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Abstract: Optical soliton solutions in a magneto-optical waveguide and other exact solutions are
investigated for the coupled system of the nonlinear Biswas-Milovic equation with Kudryashov’s
law using the extended F-expansion method. Various types of solutions are extracted, such as dark
soliton solutions, singular soliton solutions, a dark—singular combo soliton, singular combo soliton
solutions, Jacobi elliptic solutions, periodic solutions, combo periodic solutions, hyperbolic solutions,
rational solutions, exponential solutions and Weierstrass solutions. The obtained different types of
wave solutions help in obtaining nonlinear optical fibers in the future. Furthermore, some selected
solutions are described graphically to demonstrate the physical nature of the obtained solutions. The
results show that the current method gives effectual and direct mathematical tools for resolving the
nonlinear problems in the field of nonlinear wave equations.

Keywords: solitons; magneto-optical waveguide; Biswas-Milovic equation; extended F-expansion
method

MSC: 35C08; 35C09; 35C07; 35]05

1. Introduction

Nonlinear evolution equations play a major role in a variety of scientific and engineer-
ing fields. The studies of solitary wave solutions for a nonlinear evolution equation attracted
many researchers (see [1-3]). The theory of optical solitons is the pioneer area of research in
the field of nonlinear optics and the telecommunication industry. Studying optical solitons
prorogation through waveguides and optical fibers has been of great interest in the research
in the past few years (see [4-13]). Kudryashov’s law of refractive index is used to explain
the soliton transmission dynamics across optical fibers. Nikolay Kudryashov proposed six
forms of nonlinear refractive index structures (see [14-18]). Recently, the Biswas-Milovic
equation (BME) was a generalized version of the nonlinear Schrodinger’s equation (NLSE)
(see [19]). Many authors studied the BME by different methods (see [20-30]). Few authors
studied the coupled system of a nonlinear BME (see [31,32]).

In the present study, we consider the coupled system of a nonlinear BME with Kudryashov’s
refractive index law as follows [31]:
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where u(x,t) and v(x, t) are the profiles of the wave; a; (I = 1,2) are the coefficients of
the chromatic dispersion; b;, ¢;, d; and ¢; (I = 1,2) are the coefficients of the self-phase
modulation; fj, g;, h; and k; (I = 1,2) are the cross-phase modulation (XPM); ¢; (I = 1,2) are
the coefficients of a magneto-optic; a; (I = 1,2) are the coefficients of self-steepening terms;
6, and y; (I = 1,2) are the coefficients of the nonlinear dispersion; ¢; (I = 1,2) are the
coefficients of the inter-modal dispersion; and n and m are the power nonlinearity and the
maximum intensity, respectively.

In this work, the extended F-expansion method scheme is introduced to obtain various
and novel solutions for the proposed model. These solutions include dark solitons, singular
solitons, dark-singular combo solitons, singular combo solitons, Jacobi elliptic solutions,
periodic solutions, combo periodic solutions, hyperbolic solutions, rational solutions,
exponential solutions and Weierstrass solutions. Moreover, for the physical illustration,
some of the obtained solutions are represented graphically.

2. Extended F-Expansion Method

In this section, a brief description of the extended F-expansion method is introduced
(see [33,34]). Assuming the nonlinear partial differential equation (NLPDE) as follows:

g(u/ ug, uxlluxlleutxlrutle .. ) =0. (3)

Let ;
M(t/ X1, X2, X3,+-+, xﬂ) :H(G), €= Zx]—i—’)/t, (4)

j=1

then, Equation (3) is reduced to:
R(H,H ,H",...)=0. (5)

The solution of (5) is written in the following form:

N
_ L Bi
H(e) = ag —i—]; <¢x] X (e)+ Xj(€)>l (6)

where «, o and B j are constants, and x achieves the following equation:

X (€) =so+ 51 x(€) +52 x*(€) +53 X°(€) + 54 x*(e), @)

wheres;, (I =0, 1,2,3,4) are constants.
The integer N in Equation (6) can be estimated from Equation (5) using the balance rule.
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Substituting from Equation (6) into Equation (5) with the auxiliary Equation (7), then
we obtain a polynomial in x. In this polynomial, we combine all terms of the same forces
and equalize them with zero.

Hence, we obtain a system of algebraic equations that can be solved by Mathemat-
ica software to obtain the unknown constants &g, a;, f; (j=12...,N),vyands (I =
0, 1,2,3,4). Therefore, various forms of solutions can be raised for Equation (3).

3. Exact Wave Solutions

Assuming the exact traveling wave solutions of the Equations (1) and (2) are:

u(x, t) = Fy(e) ell0 3 1+0), ®)
v(x,t) — .7'—2(6) ei(p x4+ t+19), (9)

where
e=x+t. (10)

The amplitude component of the soliton is F;(j = 1,2). <, p and $ are the velocity,
frequency and wave number of the soliton, while ¢ is the phase constant represent.

Applying (8) and (9) in (1) and (2) then splitting the real and imaginary parts, we
obtain:

a1 m ff_lfl” +ay m(m—1) }'1’”_2(.7-'{)2 - m(almp2 —p&1+ %) Fit+ (mp (a1 + py) +e1) .7-"1”1+2 n

Fo FIH 4 o F A dy FI A TPy A n FU A I F Y + g FPFR - 01 FY =0, (11)

aym FyVFY 4 a3 m(m — 1) }'2’”_2(.7-'5)2 —m (azmpz —p&+ %) F+ (mp (ag + u2) + e2) .7-"2erZ n

+by ]:5172” +o FY "+ dy FYT 4 £ Fz'”]:fzn + & FF "4 hy FYF 4k FIFH — 0y Fi' =0, (12)

and

[m(fy +2a1mp—G1) — (m (ag +pq) +2n (a7 +61)) ]—'12”}]-'1’”_1 F1 =0, (13)

[m('y +2aymp—Go) — (m (ap+ po) +2n (ap + 62)) .7-'22"} FrtF=o. (14)

When applying the linearly independent principle to Equations (13) and (14), we obtain:

m(aj+pj) +2n(a;+6;) =0, (j=1,2), (15)

Yy=081—2aymp =y —2a; mp. (16)
Through Equation (16), we obtain:

-G
P - zm (al _az)/ al # aZ' (17)
Setting
Fi1=ARF, (18)

where A # 0, 1, then Equations (11) and (12) are represented as follows:
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aym IV F 4 aym(m — 1) Fi2 (]-"1’)2 + (1 + G AT F - [m (111mp2 —&1p+ %) + QlAm} F1
(b1 + AAT) P (dy o+ I AT F 4 [mp (e 4 i) + ke AX ey | F =, (19)
azmAmflmfl]:{’ + aym(m — 1)Am]-'1m’2(]:{)2 + A" (AT + @) FT — [mA™ (azmp2 —Cop+ ) + 02| FT"

+A™ (fz + bzA*Z”)}"{"*Z" + A" (hy + dzA”)}"{’H” + [ko + [mp(ag + pu2) + ez]AZ”]Am}'{"H” =0. (20)

Equations (19) and (20) have the same form under the following constraints:
a1 = dp Am, (21)
apm(m—1)=amA™ (m—1), (22)
a+g A=A AT+ g), (23)
b +f1 A2 = gm (fz + by ./4_2"), (24)
{m(ﬂl mpz—Clp-i—%) + o1 Am} = [mAm(ﬂszZ—Czp-f-%) +Q2}, (25)
dy+h A" = A™ (hz +ds .An), (26)
[m p(ay + uy) + ki A" —|—e1} = {kz + [mp(ap + p2) + €3] .AZ”} A™. (27)

Through the Equations (17), (21) and (25), we obtain:
_ m_ _ "

S = (61 = 82)(62 A" = &1) + 02— A A" #£1 and a # 0. (28)

2a; m(1— Am)? m(1—Am)’

When applying the balancing rule between the terms F""?" and FI"'F/ in

Equation (19), then N = , so we can use the following transformatlon

1

Fi(e) = Hr(e).
Therefore, Equation (19) can be represented as follows:
HH" + Ly (H) + Lo+ LsH— Ly H2+ Ls HP + Lo HE =0,

—2n
where £ = e Lo = M, L3

n ’ a; m

(29)

(30)

n (C] +81 .Ain)
apm

7

54:_”["1(”1"19 élpﬂ)ww“"’] 5= Mt A g p "[mp(a1+y1>+k1A2"+e1]

7

So, we can now apply the extended F- expansmn method to Equation (30) to obtaln the

traveling wave solutions of this equation as

H(e) = +mx(e) + -

(31)
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where a1 or 1 # 0.

Compensation by Equation (31) with Equation (7) in Equation (30), then we extract
exact solutions of (1) and (2) as follows:
Case:1 s =s3 =0.

(263 +5L1 +2) L5 ( LaLo(2L1 +3) + (L3 +3L1 +2) £2) (L1+2) L

Ly=— . ag=—t) s
’ 2(Ly +1)(2L1 +3)°L2 0T 2241 +3)Ls

—s4 (£112) 2 Ly Lo (2 L143)°+3 (L343 £1+2) L2
1.1) w = 547(1, =0, Sy = 1 5,
@D x Vs A1 2 2 (L1+1)(2 £143)% L
r L4 ([:1 -+ 2) (165054(51 + 1)[% (2[,1 + 3)4 — 4(,61 + 2)£4£§£6 (2[:1 + 3)2 - 5(£1 + 1)(£1 + 2)2£§>
2 16(L1 +1)(2L1 +3)° L2 '
—s0 (£142) 2Ly Lo (2 L1+3)°+3 (£2+3 £1+2)£2
1.2 — 507(1, a =0 [ 1
1.2 f Vs 1 2= 2 (L141)(2 £143) Ls
r L4 (l:l -+ 2) (165054(51 + 1)[% (2[,1 + 3)4 — 4(,61 + 2)£4£52;£6 (2[:1 + 3)2 — 5(£1 + 1)(£1 + 2)2£é>
2 = .

16(L1 +1)(2£L; +3)* L3

(1.3) V/=sa(£142) 54 £1+2 v/ —s0(L1+2) 2L6(2£L1+3)%(6+/50+/53(L14+1)+L£4) +3(L3+3L1+2) L2
M= s Pi=" s 2= 2(C1+1)(2L1 +3)°Ls ‘

Ll(£1+2)(16\/%\/556(251+3)2+(Ll+2)£2) (4L6(2£1+3)* (4f\ﬁ(ﬁl+1)+£4)+5(LZ+351+2)£2)
16(£1 +1)<2£1 -‘(-3)4£3

From the case(1.1), under the conditions L¢(£1 +2) < 0and £5(2L£1 4+ 3) > 0, the
exact solutions of (1) and (2) are obtained in the following forms:
111) Ifsg=1, s =— (rz + 1), sy =r%,and 0 < r < 1; thus, the Jacobi elliptic solutions
are obtained as follows:

_ —(£1+2) [ L5/ —(L1+2) oA 8
ujg) = ( N 202L, +3) Vi +rsn[x+ vt e , (32

Lr=—

v111 = A ( —(£1+2) ( Ls\/—(L1+2) +renjx+ t]) oo T+ 1) (33)

N 2(2 L1 +3) Vs
or

VLs 2(2L1+3) VL

p x+8 t+l9 (35)

u141,2=( —(L1+2) <£5 (£1+2)+rcd [x+ 74 ) G0 X+ H8) (34

o = A —(L1+2) [ L5/ (£1+2)
H2 e VL \2(2£1+3) VL

Special case. We extract the dark solitons when r = 1, as

—(51 + 2) Ls —(£1 + 2) E i( S 140
- tanh t ilpx+3 t+9) (3¢
M3 ( Ve \2@Lyta) i TEnhlrEaa )] e (36)

+red] x+’yt]>

—(51 +2) Ls —(51 +2) B i( S 10
= nh t o x+3t40), 7
s = A < VL 2(2L1+3)VLs tanhlx+ ] ‘ 47
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(1.1,2) Ifsg =12 sy = — (1’2 + 1), sq = 1,and 0 < r < 1; thus, the Jacobi elliptic solutions
are obtained as follows:

_ —(£1+2) [ L5/ —(£1+2) o x4+ +0)
U114 = ( \/E 2(2 El T 3) \/?6 + I’IS[X + Y f} e , (38)

1
_ —(£1+2) [ L5/ —(£1+2) U o x+S 1)
vga=A ( N 22 L1+ 3) /s +ns[x + 7 t] e ,  (39)

or

—([:1 + 2) £5 —([:1 + 2) 0 ( +0 t+l9)
_ d . i(p x+3 4
115 ( NI 20 L, 1) vig Tt )] e , 40

1
—(L142) [ Ls/—(L1+2) ! i(p x+3 t10)
= t flpx+3t+0) (41
o115 A( NI z(z,cl+3)\/?6+dc[”” ¢ @1

Special case. We derive singular solitons or singular periodic solutions when
r=1orr=20,as

1
—(L14+2) [ Ls/—(L1+2) ! i(p x+3 t10)
= h ip x+3 4
U116 ( T 22 L1+ 3) /s + coth[x + 7y £] e , (42

mf*‘( e <£5 e oS, @)

th[ t]
VL 22 Ly +3) VL + cothlx 4 ))
or
gy — —(£1+2) [ L5/ —(L1+2) +esclx £ 1 (0 x+3 14+9) (g
' VLs 2(2 L1 +3) VL
117 =A —(£1+2) (Ls + csc[x + v t] ellp x+3 t+0) (45)
' VL 2(2 51 +3 ) VL
and
(;C] + 2 £5 o
_ Y t] ol x+S t+ ) 46
U118 ( \/?6 2(2 £1 + 3 + sec X+ 'Y ( )
v—(L14+2) [ L5 ([q -‘1—2
— t p x4+ t+l9) 47
V118 .A( N 20 L1 13) Ve +secx+’y ] 47)
(1.1,3) Ifsg = —1?, 50 =2r>—1,8, =1—7%and 0 < r < 1; thus, the Jacobi elliptic

solutions are obtained as follows:

l
1o = ( —(£1+2) (ﬁs V—(L1+2) V1 ne [x+'yf]>> ol xS 148) (48

VLe 2(2£L1+3) VL

1
—(L14+2) [ Ls/—(L1+2) o )
_ 1_12 i(p x+3 t40) (4
U1.1,9 A ( \/fé 2(2 El n 3) \/?6 + r HC[X +y i’] e ( 9)

(114) Ifsp=1,5=2—71% s, =1—7r%and 0 < r < 1; thus, the Jacobi elliptic solutions
are obtained as follows:

1
M1.1,10:< —(£1+2) <£5 —(£1+2) n 1r2sc[x+7t})> ol T+ 149) - (50)

VLe 2(2L1+3) VLo
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1
n

_ V(L1 +2) [ L5/ (£1+2) - i(p X+ t0)
01.1,10—A< N 2(2£1+3)\/f6+v1 r2sclx + ] e'le . (51)

Special case. We obtain periodic solutions when r = 0, as

1
a1 = ( —(L1+2) ( Ls/—(L1+2) Ftan[x 47 t])) o xS 18) (50

VL 2(2 L1 +3) VL

_ —(£1+2) [ L5/ —(L1+2) ' i(o x+S t498)
v1111 = A < N 200, +3) Vie + tan[x + v ¢] e . (53)

(1.1,5) Ifsp=1—12 s =2—1% s, =1,and 0 < r < 1; thus, the Jacobi elliptic solutions
are obtained as follows:

1
U112 = ( —(£1+2) ( Ls/—(£L1+2) +oosxty t})) PP X+ D) 5y

VLe 2(2L1+3) v/ Le

—(L1+2) ( L5\/—(L1+2) T o xS b
= t ilp x+S t4+9) 55
o112 = A ( VLs 22 L1+3) VL + sl t] ¢ 55)

Special case. When r = 1 or r = 0, we derive singular solitons or periodic solutions as

U113 = ( —(L1+2) ( Ls /—(£1+2) + cschlx + 7 £] >) i(p X+ t8) (56)

VLe 2(2L1+3) VL

—(L1+2) [ L5 /—(L142) 4i(p X+ 14+8)
= h t Hp xS 7
o113 = A ( NI 20 Ly +3) vig el r 6D

=

or

==

u11,14 = < —(b1+2) ( Ls V=(£1+2) + —|— cot[x + 7y ¢ )

(p +S t+19) 58
VI, \20£i+3) Vi > 9

—(L1+2) { L5 (51 + o
— t ol x+3 t+8) 9
011,14 A ( \/?6 (2 L1+ 3) + CO‘L‘ x + ’)/ (59)

1.1,6) Ifsy = —r2(1 - r2), sp =2r*—1, 54 = 1,and 0 < r < 1; thus, the Jacobi elliptic
solutions are obtained as follows:

—(£1+2) [ L5 /—(L1+2) "+ 18
_ d ¢ 0 x+S t+0)
U11,15 ( N 202 £ +3) Ve +ds [x + 7] e , (60)

—(L1+2) [ L5 /=(L1+2) "o xS t49)
= . 1
o115 = A < T 22 L, +3) Vie +ds[x + v ¢ e (61)

Special case. When r = 1 or r = 0, we obtain singular solitons or periodic solutions as

1
(L1 +2) ( L5/ —(L1+2) " i e
= t i(p x4+ 2
116 ( N 20 Ly 43) I ) e o (62

_ —(L£1+42) [ L5 /—(L1+2) "o xS t49)
v11,16 = A ( N 2020, +3) Vic + cschlx + v t] e ,  (63)
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or

1
£1 + 2 £5 _(£1 + 2) " i( x
¢ p x+S t+0) 4
U11,17 < N (2(2£1+3) T‘é—kcsc[x—i-’y ] e ,  (64)

1
El + 2 £5 7([‘,1 + 2) " i( 23 9
_ ¢ o x4+ t+ ) 65
011,17 = < ,C <2(2£1+3)m+CSC[X+7] e ( )

1.1,7) Ifsy = %, Sy = 1’22’2, S4 = %, and 0 < r < 1; thus, the Jacobi elliptic solutions are
obtained as follows:

—(Ly4+2 L —(L1+2 z : o

e (V 2(\/1?: | ((25 Xl +(3>1;57) + nslr+ ] ics[xﬂt]))) A, 0
—(C L5 \/—(L T

v1118 = A ( 2( LL: 2) ( (25 ) +(3)1 +f26) + (ns[x +yt] £ es[x + t]))) ellp X+ t40) (67)

Special case. In the case of ¥ = 1 or r = 0, we obtain singular solitons and dark
solitons or periodic solutions as

1
—(£1+2) (L5 /—(£1+2) X+HrE N\ i xS o
= th pX+I 140) 68
#1119 ( W \RLitavE, M) ) ©®

_ —(L1+2) (L5 /—(L1+2) XY\ o xS t8)
1119 = A ( NI (2L +3) e + coth| 5 ] e , (69)

and

_ —(L1+2) (L5 /—(L1+2) *+S H8)
”“20< 2/Ts ((zmswf“ )) ! 7

==

vl_m_A( (L1 +2) (ﬁs ORI, t]>> Joxrsi o

2v/Lg (2L1+3)VLs
or .
(£1+2 Ls £1+2 x—l—'yt B (px+\st+l9)
72
‘i ( N (2L1+3) Vs (72)
(L‘,1+2 5 £1+2 X—‘r’)/t (px+\rt+19)
= 73
1121 A( 2/ L (2£1+3) 73)
and

—(£1+2) (L5 /—(L1+2) X+rt " xS tre)
= 74
U11,22 ( 2L1+3) Ve + tan] ] e , (74)

1
_ —(£1+2) (L5 /—(£1+2) Xyt N\ i xS o)
01‘1,22 = A ( (2 El n 3) \/E + tan[ 5 ] e . (75)
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11,8 Ifsg=s4 = %, Sy = # and 0 < r < 1; thus, the Jacobi elliptic solutions are
obtained as follows:

1

U113 = < _2(52—:— 2) <f25£1 +(3£)1j/—£i + V1 =72 (nc[x+t] +scfx+7 t]))) " ello X3 t+9), (76)
0113 = A ( v _2(52% 2) (€2£v1 +(;1:/L£i +1 (nelx + v #] + scfx + 7y t}))) " pilp x4 1) (77)

Special case. In the case of r = 0, the combo periodic solutions are obtained as follows:

—(L1+2 L —(L1+2 " . N

U114 = ( 2(\/%:_ ) ((25 ) +(3)1j/_?6) + (sec[x + v t] + tan[x + t]))) ellp x+3 1+09), (78)
—(L1+2 L —(L1+2 z ; &

V1104 = A(\/ 2(\/%: ) ( (252:{ +(3)1;_?2 + (sec[x + 7 t] + tan[x + t]))) et (px+3t+0) (79)

11,9 Ifsy= %, Sy = ’2; 2 Sy = % and 0 < r < 1; thus, the Jacobi elliptic solutions are

obtained as follows:

—(c Ls\/—(L "o 24
U115 = A (\/_2(5%: 2) (5252{;(;1;2 + (ns[x + 7y t] £ds[x + 7y t]))) pllp X+ t40) (81)

Special case. In the case of ¥ = 0, we obtain singular periodic solutions as follows:

1
11126 = < —(£1+2) (»CS —(£1+2) s csc[x+’yt]>) ¢l 1+ t40) (82)

2L\ (2L1+3) Vs

1
- —(£1+2) (L5/—(£1+2) "o x+S t49)
011,06 = A < Ny 2L153) Vi +2 csclx + 7 t] e . (83)

2
(1.1,10) Ifsy = 45724, sp < 0 and s4 > 0; thus, the dark soliton solutions are obtained as
follows:

—(L1+2) [ Ls \/—(ﬁl +2) Sp
= ——= tanh
Uy.1,27 < N/ 2(2£1+3)\/?6+ 2 a

(x+7t) ?})) ei(px+%’t+l9), (84)

o117 = A ( —(£1+2) <£5 V(£ +2 \/— tanh

1
52 ! i(p x+S t+0)
(6721 £y G2 wrroZ])) e

(1.1,11) Ifsg= 45 , 5o > 0and s4 > 0; thus, the periodic solutions are obtained as follows:

u1.1,28:(v_(£]+2 (55\/ £1+2 \/gtan{x—i—'yt\/Z})) ¢ilp x+S t+9) (86)

v Lg 2(2 Ly +3)
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U118 = A ( v 7\(;27: 2) (;é E\/ljfg J&% + \/%tan [(x +7t) \/%] )) ' oo X+ t49) (87)

72 g2

(1.1,12) Ifsg = ﬁ, sy <0, s4 > 0and 0 < r < 1; thus, the Jacobi elliptic solutions
sS4 (1

are obtained as follows:

1
— — - 2 — n ) N
1100 = (V (L1+2) ( Ls\/—(L1+2) n r?s) [ =5 }) ) ¢ilo 1+ 149) (88)

t
Vs 2(2£,+3) Vs r2+1sn{(x+7) 2 +1

Vv Lg 2(2L1+3) VL r2+1 r24+1

o119 = A (\/_(£1 +2) (ﬁs V—(£1+2) n ) sn{(x—i—’yt) —52 D) oilo T+ 149). (89)

(1.1,13) Ifsp=s4=1, 50 =2—4r*and 0 < r < 1; thus, the Jacobi elliptic solutions are
obtained as follows:

1

130 = —(L1+ 2) Ls —([,1 + 2) dn[x +y l’] Sn[x + t} ! oo x+3 t+19), (90)

v NI 2(2 L1+3) VL cnfx + v t]

1
—(L1+2) [ Ls/=(£1+2)  dnfx+ytsnlx+ 7\ " ipxes it

= . 91
o113 = A ( T 20011 3) Vi + [t 1 e 1)

2 2
(1.1,14) Ifsy = (TSZ)Z, Sy = rz’g”l, Sy = Dy (Tl) and 0 < r < 1; thus, the Jacobi elliptic

1

solutions are obtained as follows:

oo (VEFD (LVTEFD , rnabirddnbir] ) pusien o
1131 VZe 202 L1 +3) VL 2(sn[x+ 9+ 1)(1—rsn[x+ 1) '
B —(L1+2) [ L5+/—(L1+2) (r4+1) en[x + 7 t] dn[x + v ¢] ; i(p x4+ t+0)

a1 = A ( VLs (2(2 L1+3)VLe  2(snfx+ 7t +1)(1—rsn[x+‘yt])>> el D), (93)

Special case. In the case of r = 0, we thus obtain combo periodic solutions as follows:

1
I ( —(£1+2) (ﬁs —(£1+2) n cos[x + v t] )) oilp XS 1+8) (94)

VI (2L1+3)VLs sin[x+yt]+1
1
—(L1+2) (Ls/—(£1+2) | cos[x+ 7t "o x4+ t40)
= , 95
U11,32 A( N (2£1+3)m+sm[x+7t]+1 e (95)

where D7 is a constant.

1.1,15) Ifso=r*+2r3+12, 55 = —(r*+6r+1), ss = % and 0 < r < 1; thus, the Jacobi
elliptic solutions are obtained as follows:

1
—(L1+2) (L5 /—(L1+2)  2yren[x+ytldnfx+ 7t \\" ipxisire
= 96
1133 ( VZe 2(2£1+3)\/f6+ rsn[x 4+t —1 ‘ ’ 0
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1
—(£142) (L5 /= (L1+2) | 2yren[x+ytfdn[x + 7\ \ " ipxsst40)
= > . 7
or13 = A ( N 2(2Ly +3)V/Ls rsn2[x +t] — 1 ¢ o7
2 2
(1.1,16) If sy = W/ 5y = 72772, 5y = % and 0 < r < 1; thus, the Jacobi elliptic
2 3

solutions are obtained as follows:

2\ [:6 (2 Cl —+ 3) AV ,C D3CI’1[ + ’)/i’] + Dzsn[ + ’)/i’}

1
/2 2 P22 2 2 "
Uy 131 = (\/_(51-1-2 (E5 vV £1+2 D35 + D3dn[x + t] + Djr +D2+D3)> ol (px+St+8) (98)

1
m2 . 2 [ 22 p2ip2\\"
01134 = A (\/ —(£1+2) (55 V—(£1+2) n D3 + Dydnlx +t] + D3+ D3+ D3 ) ) olex+3t+0)  (99)

2/ Lg (2 L1 +3) VL Dsen(x + yt] + Dosn[x + ]

where D, and Dj are constant.

Special case. In the case of r = 1 or r = 0, we extract singular combo solitons or
combo periodic solutions as follows:

1
v 52 /D2 2
U11,35 = ( L1 +2) (£5 —Lt2) + D coshlx 4711+ /D> + 3 )) el 3 t59) (100)

2\/?6 (2£1+3)\/£ Dz smh[er'yt]Jng,

2+/Ls (2L143) \/f D, sinh[x + 7 t] + Ds

1
2 2 n
Z)1135:A(\/—(£1+2 ( 5 /—(L1+2) Dz cosh[x + 1 ] + /D2 +D3)> I o

or

2L (2L1+3)VLe Doy sin[x + v t] 4+ D3 cos[x + v ]

1
2 2 n
e <\/—<£1+2> (LS VD 2/D§ + D )) ST o)

— — 2,/D2 + D2 o
N A( (€1 12) (c5 CER \/D3+D3 )) JorS i 0

2+/Lg (2L1+3) VL D; sin[x + v ] + D3 cos[x + 7y £]

(1.1,17) Ifsy=s4 = 17172, Sy = # and 0 < r < 1; thus, the Jacobi elliptic solutions are
obtained as

—(L1+2) (L5 /=(L142)  VI=renlx+ 91\ " i(pxisire)
= 104
U137 ( Ny 2L173) Vi + T s+ 1] e , (104)

. \/—(£1 +2)( Ls \/— (L1 +2) V1-— rZen[x + yt] ; oo X+3 t+19)
L7 = A( PN ((z L1tV | 1dsalxtqd] M (105
or

1
n

v —(L L5/ —(L . N
U11,38 = ( 2(\/2—: 2) <(2 Z +(3)1;£i +v1 (nclx + 7t] +sc[x+7ﬂ))> el x+3 t+9), (106)
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1

v1138 = A ( —(£142) ([:5 /= (£1+2) + V172 (ncfx + 9#] + sc[x + 'yt])>) ' el xS t40) (107)

2v/Lg (2 L1+3) VL
2)\2
(1.1,18) Ifsy = %, Sp = %, Sy = % and 0 < r < 1; thus, the Jacobi elliptic solutions

are obtained as follows:

V(L1 +2) (L5 /(L1 +2) (1—72) sn[x+ 71 G (o 143 £46)
1159 = ( i \@oit3) v Taxiritariqag)) ¢ ‘ (108)
_ —(£1+2) (L5 /—(£1+2) (1—7%) snlx + 1] ' i(p x+3 t+9)
r A < 2vTs ( CLi+3) VT anriyfEaliog)) O e

1.1,19) If sy = %, Sy = TZEZ, Sy = % and 0 < r < 1, we derive the Jacobi elliptic
solutions as follows:

- - 2 o
1/[1_1/40 — ( (‘C’l + 2) <‘C5 (‘Cl + 2) r Cn[x + Y t} >> el(p X+ t+l9)l (110)

2y/Lg QL1 +3) VL dnx+vyt+V1—12
) 1
—(L1+2) (L5 /—(L1+2) reenfx + 7y t] "o x+S 49)
-4 + i(p x+S , 111
o140 ( 2/ Lg (2L143) VL dnlx+yt]+ V112 ‘ (D

or

(VL +2) (L5 (L1+2) | rPsnlx+qt] " i(p x+5 t+9)
e ( 2L, \QLi+3) VL anx+0+1)) © - 02

_ V(L1 +2) (L5/=(£1+2) | rPsnfx+71 : i(p x+S t9)
v11,41 —A< N/ 20153) Vis +dn[x+'yt]+1 e . (113)

(1.1,20) Ifsyp =0, sp <0, 54 > 0and 0 < r < 1, we extract the periodic solutions as

follows:
1
(VL +2) [ L5/ —(L£1+2) — — " i(ortS 149)
e ( VI (2(2 Ly Vsl ) ) ’ (4
_ —(L1+2) [ L5/ —(L1+2) — — " oS 149)
0U1.1,42 A( \/E <2(2 £1+3)\/f6+\/ SZSQC[(X‘F")/t)\/—Sz])) e , (115)
or
(VL1 +2) [ Ls/—(L1+2) — — " ox+S 49)
B ( Ve \aci vy v Y el ] ) e : (1o

1
n

+ —szcsc[(xﬁ—'yt)\/—sz})) olpx+S 148) (117)

01143—A< (51+2)<£5 —(£1+2)

VLe 2(2L1+3)VLe

From the case(1.2), under the conditions L4(L£1 +2) <0 and £5(2£1 +3) > 0, the
exact solutions of (1) and (2) are obtained in the following forms:
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1.21) Ifsg=1,s=— (rz + 1), sy =r%,and 0 < r < 1; thus, the Jacobi elliptic solutions
are obtained as follows:

_ —(£1+2) [ L5/ —(L1+2) "o 14 t46)
U211 = ( \/?6 2(2 £1 n 3) \/?6 + I’IS[X + v t] e ’ (118)

(L£1+2) [ L5 (£142) " i(p x+S t+9)
=A +ns|x + ’ 11
U121 ( e 2024, +3) VEe s[x + v ¢] e , (119)

or

1
(V=L +2) [ Ls V= (£1+2) "t o x+S 140
U122 = ( m 2(2 [,1 n 3) \/?6 + dC[X +y t] e , (120)

1
—(L1+2) [ L5 /—(L142) " i(p xS t40)
= + + ot He xS . 121
o122 = A < v Lg 2(2 L1 43) VL defx+ 4] ¢ (121

Special case. In the case of ¥ = 1 or r = 0, we extract singular solitons or periodic
solutions as

1
Upn3 = < 7(‘61 + 2) ( £5 7(161 +2) 4+ coth[x + t})) ei(p x+3 f+l9), (122)

VZLe 2(2L1+3) VLo

v123 = A ( —(L1+2) ( Ls =1 +2) + coth[x + 7 t])) xS 18] (123)

Ve 2(2 L1 +3)VLs
or
_ —(£1+2) [ L5 /—(£1+2) i(p x+S t+19
U124 = ( N 22 Ly +3) Vie + csclx + 7y £ (124)
_ —(L1+2) (L5 /—(L1+2) JF i(p xS +0)
viga=A ( NI 202 L1+ 3) /s + csclx + 7y ¢] (125)
and

¢ i(p x+S t+9) 12
U255 = < Te 22 £1+3) vis + sec[x + 7y t] e , (126)

—(L1+2) [ L5/—(L1+2) " o xtS t19)
= t Hp XS . 127
01.2,5 A ( \/f6 2(2 El + 3) \/?6 + SeC[x + ’Y ] e ( )

(1.22) Ifsy=1—1% sp=2r2—1, 54 = —1%,and 0 < r < 1, we establish Jacobi elliptic
solutions as
1

_ 7(£1 + 2) £5 7(£1 + 2) _ i(o x+S t+0)
26 = ( VTs (2(2 £1+3) Ve vi-r nc[xﬂt])) - » 128)

(VI (BT e
01.2,6-’4( N 2L +3) Ve + 2 nc[x + v ] . (129)
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(1.2,3) Ifsg =12, sp = — (rz + 1), s4 = 1,and 0 < r < 1, we obtain Jacobi elliptic solutions
as

1
—(£1+2) [ L5/ —(L1+2) "o xS 40
¢ 0 x+S3 t+ ), 130
U127 = ( e 22 L, +3) Ve +rsnfx + 7 t] e (130)

_ —(£L1+2) [ L5/ —(£1+2) "o xS t40)
vy =A ( N 2020, +3) Vs +7rsnx+y e , (131)

or

1
—(£L1+2) [ Ls/—(L1+2) " i x4 t49)
- 132
28 ( N 226, +3) L AT ) e o0

—(L1+2) ( Ls/—(L1+2) oA t48)
= . 1
vipg = A ( N 2020, +3) m+rcd[x+’yt] e (133)

Special case. In the case of ¥ = 1, we derive dark solitons as

—(£1+2) [ L5 v/ —(£1+2) U o xS 6
— nh t (o x+3 t+ ), 134
U129 < N/ 202 L1 +3) Vis + tanh[x + 1 t] e (134)

_ —(£1+2) [ L5/ —(L1+2) "o x+S 149)
V129 _A< N <2(2 ) \/?—&-tanh[x—i—fyt])) i(o . (135)

124) Ifsp=1,s=2—12 5, =1—r% and 0 < r < 1; thus, the Jacobi elliptic solutions
are obtained as follows:

(VG (L5 T D T esa i)
U12,10 = < N 20201 +3) Ve +cs[x + 7y 1] e'e , (136)

—(L1+2) [ L5/—(L1+2) " o rtS t49
_ ‘ i(p x+S t+0) 137
f120 = A ( VT \2Lira) v, TSR )] e 17

Special case. In the case of r = 1 or r = 0, we extract singular solitons or periodic
solutions as follows:

1
- —(£1+2) [ L5/ —(£1+2) "o xtS t49)
uip11 = < N/ 202 L1+ 3) Vis +cschx + v t] e , (138)

_ —(£1+2) [ Ls/—(£1+2) ¢l S 1)
g1 = A ( N 200, +3) Vis + cschlx + 7 ] (139)

or

VLe 2(2L1+3) VL

U212 = (m ( £s v—(£1+2) + cot[x + 7y t] )) il x+3 t+8) (140)

A ( 1 ) 5 ( 1+ t+0
L +2 L £ t t px+\y + ) 141
012,12 = ( T6 ( ) 3) +co _,'_,)/ ( 4 )
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(1.25) Ifsg=1,s0 =212 —1, s4 = —r2(1 — rz), and 0 < r < 1, we obtain Jacobi elliptic
solutions as follows:

(VL +2) [ L5/ (£1+2) ' i(0 X+ t+98)
U12,13 = ( N 202 £y +3) VEe +ds[x + v {] ete , (142)

2=

01213 = A ( —Lt2) ( Ls v (£1£2) +ds[x + t])) P xS0 (143)

VL 2(2 L1 +3) VLo
(1.2,6) Ifsg=1—17% s =2—1? s, =1,and 0 < r < 1, we obtain Jacobi elliptic solutions
as follows:
1
—(L14+2 L (L1 +2)

U1214 = ( f/ﬁl—; ) ( (52 m + \/7rzsc + ] )) ello X+ 140) - (144)

—(£1+2) £5\/W 5 Jilo T+ 148

= t pX+S t+8) 14

v1214 = A < N 200, +3) Vi + V1—r2sclx+ ¢ (145)

Special case. In the case of r = 0, we obtain periodic solutions as follows:

1
*(ﬁl + 2) £5 *([,1 +2) " i(p x-S 40
= t t px+3 t48) 146
U12,15 ( N 202 £1+3)\/fe+ an[x + 7y t] e (146)

01,2,15_,4( —(L1+2) (ﬁs —(L1+2)

t t ! i(p x4+ t+l9). 147

Ve \2@ami3a) v Tty ]>> ‘ (147)

(1.2,7) Ifsg=s4 = 1_4’2, Sy = # and 0 < r < 1; thus, the Jacobi elliptic solutions are
obtained as

(VL +2) [ Ls /(L1 +2) Vi-2 ' i(p x+S t+0)
e s ( W\ QL3 VT nkrafsrad)) © ()

1
—(£1+2) <£5 —(£1+2) + V112 )) ’ Ei(p x+S t48) (149)

Ul.2,16:~’4< 2L (2L£1+3) VL nclx+7t]+sclx+ 7t

Special case. In the case of ¥ = 0, we establish periodic solutions as

1
M1.z,17—( —(£1+2) (55 —(£1+2) n 1 )) ¢ilp T+ t49). (150)

2y/Le (2L1+3)VLs tan[x+ 7y t] 4 sec[x + v t]
_ V-(£1+2) (L5 /—-(£1+2) 1 e xS t46)
1217 = A < 2L (2 L1 +3) Ve | tan[x -7 f] +seclc + 71 ¢ ' (151)

(1.2,8) Ifsg= 45 , s > 0and s4 > 0, we establish periodic solutions as

o \/W L5/ — (L1 + 2) \/7 |: \/7:| oo ¥+ t+0)
U218 = ( \/fé (2 £1 T 3 cot|(x+y t > ’ (152)

vu,lg—A<V(£1+2 (£5V ﬁl“ \/>ot{x+'yt\/>}>> pllp X+ t40) (153)

vV Lg 2(2L1 +3)VLe
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2
(1.2,9) Ifsg= 45724, sy < 0and s4 > 0, we establish singular solitons as

1
—([,1 + 2) Ls \/—(El + 2) So —Sp . i(p x+S t+0)

= ——= coth t p xS , 154

112,19 ( N 20241+ 3) Vg + 5 o (x+¢) - e (154)

U129 = A ( —(£1+2) ( Ls V=L + 2 \/— coth | (

Ve  \224,+3) (1) _?D) ellp e o), (155)
6 1

(1.2,10) Ifsg=s,=1,50 =2—4r?>and 0 < r < 1, we establish Jacobi elliptic solutions as

_ —(£1+2) [ L5/ —(£1+2) enfx + v #] o vt t49)
220 = ( VI \2@Li+3)vEs @l slia)) ’ 1%
—(£1+2) [ L5/ —(£1+2) cenfx + 7 #] ' i(o x+S t408)
- . 157
71220 A( Vs 2(2 L1 +3) VEs | dnlx+ 7 fsnfx+ 71 ‘ (157)

(1.2,11) Ifsy = @, Sy = VZT’Z, Sy = D21D3 and 0 < r <1, we obtain Jacobi elliptic

solutions as

1

o] = V=(£1+2) £5\/—(£1+2)+ r?(D3 en[x + v #] + Dy sn[x + 7 ]) "ei(px+St+L9) (158)
- 2L (2L1+3)VLs /D2 + D2 dnlx+7 1]+ \/—D3r2 + D3 + D?

1
_ — 2 ! : I
V1221 = A ([:1 + 2) £5 (ﬁl + 2) + r (D3 cn[x +7 t} + D2 Sn[x + t]) el(px+\$t+l9), (159)
2VE  \ 2L143) VL /D24 D3 dnlx+ ] +/~D3r2 + D} + D3

where D, and Dj are constant.

Special case. In the case of = 1, we establish hyperbolic solutions as

1
o —(£1+2) (L5 /=(£1+2) ,  Dpsinhlx+ 7]+ D; ello X+ t49) (160)
2V Ls 2L1+3)VLs  p, cosh[x-i-’Yf]"‘\/ﬁ
1
—(L1+2) (L5 /=(L£1+2) | Dpsinh[x+ 71+ D; flp 3 t40)
N N elle : (161)
( 2+/Le (2£1+3)VLs chosh[x%-'yt]‘*‘\/D%fD%

2\2
(1.2,12) Ifsy = %, Sp = #, S4 = % and 0 < r < 1; thus, the Jacobi elliptic solutions
are obtained as

s = V(L1 +2) (L5 /(L1 +2) +dnx+’yt]+cn[x+'yt] EENPHQM, 162)
2 2V Zs (2L1+3) Vs n[x + 1]
1
P1ags = A V—(L1+2) [ L5 /—(L1+2) + [x + 7 t] + enlx 4 1] gl X3 10 (163)
- 2/Lg (2 L1+3) VL sn(x + yt|

(1.2,13) Ifsy = %, Sp = rZT’Z, Sq = % and 0 < r < 1, we extract Jacobi elliptic solutions as
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1
U105 — V—(L1+2) [ Ls/—(L1+2) n dnfx+yt+v1—7r2\\" (ilp 343 14+6) (164
- 2\/Ls (2£1+3) VLs enfx + 7 ¢
1
Vioos = A V= (L1+2) (L5 /—(L1+2) +d11[x—|—')/i‘]+\/1—r2 " ilp 343 140), 165)
- 2y/Ls (2£1+3) VL en[x + 7 ]
or

(VD) (L5 /D dnle 41\ ) pess tee
U125 = < Ny (2L +3) Vi snx 7 1] e'e , (166)

v1225 = A (\/ —(£1+2) (55 VvV —(£1+2) N dn[x + 7t + 1)) 0TS0 (167)

2L \2Li+3) VD | skt
From the case(1.3), if L¢(L£1 +2) < 0and £5(2£1 + 3) > 0, the exact solutions of (1)
and (2) are obtained in the following forms:

@31 Ifsg=1,s=—(r?+1), sy =r*orsp=r%, sp=—(r*+1),s4=1and0 < r < 1;
thus, the Jacobi elliptic solutions are obtained as follows:

1
n

U131 = ( —(£1+2) (ES —(£1+2) +rsn[x+'yt]+ns[x+'yt]>> eilo 143 t49). (168)

VL 2(2 L1 +3) Vs
v = A < \/_E/ELL: 2) <2£(; \5/1_453 ;%)6 +rsn[x+vt]+ns[x + v t]> ) : ollo X3 t+9), (169)
o130 = A < _\(fﬁij 2) (5(52 El_iél);% +rod[x 47 t] +defx + v t])) He“P ¥+ ) 171)

Special case. In the case of r = 1 or r = 0, we derive singular solitons or periodic
solutions as

1
—(£142) (L5 /—(£1+2) ! i(p x+S t+0
+2 coth[2(x + ¢ ¢ PSS (172
U133 < Te 22 L, +3) Te coth[2(x + 7 t)] e (172)

135 = A <\/_(£1 2 (’CS vohit2) |, coth[2(x +y t)])) LilerES 140) (173

Vs 2(2 L1 +3)v/Le
or
—(L1+2) [ Ls/—(L1+2) " o xS t49)
= 174
U134 ( T 22 L1+ 3)VTe + cscx + ] e , (174)

1
—(L1+2) (Ls5/—(L1+2) " i(p xS t19)
= t i(p x+S 17
vize=A ( N 2(2£1+3)\/Té+CSC[X+'Y] e , (175)
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1
—(L1+2) [ Ls/—(L1+2) ! i(p x4+ t46)
= t il x+9 17
U135 ( N/ 220y 13) Ve + sec[x + yt] e , (176)

1
—(L1+2) [ L5/—(L142) ! (0 x+3 t4+9)
¢ i x+S t+0) 177
o135 = A ( VL 2(2 L1+ 3)vVLe seclx +71] ‘ a7

(1.32) Ifsg=1,50=2—-1%s4=1—r2orsg=1-1%sy=2—1>, 5, =1and0<r <1,
we obtain Jacobi elliptic solutions as

1
n

7([,1 +2) [ Ls 7([,1 +2) ; )
_ 1—42 ¢ ¢ i(p x+S t+0) 17
U136 < N 2020, +3) er r2 sc[x + vy t] +cs[x + v ¢] e , (178)

1
_ —(L1+2) [ L5/ —(L1+2) — "o x+S t49)
v136 = A ( N 200 13) \/[7)+\/1 2 sclx + 7y t] +cs[x + v 1] e : (179)

Special case. In the case of r = 1 or r = 0, we establish singular solitons or periodic
solutions as

1
_(61 + 2) £5 —(£1 + 2) " l( +Dt 9
= +osch[x 4+t px+3 t40) 180
U137 ( I 202 Ly + 3)VEs cschlx + 7y t] e (180)

1
—(El + 2) £5 —(L:l + 2) " 7‘( +(\ t+l9)
= h t p TS , 181
v137 A( Ve \22L, 4y i Tt ) ) e (181)

or

_ —(£L1+2) (L5 /—(L1+2) "o xS t49)
U138 = ( N 20 L, +3)VIe + esc2(x 4 )] e , (182)

_ —(L1+2) [ L5 /—(L1+2) ! i(px+S t+9)
7138 ‘A< VTs (2(2 51+3>m““[2("”t”)> e sy

(1.3,3) Ifsg =54 = %, Sy = # and 0 < r <1, we derive Jacobi elliptic solutions as

1130 = —(L1+2) (£L5/=(L1+2)  (nslx+yt]+oslx+#)2+1))\" pilpx+S t49) (184)
’ 2/ Lo (2 L1 +3)v/Ls ns[x + v t] + cs[x + 7 #]
_ V(L1 +2) (Lsy/=(L1+2)  (ns[x+ 7yt +cs[x+7t)?+1 ’ i(px+St+9)
o139 =4 ( 2V Lg (2L1+3)VLs * ns[x + v t] +cs[x+ 1] e ’ (185)

Special case. In the case of either r = 1 or r = 0, we extract singular solitons or
periodic solutions as

1310 = < —(£1+2) <£5 —(£1+2) 2 coth[x+’yt})> X+ ) (186

2L (2 L1 +3)V L6

1
n

+2 coth[x+’yt]>> elle x+31+8) — (187)

01310_A< —(£112) (ﬁs (61 12)

2VLe (2 L1 +3)VLe

or
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1
( 1 2) 5 ([:1 + 2) ! i(p x+S t+0)
L1+ L 2 ¢ (o x+3 , 188
U1311 = ( 2 JLe 2 L1 +3)VE +2 cot[x + v ] e (188)

—(L1+2) (.cS —(L1+2)

— 2 t ¢ ! i(p x+S H—l9). 189
1311 .A( 2\/?6 (2[:1_’_3)\/?64— CO[X+’7 })) e (189)

(1.3,4) Ifsg=s4 = %, Sp = 1372 and 0 < r < 1, we obtain Jacobi elliptic solutions as

_ —(£142) (L5 /=(£1+2)  V1—72 (ne[x+ 7t +sc[x+7)*+1 " i(0x+S t+0)
u1312_< 2/Lg <(2£1+3)\/£76Jr nclx + 7y t] +sclx + 7 ¢] e’ ! (190)

_ V(L1 +2) (L5/=(£1+2) | VI—r? (ne[x+ 7t +scfx+71)?+1 %i(x+i‘st+z9)
””'“A< 2V \CLi+3VEs | nclrty syl e

Special case. In the case of ¥ = 0, we derive combo periodic solutions as

s = —(L1+2) [ Ls\/—(L1+2)  (seclx+yt]+tan[x+)2+1)\" S0 143 £49) 192)
2\/Ls (2L1+3)VLs sec[x + 7 t] + tan[x + 7 t] ’
9 1
—(£1+2) [ Lsy/—(L1+2) | (sec[x+yH+tan[x+ 7 ) +1\ " i) xisrr0)
- . 1
o133 A( Wl \2Li+3)VTs | seclx L f]+tanx 1] ¢ (193)

2
1.3,5) Ifsy = 45724, sy < 0and s4 > 0, we derive singular solitons as

) (L /(LT D) Ty
u1.2,14=< \(/%6 ) ( (31:1_53; +\/Tszcsch[ X+ t) \/Tsz})> ellp x+3 t+0) (194)

1
_ —(L£1+2) [ L5 /—(Lq + 2) — " i x4 t4+9)
V1314 = A( Lo 202 L, +3) Vis + V-2 52csch[ X+7t) /-2 sz} e . (195)

2
(1.3,6) Ifsy = 45724, sp > 0 and s4 > 0, we obtain periodic solutions as

B —(L£1+2) [ Ls/—(L1+2) ' i(o x+3 t+8)
Ujp1s = < N 2020, +3) \/? + 25 csc[ x+vt) /2 sz} e , (196)

_ —(£142) ( L5 V=(£1+2) ' i(o X+ t+40)
V13,15 —A( NI 2020, +3) \/f+x/2szcsc[ (x+9t) \/252] e . (197)

2 2
1.3,7) Ifsg = %, Sy = rzé%“, S4 = w and 0 < r < 1, we establish Jacobi
1
elliptic solutions as
1
V-(£1+2) (L5 /~(£1+2) [r £1] U (o x4 t9)
= +1 t Hp xS 1

u13,16 < 2 \/f6 (2 El +3) m + ‘I’ |W(X, )+ W(x,t) e s ( 98)

—(£1+2) (L5 /—(L1+2) [r£1] i(p 1+ )
= +1 Lt p xS , 199
P1a16=A ( 2L \2Lita) v, IV R ) ) e (4%9)
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where W(x,t) = (sn[xj:[f]r{)t(] jiniialg 777y and Dy is a constant.

Special case. In the case of r = 0, we derive periodic solutions as

—(L1+2) [ Ls/—(L1+2) ' i( )
_ ) ¢ 0 x+3 t+ )’ )
U1317 ( 2T 2L173) Vi +2 sec[x + v {] e (200)

Y.

_ —(£1+2) (L5 —(£1+2) "o 4 t48)
1317 = A < N (211 53) Ve +2 sec[x + 7 t] e . (201)

(1.3,8) Ifsg=r*+2r3 +12, 5, = _(,,2 +6r+ 1), Sy = % and 0 < r < 1; thus, the Jacobi
elliptic solutions are obtained as

1
11318 = <‘/_(£1 +2) <£5 V=(L1+2) F2Vr S ) + = )) ollp X+ 140) (202)

VL 2(2 L1 +3) VL Si(x, t)
B —(L1+2) ( L5/—(L1+2) r+1 " o X+ H+8)
nans = A ( Ve \aagi ey v Yot e ) e ' 20

where S; (x,t) = W

2 2
(13,9 Ifsg = m, Sy = #T—Z, Sq = % and 0 < r < 1; thus, the Jacobi elliptic

solutions are obtained as

(VL +2) (L5 /=(£1+2) r ' i(ox+St+6)
u1_3,19 = ( 2 \/?6 (2 £1 T 3) \/?6 + Sz(x, t) + Sz(x, i‘) e P (204)

_ ot ox+St+ ), )
P31 =4 ( 2vE \eLiravi TP T 5w )) ¢ (205)

D2+D? dn[x+7 t]++/—D3r2+D3+D? .
2 D;m[x D Sn[x3+7 7 2_ -3 while D and Dj are constant.

where Sy(x,t) =
Special case. In the case of either r = 1 or r = 0, the singular-bright combo solitons
or combo periodic solutions are thus obtained as

1

1320 — (\/—(51 +2) (135 V—(£1+2) +Sy(x, ) + 1)) ! (Px+340) 906

2VLe (2L1+3) VLe Ss(x, 1)

1

7(£1 + 2) Ls 7(£1 + 2) 1 B i(px+St+8)
= t ipx+9 207
1320 = A ( v, \eoiinv Pt gan)) ¢ , (207)

or

1
- - 2,/D5 + D} t
1/[1.3/21 — ( (‘Cl + 2) (‘65 (£1 + 2) + 2 + 3 )) el(p x+3 f+l9), (208)

2L (2L£1+43)vLs Dy sin[x+ v t]+ D3 cos[x + 1 {]

1

- - 2,/D2 + D2 o
N (x/ €1 12) ([,5 RSN \/D3 + D3 )) JorS i o

2L (2L1+3)VLe Do sin[x+ ]+ D3 cos[x + 7 t]
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D, cosh[x+7 t]++/D3+D3
where S3(x, t) = D, sinh[x+7 t|+Dj

(1.3,10) Ifsy = s4 = %, Sy = 1‘% 2 and 0 < r <1, we obtain Jacobi elliptic solutions as

follows:
1
\/—(ﬁl + 2) Ls \/—(ﬁl + 2) 1 " i(px+St+6)
= t - i(ox+S 21
U137 < N L1 +3) Vi + Sy(x, 1) + AT e , (210

1
01.3,22:A< —(£1+2) <£5 —(£1+2) +Su(xt) + 1 )) (X ESHED) (019)

2L (2L£1+3)VLs Su(x,t)
or
(VL1 +2) (L5 /(£1+2) 1 ' i(ox+3t49)
u1.3,23 = ( 2 \/?6 (2 £1 +3) \/?6 + 85(3(, t) + SS(X, t) e o , (212)

—(L1+2) (L5 /—(L1+2)
85(x,t)

P13 =4 ( 2VEs  \ (2L1+3)VEs

_ [x+7 1] _ [x+7 t]
where 84 (x’ t) - %’ and 85(36, t) T V12 snc[jclfv ;‘H+dn[x+7 ]’

1
+ S5(x,t) + 1)) lPxtStd) - (913)

1-12)?
(1.3,11) If sy = %, Sy = #, Sy = ( 47) and 0 < r < 1, we obtain Jacobi elliptic
solutions as

_ —(L1+2) (L5/—(£1+2)  (dn[x+7t]+en[x+7 )+ (1 —r?)sn?[x + 7 t] " i(px+5t46)
U1324 = e ,  (214)
’ 2L (2L14+3)VLs snf[x + v t](dn[x + v £] + en[x + v ])

—(L£1+2) (125 —(L£1+2) (dn[x+’yt]+cn[x+7t})2+(1rz)snz[er’)ft]))J‘ S0 (05

v1324 = A ( 2L (2L1+3) VIs sn[x + vy t](dn[x + v t] + en[x + 7y £])

Special case. In the case of ¥ = 0, we derive combo periodic solutions as

x+yt n
U1305 = \/_(‘C] +2) Ls \/_([’1 +2) + 2 C0t|: 2 ] ei(p)H—%t-H?) (216)
o 2VE,  \ @Li+3) VL  coslxt i +1 /

1

x4+t n

01305 = A —(L£142) [ L5 /—(£1+2) n 2 COt[ 2 } (l(PxH340) (917
~ 2+/Ls (2L£1+3) /L cos[x+yt]+1

Case:2 sy =s1 =0.

o (La+2)Ls V5354 (L1 +2) Ls . JoEsa (L1 +2)Le 5o
07 202 L, +3)L 454 Lo » s3 Lo roPLT
6 — 35% (£1+1) £6 (2,61 +3)2+4S4 (2‘64‘66 (251 +3)2+3 (£%+3£1+2)£%>

2 854 (L1 +1) (2 L1 +3)2Ls /
2= 5z ) e (f 1652 £2 L (2 L2+ 7L +6)(4 L4 Lo (2 L1+3)2

+5 (L2 +3 L1 +2)L3)) +53 Lo (L14+1)(2L1+3)2(3s3 L2 (2L, +3)°
+8 L5 (/=% 54 (L1 +2)(2 L1+3) £3) +854 (2 L4 Le (2 L1 +3)°

+3(L2+3L1+2)L2)(s2 L2 (2L, +3)3+4L5 \/fsg s4 (£1+2)(2L1 +3)4 Lg),
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2Lq+1
Ly = W < — 1652 (2L2 + 7Ly +6) L5 L6 (LaL6(2L1 +3)% + (L2 + 3L, +2) L£2)

+4sy 2Ly Lo (2L1+3)243(L2+3L1+2) £§)\/—s§ sq (L1+2)(2 L1 +3)4L3 +

S%(L] + 1)(2£1 + 3)2E6 \/*S%S4(£1 + 2) (ZL] + 3)4£g> .

Through this case, if (£1 +2) < 0and (2£1 +3), L5, s4, s3 and L > 0, the exact
solutions of (1) and (2) are in the following forms:

(2.1) If s, < 0; thus, the combo periodic solutions are obtained as

—s354 Lo (L1+2) [ (2L1+3)/s] Lo +2L5/—s4(L1 +2) 5y s [M] 1
Uyl = B
Lo 4542 £1+3),/53 L6 53 (33 +2y/ =5y 55 tan (LY ])
% ei(p x+< t+19)/ (218)
4 —s354 L (L142) [ (2L1+3)4/53 Lo +2L5+/—54(L1 +2) 5y 50 {%] 1
021 = B
Ls 454(2‘Cl+3)\/5::%76 s3 (53+2m tan[(w])
% ei(p +S t+19)’ (219)
and
1
i Lo (L1+2) [@2L143)y/55 Lo +2L5 /(01 12) sacsc? [ L)/ "
Upp = B
- 454(2[:““3)\/5%756 s3 <53+2\/TS4 cot{(wp
x ello x+S t+8) 220
1
1 —s354 Lo (L1+2) [ (2L1+3)\/53 Lo +2L5+/—54(L1 +2) 5 CSCZ[M} "
022 = B ‘ _
Le 454(2£1+3)\/5§76 53 (s3+2m Cot[(%b
% ei(p +S t+19). (221)

(2.2) If s, > 0, we obtain singular combo solitons as

1
—s354 L6 (L1+2) [ (2L£1+43)1/53 L6 +2L5+/—54(L1 +2) spcsch? {%] n
U3z = +
L 454(2£1+3)\/% Lo s (55 + 29557 com (V3]
w ollp X+ t+9) (222)
1
4 =254 Lo (L14+2) [ (2L1+3)4/53 Lo+ 2L5\/—54(L1 +2) spcsch? [M} i
023 = +
Eé 454(2 El +3)\/S§ E6 S3 <S3+2m COth[(M])
% ello x+S t9) (223)

Case:3 sy =51 =sp =0.

£5(£1 + 2) n \/—S%S4E6(£1 +2)
256(2£1 + 3) 4S4£6 !

\/—5%54[:6(£1 +2)
B s3L¢

xo = x1 ’ ﬁl :0/
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Ly = 2565%12(;(752123&%)4 (1652 E‘é([ﬁl + 2)2 + 24S§S4£6£§(E1 +2)(2L1 + 3)2

—s3(2L1 +3)(353L2(2L1 4+ 3)% + 16L5 \/ —s25,L3(L1 4+ 2)(2L1 + 3)4)),

L
T <4s§(£1 +2)2L3 +35354(L1 +2)(2L1 +3)2 L6 L3

—S% (2,61 + 3) \/—5%54(,61 + 2)(2£1 + 3)4,6‘2) ,

 3(L1+1)(s5L6(2L1 +3)* +4s4(£1 +2)L3)
8s4(2L1 + 3)256 ’

Ly=

Through this case, if s4 # 0, we obtain rational solutions to (1) and (2), under the
conditions s4 and (£1 +2) > 0, s3, L6, L£5and (2£1 +3) < 0, and s%(x + )% > dsy,
in the following forms:

s —s4 Lo (L£1+2) (53(2£1 +3)L6 +2L5\/—54(L1+2)Ls n 1653 54 " il x+S t+9) (204)
45, L (2£1+3)Lg s3(x + )2 —4sy ’
=54 Le(L1+2) [ s3(2L1 4+ 3)Lg +2L5+/—54(L1 +2)Lsg 1653 s4 " i(px+St+0)
= . 225
v A( 454[:6 (2[:1 + 3)£6 + s%(x + ’)/t)z — 454 ¢ ( )

Case:4 s3 =354 =0.

B Ls (L1 +2) \/—so s% £2(£1 +2)(2£1+3>4
2 £6(2 El + 3) 4 59 £2(2£1 + 3)2

&g = ’ 061:0,

o so s L3y +2)(2L +3)

P 51 L2(2 L1 +3)

4

Ly(L1+2
Ly = 256552%(75113)4 (16S%E§(E1 +2)[L2(Ly +2) — 452L6(2L1 + 3)?]

—s2(2L1 +3) (353 L2(2L1 +3) +16L5\/ —s0s3 L3 (L1 +2) (2L +3)4)
+850(2L1 + 3) (s3L6(2L1 + 3)(252L6(2L1 +3)2 +3(L1 +2) L2)
485, L5 \/—505%[‘%(51 +2)(2L1 + 3)4)>,

L3 = 16%,355(1%%)3 (455(51 +2)L5(LE(L1 +2) —250L6(2L1 +3)?)

—52(2 L1 +3)y/—s053 L3 L1 +2) (2L +3)°

+50(2L1+3)(353 L5 L6(2L2+7 L1+6) +4s; \/—50 s2L3(L1+2) (2L +3)4)>,

(£1+1)[—3s§ Lo (2L1+3)2—4s (3 (L1+2) L2—25, Lg (251+3)2)}

Ly= h
8 59 £6(2 L4 +3)

Through this case, if (£1+2) <0, (2£1 +3), L5and L > 0, then the exact solutions
of (1) and (2) are in the following forms:

2
4.1) Ifs; <0,s, >0and sy = 45712, we obtain exponential solutions as

1
y ( —45% S Eg(ﬁl +2) (2,65\/—5% £6(£1 +2) + Lg (2,61 +3)W452 S% 25% )) i
41 —

45 Lo Lo (2 L1 +3)/As; T 2s e+ DAl
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x ol x+3t+9) (226)
" —4 S% sp Lo(L1+2) [2L5 *S% Lo(L1+2)+ L6 (2£1+3)4/4s2 S% 2 S%
o 45 L, Lo (2L, +3)Vs; T 2s ety DAl
% ei(p x4+ t+19)' (227)
4.2) Ifsy <0,s; =0and sy > 0, we derive periodic solutions as
1
_ —s0 L6(L£1+2) [ 2L5/—s0L6(L1 +2) — — "o 24D 149)
Ugp = ( 45y Ly Lo Ly +3) +4v/—s2 50 csc[(x + 7 t) V=52 e , (228)
_ —s0 L6(L£1+2) (2L51/—50L6(L1 +2) — — "o+ 1 0)
Vyp = A( 250 Le Lo, +3) +4v/=s3 50 csc[(x + 7 1) V=5, e . (229)
4.3) Ifs; > 0,s; =0and sy > 0, we extract singular solitons as
1
B —so L6(L£1 +2) [ 2L5+/—s0Le(L1 +2) Ui x4 t49)
Ugs = ( i L LBl 13) +4./85 59 csch[(x + v t) /32] e , (230)
1
—so Le(L1+2) [ 2L5+/—soLg(L1 +2 " a
V43 = A( A ( 5 £6(50516(+ §)+ )t aysmrsgeschl(x+71) @])) ello X3 1+0), (231)

Case:5 sp) =s4=0, s3>0, sgands; # 0.

Ls £1+2 51 \/75051['6 £1+2)

\/750 S% Le(L1+ 2)

=" 256(2£1+3) 43sy51 Lg ’ v =0, p1= s1 Lo
_ El(£1+2) 3 )
Ly = 256 2 51 L3(2 L1+3)3 <51 (2 L1+ 3) (3 Sl L (2 Ly + 3)

+16 L5 (/=50 53 L3 (£1+2)(2 L1 +3)%)
—24s053 L3L6(L1 +2)(2L1 +3)? + 1655(4s753 L2 (2L + 3)*

+8s3L5(2L1 +3) \/fso $2 L3(Ly +2)(2Lq +3)4 — 51 LE(Ly + 2)2)>,

L 2
L3 = oo orap (350 57 L5 L6 (L1 +2)(2L1 +3)

—s3(2L1 +3)y/—s0 2 L3(L1 +2)(2L1 +3) +
453 (sy L3(Ly +2)* —253(2L1 +3) \/ —sp 83 L3 (L1 +2)(2L1 + 3)4)) .

3 (L4 +1)(S§ Lo (2 L1 +3)%+45s0 L2 (L +2))
85y L¢ (2£1 +3)2 '

Ly=—

’

Through this case, if (£1+2) <0, L5and (2£1+3) >0, Lgands; >0,i=0, 1,

then we obtain Weierstrass solutions of (1) and (2) in the following forms:

1
—5052 Lo (L142) (7 L6(2L1+3) +2 L5 y/—s0 52 L6(L1+2) 459 '
us = Ts051 Lo 51 Le(2 L1 +3) +p[m,gz,g3}
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Xei(p X+ t+z9), (232)
1
A —S0 S% Le (ﬁl +2) S% 56(251 + 3) +2 L54/—50 S% ﬁé(ﬁ] + 2) 45
0= 4501 Lg S1 £6(2 L+ 3) + KJ[(X+’7215) \/%[52, 53]
Xei(p X+ t+l9), (233)
where & = —451 and & = — 4%,

53 53

4. Results and Discussion

The obtained wave solutions in this paper using the extended F-expansion method
differ from the gained results of various researchers by some other existing methods.
Different families of solutions were obtained from Equation (7) by giving specific values
to the parameters. Dark soliton solutions, singular soliton solutions, the dark-singular
combo soliton, singular combo soliton solutions, Jacobi elliptic solutions, periodic solutions,
combo periodic solutions, hyperbolic solutions, rational solutions, exponential solutions
and Weierstrass solutions were extracted. Zayed et al. [31] obtained solitons in magneto-
optics waveguides for the nonlinear Biswas—-Milovic equation with Kudryashov’s law of
refractive index using the unified auxiliary equation method. Kengne [32] commented on
“Solitons in magneto-optics waveguides for the nonlinear Biswas—-Milovic equation with
Kudryashov’s law of refractive index using the unified auxiliary equation method”. So,
several innovative and corrected results have been achieved in this work, which have not
been specified before.

Figure 1 presents the dark soliton solutions of Equation (36), when m = 3,n = 8§,
a; = 0.9, A= —0.5, é’l = 0.5, 62 = 0.6, 02 = 0.5, 01 = 0.6, b1 = 0.9, f1 = 0.8, 1 = 0.5,
g1 =11,d = —-08 h =13, ¢ =14, a1 =09, 3y =1,k =05, ¢ = 0.8 and
—15 < x < 15. Figure 2 presents the singular soliton solutions of Equation (42), when
m = 3, n = 35, a; — —1.9, A= 15, él = 28, 62 = 16, 02 = 15, 01 = 16, bl = 19,
f1 = 1.8, 1 = 1.5, 81 = 2.1, dl = =28, ]’ll = 0.6, e = 1.4, N = 1.9, U1 = 14, k1 = 1.5,
¢ =18and —15 < x < 15. Figure 3 presents the periodic solutions of Equation (46), when
m = 3, n = 35, ar = —1.8, A = 14, gl = 27, 62 = 16, 02 = 15, 01 = 16, bl = 18,
f1 =1.7, 1 = 1.5, 81 = 2.2, dl = -28, h1 = 0.6, e = 1.4, N = 1.8, U1 = 1.5, k1 =14,
¢ = 1.7and —15 < x < 15. Figure 4 presents the singular combo soliton solutions
of Equation (100), whenm = 3, n = 3.5, ap = —-1.7, A = 14, {3 = 2.6, { = 1.5,
02 = 14, 01 = 1.5, bl = 16, f1 = 14, [ 1.4, 81 = 22, d] = —28, hl = 0.6, e = 1.4,
0 =18, uy =15k =14, 0 = 1.7, Do = /2, D3 = —v2and —25 < x < 25.
Figure 5 presents the hyperbolic solution of Equation (160), when m = 3, n = 3.5, ap =
—1.6, A= 15, Cl =27, 62 = 1.5, 02 = 1.4, 01 = 1.5, bl = 1.6, fl = 1.5, 1 = 15, 81 =
21,d; =—28h; =06,e; =15, a1 =18, u; =15,k =14, 8 =17, Dy =2, D3 =
—v2and —15 < x < 15.

(41431 !
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LS e AL
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SRR T TS
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TR LA T A
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(a) 3D plot. (b) 2D plot. (c) Contour plot.

Figure 1. Graphical simulation of dark soliton solutions to Equation (36).
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(a) 3D plot. (b) 2D plot. (c) Contour plot.

Figure 2. Graphical simulation of singular soliton solutions to Equation (42).

U118l

it
U181 \ ‘ IR
*‘m«' - -10 -5

(a) 3D plot. (b) 2D plot. (c) Contour plot.

Figure 3. Graphical simulation of periodic solutions to Equation (46).

U1.1,351

il

(a) 3D plot. (b) 2D plot. (c) Contour plot.

Figure 4. Graphical simulation of singular combo soliton solutions to Equation (100).

[U1.2,22]

_—
K
Z= -~.-
=
75
ﬁ
.

(a) 3D plot. (b) 2D plot (c) Contour plot.

|U1.2,22 |D

Figure 5. Graphical simulation of hyperbolic solutions to Equation (160).

5. Conclusions

In this work, the coupled system of the nonlinear Biswas-Milovic equation in a
magneto-optical waveguide with Kudryashov’s law was studied successfully by apply-
ing the extended F-expansion method. Various types of traveling wave solutions were
extracted, such as the dark soliton solutions, singular soliton solutions, dark-singular
combo soliton, singular combo soliton solutions, Jacobi elliptic solutions, periodic solutions,
combo periodic solutions, hyperbolic solutions, rational solutions, exponential solutions
and Weierstrass solutions. This paper shows that some of the obtained solutions by this
effective method are new compared with the obtained solutions in [31,32]. For certain
solutions, contour, three- and two-dimensional visualizations were provided for further
illustration. Finally, our solutions were checked using Mathematica software by putting

them back into the original equations.
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