year−1 of living biomass, resulting in an estimated average
annual reduction in NEP of 13.5 Tg C year−1 [7].

Large-scale carbon balance impacts from defoliation by the gypsy silkmoth (Lymantria
dispar L.) have affected more than 5 million ha of forests in the northeastern United States
since the 1980s [4]. Defoliation by the gypsy silkmoth resulted in a 41% reduction in NEP
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in mixed hardwood stands in New Jersey between 2005 and 2007 [8]. Regionally, NEP
reductions can also last for decades when significant tree mortality occurs [7,9–11].

In the territory of Russia, in 2021, signs of forest damage were detected in an area of
76,806 thousand hectares [12].

Therefore, it is of high importance to develop forecasting methods for modeling the
population dynamics of pests and their outbreaks, which would allow to take appropriate
counteractions to reduce the pest population and its impact on the forest.

The analysis of processes in complex systems, specifically those involving insect popu-
lations, should follow a systems approach. It is necessary to analyze all components of the
system with respect to the insect species under study [13–18]. Usually, to describe such a
system, since the time of A. Lotka and V. Volterra, differential equation systems are used,
where each equation describes the dynamics of a separate component [19–21]. However,
the system analysis postulates fall apart upon the initial encounter of a researcher with the
object of study, specifically a population of a forest insect species. While theoretical models
of population dynamics can incorporate any desired variables, measuring relevant com-
munity characteristics poses a challenge in real forest insect population modeling [22,23].
Long-term forest measurements typically only allow for the registration of population
densities [24,25]. Accounting for system components such as parasite and predator pop-
ulations, as well as the volume and quality of available forage resources, proves to be
exceedingly difficult. Thus, research opportunities on the dynamics of the studied forest
insect species are limited in the field, and the system as a whole “escapes” from system
model analysis. Furthermore, incorporating modifying factors, such as weather, as separate
equations in the system is impossible due to the self-generation of individuals in the popu-
lation that would occur as a result. Describing the impact of weather on the coefficients
of a system’s equations requires introducing further equations that account for weather
factors. As these additional equations are nonlinear, they contribute to increased model
system dimensionality and difficulties in obtaining analytical solutions [26].

There are two types of population dynamics observed with forest insects [27,28]. The
prevailing type features stable dynamics with low population densities in most species
of insects. However, a few insect species, such as the pine looper Bupalus piniarius L. and
Siberian silkmoth Dendrolimus superans Tschetv. (which is a dangerous pest of Siberian
taiga forests), can be characterized as a bistable system, which can be in one of two phases:
the stable dispersal phase and the outbreak phase. In the stable dispersal phase, the density
x1 of the population is extremely low and its individuals utilize only a small part of the
available food objects. The outbreak phase occurs only when the pest population density
surpasses a critical value (xr), eventually reaching the value x2, where the entire population
consumes all available food objects in the given territory [28–32], and finally returns from
state x2 to state x1.

In this paper, we aim to develop minimalist models of forest insect population dy-
namics based only on density data of the studied species, without using the properties of
regulating and modifying factors. To model a crucial event such as a population outbreak
of forest insects, we consider the outbreak on the one hand as an autoregressive process
and on the other hand as a bistable system, where the outbreak is viewed as an analog of
phase transitions of the first kind (TPI) in physical systems, and finally as a realization of
the effect of stochastic resonance (SR) in the ecosystem.

2. Materials and Methods

Siberian silkmoth Dendrolimus sibiricus Tschetv. is a species of the family Lasiocampi-
dae. The caterpillars feed on needles of almost all coniferous species found within its range.
It prefers larch Larix sibirica LDb, often also damaging fir Abies sibirica Ldb. The species
is widespread in Russia within the Urals, Western and Eastern Siberia, and the Far East.
Outside Russia, the Siberian silkmoth is distributed in Mongolia, Kazakhstan, Korea, and
northeastern China. The southern border of its range is at 40◦ N.
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The Siberian silkmoth is the most dangerous pest of coniferous forests in Siberia and
in the Russian Far East [33–42]. For instance, during the last outbreak (years 2014–2017),
forest stands of Siberian fir Abies sibirica Ledeb. were damaged in the Krasnoyarsk region
in a territory of 800 thousand hectares.

The high efficiency of Siberian silkmoth outbreaks in dark coniferous forests is deter-
mined primarily by the unusually high density of its populations. The maximum infestation
of fir stands reaches more than 20 thousand caterpillars per tree. However, in overcon-
solidated centers, the pest starts to lack food. The reproduction rate decreases due to the
aggravation of competitive relations. Fecundity (1.5 times) and survival rate (2.5 times)
become significantly lower than in the previous phase.

In the depression phase, when the population density sharply decreases, the extremely
harsh conditions of the Siberian silkmoth’s existence during the depression period lead to a
minimal population survival rate (less than 1%) [26].

The total duration of the gradational cycle of the Siberian silkmoth in the dark conif-
erous southern taiga forests of the Krasnoyarsk region averages 14 years. The phase of
increasing numbers in the population has the longest time interval (4–7 years), which is due
to the manifestation of long and complex processes of “breakaway” from natural enemies
and reorganization of intrapopulation mechanisms. The maximum phase lasts no more
than two years, during which intensive stand damage is observed. The final stages of the
outbreak (thinning and depression) are transient (two to three years), and the duration of
recovery and stabilization is from two to six or more years [26].

The dynamics of Siberian silkmoth populations is largely regulated by a complex
of entomophages. In Siberian silkmoth reserves, they affect 60–90% of eggs, 10–40% of
caterpillars, and 50–70% of pupae [39]. During the phase of increasing insect numbers,
the proportion of affected eggs varies from 16.6 to 54%, caterpillars from 3.6 to 10.9%, and
pupae from 4.8 to 22.3% [36]. During the climax of the outbreak, parasites destroy 70–90%
of eggs, 65–95% of caterpillars, and 25–60% of pupae [34]. However, practically all parasites
of the Siberian silkmoth are affected by superparasites, and specialized entomophages are
most intensively affected, e.g., eggeater Telenomus gracilis Mayr, caterpillar parasite Rhogas
dendrolimi Mats., pupal parasite Masicera zimini Kol. [26,36]. This significantly increases the
inertia of the complex of natural enemies and reduces their regulatory effect.

The complexity of monitoring and predicting the abundance dynamics of this species
is that outbreaks can occur in some zones in a remote sparsely populated territory of
20 million square kilometers in total; as a consequence, for over more than a century of
observations, researchers have managed to obtain only two fairly long time series of the
dynamics of this species [37,41].

Pine looper B. piniarius is a dangerous pest of pine Pinus sylvestris L. The caterpillars
of the pine looper damage the needles of the Scots pine. Adult insects appear in the pine
stands from the last week of May (southern), but mostly begin in June (middle) and in
late June to early July in the northern areas. Larvae undergo four ages and complete
their development in late summer or early fall. Pupation usually takes place in October.
Outbreaks of this species occur in the pine forests of Europe (in Scotland, England, the
Netherlands, Germany, Poland, Sweden, and Latvia) and in forest stands in Russia (the
Urals, the Altai, and South Siberia) [42–56]. The abundance dynamics series of this species
in Thuringia, as published by F. Schwerdtfeger (1939, 1952, 1968), is one of the longest
series (80 years) known in forest entomology.

For these species, three types of models were examined to describe their abundance
dynamics.

2.1. The Autoregression (AR) Model

Traditionally, during a description of population dynamics in ecosystems, oscillatory
processes have been analyzed in terms of the Lotka–Volterra model, and the presence of
fluctuations has been regarded as a consequence of interactions between populations of
a prey species and of species of predators and parasites [57]. In our opinion, however,
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it is impossible to use such models to describe real outbreaks of insects because data
on the density of populations of parasites or predators are usually unavailable to the
researcher. Nonetheless, because a population of any animal species can be considered an
autoregulating system with feedback loops, this kind of general model can be described
in terms of a so-called transfer function with feedback loops of different strengths and
directions and with different delays [58]. In this context, during an analysis of general
properties of temporal dynamics of animal populations, the factors that affect a given
population can be ignored, and it is sufficient to assess (i) the susceptibility of the population
to the influence of the feedback loops and (ii) the delay of the response of the system to
its state at the start [59–61]. In this case, if the aim is to build a model of a prey species,
then the verification of such a model does not require information about the abundance of
predators. To construct an AR model of abundance dynamics of specific animal species, it
is necessary to evaluate the sign and sensitivity of the feedback loops.

For the systems under study, it is assumed here that the analyzed feedback loops are lin-
ear, depend on the population density y(t), and have the following form: w(t) = a · x(t− τ),
with delay τ and feedback amplitude a > 0 for a positive feedback loop and a < 0 for a
negative feedback loop. The number of feedback loops having different signs and different
delays is unknown for specific species, but, in the general case, taking into account feedback
loops for a temporally stationary AR system, the following equation can be written:

y(t) =
k

∑
j=1

ajy(t− j) + µ (1)

where y(t) is the density of insect population; k is the order of the AR; µ is the measurement
error; and a0, . . ., aj, . . ., ak are coefficients characterizing the intensity of feedback loops
having delay j.

Quantity aj =
∂y(t)

∂y(t−j) in Equation (1) characterizes the susceptibility of the population
in year t to changes in its abundance in year (t − j). In this context, the influence of
feedback loops at time point t is proportional to variable y(t − j), and the type of feedback
(positive or negative) is determined by the sign of aj. If aj is positive, then this parameter
characterizes a linear positive feedback loop between years t and (t − j). If aj is negative,
then aj characterizes a linear negative feedback loop between abundance values in years t
and (t − j).

Therefore, to build a model, it is necessary to estimate order k of AR. k characterizes the
number of feedback loops in the system and signs and values of coefficients in Equation (1).
A partial autocorrelation function (PACF) is usually employed to estimate the order of AR
and a delay in a feedback system. AR order k in the system is estimated from the maximum
value of k for which the PACF is significant [62]. If time series {y(t)} and order k of the AR
in Equation (1) are known, then this equation can be treated as a linear regression equation
with respect to unknown parameters a0, . . ., aj, . . . ak. In this case, values of the feedback
coefficients in the AR equation can be found by analyzing Equation (1) as a linear regression
equation with unknown variables, and then its solution can be found using traditional least
squares methods [63].

2.2. Models of an Outbreak as a First-Order Phase Transition

Taking into consideration the challenges surrounding surveys on population density,
it appears that models are necessary to describe the processes occurring in populations
that use only minimal information about the state of the system and a minimal number of
variables and free parameters in the model.

In this paper, to describe the processes associated with the development of population
outbreaks of phyllophagous insects, we propose to use ecological analogs of the model of
first-order phase transitions in physical systems. A classic example of a first-order phase
transition in physical systems is, e.g., boiling (the transition of a substance from a liquid
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state to a gaseous state that occurs when the critical temperature Tc of the environment
is reached [64]).

According to the phenomenological model, phase transitions in physical systems are
described via thermodynamic potential G, and condition G → min is an optimization
principle that regulates the phase transition process [65,66]. Stable states of a population are
characterized by a minimum (local or global) of potential function G(x). Potential function
G(x) for a bistable system with two stable (or metastable) states is characterized by the
presence of two local minima of G(x) values (potential pits).

For an ecological system, such a potential function can be estimated using an approach
based on investigation into the statistics of the times the system spends in various states [67].
With this approach, to describe the model of an outbreak, let us introduce the concept
of potential function G(x) of the state of the system, which we define as the reciprocal of
the density function of distribution f (x) of density values x of the population for the long
period T, sufficient for all possible states of the system to materialize. Then, possible states
of the system can be described by means of potential function G(x), which is the inverse of
probability p(x) of the state of the system with density x of the population:

G(x) =
1

p(x)
(2)

If the probability of occurrence of state xm during a sufficiently large observation time
T is small, then the value of potential function G(xm) will be large. If, during period T, state
xm occurs often enough, then G(xm) is small.

The value of G(x) potentially depends on a large number of various factors, and it
is difficult to express the dependences of G(x) on these factors. Nevertheless, G(x) for
a population can be classified depending on the number, values, and positions of local
minima and maxima of this function.

Function G(x) can have one global or several local minima. Potential function G(x)
with one global minimum at x = x1 will characterize a system with one stable state. The
existence of the system near stable state x1 is associated with the implementation of negative
feedback loops in the system when its state deviates from x1. A bistable potential function
of the state with two local minima G(x1) and G(x2) (where x1 << x2) and one local maximum
G(x12) between the local minima will characterize a system in which switching from state
to state is possible. If G(x12) is large, this means that the state in question is observed very
rarely and that the system goes from state x1 to x2 and back, quickly skipping state G(x12),
which will be observed quite rarely.

By analogy with physical models of first-order phase transitions, we will examine
ecological phase transitions characterized by jumps of the “forest–insects” system from a
state with low population density and low damage to trees in a forest stand to a state with
high density and severe damage to the forest stand, and back. The more x(t) deviates in
absolute value from the x1 value at some time point t, the less is the probability of reaching
this value and the higher is the probability that the “forest–insects” system in this state will
not exist for a long time.

From the standpoint of the theory of phase transitions, external factors affecting the
insect population can be considered analogous to external fields.

A general shape of the potential function and its change under the influence of an
external field are depicted in Figure 1.
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At point x = xc, function G(xc) is G0, which is greater than the values of G(x1) = G(x2)
at points x1 and x2. The G0 value characterizes the height of the potential barrier between
the two stable states. Values of function G(x) near x1 (or near x2) are usually described as
a potential well, and the depth of the potential well is defined as the difference between
G0 and G(x1) or G(x2). Point x = xc is the point of the phase transition from the state with
minimum population density x1 to the state with maximum population density (the state
of an outbreak), i.e., density x2. Thus, we can say that the shape of the empirical potential
function describing abundance dynamics of forest insects can be explained using the notion
that population processes are first-order phase transitions, manifesting themselves as large
jumps in population density and subsequent rapid fluctuations around stable states.

Function G(x) in Figure 1 can be described with the following parameters:

• Local minima of potential function G(x1) and G(x2) and corresponding values x1 and
x2 of population density (in this context: x1 << x2);

• Local maximum of function G(xc): the height of the potential barrier when potential
function G(x) reaches the local maximum;

• With the help of these “base values” additional parameters can be defined;
• Difference ∆x = x2 − x1, which characterizes the range of population densities.
• Difference ∆G = G(x2)− G(x1) between values of potential functions G(x2) − G(x1);
• Depths of potential wells: ∆G1 = G(xr)− G(x1) and ∆G2 = G(xr)− G(x2);

• Half-width of the potential barrier x1c at which G(x1c) =
G(xc)

2 is the half-height of the
potential barrier;

• Absolute values of derivatives |dG/dx| of the potential function to the left and to the
right of point x = xc. These derivatives can be viewed as the susceptibility of state
function G(x) to a change in density x of the population. At sufficiently small values of
|dG/dx|, we will say that potential G(x) is “soft”; at large values of |dG/dx|, the potential
function will be characterized as “hard”. Approximately, the values of the derivatives
can be replaced by quantities

∣∣∣G(xc)−G(x1)
xc−x1

∣∣∣ and
∣∣∣G(xc)−G(x2)

x2−xr

∣∣∣.
• Current susceptibility χ = x(i+1)

x(i) (or on a logarithmic scale: χln = ln x(i + 1)− ln x(i))
characterizes the current reproduction rate of the population.

The influence of external factors within the model of first-order phase transitions for
the “forest–insects” system is taken into account as an analog of some external field h (for
example, weather parameters). If external field h > 0 increases, then the depth of the left
local maximum in Figure 1 will decrease in proportion to the magnitude of the external
field, and, at some time point tr, the amplitude of fluctuations of normalized population
density at low population density will become comparable or even greater than difference
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G(xc)− G(x(tr). Under this scenario, the system will switch to the state with density x2
and an outbreak will occur (curve 3 in Figure 1). A change in the sign of the external field
and/or an increase in the impact of regulatory factors (for example, an increase in the
pressure of parasites and/or a decrease in the volume and quality of available food) will
cause a reverse switch in the population, i.e., cessation of the outbreak and a return of the
system to the stably rarefied state.

A distinctive feature of phase transition models is that they do not depend on time [68].
Such an assumption substantially simplifies the model. Now, to describe the system, it
is necessary to find only stable minima of function G. Of course, with the representation
in the form of a potential function, information about temporal dynamics of population
density is lost. Nevertheless, the totality of the main and additional parameters that
thoroughly characterize the shape of potential function G(x) gives us clues to the dynamics
of transitions between the phases of the system.

Thus, to build a model of insect abundance dynamics, it is necessary to evaluate
the shape of the potential function of an insect species by means of long-term data on
population density both in a stably rarefied state and in an outbreak phase, to determine
the influence of weather factors on pest abundance dynamics, and to evaluate the nature of
population density fluctuations near stable states.

2.3. Stochastic Resonance (SR) Model

This model manifests itself in nonlinear systems having different characteristic fre-
quencies when the system is subjected to a weak periodic perturbation and external noise
is added [69–73]. The amplitude of the periodic external perturbation is assumed to be so
small that it rules out passage through the barrier in the absence of noise. Nonetheless, a
small periodic external perturbation leads to small modulation of the height of the potential
barrier. At low noise intensity, the average transition times are quite long and greatly
exceed the periodicity of the modulation signal. The term “resonance” is used in the SR
model because the switch from one state to another depends on the amplitude of the noise
factor. The highest probability of switching from state x1 to state x2 is observed at some
amplitude Aopt, and at amplitudes much larger or smaller than Aopt, the probability of the
jump is much less [67]. Accordingly, at a certain noise level in a stochastic bistable system,
a modulating signal will be amplified maximally.

Population density dynamics in the two-well potential U(G) = − ax2

2 + bx4

4 under the
action of white noise ξ(t) having intensity D and periodic force f (t) = A cos(ωt + φ) are
described by the following equation [67]:

dx
dt

= x− x3 + A cos(ωt + φ) +
√

2Dξ(t) (3)

SR can produce intriguing and counterintuitive dynamic effects in living systems.
Many authors have stated that noise acts not only as a source of disorder but also as an
integral feature of the dynamics of natural systems, including a system of insects [74–78].

What kind of specific mechanism of SR can exist for an insect population? It can be
hypothesized that the role of an external modulating signal can be played by geophysical
disturbances described by solar activity cycles and characterized by means of the Wolf
number (http://www.wdcb.ru/stp/solar/sunspots.ru.html, accessed on 12 September
2023). Solar activity has been repeatedly proposed as a generator of outbreaks, and weather
fluctuations during a season may act as external noise.

The hypothesis of a direct or indirect link between solar activity and animal population
dynamics, proposed over a century ago [79,80], has been tested repeatedly [81–92]. Hypoth-
esis testing frequently was reduced to estimating cross-correlation functions between time
series of Wolf numbers and time series of population dynamics of selected animal species.
However, this approach raised the problem of explaining the lack of synchronization of
local population dynamics at the planetary level in a situation where they should have
been regulated by global solar activity.

http://www.wdcb.ru/stp/solar/sunspots.ru.html
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Nevertheless, because solar activity is planetary in nature, if insect abundance dy-
namics are modulated by solar activity, then cycles of abundance dynamics of all species
of forest insects on the planet should be synchronized with cycles of Wolf numbers, and
outbreaks of all species should occur simultaneously. This idea, however, is not supported
by observations. By contrast, under the SR regimen, population outbreaks will occur
with the periodicity of solar activity only where the noise level is such that it ensures the
implementation of SR. As soon as noise intensity on this territory starts to deviate from the
level optimal for the manifestation of SR, the cyclicity of outbreaks will be disrupted. Thus,
SR can lead to a “smearing” of outbreaks in time and space, which is observed in the wild.

3. Results
3.1. AR Models of Dynamics of Forest Insect Abundance

At the first stage of the construction of the AR model for abundance dynamics of the
Siberian silkmoth D. sibiricus Tschetv., the data series was transformed.

Steps of the transformation of the dynamics series of Siberian silkmoth abundance x
(individuals per tree) included switching x(i)⇒ ln x(i) from the population density scale
to the logarithmic scale. At the next step of the transformation, high-frequency filtering of
series {ln x(i)} was performed with the help of the Hann filter [93]:

L(i) = 0.24 · ln x(i− 1) + 0.52 · x(i) + 0.24 · x(i + 1) (4)

Next, order k of AR of series {L(i)} was assessed using a PACF (Figure 2).
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As shown in Figure 2, the order of the AR model for transformed series {L(i)} can be
assumed to be 2. Then, the AR equation of transformed series {L(i)} of the Siberian silkmoth
abundance dynamics can be written as

L(i) = a0 +
2

∑
j=1

ajL(i− j) (5)

where a0–a2 are some coefficients.
Because variables L(i) in Equation (5) are known, this equation can be considered a

linear regression equation with respect to the unknown parameters a0–a2. The solution of
such an equation by the least squares method is well known, and Table 1 presents values of
parameters a0–a2 for this population.
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Table 1. Parameters of population dynamics equations of the Siberian silkmoth Dendrolimus sibiricus
Tschetv. in the region of the Lower Yenisei, Far East and the pine looper Bupalus piniarius L.
in Thuringia.

Variables in
Model (5)

Coefficients in
Model (5) Std. Err. t-Test p-Value

Silk moth, Lower Yenisei

a0 0.707 0.258 2.745 0.021

L(i − 2) −0.869 0.114 −7.606 0.000

L(i − 1) 1.586 0.112 14.138 0.000

Radj
2 0.96

F 138.5

Silk moth, Far East

a0 −0.730 0.300 −2.432 0.026

L(i − 2) −0.782 0.147 −5.333 0.000

L(i − 1) 1.426 0.158 9.022 0.000

adjR2 0.830

F 46.60

Pine looper, Thuringia

a0 −0.298 0.170 −1.748 0.086

L(i − 3) 0.507 0.125 4.061 0.000

L(i − 2) −1.471 0.196 −7.496 0.000

L(i − 1) 1.811 0.124 14.563 0.000

adjR2 0.885

F 139.900

As one can see in Table 1, interactions between different generations of this species from
the standpoint of regulation theory can be characterized as a positive feedback loop between
adjacent generations and a negative feedback loop between ith and (i − 2)th generations.

In Figure 3, values of the transformed series and model series are given for abundance
dynamics of the Siberian silkmoth in the Lower Yenisei region.
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region (1); time series of calculated data in AR-model (2).



Mathematics 2023, 11, 4212 10 of 19

To assess the quality of the model, four criteria are utilized: coefficient of determination
R2 has to be close to 1.0, values of the coefficients in regression Equation (5) have to be
significant according to the t test, the transformed survey data series and the model series
have to be synchronous (the synchronicity is evaluated using characteristics of a cross-
correlation function (CCF) between these series), and a series of residuals between values of
the survey data series and the model series have to be uncorrelated and to have properties
of white noise. The latter condition is assessed, for example, by the Dickey–Fuller test [94].
If the model meets all these criteria, we can say that it adequately describes the dynamics
of the population under study.

As presented in Table 1 and Figure 3, the accuracy of model 5 is very high: coefficient
of determination Radj

2 of the model is 0.96, and the model’s coefficients are significant
at p < 0.02.

For the Siberian silkmoth population in the Russian Far East, order k of AR, just as in
the Siberian population, is 2 (see Figure 2). Table 1 lists the coefficients and their significance
for the Siberian silkmoth model in the Far East, and Figure A1 presents curves of dynamics
of the transformed field data and model calculations.

As one can see, after a comparison of data on abundance dynamics of the Siberian
silkmoth in Table 1, coefficients of the models for these two populations are quite similar
both in the sign and in absolute value. The explanation for the positive feedback loop
between the densities in years i and (i − 1) is extremely simple: the bigger the parent
generation, the larger the number of offspring.

The negative feedback loop between abundance levels in years i and (i − 2) can be
attributed to a delay in the influence of parasites and predators on the prey population [61].

For AR series with order k = 2, the cyclic behavior is more characteristic, and the
spectrum of such series contains maxima [63]. Spectra of the series for the Far East and
the Lower Yenisei {L(i)} are displayed in Figure A2. As readers can see in the figure, the
frequency of population outbreaks of this pest in both taiga forests near the Lower Yenisei
and in forests of the Far East is 11–14 years. However, the spectrum of the abundance series
is quite wide, indicating high variance in the pest abundance dynamics and making simple
prediction of the development of outbreaks problematic.

Thus, to build models of population outbreaks of the Siberian silkmoth by means of
only data from population surveys, data from the counts for 6–8 years are needed. It is
practically impossible to obtain such data in Siberian taiga as a whole, and the presented
model provides an understanding of the processes underlying the dynamics but does not
allow for a practical forecast of outbreak risks.

To construct a model of abundance dynamics of the pine looper, the same sequential
procedures are performed: series filtering, calculation of the PACF (for this species, the
AR order is 3; Figure 2), computation of model coefficients, construction of abundance
dynamics series for the transformed and model data, and calculation of the CCF and of
the spectrum. To compute the model parameters, we use survey data between years 1881
and 1930. Then, from the coefficients of the model (Table 1), we calculate model data on
density for the 1931–1939 period, and these data are compared with transformed field data
(Figure A3). The proposed model makes it possible to accurately predict population density
for 9 years into the future (curve 3 in Figure A3).

The highest spectral density for the analyzed series from the pine looper is seen at
frequency f = 0.086 (with periodicity T = 11.6 years) (Figure A2).

As readers can see, very good agreement between the field and model data is observed
for the series under study. Thus, the development of an outbreak according to the AR model
is determined by the influence of regulatory factors, and the systems investigated here have
long-term memory, which is what causes the cyclic fluctuations of population densities.
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3.2. The Model of First-Order Phase Transitions for the Siberian Silkmoth Population in the Lower
Yenisei River Region

Using the data from the transformed series and from the high-frequency component-
free time series of abundance dynamics of the Siberian silkmoth in the Lower Yenisei River
region, potential function G(ln x) is constructed (Figure 4).
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Figure 4. Empirical state function G(ln x) of the insect populations. 1, silk moth (Lowes Enissei);
2, pine looper; 3, silk moth (Far East).

It is evident that the empirical state function is in good agreement with the theoretical
model, is bistable, and has two local minima ln x1 ≈−1 and ln x2 ≈ 5 and a potential barrier
near density ln xc ≈ 3. A similar shape is shown by potential functions for the Siberian
silkmoth population in the Far East and for the pine looper (Figure 4).

A question arises: is it possible to estimate the risk of a phase transition from a stably
rarefied state to an outbreak state using the characteristics of the state functions? The
risk of an outbreak may be related to extreme values of function G(x), e.g., local minima
and maxima. In Table 2, characteristics of the state function are given for the analyzed
phyllophagous populations.

Table 2. Characteristics of the state function for the analyzed species of phyllophagous insects.

Species, Habitat ln x1 ln x2 ln xc

ln x1c:
Semi-Critical

Density

Type of Potential (Soft/Hard)
χ1= G(xc)−G(x1)

ln xc−ln x1

Siberian silkmoth, Lower Yenisei −1 7.6 3 2.3 7.3, hard

Siberian silkmoth, Far East −2 4.0 3 2.5 4.95, hard

Pine looper, Thuringia −1 6 2 1.5 1.67, soft

From the data in Table 2, it follows that the type of potential function differs among
different populations of phyllophages. The hardness of the potential function is high
for the Siberian silkmoth both in the Lower Yenisei region and in the Far East, i.e., with
sufficiently small increases in population density, the probability of reaching the critical
population density for this species will be maximal, and, even with a sufficiently small
rise of abundance, the risk of an outbreak will be high. For the pine looper, the potential
function can be regarded as soft.

To assess the relation between population density and the risk of a pine looper outbreak
in the 1880–1940 period, let us examine Figure 5, where the horizontal axis is the logarithm
of current density ln x(i), and the vertical axis is susceptibility χln.
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Figure 5. The relation between current density and susceptibility of a population of the pine looper.
1, the stably rarefied state of the population; 2, the state 1–2 years before an outbreak; 3, population
in the outbreak decline phase; 4, phases of a density maximum and of a population crisis after the
outbreak maximum; 5, the value (of the logarithm of density) corresponding to a potential barrier.

As illustrated in Figure 6, the cluster with the upper left and lower right boundaries(
−3.5 3

0 0

)
, which characterizes the state of the population immediately before an out-

break, is quite compact, and when the population reaches this state, an outbreak will
inevitably occur.
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Figure 6. Cross-correlation functions between solar activity and insect population dynamics. 1, silk
moth (Far East); 2, silk moth (Lower Enissei); 3, pine looper; 4, St. Err.

Another derived parameter that can be employed for outbreak risk assessment is
semicritical density ln x1c, i.e., population density when state function G(ln x1c) is equal
to half a maximum of G(ln xc) (Table 2). At the semicritical density value for the Siberian
silkmoth (2.3–2.5), the probability of reaching a critical value at which an outbreak can
occur is twice as high as the risk of reaching state ln xc.

Fortunately for taiga forests, the Siberian silkmoth cannot be considered the most
dangerous species in terms of the proposed risk index. Rather, this insect can be classified
as a species with a rather low probability of outbreaks, as confirmed by rather long average
times between adjacent outbreaks of 11–14 years [36,39]. It is possible that the absence
of the most dangerous species is due to evolutionary selection. An extremely dangerous
species is able to destroy its food base and then will itself be eliminated from the ecosystem.
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Thus, the risk of an outbreak can be linked to a population’s susceptibility and semi-
critical density near the potential barrier. If the susceptibility of a population varies little
over time, then, other things being equal, the current risk of an outbreak is related to the
ratio between current and semicritical densities. The closer the current population density
is to the semicritical density for a given species (and the greater its susceptibility), the
higher the risk of an outbreak at the current population density, especially with warm
weather acting as an external field.

3.3. An Outbreak as a Consequence of SR

For bistable systems, SR results from the combined action of a cyclic factor and random
noise. For the analyzed populations of forest insects, the factors leading to SR are solar
activity (characterized by a series of Wolf numbers W (or series dW of first-order differences
of Wolf numbers) for a given year) and fluctuations of the environmental temperature
(described by a stationary broadband series of first-order differences of adjacent values
of air temperature throughout a year). Resonance will be observed at certain levels of the
power of the noise signal. In this case, SR is likely present if CCF(k) between the abundance
dynamics series and the Wolf number series is close to 1.0 at shift k = 0 between these
series (Figure 6).

Can we regard the series of first-order differences of air temperature for the pine
looper in Thuringia (according to the weather station closest to the source area in Halle,
Germany (+51:30:53, +011:57:02)) as noise?

Figure 7 presents this time series.
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Figure 7. The time series of first-order differences in air temperature according to weather station
Halle (Germany) at +51:30:53, +011:57:02.

The calculated spectrum of time series is broadband, and as a generalized character-

istic of the time series of first-order differences, total spectral power S =
0.5∫
0

s( f )d f was

next used.
Figure 8 shows combined data on Wolf numbers W(t), spectral power S(t), and trans-

formed density L(t) of the moth population in Thuringia.
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Figure 8. Dynamics of the series of Wolf numbers W(t) (1), transformed density L(t) of the pine
looper (2), and spectral power S(t) of the series of first-order differences of daily temperature
(in degrees K) (3).

As shown in Figure 8, the spectral power of the external noise factor is stationary in
time, and series W(t) and L(t) are synchronous (see the CCF in Figure 6).

For the Siberian silkmoth population, instead of the time series of Wolf numbers W,
series of first-order differences dW of the Wolf numbers are employed. Although data
on current population density of the Siberian silkmoth before 1954 and after 1968 are
unavailable, the years when outbreaks occurred are known [36]. From these data, it is
possible to build a dot series of outbreak years and a series of first-order differences dW of
Wolf numbers (Figure 9).
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Figure 9. Dynamics of the series of first-order differences dW of Wolf numbers. 1, dW; 2, years of
maximum outbreak snear the Lower Yenisei river.

If we assume that SR manifested itself over the entire period from 1954 to 2020, then
population outbreaks of the Siberian silkmoth should have been observed in the years
1978, 1988, 1998, and 2011 (Figure 9). In actuality, outbreaks were observed near the Lower
Yenisei in the years 1998 and 2014, and two outbreaks that were possible according to
parameters of dW (years 1978 and 1988) did not take place. Why did this happen? If we
compare the mean of noise S = 8.33 and error σx = 0.30 during 1952–1974 with the mean of
S = 7.27 and error σx = 0.24 of noise during 1975–1993, then, according to the t test, we will
obtain the t value of 2.74, significant at p < 0.01. This finding suggests that the power of
noise in the years when an outbreak materialized is significantly greater than the power of
the noise in the years when, despite the presence of maxima of dW, outbreaks did not occur.
This finding is consistent with a parabolic dependence of SR on the power of noise [67].

For the Siberian silkmoth population in the Far East, the series of Wolf numbers and
the series of abundance dynamics are in antiphase (Figure 6). Nevertheless, series S(t) is
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stationary, and for the entire observation period, the dates of outbreak maxima coincide
with the dates of Wolf number minima.

4. Discussion

The ecological mechanisms causing population outbreaks are similar among all
three models. Positive and negative feedback loops that are responsible for the emergence
of an outbreak according to the autocorrelation model, are responsible in the first-order
phase transition model for entering the zone near the potential barrier (positive feedback)
and for returning to state x1 (negative feedback). In the SR model, the combined effects
of the cyclic impact of solar activity and of stochastic weather factors lead to a decrease in
the height of the potential barrier and to the switching of the system from a stably rarefied
state to an outbreak state. However, a definite correlation between solar activity and insect
dynamics does not lead to success, because the possible relationships between solar activity
and population dynamics are more complex and, as shown in the text, it is necessary to
include additional variables in the analysis, and it is also necessary to take into account the
possibility of phase shifts between the studied series. Additional research is required to
determine the causes of such phase shifts.

Nonetheless, to predict outbreaks by means of these models, it is necessary to perform
the monitoring using diverse parameters. Surveys of the abundance of pine looper popula-
tions in pine stands that are close to the park type are quite simple, but an assessment of
population density of the Siberian silkmoth in taiga forests is extremely difficult. Further-
more, the models do not allow to determine where specifically to expect an outbreak. The
impact of solar activity is global, whereas outbreaks are local, and it is not clear where ex-
actly an outbreak will occur in the next period favorable for insect development. Previously,
the present authors have proposed approaches that can help to identify insect-susceptible
zones by means of remote indicators of the state of forest stands [95]. It is possible that
combined use of abundance dynamics models and data from remote probing will enable
investigators to solve the problem of outbreak forecasting.

Although there is likely to be a considerable effect of solar activity on abundance
dynamics of the species of forest insects under study, for each of the three studied popula-
tions, the type of the relation between outbreaks and solar activity is distinct. For the pine
looper, dates of outbreak maxima are synchronized with dates of Wolf number maxima;
for the Siberian silkmoth in the lower reaches of Yenisei, dates of outbreak maxima are
synchronized with dates of maxima of first-order differences in the Wolf number series; and
for the Siberian silkmoth in the Far East, dates of outbreak maxima are in antiphase with
dates of maxima in the Wolf number series. The reason for these differences is still unclear.
Apparently, a further analysis is needed involving data on abundance dynamics of other
species. It is probable that some characteristics of host plants are responsible for the phase
shift between the dynamics of solar activity and abundance dynamics of individual insect
populations; these plant characteristics are not taken into account in the models presented
here owing to the lack of such data. Nevertheless, it can be hypothesized that these local
phase shifts lead to the observed desynchronization—at the planetary scale—between the
indicators of solar activity and abundance dynamics of local animal populations.

5. Conclusions

The three population dynamics models presented are not exclusive to each other but
instead reflect distinct facets of insect function, each characterized by unique analysis and
forecasting capabilities for population dynamics and outbreak development.

The AR model is able to describe the population dynamics and predict the develop-
ment of outbreaks in situations where population counts are carried out over a long period
of time in a given habitat. However, due to the limited number of surveys in the taiga area
of 2.7 million km2, the AR model is valuable for its description of the positive and negative
feedbacks in the forest ecosystem, which is crucial for understanding the fundamentals of
the population dynamics of forest insects.
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The stationary potential function of the first-order phase transition model allows for as-
sessing outbreak risk in a specific locality with population data from two consecutive years.

The stochastic resonance model, very similar to the AR model, does not enable the
identification of polulation outbreak zones. However, by analyzing the global dynamics of
solar activity and local weather conditions, it is possible to predict outbreak development
in a region of uniform weather, even if that region is large.

In general, all three models can be applied to solve problems of population monitoring
and prediction of forest insect outbreaks. Since the species that cause outbreaks are not
limited to those discussed in this article, models of the dynamics of other species can be
developed using the techniques suggested in this article.
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Figure A1. Transformed natural data (1) and model calculations (2) of the Siberian silkmoth popula-
tion dynamics in the Far East.
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Figure A2. Spectra of time series of the Siberian silkmoth for the Far East (1) and the Lower Yenisei (3)
and for the pine looper in Thuringia (2).
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ulation  dynamics.  1,  transformed  natural  data;  2,  model  (Yrs.  1885–1930);  3,  forecast  (Yrs. 

1931–1939). 
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