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1. Introduction

The following double inequality has significant literary importance for convex func-
tions since a number of inequalities for means and quadrature rules can be obtained from
it, and is recognized to as the Hermite-Hadamard inequality [1,2]:

Letv:I — R, @ #1CR, Ak € Iwith A < x, be a convex function. Then,

the inequality holds in the reverse direction if v is concave.
Fejér [3], established the following double inequality as a weighted generalization

of (1):
V(255 [C et < [Tumemar < I Pomar, o

A

wherev: [ — R,@ # 1 CR Ak € IwithA < kisany convex functionand ¢ : [A, k] — R
is non-negative integrable and symmetric about 7 = %
The following mappings on [0, 1] are of interest:

Gla) = ;[v<m+(1—a))‘;"> +v<aK+(1—a)A;K>},

Ki/\/;v<a‘f+(l—a)/\—;x>dn
Hy(a) = /;v<zxr+(l—o¢))\—2i_x)(p(r)dr,

/; w(ah + (1—a)7) + v(ax + (1 - a)7)]dT,

H(a) =

1
L) = 2(k —A)

I(a) = ;/;Mﬂ;fﬂuaﬂg") +u<a’”2”+(1—a))“2”‘)]¢(r)dr
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and

4/ { (’X/H" (1- )T>+V<“A+(1—w)rzx)

+v<oa<+(1—1x))\; )+v<aK+(1—a)TJ2rK)](p(T)dT,

where v : [A, k] — R is a convex function and ¢ : [A, k] — R is non-negative integrable and
symmetric about T = %

There are several modifications and generalizations of these inequalities that can
be found in [4-16]. In [4], Ardic et al. proved some Ostrowski-type inequalities using
GG-convex and GA-convex functions. Ardic et al. also obtained some new inequalities for
GG-convexity and GA-convex functions in [5]. In the articles [6-9], Dragomir established
some Fejér-, Hermite-Hadamard- and Jensen-type inequalities. Dragomir et al. also
obtained different Hermite-Hadamard-type and refinement inequalities for Lipschitzian
and convex mappings in [10-12]. There are number of articles that contain Hermite—
Hadamard- and Fejér-type inequalities for convex, GA- and G A-s-convex functions; see,
for instance, [17-45]. These kinds of inequalities also have a broad set of applications
(see [31,32,34,38,46] and the references therein). The important results that characterize
the properties of the above mappings and inequalities are discussed by a number of
mathematicians.

Dragomir [7] established a result using the mapping H, which refines the first inequal-
ity of (1). Dragomir obtained another refinement inequality of (1) in [12] related to the
mappings H, G and L.

Tseng et al. [35] proved the following result and Yang and Tseng [40] used it to
prove Fejér-type inequalities, which refines the first inequality of (2) with the help of the
mapping H.

Lemma 1 ([35]). Let v : [A, k] — R be a convex function andlet A < 1 <11 <1 < Br <«
with 11 + T = B1 + Po. Then,

v(t) +v(w) <v(B1) +v(B2)

In [35], Tseng et al. established results related to Fejér-type inequalities (2) using the
mapping I to provide refinement inequalities of (2).

Further Fejér-type inequalities have also been proven by Tseng et al. in [36].
Theorem 1 ([36]). Let v, ¢ ,I be defined as above. Then, the following Fejér-type inequalities hold:
(i)  The following inequality holds:

Atk A+3x

V(A ;L K) /AK p(t)dr <2 [/ﬂ;x v(T)p(4T — 24 —K)dT + /\+: v(T)p(4Tt — A — 2K)d1’:|

2

g/oll(a)dzxgi{v<)\—2i_x) //\K(P(T)dr
e [ OFE) o () o] ©

(i) Ifv is differentiable on [A, k| and ¢ is bounded on [A, x|, then for all x € [0, 1], the following

inequalities hold:
2/ [ <)\—|—T> (T—I-K)}q) S

< =)= [ - o dr] e @)
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where [|¢[| = sup ¢(7).
TE[AK]
(iii) Ifv is differentiable on [A, x|, then, for all x € [0, 1], we have the inequality
K (k=AM (v (k) —v(A))
0< ') ;”“‘) / o(T)dT — I(a) < ( . ) / o(T)dT.  (5)
A A

In the following theorems, we shall point out some inequalities from [36] for the
mappings G, H, I, S, considered above:

Theorem 2 ([36]). Let v, ¢, G,I be defined as above. Then, we have the following Fejér-type inequalities:
(i)  The following inequality holds for all a € [0,1]:

I(a) < G(zx)/ p(t)drt. (6)

(i) If v is differentiable on [A, k| and ¢ is bounded on [A, x|, then, for all « € [0,1], we have
the inequality:

0< I(a)—v(A—;K)

where [|¢[|o, = sup ¢(7).

TE[A K]

[ et < (k= Ni6@) - H@llgle, @)

Theorem 3 ([36]). Letv, ¢, G, I, S, be defined as above. Then, we have the following results:

(i) Sy is convex on [0,1].
(i) The following inequalities hold for all « € [0, 1]:

6o [ oteyte < spte) < 55 (257 ) 0o (555 oo

o POV gy < PALIVO) [0 0, ®)
I(1—a) < Sp(a) )
n (@) + 11— a)
< Sp(a). (10)
(iii) The following bound is true:
sup Sy(a) = M /AK p(T)dT. (11)

ae(0,1]

One of the significant generalizations of the convex functions is geometrically, arith-
metically convex functions, also known a GA-convex functions, stated below:

Definition 1 ([7]). Suppose I C (0,00) is an interval of positive real numbers. A function v :
I — R is considered to be GA-convex, if

U(T“ﬁlfD‘) <av(t)+ (1 —a)v(p) (12)

forall T,p € Iand a € [0,1]. A function v : I — R is concave if the inequality in (12) reversed.
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We state some important facts which relate GA-convex and convex functions and use
them to prove the main results.

Theorem 4 ([7]). If [A, k] C (0,00) and the function G : [In A, Ink] — R is convex (concave) on
[In A, In k]|, then the function v : [A, k] — R, v(a) = G(Ina) is GA-convex (concave) on [A, x].

Remark 1. It is obvious from Theorem 4 that if v : [A, k] — R is GA-convex on [A,x] C (0, 00),
then v o exp is convex on [InA,Ink]. It follows that v o exp has finite lateral derivatives on
(In A, Inx) and by gradient inequality for convex functions we have

voexp(t) —voexp(B)(t—p) = g(exp ) exp(p), (13)
where ¢(exp p) € [vl, (exp B), v, (exp ﬁ)} forany T, p € (InA,Inx).

The following inequality of Hermite-Hadamard-type for G A-convex functions holds
(see [27] for an extension for GA h-convex functions):

Theorem 5 ([27]). Let v : I C (0,00) — R be a GA-convex function and A, x € Twith A < x. If
v € L([A, «]), then the following inequalities hold:

1 T) v(A) +v(x)
vV < < .
v(Vax) < an—ln)\//\ TS (19
The notion of geometrically symmetric functions was introduced in [23].
Defmltlon 2 ([23]). A function ¢ : [A,x] C (0,00) — R is geometrically symmetric with respect

to VAx if
p(1) = (P(/\TK)

Fejér-type inequalities using G A-convex functions and the notion of geometric sym-
metric functions were presented in the work of Latif et al. [23].

holds for all T € [A, x].

Theorem 6 ([23]). Let v : I C (0,00) — R be a GA-convex function and A, x € I with A < k.
Ifv e L([A«]) and ¢ : [A, k] C (0,00) — R is non-negative, integrable and geometrically
symmetric with respect to \/ Ax; then,

Vix) / 9T dT</ Dagr <V );”’(") /A 9"(:)dr. (15)

Suppose that v : I C (0,00) — Ris GA-convexon [ and A,k € I. Let H, F,V,Z, :
[0,1] — R be defined by

Mo = gy (1 (V9)

Fla) = an—ln/\/ /K 1 V<Ta’8 )de‘B

V(a) = MM//\Ki{U(KI?TT) +V(A1§JT]%“>]EZT

and
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where ¢ : [A, k] C (0,00) — R is non-negative, integrable and geometrically symmetric
with respect to v Ax.
Latif et al. [19] obtained the following refinements for the inequalities (14):

Theorem 7 ([19]). A functionv : 1 C (0,00) — R, as above. Then,

(i) His GA-convex on [0,1].
(i) We have

aeiﬂ{” H(a) =H(0) = v(m) (16)
and . i
sup H(x) = H(1) = m_m)\/A U(TT)dT. (17)

ael0,1]

(iti) H increases monotonically on [0, 1].
The following theorem holds:

Theorem 8 ([19]). Let v : [A, k] C (0,00) — R be as above. Then,

() Fla+1)=FQG —a)forallain0,i].

(i) Fis GA-convex on [0,1].

(iii) We have
sup F(a) = F(0) = F(1) = ———— [" u(r)ar (18)
x€[0,1] (an *11‘1/\)2 AT

acir[})f,l] Fla) = Jj(i) ~Inx i InA /)LK /AK 1’1[31/(\/%) ddp. (19)

(iv) The following inequality is valid:

and

v(V7B) < f@) (20)

(v) F decreases monotonically on [0, %] and increases monotonically on [%, 1} .

(vi) We have the inequality H () < F(«) forall « € [0,1].

Theorem 9 ([19]). Let V : [0,1] = Rand v : [A, k] C (0,00) — R be as defined above. Then,

(i) Vis GA-convex on (0,1].
(if) The following hold:

. B _ 1 “v(7)
Jnt V(@) = V(0) = o /A D 1)
and
sup V() = V(1) = LA TV (22)
wel0,1] 2

(ili) V increases monotonically on [0,1].

Theorem 10 ([25]). Let v, ¢, Z, be defined as above. Then, 1, is GA-convex, increasing on [0,1],
and for all « € [0, 1], we have the following Fejér-type inequality

v(Vax) /A @oﬁ < T,(0) < T,(x) < T,(1)
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Motivated by the studies conducted in [10-13,15,16,30-36,40-44], we define some new
mappings in connection to the inequalities (14) and (15) to prove to prove new Féjer type
inequalities, which are variants of the inequalities given in Theorems 1-3 for GA-convex
functions using novel techniques and using variant of Lemma 2 for GA-convex functions.

2. Main Results

Let us define some mappings on [0, 1] related to (15) and prove some refinement inequalities.

G(a) = % {v (/\“ (\/H)l“) —|—1/<K"‘ (\/E)laﬂ,
o= b () o
.c(a)zz(ml_m)\)/xi[ v(arT ) v (k)

=3 (e (v )( >
+1/( (var)" >+v )]

where v : [A, k] = R is a GA-convex function and ¢ : [A, k] — R is non-negative integrable
and symmetric about T = vV Ax.
The following result is very important to establish the results of this section.

and

Lemma 2 ([25]). Let v : [A, k] — Rbea GA-convex functionandlet A < p1 <171 < 1 < B <
K with 1T = ,Bl,BZ- Then,

v(t) +v(r2) < v(B1) +v(B2) (24)
Now, we present the first result, which is a variant of Theorem 1 for G A-convex functions.

Theorem 11. Let v, ¢ ,Z, be defined as above. Then,
(i)  The following inequality holds:

. /l/f<>/r won(i5)

g/olz( a)da < = [ / 200 4o +2/ (\/?K)}@d’f} (25)

(i) Ifv is differentiable on I° (interior of I) with [A,x] C I° and ¢ bounded on [A, «|. Then, for
all x € [0,1], the inequality inequalities hold:

0< %/; [v(VaAT) +v(vn)] @dr—zq)(a)

<(-a [(lnx PRSI "mdr} 1]l 26)

T

where [|¢[| = sup ¢(7).

TE[A K]
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(iil) If v is differentiable on I° (interior of I) with [A,x] C I°, then the inequalities

Ink —InA) (Kl/(K) — A
4

; « ( A K
0< V(?\);V( )’/A (P(TT)dT—Iq,(Dc) < ) /A ‘P(TT)dT 27)

hold for all « € [0, 1].

Proof. (i) By applying the techniques of integration and the assumptions on ¢, we obtain

TZ
T

v(Vax) /A q"(:)dT:zL/Am/ju(m) Mdzxdr, (28)

Vax =\ drt )\%K% =N dr
2 [/A o) T e ve(5) T

:2' ﬁ[v(’f)wtv(/w)]

T

<
N
= =
N———
QU
<13

dadrt, (29)

S L ()| e

[V(m) [ 2+ [ [o(Va7) +u(vew)] @df]

- ;/;/f{zu(\//\?) +v(Var) +v<ﬁ)

= /)‘m/o% {V(T) +V<\/H)] (’)(_[T;)dad"r—s—/)\m/oé {y(\/ﬂ) _H,(%)} (P<T/TZ) dadr. @31)

and

@dzxdr
T

T

According to Lemma 2, the following inequalities hold for all & € [0, %} and T €

1.V
The inequality
41/(@) < 2{1/(5)&1&) +U(T*%/\%K%)} (32)
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whent =T = VA, 1 = T2 )ix4 and B2 = 772A%x3 in Lemma 2.
The inequality
1—-a
ZV(T%A%K}I) < 1/((\/)\1() Tlf”‘) +1/<(\//\K) T"‘) (33)

(i)

1—
whent =17 = TNk, B1= (\/)\K)lxrl’“ and By = (\/)\K) "% in Lemma 2.

The inequality
o 1-w
21/(77%)\%;(%) < 1/<(AK> 1'1”‘) —|—1/<(AK> T“) (34)
T T

—333.3 A\ 1-a Ak 1-a e
whenty = =1 2)\4K4,[31:( ) T andﬁzz( ) 7% in Lemma 2.

The inequality

v((\/ﬂ)aflf“) + v((\/ﬂ)l_“r“) <v(t)+ v(x/ﬂ) (35)

1—
when 7] = (\/)\KYT“"‘, T = (x/)uc) DCT"‘, B1 = T and B = VAx in Lemma 2.
Finally, the inequality

v((i’()arl”) +v<<):(>1lxr“> < v(x/ﬂ) +v()‘:> (36)

« 1-a
when 7y = (%) %, 5 = (M) ™, B1 = VAxand By = % in Lemma 2.

T
2

Multiplying the inequalities (32)—(36) by M
[O, %] and with respect to T over {)\, \/ﬂ] and using the identities (28)-(31), we
obtain (25).
v:[A, k] = Ris GA-convex on [A, k], hence the mapping ¢ : [InA,Ink| — R defined
by 0(T) = v oexp(T) is convex on [In A, Inx].
By integration by parts, we find that following identity holds:

InA+Inx

InA+1 / /
/ ’ <n+nK—T)[U(ln/\+an—T)—U(T):|dT
InA

and integrating with respect to & over

2

InA+Ink
= (hm;ln/\) [c(InA) +o(Ink)] — /1 R ’ [c(InA+1Inx — 1)+ 0o(7)]dt. (37)

The equality (37) is equivalent to the following equality:

[ (5)- ()

= (Inx —1InA) [V(A) —20—1/(1()} - //\K V(f) dr.dt (38)

Using substitution rules of integration and the hypothesis on ¢, we have the follow-
ing identities:

3 [ I (VaT) +v(vem) | 2 e = ;/}\K{v(\/ﬂ) +(AT)} ?(7) 4

T
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(i)

and

—/Am[v(\/ﬁ>+v< Afﬂ (”(j)df (39)

Ty(n) = %/A M(\/ﬁ)“(ﬁ)l_“) +v<< f)a(m)l‘“ﬂ qvf)dr
_ /Am {v(*r"‘(\/ﬂ)la) +v(</\:)a(\/ﬂ)”ﬂ q)(}z) dt  (40)

hold for all « € [0,1].
Using the convexity of o(7) = v oexp(7) on [In A, In k] and the hypothesis on ¢, we
obtain that

{a(r) - 0'(0(’( +(1- uc)ln)\—zi_lm()} poexp(2T —InA)

+ [U(ln/\—f—an—T) —U(tx(ln/\—i—lmc—r) + (1 —a)M—ZHnKﬂgooexp(zr—ln/\)

<(1—a) <T — ln/\—Zi_an)cT’('L')(poexp(ZT —InA)

+(1—a) <ln)t—2i—1n1< - T> ¢'(InA +Ink — T)poexp(2T — InA)

= (1 —zx)(ln/\_anK - T> [0’ (InA +1Ink — 7) — 0’ (7) | @ o exp(2T — InA)

< (1—a)(MJ2rlm(_T> [0/ (InA+1Inx —7) =’ (D]l ]l (41)

holds foralla € [0,1] and T € [ln A, %} .
From (41), we obtain

=)o)+ [(5) -+ ((F) (97 Jo(5)

<= (M ) () v el @)

T

holds for alla € [0,1] and T € {)\, Vv /\K}. Integrating the inequality (42) over T on

[/\, m} and using (38), (39), (40) and (23), we obtain (26).

We use the fact that v : [A,x] = Ris GA-convex on [A,k|; hence, 0 : [InA, Inx] — R
defined by ¢ (7) = v o exp(7) is convex on [In A, Ink]. Thus,

oc(In)) — o ( nAtine _ ,
2( 2 ) < In/\4 ana(lnA) (43)

0’(11’1 K) —0C InA+Ink _ /
2( 2 ) < Inx 4ln)\0 (Inx) (44)

Adding the above inequalities,

o(InA) 4+ o(Ink) _U(ln/\—HnK) < (Inx —InA) (a/(ln;c) _‘7/(1“/\)). (45)

2 2 4
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The inequality (45) becomes
(Ink —InA) (xv' (k) — AV’ (A)
V) +ulx) —v(Vax) < ( ) (46)
2 4
Multiplying (46) both sides by ( ) and integrating over [A, k], we obtain
K K
(k) / (1) ;- Vax) / (1) ;-
AT AT
(Ink —InA) (xv (k) — A))
S ( ) [ W)
4 AT

From (23) and (47), we obtain (27). O

Example 1. Let G(T) = exp(7), T € [In2,In3]; then, according to Theorem 4, v(T) = T isa
G A-convex function on [2,3). Moreover, the mapping ¢(7) = (T — g)z is symmetric with respect

to \/6 over the interval [2,3]. Now,

) [ a1
!/f<>/r

4

=2 [/zf (12
{56

[ = L[
S
(V%) /f

g

18
_18ve 1

I\)M—‘

5
i) (V)
( A 1-a

(
Var)'(Ve)

N —

and
(1)

1
2

2

11
T 22

2 1
72 243
4) dT+/ (
T J\Ve

7“)4_1/((\/%)“(\/%)

11<
2 ),

=81 L[ [varsva) il o, ]

dT =5-12 ln<z) =0.134419,  (48)

3 -

4 ™\ dr
V09 e) T

4 1 2
T (18) dt
T

3
4

18

= ( 729 + 2133 + 809\@)1 — 0.329935,

)

dr} da = 0.330161

@d”[} du

@(7)

dr]
T

(VA7) +v(vre)]

<_w ) ()] -

The above calculations validate the inequality (25).

Letx = % and consider now

T

dt — 24,

1

2/ \/E+\/37}( D e Iq,<2

)

V)| 2
=;<—6;+wf )-2

(sof \/ 2903285v/6 — 7077132> = 0.00203793
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and

(1-a) [(lnx “ iYW :V(K) - /: V(TT) dr} 9l = % E(ln?; —1n2) — 1} = 0.00683139.

The last two calculations prove that (26) is valid.
Lastly, for o = %, we observe that

MO0 [ 0073 [P g, (1)

2
= g (5 — 121n(§)) “a (80\/6 - \/2903285\/6 - 7077132) = 0.00611204

and
(Ink —InA) (KV/ (k) — AV (/\))
4

= 1(5 — 121n(2)> (In3 —In2) = 0.0136255.

AT 4

/" (p(T)dT (In3 —In2) /23 (t— ;)2‘1

Hence, the last two calculations show that the inequality (27) is true as well.

Corollary 1. Let (1) = 1= (T € [A,«]) in Theorem 11. Then,
(i)  The following inequality holds:

“Inx—InA % VK T

v(\/ﬂ) <2 [/A\/T T g 4 v V(T)dT] < /Ol”z’-l(oc)dzx

§1[v(\/ﬂ)+21/Kl[v(\/ﬁ)+v(\/ﬁ)}dr]. (49)

2 (Ink —InA) Ja T

(i) Ifvis differentiable on I° (interior of I) with [A,x] C I° and ¢ bounded on [A, x|, then for all
a € [0,1], the inequality inequalities hold:

! /Kl{v<\/ﬁ)+v(\/ﬁ)}dr—7-[(a)

< -
0< 2(Ink—InA) Ja T

11—« v(A) +v(x) “v(T)
<——0 [(an ) —/A . dr]. (50)

(iil) If v is differentiable on 1° (Interior of I) with [A, k] C I°, then the inequalities
(Ink —InA) (m/(x) - )u/(/\))
LA VA7 LA i <
2 H(a) < 4
hold for all « € [0, 1].

(51)

Proof. If ¢(7) = 1 (T € [A,x]), then
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@ =5 [ H(m)“(m)“‘) +u<<m)“(m)l‘“>} () 4o

_;/ 1
- 2(Ink—InA) A T
1

ECEA
— ;/K 11/((%)“(\/@)1_“)517 =H(a)

" 2(nk—nA) Sy T
for all & € [0,1] and therefore the proof is completed. [J
Remark 2. The inequalities (49) provide a refinement of Theorem 7.
Now, we provide a generalization of Theorem 2 using G A-convex mappings.
Theorem 12. Letv, ¢, G, L, H be defined as above. Then, we have the following Fejér-type inequalities:

(i)  The following inequality holds for all « € [0, 1]:

Zp(w) < 6(w) [ X (52)

(i) Ifv is differentiable on I° (interior of I) with [A, x| C I° and ¢ bounded on [A, x|, then for all
« € [0,1], the inequality inequalities hold:

0= Zy(a) ~v(vix) [ % e < (k- m0)[6(@) - H@) ol 63

where ||¢||., = sup ¢(7).
TE[A K]

Proof. (i) Using the suitable substitution and assumptions on ¢, we obtain the following
identity:

2

G(w) /AK @d’( = //\\/H [1/ (A"‘(\//\Tc)l“) + 1/(1("‘ (\/ﬂ)la)] (P(})dt (54)

By using Lemma 2, we observed that the following inequality holds for all & € [0, 1]

and T € [A, \/H]

V(Ta(\m)w) H((L:)“(m)”‘) < V(Aa(m)lf"‘) +V(Ka(m>1*“) (55)
when we take 77 = ™ (\/ﬂ)lia, ™ = (%)a (\/ﬂ)lﬂx, B1 = A" (\/ﬂ)lia and
B2 = «* (\/E) e in Lemma 2.
Multiplying the inequalities (55) by gl)(TTTZ ) , integrating with respect to T over [)\, \/H}

and using the identities (40) and (54), we obtain (52).
(ii) Using an integration by parts, we have that the following identity holds on [0, 1]:

InA+Ink
7 InA+1 / InA+1

rx/ ’ [(T—n +nx>0 <0¢T+(1—¢x)<n +n1c>)
InA 2 2
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+<ln/\42rlmc —T)(T/ (zx(ln)»—i—lnx—*r) +(1 —zx)(ln/\;lmc)ﬂdr

_ DC/]::;K (T_ ln)\—zo—lnx>ar <M_+ a _a)<ln)\;—1n1c>)dl_
= (@) {U(alnx—i-(l—a)(w>> +(T(len)\+(1—oc)(w)>}

- ana(aclnT—k(l—a)(M))dT. (56)

InA 2

Using the convexity of o and the hypothesis of ¢, the inequality holds for all « € [0,1] and
TE {ln A, %} :

{U(OLT-F (1- a)(@)) —0<M$)} poexp(2t —InA)

ln/\eran)) —U(ln)\;ln;{)}gooexp(ZT—ln)\)

< 4x<T— W)(T’ (fxT—l—(1—a)(m$>)(poexp(27—ln/\)

%w - T)U’I <tx(ln)\+ln1c -7)+(1 —a)(%))fpoem(%—ln@

= a(]n)\%hmc f‘c) :0'/ (a(lnAJran—r) +(1 706)(@))
=4 ("‘T+ (1- “)(%))]q)oexp(h‘—ln/\)
< a(w _T) (7 <a(1nA+1nx—r) +( _a)(m»

2 2
¢ (wrr =0 () ol 57)

Integrating (57) and using (56), we obtain

+ {(r(zx(ln/\—i-lmc— )+ (1— a)(

InA+Ink

/f |:0'<4XT+ (1 _,x)(w» _J<M)}(Poexp(%_ln}\)h
InA 2 2
InAtlng
+f {‘7<"‘(1n)\+lnx—r)+(1—04)(M>) _U(M)}
InA 2 2
X @oexp(2T —InA)dt < (@) [g(alnx-i- (1 —(x)<w>)

+U(aln)x+(1—:x)(%))} —/]ir:\’{a(alnr—i-(l—a)(@))dr] ol (58)

Inequality (58) can be re-written as
/Am{v(r“(my_“) +v((%)a(\/ﬂ)l_“)} (P(E\Z)dTZ//\mv(m> @dr
< (lnxfln/\){% {V(A“(\/E)l_“) +v<x“<\/ﬂ)l_“>}

it e ()T il = tnx -0 - M@)ol 69
Using (23) and (40), we obtain (53) from (59). O
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Example 2. Let G(7) = exp(T), T € [In2,In3], then according to Theorem 4, v(T) = T is
G A-convex function on [2,3]. Moreover, the mapping ¢(T) = (T — g)z is symmetric with respect

to \/6 over the interval [2,3]. Now, for & = 1, we obtain
1,@=2,(3) = 3 [ [o((v3) (van) ) o ((vam  (van) )] £

LT () oo (') e

2
3

N

(80\@ ~ \/29032851/6 — 7077132) = 0.329935

and

oo [ 2 9(5) | e = [ 08)! () ] [ B

4 —121n(3
_ \/§(ﬁ+ﬁ2) (5-12In(3)) — 0.33095.

L[N

Thus, the validity of the inequality (52) in Theorem 12 is established.
We now prove the validity of the inequality (53) in Theorem 12. Let & = % ; then,

Zy(w) —v(VAx) /;(P(TT)dT:I(P<;> _\@/23 (T_Tg)zdr

_2
Rz

(80\/5 - \/ 2903285v/6 — 7077132) -6 (5 —12In (;) ) = 0.000677484.

and
(Inx —InA)[G(a) - H(@)] [l = (In3 ~In2) {g(i) - HG)]

= S 2 [(v6)" +va(v6) | - (v6)' [x dae

_ %(2%%+ o3 x 3%)(1n3 ~n2) - %(2\[3_ 2\/5) = 0.00340519.

Hence, the validity of the inequality (53) in Theorem 12 is proved.

Corollary 2. Let ¢(7) = 15 (T € [A,«]) in Theorem 12. Then, the inequalities (52) and (53)
reduce to the inequalities:

Hia) < 6w [ P ar (60)
and

0< (@) —v(VAw) [P < (nx -0 )G - M@)ol (6D

where ||¢||,, = sup ¢(7).
TE[A K]

Proof. Suppose that ¢(7) = —1— (T € [A, «]) in Theorem 12; then, it has been observed
that Z,(a) = H(a) (« € [0,1]). Hence, the inequalities (60) and (61) are achieved. [J

We can now prove the variant of Theorem 3 for GA-convex functions.

Theorem 13. Let v, ¢, G, L, and S be defined as above. Then, the following Fejér-type inequali-
ties hold:

(i) Sy is convex on [0,1].
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(i) The following inequalities hold for all « € [0, 1]:

2 Ja
+a-v(A);”(K) A ‘P(TT)dT< / ol (62)
Ty(l—a) < S(p(a) (63)
" (o) +Zy(1— )
‘ - Y < s,). (64)
(iii) The following equality holds:
sup Sy(a) = L) ;”(K) /A " (P(TT) dr. 65)

aE[Ax]

Proof. (i) It suffices to prove that the mapping S, : [0,1] — R is GA-convex on (0, 1] if
and only the mapping S;, : [0,1] — R defined by

Inx

Sy(n) = 14 {ao (aln)\+(1—o¢)<%))

+‘7°<("‘1n7\+ (1 a)((llrw;rllm;)))} +(f7;3 (ocln;ch (1 7@(%))
+0o almc-&-(l—a) nT—;— nk gordr,

T

is convex for a convex mapping ¢ : [InA,Ink] — R. Let wj, ap € [0,1], «,f € [0,1]
with &« + 8 = 1. Then,

nK

=} o (oo 1o e (A

InA

(waq + Bag) In A+ (1 — (awy + Baz)) (ln-r+lnz<>>

InA+Int )

(
+oo <(mx1 + Bap) Ink + (1 — (aaq + Paz) <
(

(aay + Baz) Inx + (1 — (aavaq + Pay)) <ln'r+l ))}q}oexp

B

InA

< InA+(1— 1)(lnT;—]nK>) +oo (oq 1nK+(1foq)<]n/\—2~_lnT>>
Yoo <u¢11n1<+ (1 —txl)<lnT;an>>}¢oexp(T)dT}

+ﬁ{§llzx{ao <u¢zln/\+ (1 ,a2)<1nAJ2rlnT)>

+oo <u¢21n/\+(1 7@)(1117;-]111()) +oo (oczln;(wt(lfocz)(ln/\;—lnr))

Yoo <042an+ (1- ocz)<lnTJ2ran>>}<poexp(T)dT}
= a8, (1) + pSy(a2)

+0o

This proves the harmonic convexity of S, : [0,1] — R on (0, 1].
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(if) Using substitution techniques of integration and under the hypothesis of ¢, we have
the following identities:

Sp(a) = i/Am [v (A”‘Tl’“) —|—1/</\“ <)¥()1_a>
bt e) +V<Ka (t")”ﬂ (P(j)dT. (66)

By Lemma 2, the following inequalities hold for all « € [0,1] and T € [/\, V )\K} :

The inequality
1—a AK 1-a
2v( A% (VA <v(AtrlT® A= 7
v( ( K) )_v( T )—i—v( <T) ) (67)
1- 1—
holds for the choices 71 = 1» = A* (\/ )uc) a,ﬁl = A%tl=% and B, = A® ()‘—T") "in
Lemma 2.
The inequality

2 (er(m)l'x) < v(kor1-%) —|—1/<K"‘<);K>l_lx> 68)

1—- 1—
holds for the choices 17 = T, = k% (\//\K) (X,,Bl = x%71=% and B2 = «* (AK) ’ in

T
Lemma 2.

2
Multiplying the inequalities (67), (68) by (P(TA ) , integrating them over T on [/'\, \/ﬂ} ,
adding the resulting inequalities and using identities (54) and (66), we derive the first
inequality of (62).
Using the GA-convexity of v and Theorem 7, the last part of (62) holds.
By the GA-convexity of v and the identity (66), we obtain

-0 = [P () ) o (2 (v )] A
=3[ () ()

o () ()7 e

+v (K"‘Tlf"‘> +v <K"‘ </\TK) 10‘)] (P(j) dt = Sp(a). (69)

From (52) , (62) and (63) , we obtain (64).
(iii) Using (62) , we obtain (65).
O
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Example 3. Let G(T) = exp(7), T € [In2,In3]. Then, according to Theorem 4, v(T) = T is

G A-convex function on [2,3]. Moreover, the mapping ¢(T) = (T — g)z is symmetric with respect

to \/6 over the interval [2,3]. Now, for & = 1, we obtain

s [ e =(3) [ *har =3 [3(5)" < 5(9)'] [ O

4 . n(3
_ \@<ﬁ+\/§2> (5-12In(3)) — 0.33095,

so(3) =1 [ [ (var) + 2} (var) st (var)
% (80f + som — 569) = 0.331631,

(1—a) /K [v(\ﬁﬁ) +1/(\/TT<)] @dr+tx- v(A) +v(x) //\K (P(T)dr

2 A 2

LN

N|—
Nl—

+32 (\/377) %] L%)sz

4/ m+@]< d7+4/

1 2 62 5 3
= 1 <16\/;— 5> + 1 (5 — IZIH(E)) = 0.33401
K 3 _6 2
x) / () 4 — §/ (Gl S 5(5 - 121n<3>> — 0.336047.  (70)
AT 2.2 T 2 2

Thus, the validity of the inequality (62) in Theorem 13 is established.
The inequalities are very easy to verify with the functions given above and we omit the details
for the readers.

and

Corollary 3. Let ¢(T) = 1=, T € [A, ] in Theorem 13. Then, we observe that
(i) L is convex on [0,1].
(ii) The following inequalities hold for all « € [0, 1]:

o) [ ar < L) < (1 -0) L [ L [v(VAT) (v e

Ink—InA JyA T

INHIOETCINTAESTE) o
H(1—a) < L() @)
n M)+ HA=0) _ -
: <
(i) The following equality holds:
sup £(a) = LAV 74)

€Ak

Proof. If we take ¢(7) = m, T € [A, k], then it has been proved earlier in Corollary 1
that Z,(a) = H(«).
Now,
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Sgo(a):;)/x[v(/\%m)l-“)+V(Aa(\/ﬁ)m>

2(Inxk —1InA) Ja

+v (K“ (\/E)l_a) + v(K"‘ (\/E)lia)} Md'r

T

VK
ZM/ H v(are ) v

)
(lnx—ln/\ \/HT /\“ - a) (“ - a)}
dt

= st I (”‘ ) () Jae =

Jax

foralla € [0,1]. O

3. Conclusions

In this study, we have considered some mappings defined on [0, 1], which are related
to the Hermite-Hadamard and Fejér-type inequalities proven for GA-convex functions.
We discussed very important properties of these mappings and obtained novel Hermite—
Hadamard and Fejér-type inequalities using GA-convex function and geometrically sym-
metric functions. As a consequent, the obtained Hermite-Hadamard and Fejér-type in-
equalities provide some refinement inequalities. The results presented in this study can be
a source for young researchers to further explore the topic of mathematical inequalities,
especially related to the topic of generalization of convexity in details.
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