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Abstract: Many researchers have been attracted to the study of convex analysis theory due to both
facts, theoretical significance, and the applications in optimization, economics, and other fields, which
has led to numerous improvements and extensions of the subject over the years. An essential part
of the theory of mathematical inequalities is the convex function and its extensions. In the recent
past, the study of Jensen—Mercer inequality and Hermite-Hadamard-Mercer type inequalities has
remained a topic of interest in mathematical inequalities. In this paper, we study several inequalities
for GA-h-convex functions and its subclasses, including GA-convex functions, GA-s-convex functions,
GA-Q-convex functions, and GA-P-convex functions. We prove the Jensen-Mercer inequality for
GA-h-convex functions and give weighted Hermite-Hadamard inequalities by applying the newly
established Jensen-Mercer inequality. We also establish inequalities of Hermite-Hadamard-Mercer
type. Thus, we give new insights and variants of Jensen-Mercer and related inequalities for GA-
h-convex functions. Furthermore, we apply our main results along with Hadamard fractional
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because it is widely used in optimization, economics, and other disciplines. The convex anal-
ysis has undergone numerous improvements and extensions over the years. Among several
other developments, one recent breakthrough is the introduction of cr- convex functions [1]
utilized when establishing equivalent optimality conditions for nonlinear optimization

problems (constrained, unconstrained) via objective function (interval valued). Theoreti-
cally, the notion of convex function (CF) has been known to exist even before [2]. The convex
functions partially possess several fundamental features such as continuity, differentiability,
and monotonicity of derivatives, which makes them a potential family to be studied in
different branches of mathematics. A key such direction is the study of mathematical in-
equalities, in which a large number of important inequalities have been studied for convex
functions. These inequalities include Jensen’s inequality (JI), the Hermite-Hadamard in-
equality (HHI), the Jensen—-Mercer inequality (JMI), and several other inequalities (see [2-5])
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and references therein. The notion of convexity has been modified and generalized, and
corresponding significant inequalities have been investigated for new families such as
P-convex and Q-convex functions [6-8]. Another generalization of the family of convex
functions is known as the class of s-convex functions (s-CF), for which the corresponding
inequalities have also been studied (see [9,10]). Another significant and vastly studied
generalization of the convex functions was introduced in [11], known as h-convex function
(h-CF). Several researchers investigated different variants of standard inequalities for this
family (see [12-16]). In [17,18], Niculescu introduced another type of convexity, known as
GA-convexity and studied its properties. Several inequalities, such as HHI, the Fejer-type
integral inequalities and JMI, have been established for GA-convex functions (GA-CFs)
and their generalizations such as GA-s-convex functions (GA-s-CFs) and GA-h-convex
functions (GA-h-CF) [19-23]. The notion of GA-h-CF, introduced in [23], was studied
extensively, as it is a generalized class of functions and contains the classes of GA-CFs and
GA-s-CFs. Moreover, in [24], the notion of the Hadamard fractional integral (HFI) was
introduced. Many researchers studied the convexity and fractional operator-based inequal-
ities (see [25-29]). The study of JMI, HH-JMI, Jensen—-Mercer and Hermite-Mercer-type
inequalities (for different families of convex functions) and the use of fractional integral
operators, have been among the modern trends in the area of mathematical inequlaities
(see [30-34]). By keeping in view the significance of the modern trends toward the above-
mentioned inequalities, convexities and fractional integral operators, in this paper, we study
several inequalities for GA-h-convex functions and their subclasses, including GA-convex
functions, GA-s-convex functions, GA-Q-convex functions, and GA-P-convex functions.
We prove the Jensen—Mercer inequality for GA-h-convex functions and give weighted
Hermite-Hadamard inequalities by applying the newly proven Jensen-Mercer inequality.
We also establish inequalities of Hermite-Hadamard-Mercer type. Furthermore, we apply
our main results along with Hadamard fractional integrals to prove weighted Hermite—
Hadamard—-Mercer inequalities for GA-h-convex functions and its subclasses. As a special
case of the proven results, we capture several well-known results from [20,21,25,27].

Before proceeding further, we denote by | an interval [«, ] with « < B (unless
mentioned otherwise) h — CF(J), GA —h — CF(J), GA—s—CF(]), GA— Q — CF(J), and
GA — P — CF(]J) the class of h-convex functions, GA-h-convex functions, GA-s-convex
functions, GA-Q-convex functions, and GA-P-convex functions on J, respectively. For other
abbreviations, see the table at the end.

Now, we include necessary notions, connection between these notions and correspond-
ing inequalities (see [2,3]). We start the section by including well-known notion of CF.

Definition 1 ([2]). A function ¢ : ] — R is said to be CF if foreach 0 < A < land u,v € ],
we have
P(Au+ (1= 2A)v) < Ap(u) + (1 —A)p(o).

The HHI for CF was proven in [2].

Theorem 1. ForaCF ¢ : ] — R,

b1

holds, where a1, B € | and aq < B1.

The inequality in (1) is among the most studied inequalities, as its several variants
have been proven for diverse classes of functions including CF, s-CF, Q-CF, P-CF, and h-CF
(see [6,7,9-11]). Some of these are included in the sequel.
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Definition 2 ([11]). Let h : [0,1] — [0,00) and ¢ : ] — R, ¢ is said to be h-CF, if
p(Au+ (1= Mo) <hA)p(u) +h(1 = A)p(o)
forallu,v € Jand 0 <A <1
The following version of (1) for h-CF was proven in [12].

Theorem 2. Let i : [0,1] — [0,00) with h(}) # 0and ¢ : ] — R be a h-CF. Then, for any
a1, B1 € Jwith ay < By, we have

1 a1+ B 1 1 1
zh(;f”( 2 )< B —m / Pl < [plan) + p(B1)] [ h(b)ae.

Definition 3 ([17,18]). A function ¢ : ] C (0,00) — R is called GA-CE, if
P (o) < Ap(u) + (1= Np(o)
holds for any 0 < A < land u,v € .
The following variant of (1) for GA-CF was proven in [19].

Theorem 3. For any GA-CF ¢ : | — R, and for any a1, By € J with aq < By, we have

I~ 1 Prp(u) $(a1) +9(B1)
1/1( Mﬁl) ~Inpy—Inay /041 dx < : 2 =

u

Some classes related to the GA-convex function and the corresponding analogue of
(1) for these classes of functions have been proven in [22,23]. We only recall the following
definitions.

Definition 4. A function ¢ : | C (0,00) — [ o) is called
© GASCEify(utol™) < (V)%p(u) + (1-2)*p(0);

o GA-Q-CEifp(utol=h) < ¥ | "’(—UA nd

*  GA-P-CEifp(uto'™") < p(u) + (o)

hold for any A € [0,1] (A # 0,1 for GA-Q-CF) , u,v € Jand s € (0,1].

=

Definition 5. Let h : [0,1] — [0,00) and ¢ : ] C (0,00) — [0,00). The function  is called
GA-h-CF if
(ol < h(V)p(u) + 1(1 = A (o), @)

forany0 < A <landu,v € J.

The following remark [23] demonstrates the relationship between GA-h-CF with
GA-s-CF, GA-Q-CF, and GA-P-CF.

Remark 1. Under this assumption, when h(A) = A (h(A) = A5, h(A) = L+ or h(A) = 1),
the GA-h-CF satisfies the inequality required for GA-CF ( GA-s-CF, GA-Q-CF or GA-P-CF).

The inequality (2) is equivalent to (i o exp) (Alnu + (1 — A) Inv) < h(A)(p o exp)(Inu)
+ h(1— A) (¢ o exp)(Inv), which concludes that the necessary and sufficient condition for
¢ : ] — [0,00) to be GA-h-CF is that (¢ o exp) is h-CF on InJ. Similarly, in particular,
equivalent conditions in exponential form for the notions of GA-s, GA-Q and GA-P-CFs
can be produced as well.

Now, we recall a variant of (1) for GA-h-CF from [23]:
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Theorem 4. Let h: [0,1] — [0,00) and ¢ : | — [0,00). If p € GA — h — CF(]), then

p(Varp) < In B : //31 YU b < [p(ar) + 9(61) /Olh(Z)dz

—Inway Joy u

1
2h(3)

holds for w1 < B1 and a1, B1 € ], where h(%) £ 0.
The Jensen’s inequality (JI) for #-CF was proven in [13].

Theorem 5. Let h : [0,1] — [0,00) and ¢ : | — R be two functions. Then p € h — CF(]) if and
only if
n n
¢<Z /\ivi> < Y hA)y(v) ®)
i=1 i=1
foranyv; € J,A;>0,i=1,2,..,nand ' 1 A; =1.

Similarly, one may prove the following analogue of JI for GA-h-CF.

Theorem 6. Let hh : [0,1] — [0,00) and ¢ : | — [0, 00) be two functions. Then p € GA —h —
CF(]) if and only if

n n
w(Hv?") < Y h(A)y () )
i=1 i=1
forallvie J,A; >0,i=1,2,..,nand y}' 1 A; = 1.

As a special case, the Theorem 6 also yields the JIs for the functions in GA —s — CF(]),

GA —Q—CF(J) and GA — P — CF(]).
The following Jensen—Mercer inequality (JMI) for #-CF was proven in [15].

Theorem 7. For ¢ € h — CF(]), we have

w(a - lemvi) < ﬁ;h(whm (L= V)][p@) + p(B)] - Y hA)(@),  ©)

wherev; € Jand A; € [0,1] with Y} 1 A; = 1.

We conclude the section by including vastly studied fractional integrals, known as
Hadamard fractional integrals (HFIs) [24].

Definition 6. Hadamard Fractional Integrals. Let a integrable function ¢ in L[u, v], with u,v > 0
and u < v, then
the left side of HFIs of order A > Q are defined by

Jo-w(x) = r(l/\) /xv(lng))‘*llp(z)dz. x < 0.

X

The right side of the HFIs of order A > 0 are defined by

1 X X
A _ XyA-1
2. The Jensen—-Mercer Inequality for GA-h-Convex Functions and Its Subclasses

The current section is devoted to proof of Jensen—-Mercer inequalities (JMIs) for GA-h-
CF. Consequently, we acquire the Jensen-Mercer inequality (JMI) for GA-s-CF, GA-Q-CF,
and GA-P-CF as well. We begin with the proof of lemma first.
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Lemmal. Leth:[0,1] — [0,00) and ¢ : | C (0,00) — [0,00) be a GA-h-CF. Then,

w("‘ﬁ ) (A + h(1 — A)][p(@) + p(B)] — plw) ®)
holds for any u € Jand A € [0,1].

Proof. For any u € | = [a, ], then there exist A € [0,1] with u = a*B1~*, and we write

% = a!=*B*. By definition of 1,

0(%8) = (s 78") < 1= 2)p(@) + KO (P)

By adding and subtracting h(A)y(a) and h(1 — A)yp(B), we have

9 (%) = BP@) + HAIPB) ~ HAIP() — h(1 = A)p(B) +h(1 = A)p(B) +h(1 = A)p(w)
= B(A)P(a) + h(A)p(B) — (A (@) +h(1— A)p(B)] + (1 = A)p(a) +h(1— A)y(B)
< [1(A) + B = D)) + [1(A) + =1 = A)]p(p) — p(ap')
= [h(A) + h(1 = D)][p(a) + P(B)] — p(u).
Thus, we get 1/)(%) < [h(A) + (1 = A)][p(a) + ¢(B)] — ¢(u), which completes the
proof. O

Now we prove JMI for GA-h-CF by using Lemma 1.

Theorem 8. Let h : [0,1] — [0,00) and ¢ : ] C (0,00) — [0, 00) be two functions. If ¢ is
GA-h-CF, then

‘”(nﬂ ) Zlh 1)+ (1= D)) +9(B)] - Y- (A ()
110 1

holds forany v; € [,0 < A; <lwith Y ! 1 A = 1.

Proof. First Method. By Equation (4), we have

() o (1(2)") = Ernn(2),

By inequality (6) and Lemma 1, we get

w( : ) < 3 B + 51— A)][p(@) + $(B)] - P(o1)]
H1 1'0 i=1
flh ) (1= D)+ 9(B)] - LR

which was required.
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Second Method. Because ¢ : | = [, ] — [0,00) is GA-h-CEF, therefore (¢ o exp) is
h-CF on In([a, B]). Consequently, by Equation (5), we get

<¢oexp>< ) +1In(p ZMH >=¢< f%)

i=1Y

M-

Il
=

< i h(Ai)[R(A) + k(1 = A)J[(§ o exp) In(a) + (Y oexp) In(B)] — ) h(Ai) (¥ 0 exp) In(v;)

i=1 i

= 1MW) + A1 = AJ4() + 9(B)] ~ L HAI (@)

Ms

Il
—

w( ) < YRR +h(1— A mw(oc)w(ﬁ)]—fhw)w(vi).
[Ty Uz

i=1 =1

O

The following consequences of Theorem 8 provide JMIs for the subclasses of GA-h-CFE.

Corollary 1. Let p : ] C (0,00) — [0, 00) be a GA-s-CF. Then, for any v; € ], 0 < A; < 1 with
noA=1
i=1""1 ’

n

lP( ) il (1= AP (@) + 9(B)] = Y (M) P(vi)
1 v i=

i=1

| N

holds.

Corollary 2. Let i : ] C (0,00) — [0, 00) be a GA-Q-CFE. Then, for any v; € J,0 < A; < 1 with
oA =1
i=1"" ’

w( fA> <Y (1) [5+ 12| @ + o0 - (5 )veen

holds.

Corollary 3. Let ¢ : ] C (0,00) — [0, 00) be a GA-P-CF. Then, forany v; € [,0 < A; < 1and
i1 Ai =1,
n

w( P Al.) < 2p(a) + 9(B)] — Y 9(o)

i=1Y; i=1

holds.

3. Generalized Weighted Hermite—-Hadamard-Mercer Inequalities for GA-h-Convex
Functions and Its Subclasses

The current section is devoted to establishing the main results of the manuscript and
developing connections with the inequalities in the recent literature. First, we prove the
generalized weighted Hermite-Hadamard—-Mercer inequality (wHHMI) for GA-h-CFs.
The special cases of the proven results coincide with the inequalities proven as main results
in [20,21]. Before proving the main theorem, we fix the notation. We emphasize again,
in the sequel, that we denote by L(]) = L[«, B] the class of integrable functions on | = [«, B].
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Theorem 9. Let h: [0,1] — [0,00) and i : | — [0, 00) with i € L(]). If ¢ is GA-h-CF, then for
any nonnegative and integrable function g : | — R, we have

2 )

forallu,v € ], whereh(%) # 0.

Proof. The GA-h-convexity of ¢ implies

Thus, we have

() = () () ) o) ())] o

2

foranyu,veIandOﬁASlandh(l) # 0.

Now, by multiplying (8) with ¢ <( ) ( ) > integrating with respect to A over

B\ (ap) 1A
[0,1] and by applying substitution with z = (7) ( ) , we get

4 ap
Sy () s vt e 22))

which yields the first inequality of (7). To obtain the second inequality of (7), the definition

of  gives
w(("‘f)A("f)M> <hp(%F) + - (%) ©)




Mathematics 2023, 11,278 8 of 21

tp((”f)lA(of)A> <n(1 —A)¢("‘f) +h(A)¢<”‘f). (10)
By adding (9) and (10), we get
w(("‘f)A("f)l >+¢<("‘ﬁ)l A("‘5) ) )+ b -2 [p (%) +9(%E) | an

A 1-A
By multiplying (11) with %g (( ﬁ) (%) ) and integrating w.r.t. A over 0 to 1, we
have

% { /ﬁ e+ / lp(z)g((i‘lffz)z) dzz}
“ n( % n(
, ) +¢<”‘fﬂ /: [h (11n((2ﬁ)>) » <1ln((bg)))]g(z)f,

which gives the second inequality in (7). For the remaining inequality in (7), the inequality
(6) gives

IA
N | = N
L —
<=
N
‘Sé

w(ﬁ) < (h(A) + h(1— )[p(@) + 9(B)] — p(u), 13)

u
and
0(%8) < )+ 1= M@ +9(B)] - v(o). 1)

Now, by adding (13) and (14), we have

#(%2) +0(%F) < 20+ 10 - M) + 98] - )+ 9L 05)

By multiplying (15) with 3 [i(A) + h(1 — A)]g((f) (—ﬁ) ) we get

oo ()
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A over 0 to 1 and by applying the substitution with

By integrating w.r.t

z= (%>A<$>l_ , we get
@ 2 In{ 75 In % d
;[ (ﬁ>+¢<vﬁ)] o [h<1n((;ﬁ)) +h(1n<(;;)))]g<z)zz
W, n( p 2
< [p(@) + 9(B)] /j h(lln((”i;))>+h<1§f(b§))> o)
u v o In ,%Z In % dz
[pe el g { (m((g))) +h< m((;)))]g(z)z

which completes the proof. [
A in the Theorem 9 we have the following

By taking h(A) =
Corollary 4. Let ¢ be a function from | to [0,00), such that ¢ € L(]). If ¢ is GA-CF and

g : ] — [0,00) be integrable, then

(A e o () 2)
<3|v(2)+v(%)] 8y, o ol +p(p) - L] RECIE
forallu,v € J.
The inequality (16) is the same as the inequality in Theorem 2.2 of [21]
By taking # = @ and v = 8 in Theorem 9, we get the wHHI for GA-h-CF.
Corollary 5. Assuming the conditions of Theorem 9, we have
d
(V) [ { [ vose T [oos() )
1 B| [ In(2 In(£ d
< 2w+ pip) | [h(ln((g))> ”(mgg%)]g(”;
: BN\’
e >+¢<ﬁ>]ﬂ (Eéﬁ)) +h(EE;; ] 2%
p@+9(p)] [P, [ () in(£) dz
Saaalt! [h(m(g)) ”’(m(g) sz @
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Corollary 6. Under the assumption of Theorem 9 and assuming g(g) = g(z) forany z € [, p]
(that is g is geometrically symmetric), (17) implies:

Lo (vap) [ 8%k < [Myis) E

()
1 B| [ In(%) ln(f)” dz
< S [w(a) +9(B)] [h( 5 >+h( 8(z)—

20 ) e

B

forallu,v € J.

Remark 2. 1. By taking h(A) = A in Corollary 5, we get

‘p(\/@) /f @dzﬁ ;{Lﬁ¢(2)g(z)f+/f¢(z)g("f)"lzz}
< YOIIE) 17 (o) %

o z

forall u,v € J, which gives inequality (12) in [21].
2. Bytaking h(A) = A in Corollary 6, we get

o(VaB) [P < [ pasgin)® < YOTIE) [F5E),,

forall u,v € ], which gives inequality of Theorem 2.2 in [20].

Now, we prove another main result of this section, which as a special case yields

Theorem 2.3 in [21].

Theorem 10. Let h: [0,1] — [0,00) and ¢ : ] — [0, 00) be two functions. If € L(]) and ¢ is
GA-h-CF, then for any integrable g : ] — [0, 00), we have
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forallu,v € ]andh(%) # 0.

Proof. The first inequality in (18) has already been established in Theorem 9. For the
second inequality in (18), by applying (6) and GA-h-convexity of ¢, we have

PP R = () < ) + 101 = D] [p(@) + 9(B)] — 9o ). (19

u 0

Then we have

PP PR = () < (1 - 0+ @) + 9 (8)] - (oY), (20)

u 0

By adding (19) and (20), we get

0 (ot ) + 9 (hr ) < 200 +h(1 = W]lp() + (B
_ {’P (u)\vl—/\) i 1P<”1_AUA)}' @1)
By multiplying (21) with ¢ (%) and integrating A over 0 to 1, we get
;{/01 ¥ (u/\tz‘lgz\)g<u/\ff/\ ) dA + /01 ¥ <ul“’§v/\)g<u/\£:f)\ ) dA}
< 9o+ 9(8)] [ 1000) 411 = Wlg (s )n

- {/0-1 UJ(”Avl_A)g(uAif_A)d/\+ /01 w(ul_A”A)g(qulﬁ—Jd/\} (22)

By applying substitution with z = u*v!~*, inequality (22) becomes

2 B

u o 2 z
;{ [ICECE ¢<z>g<(u§§ "}

v

()< ()2
- % Uu l/J(Z)g<D;ﬁ> % + /uvtp(z)g(o;fj;) dzz]

Now, for the last inequality, the GA-h-convexity of ¢ yields

(Vi) = ¢(\/(MA01A)(M1AUA)> < h(%) [lp(u)\vlf)\) +¢(u17AUA>]

By adding both side 2[h(A) + k(1 — A)][¢p(a) + ¢ (B)], we get

2[h(A) + (1 = D][p(@) + 9 (B)] — [ (o' ) +p(u' o)),
<200(A) +h(1 = V)][p(@) + P(B)] — —— (VD). (23)

By multiplying (23) with % g (%) and integrating it with A over 0 to 1, we get
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<[+ o) [ h(ln(

u

which was required. O

Corollary 7. Let ¢ be a function from | to [0,00), such that ¢ € L(]). If ¢ is GA-CF on ], and
then for any integrable ¢ : | — [0, 00), we get

o(55) Ji <o [ v« [ veos(GE0) 2}
<a(V)+ (“’ﬂ/“ ([ vt [vas(SE) T

< [9(@) +y(8) — y (V)] | &d 24)

u

forallu,v € J.

Proof. This follows immediately by taking /1(A) = A in Theorem 10. [

The inequality in Corollary 7 coincides with Theorem 2.3 in [21]. Now, by taking the

special case as u = & and v = 8 in Theorem 10, we get the following w-HH inequality for
GA-h-CF.

Corollary 8. Let h : [0,1] — [0,00) and ¢ : | — [0, 00) be two functions. If € L(]) and  is
GA-h-CF on ], then for any integrable ¢ : | — [0, 00), we have

() [z v T [res(T) T

N

forallu,v € ] and h(%) # 0.
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Special Cases for GA-s-Convex (GA-Q-Convex and GA-P-Convex) Functions
In the current subsection, we obtained the studied inequalities for the subclasses
GA—s—CF(J),GA—Q—CF(J])and GA — P — CF(J) of GA — h — CF(J). We start with

the next theorem.

Theorem 11. Let i be a function from | to [0, 00) with ¢ € L(]). If p € GA —s — CF(]), then
for any nonnegative and integrable g : | — R, we have

4B ap ap 2
2a(28) fi a3 [T + [ wos(©20) £

forallu,v € J.

Proof. If we take h(A) = (A)*, where s € (0,1]. Then, the inequality (7) in Theorem 9 yields

required the inequality (26). O
Furthermore, if we assume # = & and v =  in Theorem 11, we obtain the wHHI for
GA-s-CE.

Corollary 9. Let ¢ be a function from ] to [0,00) with ¢ € L(]). If p € GA —s — CF(]), then
for any nonnegative and integrable g : | — R, we have

() [ s o+ o)
E B

oo (:::g; ) oo

ng ik z

(ln(ﬁg) g(z)d?

) s0)% @)

forallu,v € J.

g(z) forany z € |a, B] in inequality (27), we get the following

Remark 3. If we take g as g(%) =
= A we get the inequalities from [20].

inequality, and, furthermore, by taking h(\)
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forallu,v € J.

Now, we present the consequences of Theorem 10 for the class of GA-s-CF to establish
the inequalities of type [20].

Theorem 12. Let ¢ be a function from ] to [0,00) with ¢ € L(]). If ¢ is GA-s-CF, then for any
nonnegative and integrable g : | — R, it follows that

L] . ? z % ap)’
() [ e 3 v () }

holds for all u,v € J.

Proof. If we take h(A) = ()%, where s € (0,1] the GA-h-CF becomes GA-s-CF. Conse-
quently, the inequality (18) in Theorem 10 becomes the required inequality (28). O

We get the following w-HH inequality for GA-s-CF, if we take u = a and v = B in
Theorem 12.

Corollary 10. Let i be a function from ] to [0,00) with i € L(]). If ¢ is GA-s-CF, then for any
nonnegative and integrable g : | — R

o

<@ o) [ {(38)+ (Eéﬁ;)]g(ﬁy

23—11P(\/@) /ﬁ g(z )dz < ;{/ﬁlp(z)g(z)dz+/j¢’(z)g(af)dz}
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holds for all u,v € J.

Remark 4. Similarly, one may employ the conditions h(A) = 1 (h(A) = 1, where A € (0,1)),
to get the consequence of Theorem 9, Theorem 10 and related results for GA-P-convex (GA-Q-
convex) functions.

4. Hermite-Hadamard-Mercer Inequality for GA-h-Convex Functions via Hadamard
Fractional Integrals (HFI)

If we assume g(z) = ﬁ In*1 (%) org(z) = r(lA) In*1 ( ”E) in Theorem 9, then we
obtain the following HHMI for GA-h-CG via HFL

Theorem 13. Let h : [0,1] — [0,00) and i : | — [0, 00) be two functions such that € L(]).
Ifp € GA—h — CF(]), and then

o) = e () o)

B n(%& n( % nh1 (88
T (1) (2 W [h 15@3)%(155;3)]1 o

T(A+1)
T (§)

z

¥(a) /s

Ir(A+1) i
i (3 V) +9(0) /g

u

)
In( 1% In % It~ if
h(mgzg)m(mgvg)] (1),

holds for all u,v € J and A > 0, and h(%) # 0. Furthermore, if we take A = 1 in (30), then we get

2h2§) lp(%) = ln(lf,) /Iilp(of)f

forallu,v € Jwithu < v.
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By taking /1(A) = A in (30), we get the following consequence of Theorem 13.

Corollary 11. Let ¢ : | — [0,00) be a function such that ¢ € Lla, B]. If p € GA — CF(]), then

1(75) < s Vo () 10 (%0}
<3|P()+ ()] < v+ vip - LU,

u v
(31)

forallu,v € Jand A > 0. Furthermore, if we take A = 1 in (31), then we get
WB N 1[0 (aB\dz _1[ (aB), (up
v(im) <wip L ¥(3)% =3l (5) oY)

< y(a) +y(p) - IO

forallu,v € Jwithu < v.

The inequalities in Corollary 11 coincide with inequalities of Corollary 2.2 in [21].
Furthermore, if we put u = @ and v = f in inequality (30), we get the following HHMI for
GA-h-convex function via HFIs.

Corollary 12. Let ¢ : ] — [0, 00) with p € L(]). Ifp € GA —h — CF(]), then

Ly (vaB) < TAED g + 13 i)

B 21n’\<%)

< ;(;E;)) w96 [ [h(i‘éﬁ;) +h<;gzg)]1 F(Agg)dz
r(A+1) p In(%) ln(é) Zlnflfl(é)
< lnA(g> [117(0&)4-1/]([5)}/“ [h(ln(§)> +h(lm(§)>] F(/\)zz dz
r(+1) o[ (mG) ), ()] )
- 211‘1/\_'(_5) [¢(a)+1p(5)]/a [h (m(f)) +h(1n(§) ) “

forallu,v € Jand A > 0and h(%) # 0.
Remark 5. If we take h(\) = A, we get

y(Vap) < ;(:AZ:; Uk w(B) + Jip(a)} < BEIE

forallu,v € J, A > 0, which gives the inequality of Theorem 2.1 from [25].

Now, if we put g(z) = ﬁ In*~1 (@> org(z) = ﬁ In*1 (%) in Theorem 10, we

zZu

get the following.
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Theorem 14. Let h: [0,1] — [0,00) and ¢ : ] — [0, 00) be two functions with € L(]). If ¢ is
GA-h-CF, then

ip? (i) = oy Vit (5) + o (T)

T(A+1) v (In(E) In(2)
< mqg)W”>+¢w”f;V<m@>>+h<m@)
forallu,v € Jand A > 0and h(}) # 0.

Corollary 13. Let h: [0,1] — [0,00) and ¢ : ] — [0, 00) be two functions with ¢ € L(]). If i is
GA-h-CF then

p(vap) < TAED 0 wig) 4 ) pw)

21n’\(§>
1t (20
(@) " i) )y

)

|

5y B9+ T vp)]

gr“+”wm+meﬁPC4@)+hcﬂb
()" ) )
forallu,v € Jand A > 0and h(}) # 0.

Remark 6. By following a similar pattern as that provided in the previous section, we may also
acquire, as a special case, the results of this section for the classes of GA-s-convex (GA-Q-convex
and GA-P-convex) functions.

5. Weighted Hermite-Hadamard-Mercer Inequality for GA-h-Convex Functions via
Hadamard Fractional Integrals.

Letw : | = [a, B] — R be a non-negative and integrable function. If we take g(z) =
ﬁ In*! (%)w(z) and g(z) = ﬁ In*! (%) w(z) in Theorem 9, then we establish the
following wHHMI for GA-h-CF via HFL

Theorem 15. Let ¢ : | — [0,00) with ¢ € L(]). If p € GA — h — CF(]) then
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and

B nl 2z n( % 2 a1 ez
< )+ ()] [ h(lln<("‘f) )+h<lln(<‘;f) ] " A()zﬁ)w(z)dz
b In( 2% In % In*1( %=
[ o) H 1n(<g)>> *h(1n<(g)>)] mgzﬁ)w(z)dl a0

forallu,v € Jand A > 0and h(5) # 0.

NI—
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1

Remark 7. If we take h(A) = A, then we get the following inequality, which coincides with
Corollary 2.3 in [21],

o( 5 ) [ 0D+ oD < {1y w(F) + 1 w(%F) )

) of2)

o PRARL:
< [y +ye) - LT Byl (D)),

forallu,v € Jand A > 0.

If we take u = « and v = B in (35), we get the following inequality.

Corollary 14. Let h : [0,1] — [0,00) and ¢ : ] — [0,00) be two functions. Let the function
¢ € Lla, B] be the class of integrable function for any a, p € ] with « < . If ¢ is GA-h-CF on
[, B] and let a nonnegative integrable function g : [, ] — R, and then

forallu,v € Jand A > 0and h(}) # 0.

Remark 8. If we take h(A) = A, then we get the following inequality, which coincides with the
inequality in ([27], Theorem 2.1):

9 (VaB) [k w(B) + hw(@)] < {1t wpB) +J3-p(@) }
< [HOTHO] [ ey + 1 wiw)],

(37)

forallu,v € Jand A > 0.

Remark 9. By following a similar pattern as that provided in the previous section, we may also
acquire, as a special case, results for the classes of GA-s-CF (GA-Q-CF and GA-P-CF.

6. Conclusions

In this paper, we have established several inequalities for GA-h-convex functions and

its subclasses including as GA-convex functions, GA-s-convex functions, GA-Q-convex
functions, and GA-P-convex functions. We proved the Jensen—-Mercer inequality for GA-
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h-convex functions and give weighted Hermite-Hadamard inequalities by applying the
newly proved Jensen—Mercer inequality. We also established inequalities of Hermite—
Hadamard-Mercer type. Furthermore, we have applied our main results along with
Hadamard fractional integrals to prove weighted Hermite-Hadamard—-Mercer inequalities
for GA-h-convex functions and its subclasses. As special case of the proven results, we
captured several well-known results from [20,21,25,27].
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Abbreviations

The following abbreviations are used in this manuscript:

J1 Jensen’s inequality

JMI Jensen-Mercer inequality

CF Convex function

HHI Hermite-Hadamard inequality
s-CF s-convex functions

h-CF h-convex functions

GA-CF GA-convex functions
GA-s-CF  GA-s-convex functions
GA-h-CF  GA-h-convex functions

HFI Hadamard-Fractional integral
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