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proofs are classical results on the monotonicity of the ratio of differentiable functions. The results
are proved using the nh positive zero, denoted by b, (v). Special cases lead to several examples
involving special functions, namely, Bessel, Struve, and Hurwitz functions, as well as several other

trigonometric functions.

Keywords: Redheffer inequality; Bessel functions; Struve functions; Dini functions; Lommel func-
tions; g-Bessel functions

MSC: 33B10; 33C10; 26D07; 26D05

1. Introduction

Several famous inequalities for real functions have been proposed in the literature.
One of them is the Redheffer inequality, which states that

sin(x) _ % —x?

x Z 2 forall x € R. 1

Inequality (1) was proposed by Redheffer [1] and proved by Williams [2]. This work
motivated many researchers, regarding its generalization, refinement, and applications.
A new (but relatively difficult) proof of (1) using the Lagrange mean value theorem in
combination with induction was given in [3]. In 2015, Sdndor and Bhayo [4] offered two
new interesting proofs and established two converse inequalities. They also pointed out a
hyperbolic analog. Other notable works related to the Redheffer inequality include [5-10].
Motivated by the inequality (1), C.P. Chen, ].W. Zhao, and F. Qi [8], using mathematical
induction and infinite product representations of cos(x), sinh(x), cosh(x)

cos(x) =[] |1— e cosh(x) = ]|1+ e ()
et (2n —1)2r2 |’ et (2n —1)2m2 ]’
and
sinh(x) x?
— = 1+ ==
x ;:11 ( t e > ’ ®)
respectively, established the following Redheffer-type inequalities:
7% — 4x? 2 + 4x? T
cos(x) > P e and cosh(x) < Y forall |x| < 5 4)
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A hyperbolic analog of inequality (1) has also been established [8], by proving that

sinh(x) _ 72 +x2
< 7
x T omE—x?

forall |x| <. (5)

In [6], inequalities (1) and (4) were extended and sharpened, and a Redheffer-type
inequality for tan(x) was also established, as follows:

2 2\F : 22\ %
T —Xx < sin(x) < T —x ©)
72 + x2 x 7% + x?
hold if and only if & < 2 /12 and g>1
(ii)) Let0 < x < m/2. Then,

B ®
<n2—4x2> <cos(x)<<n2_4x2> )

712 4 4x2 712 4 4x2

(i) Let0 < x < . Then,

hold if and only if & < 72 /16 and g>1
(iii) Let0 < x < 7t/2. Then,

<772+4xz)a§tan(x) - (7‘(2+4x2)ﬁ ®

T2 — 4x2 x T2 — 4x2

hold if and only if & < 72 /24 and g>1
(iv) LetO < x < r. Then,

2+ x2\" _ sinh(x) 24 x2\P
(rz—xz) == = (rz—x2> ©)
hold if and only if « < 0 and § > r2/12.
(v) Let0 < x < r. Then,
2+ x2\" P+ x2\F
hold if and only if « < 0and B > r2/4.
(vi) Let0 < x < r. Then,
2 .2\ P 2 L2NY
e —x < tanh(x) < e —x 1)
2+ x2 X 2+ x2

hold if and only if « < 0 and § > 2 /6.

The Bessel function |, of order v is the solution of the differential equation:

2y (x) 4+ xy (x) + (x2 = v?)y(x) = 0. (12)
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The function I, (x) = —iJ,(ix) is known as the modified Bessel function. It is well
known that trigonometric functions are connected with Bessel and modified Bessel func-
tions, as follows

sin(x) = %]1/2(95)/ cos(x) = %Ll/z(x),

. [rx X
sinh(x) = 711/2(’5)/ cosh(x) = 71,1/2(@.

Based on the relationship between trigonometric and Bessel functions as stated above, and
as Bessel and modified Bessel functions have infinite product representations involving
their zeros, the Redheffer inequality (1) has been generalized for modified Bessel functions
in [7], and sharpened in [9]. There are several other special functions, such as Struve and
g-Bessel functions, which have infinite product representations and are also related to
trigonometric functions.

Motivated by the above facts, the aim of this study was to address the following
problem:

Problem 1. Construct the class of functions f that can be represented by an infinite product with
the factors involving the zeroes of f, such that f exhibits a Redheffer-type inequality.

To answer Problem 1, we consider a sequence {b,, (V) },cr n>1, such that

i 1
L )

— 1(v)

for v € I C R and the infinite product

(0 -w)

is also absolutely convergent to a function of x for x € I, C R.
We study several properties of functions that are members of the following two classes:

G, = {m(xhﬁ(lﬂg(i))}. (14)

It is easy to check that, for a fixed v, {b1(v), b2(v),...,bu(v),...} is a set of zeroes of the
functions in the class F,. Unless mentioned otherwise, throughout the article, we denote
by b, (v) the nth positive zero of the functions in the class F,. For A, € G, and 1, € F,,, it
immediately follows that A, (x) = 7, (ix), where i = /1.

Using a similar concept as in [7,9], we derived the Redheffer inequality for the func-
tions from both classes, 7, and G,. We also investigate the increasing/decreasing, log
convexity, and convexity nature of the functions (or their products) from the above two
classes. The main results are discussed in Section 2, while Section 3 provides several
examples based on the main result in Section 2. In Section 4, we compare the obtained
result with known results; especially the results given in [7,9-11].

The following lemma is required in the following.
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Lemma 1 ([12]). Suppose f(x) = Yoo axx* and g(x) = Y32, bex¥, where a; € R and by > 0
for all k. Furthermore, suppose that both series converge on |x| < r. If the sequence {ay /by } k> is
increasing (or decreasing), then the function x — f(x)/g(x) is also increasing (or decreasing) on
0,7).

Lemma 2 (Lemma 2.2 in [13]). Suppose that —co < a < b < oo and p,q : [a,b) — oo are
differentiable functions, such that q'(x) # 0 for x € (a,b). If p’ /q' is increasing (or decreasing) on

(a,b), then sois (p(x) — p(a))/(4(x) — q(a)).

2. Main Results
Theorem 1. Suppose that A, € Gy and 1, € F,. Then, the following assertions are true:

1. The function x — A, (x) is increasing on (0,00).

2. The function x — Ay (x) is strictly log-convex on I, = (—by(v), by (v)) and strictly geomet-
ric convex on (0, 00).

3. The function x — A, (x) satisfies the sharp exponential Redheffer-type inequality

(m) ) < (m) -

b3 (v) — x2 b3 (v) — x2

on I,. Here, a, = 0 and b, = b?(v)I(v) /2 are the best possible constants.
4. The function x — A, (x)1,(x) is increasing on (—by (v), 0] and decreasing on (0, by (v)]
The function x — Ay (x) /1y (x) is strictly log-convex on 1.
6.  The function x — 1, (x) satisfies the sharp Redheffer-type inequality.

R) -2\ ) -2\
() i< (A02)

S

on I,. Here, b, = 1 and a, = b3(v)I(v) are the best possible constants.

Proof. As A, € G, from (14), it follows that

0 2
A (x) = H(Hlﬁx(v)) (17)
Similarly, as #, € G, from (13), it follows that
o X2
1v(x) :H(l 17%(1/)) (18)
1.  Logarithmic differentiation of (17) leads to
(o0 (x))) = ) = 3 ot >0 19

for x € (0, 00). This implies that log(A,(x)) is increasing and, consequently, A, (x) is
also increasing.
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Let x € I,. Differentiation of both sides of (19) gives

2 4x2
(o5 Z( v)+ Uﬁw+ﬂf>
0 xZ)
% iﬂz) >0

for x € I, This is equivalent to the function x — A,(x) being log-convex on I,.
From (19), we also have

This implies that x — xA/,(x)/Ay(x) is increasing on x € (0,00) and, as a conse-
quence, we have that x — A, (x) is geometrically convex on (0, ).

Consider the function

hy(x) i= log(Av(x))
T log(D3(v) + x2) — log (b3 (v) — x2)

For x € [0,0), define

p(x) = log(Av(x)), q(x) = log (b7 (v) +2?) — log (b7 (v) — 2%).

From the calculation along with (19), it follows that

RO v e W) e 1 =)
7(x) b2 (2)x+x2 + (1/) x2 2xAy () Zb%(v) Zb%(v) i ba(v) + 2
Then
d (p’(x)) 1 i —4x3 (b2 (v) + x2) — 2x(bF(v) — x%)
dx\q'(x))  203(v) 5 (b3 (v) + x2)?
x & 2xba(v) +xt + b3 (v)
S <0
B0 L B
onx € [0,00). Thus, p'(x)/q’(x) is decreasing and, hence,

is also decreasing on [0, by (v)]. Finally,

lim hy(x) < hy(x) < lim hy(x),
x—0

x—by(v)
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where

(x)

ay:= lim h,(x) = lim = lim - =0,
x—by (v) b (v) (%) x=bi(v) g

=

(x
— L o P L Px)  B()
by = Jlgr(l)hv(x) N :lclg(l) g(x) 31613(1) q'(x) 12 Hv)

are the best possible constants and

B s 1
= L0

As Ay € Gy and 17, € Fy, from (13) and (14), it follows that
nmo =T1(1- )
)y (x) = - .

L A0

Logarithmic differentiation yields

Av ()1 (x) i bi(v) = x

which is negative for x € (0,b;(v)) and positive for x € (—b;(v),0). Hence, the result
follows.

From part (2), it follows that x — A, (x) is strictly log-convex on I,. Now, consider
the function x — (17,(x)) 1. From (2), it follows that

(st ™)) = ¥ o2
and

(s et ™))" =2 1 o

This implies that x — (iyu(x))_l is strictly log-convex on I,. Finally, being the
product of two strictly log-convex functions, x — A, (x) /1, (x) is strictly log-convex
on I.

To prove this result, we first need to set up a Rayleigh-type function for the Lommel
function. Define the function

" (v) = i b2 (v), m=1,2,.... (20)

Logarithmic differentiation of x, (x) yields

xxl,(x) > x2 ( x? ) X x2 Xy
2 = 1 —_ _=
e - Law e Law(ww) -LawLew
Interchanging the order of the summation, it follows that
x 00 2m+2 ) )
)?V(( =2 Z ) ) =-2) 2 (v)x?™. (21)
v m=0n=1 m=1
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Consider the function

log(xv(x pu(x)
Pu(x) = Bl ( Z) = qZ(x)' (22)
o x
og (1 125
The binomial series, together with (21), gives the ratio of p;, and qj, as
u(
P;(X) _ );(Xv(xx)) Yot “1(12m) (v)x2m 23)
q(x) o 2 \TL o 2 (y)) x2m
(o) BT

Denote d,, = b%m(v)a,(f’”) (v). Then,

st — dw = B2 (0)a?" P n(v) — 63" (0)a " n(v)

This is equivalent to saying that the sequence {d,, } is decreasing. Hence, by Lemma 1,
it follows that the ratio p),/q;, is decreasing. In view of Lemma 2, we have that
Ty = pu/qyu is decreasing.

From (22) and (23), it can be shown that

. o) pp(x) (X)L, (g
b () = By q(x) o an(x) ) a(x) br(v)an(v), (24)
and
' (x o 2 2
lim T,(x) = lim pf‘( ) _ i 7;(” =1 (25)
=01 (v) 20) (X)  xsbdv) i br(v) — x

It is easy to see that b%(u)zx,(f) (v) = b2(v)1(v) = by.
This completes the proof of all of the results. [

In the next result, by approaching a similar proof as in Theorem 1, we prove a sharper
upper bound for A,, compared to that presented in Theorem 1 (Part 3).

Theorem 2. Ifr > 0and |x| < r, then the following inequality

ay by
(r22x2> < Ay(x) < (r2x2> (26)

r r2
holds, where a, = 0 and b, = —r*>1(v) are the best possible constants.

Proof. Due to symmetry, it is sufficient to show the result for [0, 7). Define ¥ : [0,7) — Ras

Y (x) :=log(Ay(x)) — rzl(v)log(rz)

2 _ 32
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Then,

2x ad 2x12

OETI S cEraram

x(r? — x?)b2 (v) — 2xr? (b2 (v) + x?)
by (v)(r? — x2) (b3 (v) + x2)

ad b2 (v) + r?

AL (x) 2xr?
Av(x) 12

Y (x) =

|
I
=
N
~—~
—~
<
~—
I
=N

N S

e e

22— ) (B ) -2

for x € [0,7). This implies that ¥ is decreasing, and ¥ (x) < ¥(0) = 0. This is equivalent to

I
|
N
=
W
g
T

n=1

72 r1(v) 252 —r21(v)
o) <hog( 205 ) = A= (CR)
This completes the proof. Now, to show the b, = —r?1(v) is the best possible constant,
consider
5 o Log((x)
log(erz)
Then, using the Bernoulli-L'Hopital rule, we have
lim J,(x) = lim log(Av(x)
N0 N0 [o (rzr x2)
I 2 2
" im Ay(x)  r*—x
N0\ Ay (x) 2x
R ) N -
= lim =— = —r1(v) = by.
0 Z < B2 (v) + 22 ; b2(v) ) ="b

Thus, by is the best possible constant. [J

3. Application Examples

As stated before, the primary aim of this work is to find a Redheffer-type inequality
for functions that are combinations of well-known functions. By constructing examples,
we show that Theorem 1 not only covers known results but also covers a wide range of
functions. We list each case as an example.

3.1. Example Involving Trigonometric Functions

Our very first example involves the well-known function f(x) = sinc(x). In math-
ematics, physics, and engineering, there are two forms of the sinc(x) function; namely,
non-normalized and normalized sinc functions. In mathematics, the non-normalized sinc
function is defined, for x # 0, as:

sin(x).

sinc(x) := »

On the other hand, in digital and communication systems, the normalized form is defined as:

sinc(x) := sm7(T;7:x)’ x # 0.

The scaling of the independent variable (the x-axis) by a factor of 7 is the only dis-
tinction between the two definitions. In both scenarios, it is assumed that the limit value 1
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corresponds to the function’s value at the removable singularity at zero. The sinc function
is an entire function, as it is analytic everywhere.
The normalized sinc has the following infinite product representation:

sin(rx) &2 x?
— _H<1—>. (27)

2
n=1 n

It is well known that the infinite series Y>> ; n~2 is convergent and
i 1
26
n=1" 6

We can conclude that sinc(x) € F,. From Theorem 1, it follows that
(1 —x)% < sinc(x) < (1—x2)%

with |x| < 1,b, = 1,and a, = 7%/6.
Now, replacing x with ix in (27), we have

sinh(7tx) _ ﬁ <1 n xi) (28)
n

7TX =1

Clearly, sinh(7tx)/tx € F,. Hence, by Theorem 1 (part 3), it follows that

<1—|—x2>T" _ sinh(rmx) _ (1+x2)5v

1— 2 X 1—x?

for |x| < 1. Here, 7, = 0 and 6, = 712 /6 are the best possible values of the constants.
On the other hand, from Theorem 2, it follows that

sinh(7x) _ ( r )‘”

X r2 — x2

for |x| < r, where §, = 712/6 is the best possible constant.
Next, we consider the infinite product

) x2
11 (1 - ;12712—1/2) lv| < 7. (29)

n=1

Using the Mathematica software, we find that

o 2 vesc(v) sin(x/ v+ x2>
7[11< - ”27[2—1/2) N V2 +x? 0)
and
> 1 1—vcot(v)
= . 31
n;l n2m? — v? 212 S

Clearly, v csc(v) sin(\/ V2 + xz) /Vv2 + x2 € F,, and we have the following result, accord-
ing to Theorem 1.
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Corollary 1. Let 0 # v € (—7t, 7t). Then, the following inequality

212 _ 2 212 _ 2

<7r2 2 x2>ﬂv B vese(v) sin(\/v2 + xz) - (n2 — 2+ x2>bv
DENVETCE
holds for |x| < 7t —v2. Here, a, = 0and b, = (1 —v cot(v))/4v?(r* — v?) are the best possible
constants.
3.2. Examples Involving Hurwitz Zeta Functions
The Hurwitz zeta functions are zeta functions defined for the complex variable s, with

Re(s) >0and v # —1,-2,—3,..., defined by

d 1
{(s,v) := 7;) s (32)

This series is absolutely convergent for given values of s and v, and can be extended to

meromorphic functions defined for all s # 1. In particular, the Riemann zeta function is

given by (s, 1). For our study in this section, we consider s = m € N\ {1} and v > —1.
Now, consider the infinite product

) x2
Xmy(x) 1= H(l - W), m>2andv > —1, (33)

for which the product is convergent. In the closed form of the product, we consider
m = 2,3,4. Then, xm(x) have the forms

I(v+1)2
Xow(x) = F(fx+v5rl)l"zx+v+1)
(x) o F(v+1)3
A3y T (=234 (3 ((1-iv3)x23+2(v+1) ) )T (5 ((1+iV3)x2/342(v+1) ) )

(x) _ F(V+1)4
Xap(X) = T(v—/ 2+ )L (vt )T (v—/A )T (v /atl)

Next, we state a result related to the inequalities involving X, (x). Although the
result is a direct consequence of Theorem 1 (Part 6), taking b, (v) = (n +v)"™/2 for m > 2
and v > —1, we state it as a theorem due to its independent interest. Clearly,

Theorem 3. If m > 2, v > —1and |x| < (n+v)™, then the following sharp exponential
inequality holds:

(1+v)m — x2\ " (14v)" —x2 by
((1-1—1/)’”) < Xm,v(x) < ((1—}—1/)”‘) ’ (34)

with the best possible constants as by, = 1 and ay,,, = (1 +v)™(Z(m,v) —v—™).

Taking v = 1in (34), it follows that

x2 Am,1 xZ hm,l
(1-3)  <wme=(1-3) 35)



Mathematics 2023, 11, 379

11 of 17

Now, by choosing m = 2,3,4,5,6 in (35), we have the following special cases of
Theorem 3:

2\ 921 2\ b21 2
’ 2
(i) (1 - 1) <x21(x) < <1 - JiL) with a1 = %,
§2\ %31 2 b3
(i1) (1 - 8) < x31(x) < (1 — 8> with a37 =8((3,1) = 9.61646,
2\ 41 2\ b1 4
X ’ ’ 87
1—=— < <(1-*= ith =—
(iii) ( 16) < xa1(x) < ( 16) with a5, = —=,
22\ %51 2 bs1
(iv) (1 - 16) < xs1(x) < (1 - 16) with as; = 327(5,1) = 33.1817,
2\ 76,1 2\ be 6
X X 647t
1-— < <[(1-= ith = —
() ( 16) < Xe1(x) < ( 16) with a6 945

where, in each of the cases (m = 2,3,4,5,6), the best values of b,,; = 1 and x,,1(x) are
listed below

X21(x) = %’

1
X31(x) = — (2= )r(1 - 22)r(3(1-iv3)a22 + 1)1 (3 (1+iv3) 22 4 1)
Xa1(x) = Sin(nﬁlasmhx(fﬁ)

— 1
XS,l(x) - (17x2)r(17x2/5)r(EﬁxZ/SH)r(k(71)2/5x2/5)r((71)3/5x2/5+1)r(17(71)4/5;(2/5)’

sin (77/x) (cos(n%/f) — cosh<\/§7r\3/§)>

2m3x(x2 — 1)

Xe1(x) =

3.3. Examples Involving Bessel Functions

In this part, we discuss the generalization of the Redheffer type bound in terms of
Bessel and modified Bessel functions. In this regard, we consider the very first result given
by Baricz [7], and later by Khalid [9], as well as Baricz and Wu [10].

From ([14], p. 498), it is known that the Bessel function J, has the infinite product

2
Ju(x) = 2T(w+1)x V], (x) = [ | (1 = 32‘) (36)
1’121 ]V,Tl
for arbitrary x and v # —1, -2, =3, . ... It is also well known that ([14], P. 502)

£ 0
n=1 j}gl,l/ 4(U + 1) .

This implies J, € F,. Similarly, Z,(x)—the normalized form of the modified Bessel
function I,—can be expressed as

2
T,(x) =2T(v+1)x "L(x) =] | (1 + ,2>, (37)

n>1 ]V,}’l

which indicates that Z, € G,. Now, from Theorem 1 (3) and Theorem 2, we have the
following results.

Theorem 4. Considerv > —land T, € G,.
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1. For |x| < jy1, we have

ol 2 ay 2 2 b]/
+x +x
(Ju,l ) <L) < (Jv,l ) , 8)

2 .2 2 N2
]1/,1 X ]v,l X

with the best possible constants as a, = 0 and b, = j2 /8(v +1).
2. Foranyr > 0and |x| < r, we have

22\ 22\
< 7’2 ) S Il/(x) S ( 1’2 ) 7 (39)

with the best possible constants as a, = 0 and b, = —r?/4(v +1).

Now, from Theorem 1 (6), the following inequality holds for normalized Bessel func-
tions.

Theorem 5. Consider v > —1and J, € F,. For |x| < j, 1, we have

) 2 ay ) 2 by
Jva =X Jvg — X
( vl ) < Ju(x) < ( vl ) , (40)
]1/,1 ]I/,l

with the best possible constants as b, = 1 and a, = ]'5’1 /4(v+1).

3.4. Examples Involving Struve Functions

One of the most well-known special functions is the solution to the non-homogeneous
Bessel differential equation

22y (2) +2y'(2) + (22 = v)y(z) = 27,

called the Struve functions, S,. If b, , denotes the nth positive zero of S, then, for [v| <1/2,
the function S, can be expressed as (see [15])

s (z):zmﬁ<122> (41)
v ZV\/EF(V 4 %) e h12/,n .

From [16] (Theorem 1), it is useful to note thath, , > h,; > 1 for |[v| < 1/2. From (41),
consider the normalized form

0 2
Su(z) := V72'T (v + 3)Z_VSV(Z) 11 <1 - = ) (42)
2 n=1 hl/,n
From [17], it follows that for |v| < 1/2,
5 R
i>1 h%,n 3(2v+3)

Consider the modified form of the Struve function

Clearly, S, € F, and L, € G,.
Now, from Theorem 1 (3) and Theorem 2, we have the following results.

Theorem 6. Consider |v| < 1/2and L, € Gy.
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1. For |x| < hy 1, we have

h2 2\ W K2 2\ bv
<+> - cy(,c)S(W) , 3)

2 _ .2 2 _ .2
hv,l X hV,1 X

with the best possible constants as a, = 0 and b, = h%,l /6(2v +3).
2. Foranyr > 0and |x| < r, we have

22\ 22\
() =ew< (=), (44)

with the best possible constants as a, = 0 and b, = —r>/3(2v + 3).

Now, from Theorem 1 (6), the following inequality holds for normalized Bessel func-
tions.

Theorem 7. Consider v > —1and S, € F,. For |x| < h,1, we have

2.2\ 2 - 2 by
() o= (7Y “
v,1 v,1

with the best possible constants as b, = 1 and a, = h12/,1 /3(2v +3).

3.5. Examples Involving Dini Functions
The Dini function d, : Q £ C — C is defined by

dy(z) = (1= 0)u(2) +2,(2) = 1v(2) — Zvs1(2)-

The modified Bessel functions are related to the Bessel functions by I, (z) = i~"J, (iz), which
gives the modified Dini function

H=0cC—C
defined by
Eu(z) =i Ydy(iz) = 1 —v)y(z) + zI},(z) = L,(z) — zL, 11 (z).

For an integer v, the domain () can be taken as the whole complex plane, while () is the
whole complex plane minus an infinite slit from the origin if v is not an integer.
In view of the Weierstrassian factorization of d, (z)

zV 22
d(z) = 2T(v +1) I1 (1 - aan)’ (46)

n>1

where v > —1 and the formula &(z) = i~'d, (iz), we have the following Weierstrassian
factorization of ¢, (z) forallv > —1land z € (X

zv z2
Gv(z) = 2T (v +1) I1 (1 + w2 )' (47)

n>1 v,n

where the infinite product is uniformly convergent on each compact subset of the complex
plane, where &, , is the n'h positive zero of the Dini function d,. The principal branches of
dy(z) and &, (z) correspond to the principal value of (z/2)", and are analytic in the z-plane
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cut along the negative real axis from 0 to infinity; that is, the half line (co,0]. Now for
v > —1, define the function A, : R — [1,00) as

2
X
Av(x) =2T(w+1Dx & (x) =] (1 + 5 ) (48)
n>1 v,n
Furthermore, for v > —1, let us define the function D, : R — R
x2
Dy(x) =2"T(v+1)x "dy(x) = H( 5 ) (49)
n>1 “l/,n
From [18], it follows that
S
= oz, 4v+1)

Comprehensive details of the properties of Dini functions can be found in [11,18] and
the references therein.

From the definition of the classes F, and G,, it is clear that A, € G, and D, € G,.
Thus, we have the following results, by Theorems 1 and 2.

Theorem 8. Considerv > —1and Ay, € G,.

1. For |x| < a1, we have
2 2\ W 2 2\ bv
ayqt+Xx Ayt Xx
<M> < Av(x) < (DLZ—XZ ’ (50)

v, v,1

with the best possible constants as a, = 0 and b, = 3043,1 /8(v+1).
2. Foranyr > 0and |x| < r, we have

22\ 22\
( = ) gmmg( - ) (51)

with the best possible constants as a, = 0 and b, = —3r2/4(v +1).

Further, Theorem 1 (6) gives the following result.

Theorem 9. For v > —1and |x| < a1, we have

, b
a%l—xz n a%l—xz v
— <Dy(x) < 5 ’ (52)
o %
1,1 v,1

with the best possible constants as by = 1 and a, = 342, /4(v +1).

3.6. Examples Involving q-Bessel Functions
This section considers the Jackson and Hahn-Exton g-Bessel functions, respectively

denoted by J,(/Z) (z;q9) and Jl(/B) (z;q9). Forz € C,v > —1and q € (0,1), both functions are
defined by the series

2n+v
2)¢,. _ (qurl,q) ( ) n(n+v)
Jy 7 (z;9) = 53
Vi) @9 15 (q q) (4745 q), " 9
)n 2n+v n(n+1)

v+1
10 (z0) = 1 e r

(54)
U~ q/ a5,
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Here,

(@q)o=1 (a9)n= ﬁ(l — aqk_l>,and (4;9)00 = H(l — aqk_l)

k=1 k>1

are known as the g-Pochhammer symbol. For a fixed z and g4 — 1, both of the above
(2)

g-Bessel functions relate to the classical Bessel function J, as J;,”/ ((1 — z);9) — Ju(z)
and JI(/?’) ((1 —z)g;9) — Ju(2z). The g-extension of Bessel functions has been studied
by several authors, notably, references [19-24] and the various references therein. The
geometric properties of g-Bessel functions have been discussed in [25]. It is worth noting
that abundant results are available in the literature, regarding the g-extension of Bessel
functions; however, we limit ourselves to the requirements of this article. For this purpose,
we recall the Hadamard factorization for the normalized g-Bessel functions:

2 I () = 2@z 9P (zg) and z— TP (@) = alg)z I ),
where ¢,(9) = (7:9)o0/ (4"59) o

Lemma 3 ([25]). For v > —1, the functions z — jU(Z) (z;9) and z — j1,(3) (z;q) are entire
functions of order zero, which have Hadamard factorization of the form

x@@@:ﬂ@—gg), ﬁ@man—%iQ, (55)

n>1 ]V,?l (Q) n>1

where j,,(q) and 1,,(q) are the nth positive zeros of the functions jv(z)(.;q) and jv(3)(.;q),
respectively.

We recall that, from [25], the g-extension of the first Rayleigh sum for Bessel functions
of the first kind is

® 1 B 1 ) 00 1 B qv+1
Lo~y ® L@ 0@ (56)

n=1 ]v,n

The series form of j1,(3) (z;9) is

n(n+1)
S e

79 () = . 67)
v =4 n;o (0, 0)n(3" L, @n
Comparing the coefficients of z2 in (55) and (57), it follows that
q
= . (58)
LE@ G0

The above facts 1mply that 7, (z;q) € Fyfori={1,2}. Fori = {1,2} and v > —1, denote
the n'h zero of JV (z q) by b; ,(v). From (56) and (58), it follows that

qv+1

1 ey L

ey =2

Now, we have the following result, by Theorem 1 (6).
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Theorem 10. The function x — T (z;q) € Fy fori = {1,2} satisfies the sharp Redheffer-type
inequality

) -2\ By (v) — 22\
<blz’1(l/)> Sjv (Z,q)S W (59)

on I,. Here, b, =1 and a,, = biz,l (v)1;(v) are the best possible constants.

4. Conclusions

In this article, we defined two classes of functions on the real domain, using the infinite
products of factors involving the positive zeroes of the function. We assume that the infinite
product is uniformly convergent, and it is also assumed that the sum of the square of zeroes
is convergent. We illustrate several examples that ensure that these classes are non-empty.
Functions starting from the most fundamental trigonometric functions (i.e., sin, cos) to
special functions, such as Bessel and g-Bessel functions, Hurwitz functions, Dini functions,
and their hyperbolic forms, are included in the classes. In conclusion, it follows that the
results obtained in Section 2 are similar to the results available in the literature for each of the
individual functions listed above. For example, Redheffer-type inequalities for Bessel and
modified functions, as stated in Theorem 5 and Theorem 4, form part of the results given
previously in [7,9,10], while the inequality obtained in Theorem 8 has also been obtained in
([11], Theorem 7). From Theorem 1 (part 4), it follows that the function x — A, (x)D,(x) is
increasing on (—ay,,, 0) and decreasing on (0, ay,, ), which has also been obtained in ([11],
Theorem 8 (i)). To the best of our knowledge, Theorems 3 and 10 have not been published
in the existing literature. We finally conclude that the Redheffer-type inequalities obtained
in this study cover a wide range of functions, regarding Theorems 1 and 2. Using the
Rayleigh concepts provided in [26], more investigations into the zeroes of special functions
may lead to more examples related to the work in this study, and we intend to follow this
line of research for future investigations.
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