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Abstract: An analytical study is conducted to examine the influence of thermal gradients and
heat sources on the onset of two-component Rayleigh-Benard (TCRB) convection using the Darcy
model. The study takes into account the effects of local thermal non-equilibrium (LTNE), thermal
profiles, and heat sources. The composite structure is horizontally constrained by adiabatic stiff
boundaries, and the resulting solution to the problem is obtained using the perturbation approach.
The various physical parameters have been thoroughly examined, revealing that the fluid layer
exhibits dominance in the two-layer configuration. It has been observed that the parabolic profile
demonstrates greater stability in comparison to the step function. Conversely, in the setup where the
porous layer dominates, the step function plays a crucial role in maintaining stability. The porous
layer, model (iv), exhibits greater stability in the predominant combined structure, while the linear
configuration is characterized by higher instability.

Keywords: heat source; LTNE; two component; thermal gradients; Rayleigh-Benard convection;
corrected internal Rayleigh numbers; perturbation approach

MSC: 76R10; 76R50; 80A19

1. Introduction

Double-component convection is very important for studying the evolution of systems
with various causes of density fluctuations. Such systems occur in the sun, the oceans, and
in the mantle of the Earth. Modeling of two-component convection in a composite layer can
be used in many situations, including the storage of nuclear waste, thermal insulation, grain
storage, chemical dispersion through water-saturated soil, and soil pollution. However,
one more crucial use is for modeling the boundary conditions at interfaces. This matter has
garnered significant theoretical interest due to its importance in understanding interface
boundary conditions, as well as its aforementioned practical implications. The role of LTNE
is significant in inflows with pronounced temperature differences between the solid phase
and fluid phase. Wang et al. [1] studied solar air receiver and radiation effects using the
LTNE model. Internal heat, using a local thermal non-equilibrium model, was analyzed
analytically by Altawallbeh et al. [2,3] in a Maxwell fluid-porous layer with and without
a magnetic field. Abidin et al. [4] conducted a study to examine the effects of viscosity
in a binary fluid layer. In a two-component system, the closed form of the solution to
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Marangoni convection with a magnetic field and salinity gradients was studied by Komala
and Sumithra [5]. Kuznetsov and Nield [6] studied the LTNE effects for a nanofluid in the
presence of a porous domain using the Darcy model. Thirupathi Thumma and Mishra [7]
studied nanofluid flow over a stretching sheet in the presence of a heat source/sink using
the domain decomposition method. Heat transmission in a porous medium under LTNE
conditions was studied by Shashi Prabha et al. [8]. Double-component convective flow over
a chemically reactive plate with a heat source/sink was investigated numerically by Kannan
and Pullepu [9]. Using the LTNE model, Astanina et al. [10] studied the heat source effect for
porous cavities. Hema et al. [11] used the LTNE model to investigate how heat flow affects
two-component convection. Pulkit et al. [12] analyzed the phenomenon of double-diffusive
convection in a rotating couple-stress ferromagnetic fluid-porous medium, taking into
consideration the influence of both gravitational and magnetic fields. Shukla and Gupta [13]
studied three-component convection in nanofluids using the LTNE model. Two-component
convection in a combined setup with a heated and salted subsurface was investigated by
Mahajan and Tripathi [14]. Meften and Ali [15] studied two-component convection with
variable viscosity. Capone et al. [16,17] investigated the convection in a rotating, viscous,
anisotropic porous medium in the LTNE regime. Using the Brinkmann—-Forchheimer model,
Meften et al. [18] examined the LTNE effects for dual-component convection with rotation.
Safia et al. [19] investigated the impact of magnetic field, temperature, and concentration
on convection in a nanofluid. Double diffusion of a nanofluid was investigated by Tahar
etal. [20], who focused on magneto-natural convection. A stability assessment of Brinkman—
Benard convection was studied by Siddabasappa et al. [21]. Thermosolutal convection
in an LTNE porous medium was examined by Noon and Haddad [22]. Corcione and
Quintino [23] examined the dual-component effects for water-based nanofluids using
Rayleigh-Benard convection. Gangadharaih et al. [24] studied the gravity fluctuation and
throughflow for an anisotropic porous layer. Ahmed [25] conducted a numerical study on
convection in a fluid layer within a square-packed bed enclosure using the LTNE model.
Atul and Anand Kumar [26] studied the effects of the solute boundary conditions and the
heat source on two-component convection. Yellamma et al. [27] investigated the third-
component effect for a combined system with a magnetic field, heat source, and thermal
profiles. They obtained the thermal Marangoni number analytically.

Inspired by the aforementioned literature review, the current study examines the
effects of LTNE in a composite layer with six thermal gradients on the onset of SCRB
convection in a two-layer configuration with an incompressible horizontal fluid flow.
The problem has been solved by using the perturbation technique and it is noted that
the parabolic profile demonstrates greater stability in comparison to the step function.
Conversely, in the setup where the porous layer dominates, the step function plays a crucial
role in maintaining stability. This work undoubtedly holds tremendous potential for a
multitude of applications in the fields of pure crystal growth formation, as elucidated by
Rudolph et al. [28].

2. Materials and Methods

Assume a continuous horizontal layer of incompressible fluid with a thickness d
and a densely packed region-II d, of the same fluid that lies behind region-I and is
heated continuously by heat sources Qs and Q1 The area above region-1 is expected
to be affected by surface tension effects and concentration as functions of temperature
and concentration, while the area below region-II is assumed to be stable. The coordinate
system used is Cartesian, with the z-axis pointing upward and the origin located at the
interface between the fluid and porous layers, as shown in Figure 1. Both the solid and
liquid phases are assumed to be in the LTNE, and it is thought that a solid—fluid field model
can characterize the temperature differences between the solid and liquid phases separately
for the porous layer.
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Figure 1. Model of the problem.

For the composite system Darcy model, the basic equations assume the Boussinesq
hypothesis (see Sumithra and Shyamala [29]).
Fluid layer (region-I):

a;fL - - VaPp i
WJF(‘HL ‘VfL> 9fL= ~ "0 vaqu @)
- {1 - IXfL(TfL = Trro) +aprs(Crr — CfLO)}g k
8TfL
T (qu VfL>TfL —KfLVfLTfL+QfL 3)
oCrr
76? (qu va) CfL = KfLSvaCfL (4)
The porous layer (region-II) (see Nield and Bejan [30]):
VoL 4, =0 ()
— V HpL —

- {1 arpr (TrpL — TpLo) — aspr (Tspr — TpLo) +apr (Cpr — CpLO)}gi%

oT L —
(Pep) i [qbaéi + (qPL ' VPL) Tpr] = ¢xppr VoL Trpr + 1(Top = Trpr) + Qur - ()
aTs,,L )
(1-¢) (pCP)SpLW = (1= @)rspL Vi Topr — h(TSPL - Tpr) ®)
aC,L,
¢ atp (”7 pL- VPL) Cpr = Kprs Vi Cpr ©)

For the two regions, the basic state is expressed as follows:

_}

{quz Psp, Typ, Tst/CfL} 10)
dpy dT,

= [O/Pbe(ZfL)/Tbe(ZfL) Tsfib(zfL), Cbe(ZfL)}/ 7 deLLb = Fr1.(z51)
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TrpLb(zpr) = Tsprb(zpL) =

.

|:q pL’ PpL/ Tpr/ TS}?L/ CpL:| (11)
—d,, dT,

= [0, Ppr(ZpL)/Tprb(ZpL)/Tspr(ZpL)prLb(ZpL>]/ =7 #,,Lf = Fyr(zpL)

The basic state salinity and temperature distributions are, respectively, found to be:

Qfrzer(zs —dsr) Ty — T,
Trrp(zf) = R L LA (AL

K5 dsr )FfL(ZfL)+To 0<zp <dp

QpLZpL ZpL + dpL (TL - T0>
2¢KPL

Crip(zsL) = <

)+T0 0<zp <dp

-G
< <
de >ZfL+C0 0 Zfr de

Cr—C
Cpr(ZpL) = ( LdpL O)ZpL +Cy 0< ZpL < dpL

KdepLTu + KpLdeTL n dedpL (QdefL + QpLdpL)

Here, Ty =
Kerdpr +Kprdsr Z(KdepL+KpLde)

_ KpLsCudpr + xprsCrdyr
KpLsde + KfLsdpL .
where the ‘b’ symbolizes the basic state, and Frp(zpL) and Fyp (zp 1) are the non-dimensionalized
thermal gradient that fulfils the situation fFfL zfr) dzgp = f oL (zpL) dzpr = 1.

To study the basic solution’s stablhty, the following mlld disturbances are introduced.

N 1 =
[qu/PfLrTfL/ CfL} = {O,Pbe(ZfL),Tth(ZfL),Cbe(ZfL)] + Ffu P, 0, 5] (12)

[q oL Pprs Trprs TspL, CpL] = [0, Pyro(zpL), Torn(zp1), Tsprv(ZpL), CpLsb (ZpL)] 19
=
+ |:q pL’ PpL’ BpL/ gsle SpL:|

The prime symbol represents a perturbation from the corresponding values at equilib-
rium. The physical values in Equations (1)—(9) are now augmented with the introduction
of (12) and (13), and subsequently linearized based on convection. The pressure term is
subsequently eliminated from Equations (2) and (6) through the application of the curl
operation twice, while retaining only the upright factor.

The variables are non-dimensionalized and normal mode study is applied (see Yel-
lamma et al. [31]); the corresponding distinctive quantities are found to be:

In0<z fL <1,

(DJ%L - a}L)zwa = Rypa? 01 — Rypoa? Sy (14)
(DJ%L afL) 05+ [FfL(sz) +RE (2sz - 1)]wa -0 (15)

L (DfL afL> SpL+ WL =0 (16)
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InOSsz <1,

D2, — @, ) W, = —Rypp 202,071 — Topr Repr S22, 0 R,1sp%a%, S 17
L pL pL = pr,B ApLYfpL — TspL spLﬁ apr spL"‘TpLs ple3 apLopL (17)

(P(D?’L - “§L>9fPL + [Fpr(zpr) + Rip (221 + 1) Jwpr = _H<69PL - prL) (18)

(1-9) (D2 — a3 )6y = H (051 — 67y ) (19)

Tois (Df,L - a;L)ZspL + Wy =0 (20)

where Ry = gafL(Vii;;U)d?L’ R, = g“pL(VT;i;io)d?;L, R. = g“fle(/ff;Zu)d?L’
Rprs = gi%LsV(;iLK;LCsO)dzL, Repr = giawﬁf;(;?)di are, respectively, the thermal, solute, and
solid phase Rayleigh numbers, R; = Q@i} L Rim = Q’f E:L%L’ P= (TolilTu)’ M= TIFLIEATO)’

hd?
2 = K — Da, H = —2 are the internal and corrected Rayleigh numbers, the Darc
dzL Kpr y g y
P

number, and the inter-phase heat transfer coefficient, respectively; fpLs QspL are the fluid
and solid phase thermal expansion coefficients; ¢y, kspr. are the fluid phase and solid
phase thermal diffusivities; and « fLss KpLs are the fluid and porous layer solute diffusivities
(see nomenclature).

After non-dimensionalization, normal mode expansion is carried out on the proper
boundary conditions.

Atzg = dyp, the situations are

W (1) = 0, D Wep (1) = 0, D81 (1) = 0, D S (1) = 0
At zyp = dp, the situations are
W, (0) =0, DprWpr(0) =0, Dpr6y,r(0) =0, DpLGSpL(O) =0, DpSp(0) =0
Atz =0z, =1, the situations are
TWeL(0) = d®W,i (1), TDs W (0) = daDy Wy (1),
0r1.(0) = Td*0p1 (1), 07,(0) = Td?65,.(1),
D1071.(0) = d*Dyp 05,1 (1), Dp1071.(0) = d*Dyrbspr (1),
Ssr(0) =S5 S,1(1), DprSpr(0) = DprSpr(1),
Tdp?> D3 WyL(0) = =Dy Wyr (1) + ft B2Dp Wpe (1),

TD? WyL(0) = Dy Wpr(1).

& (Ti=Ty) & _ C—Co 5 _ dpL no— HpL ini
where T = To=Tu)’ S = G=Cy- d= Ao and fi = oL are the thermal, salinity, depth, and

viscosity ratio, respectively.
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3. Method of Solution

The task at hand involves addressing the eigenvalue problem within the context of
arbitrary boundary conditions related to temperature and concentration. This will be
accomplished by employing the standard perturbation method, with the wave number
aJ%L,a%L serving as the perturbation parameter. The results of such a study can be used
to assess the reliability of the method, and they can also be used to justify the method’s
application to the solution of problems involving convective instability in which the critical
stability parameter must be determined analytically.

The powers aJZ(L, af, 1 have been added to the dependent variables in both levels, as

seen below:
W, Wi
WfL o 2 Wij gfpi 0 2 gfpij.
OrL | = Zaﬂ Of1; | and g pL = ZapL g pL]‘ (21)
Sr j=0 Sfr sp =0 spLj
SpL SpLj

When solving a%L, a; 1, using the preceding equation in (14)-(20), we obtain zero-order
expressions (see Appendix A).

The first-order equations for a]%L, af} 1, are as follows:

For region-],

D;%LWle —RpT+RpS=0 (22)
D? 6511 — T+ [FfL (sz) + R (2sz - 1)} Wiy =0 (23)
TfLsDszLSle - TfLSSA + Wle =0 (24)
For region-II,
D%LWle + prL,B2 + TspLRspL,BZ - TpLstLsﬁ2 =0 (25)

(#D2 — H)0ppia + Hogpua + [Fyr(zp0) + Ring (22p1 + 1) Wy —9 =0 (26)
(1= ¢)D2y — H|Bopi1 + HOpry — (1—¢) =0 27)

TpLsD;ZgLSpL — TpLs + WpL =0 (28)

The related boundary conditions are as follows:

Wer1(1) =0, DpaWrr1(1) = 0, Df11011(1) = 0, Dfr1Sp11(1) =0,
TW11(0) = d*Wpr1(1), TD s Wy11(0) = diDp Wy (1),

011(0) = Td*6,11 (1), 8511(0) = Td65p11(1), Sp11(0) = Sd>Sp11(1),
Dys10711(0) = d*Dyr0fp11(1),Df10511(0) = d*Dprbspr1 (1), DprS511(0) = d*Dpr Spra (1),

T‘{,BZD?LWle (0) = =DprWpr1(1) + ﬁﬁzDgLWle(l)/ TDJ%LWle (0) = ﬁDf;LWle(l),
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Wy11(0) = 0, DprWpyi1(0) = 0, Dpr8spi1(0) = 0, Dprbsyr1(0) = 0, DprSpr1(0) = 0.

The solutions of W1 and W) are as follows:

(RerT — RppS)
Wrrt (zfL) = 011 + 0f12 251 + 0513 ijrL +0f14 Z?L + %Zﬁ (29)

182 (prL + RspL TspL — RpLs TpLs)
Wi (ZpL) = (SpLS + 5pL6 ZpL — 5 Z%}L (30)

where 0¢11,0f12,0513, 6714, 015,016 are the constants obtained utilizing velocity boundary
conditions; for the form they are in, see Appendix A.

4. Condition of Solvability

The solvability condition is derived by solving the differential equation with the
necessary boundary conditions concerning heat.

1 1
@2 (14 Riyg+ 711 ) [ Worr (2p0) -Fpr (zp1) d2pr. + 28R g [ Wyna (zp1)-For (zp1) d2pu
0 0

1 1
+(1 =R} + Tprs) [ Wyra(zg1) - Frolzsr) dzpr + 2RG [ Wepa (z50)-Frr(zf1) dzsr (1)
0 0

- (d”z + T) T (al”2 + S) L Tols

Computing R for different profiles can be achieved by substituting expressions
Wrer1(zf1) and Wyr1(zp1) from Equations (29) and (30) into Equation (31).

5. Thermal Gradients

The following thermal gradients are considered for the present study (refer to Table 1;
see Rudraiah et al. [32], Vasseur and Robillard [33], and Shivakumara [34]).

Table 1. Thermal gradients for fluid and porous layer.

Model Thermal Gradients Fluid Layer (Region-I) Porous Layer (Region-II)

Model (i) Linear Frp(zpr) =1 Fpr(zpr) =1

Model (ii) Parabolic Frr(zpr) =221 Fpr(zpL) = 2zp1

Model (iii) ~ Inverted parabolic Frr(zpr) =2(1 —zp) For(zpr) =2(1 = zp1)

. Piecewise linear gradient -1 < < -1 o< <

Model (iv) r _ JEr 0<z <egg r _ )&y S ZpL S EpL
heated from below (PLHB)  Fv(271) 0, e <zp <1 p(zpt) 0, er<zp<1
Piecewise linear gradient 0, 0<zp <(1—¢p) 0, 0<z, <(1—¢,)

Model (v) - , S22 > fL _ , S zZpL S pL
cooled from above (PLCA)  Frr(z1) = {sﬁl, (I—ep) <zpp <1 Fp(zpL) = {s;Ll, (I—epr) <zpr <1

Model (vi) Step function (SF) FfL(ZfL) = 5<sz - gfL> FPL(sz) = (5(sz - spL)

5.1. Model (i): Linear Thermal Gradient
The Rc is attained for the linear model Fsp (zf1) = 1and F,(zp1) = 1 by utilizing (31):

Rc =

(dA2 + T) + <d’2 + SA) TfLsTpLs — dA4K;27LsTPL5‘Y1 — RpLs{q)ll + q>12}

T{CPB + Py} + {D&pr KJZ(pL + “spLKgpLTspL} d* Y,

(32)
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B2 (14+R%\+TrLs
where ¥y = ®; + @, + 3+ Dy + s + Bg + Py + Dy + Do + Pg, By = P I RimFT),
d2B2R* #2B2(1-R* 41 AP a(1-Ri+7 20(1-RE 4+,
®, = “EpM, @ = AL . ), gy = I o o), @y — PHIREL) g
(1-Rj+7s) _ PBR; _ 2dp*R; _ PR _ R _ S(1-Rj+7p1s)
2447 7 = ( 27 7 q>8)_ 3T ) 4T 7 @y = 15477 O = 120 ’
25R* 1-Ri+1,L 2R*
P12 = gt P13 = 1120pS Py = g

5.2. Model (ii): Parabolic Thermal Gradient

The Rc is attained for the parabolic model Fy(zf1) = 2z¢1, Fpr(zpr) = 2zp1 by
utilizing (31):

R (d’2 + T) + (d’2 + g) TfLsTpLs — dA4K%;LsTPL5T2 — RpLs{Nll + N2} 39
Cc = N ~
T{N13 + N14} + [l’épr sz‘pL + “spLKgpLTspL} d4 Y,

202 *
where ¥, = Nj +Nj + N + Nj + N5 + Ng + Ny + Ng + No + Nyg, Ny = 22 Rt ns),
_ /52R1M _ PP (1-Ri+1u) 23ﬁﬁ2(1*R7+TpLs) _ BPr(-Ri+7L)
N2 7( )N = T /N4 3T 4 N5 - ( 4T )’
(1= R,+T,,LS 3 ;32121 g yRI _ 252;4R _ S(1-Rj+ps
N6 - Tzl\b = N = ,Nog = N 9£71T/Nll = 7
SR¥ 1—R} 4115 R*
N2 = 35, Niz = 7( L ),N14 =

5.3. Model (iii): Inverted Parabolic Thermal Gradient
The Rc is attained for this model Fsy (zf) = 2(1 — zf1 ) and Fyp(zpr) = 2(1 — zp1) by
utilizing (31):

R (d’? + T) + (dAZ + SA) TfLsTpLs — dA4K%,LSTpLs‘P3 - RpLS{All + AlZ} 34)
c= N -
T{A13 + A14} + [Dcpr K}pL + “spLKgpLTspL} da* Y3

d2B? (14 RS+ 151
where 3 = Aq + Ay + Ag + Ay + As + Ag + Ay + Ag + Ag + Agg, Ay = 2 LRt T)
B d”zﬁz PBR}y P (1-Ri+t) (1R 4T)  Bp(1-Rj4r)
A2 X )A = Wﬂl R N
_ (= R1+TpLs 4°B°R] dp? HRl _ BAR; Ry _ S(A-Ri+T7p1Ls
Ao = — e0dT A7 =55 A = A9 = Sor A0 = i An = 360
SR% +TyLs R*
A = 355, A3 = 7( S0 ), A = pLrE

5.4. Model (iv): Piecewise Linear Gradient Heated from Below

-1

-1
, 0<zq < , 0<z, <
Fro(zp) = €L SZLSEL 4 For(zp1) = €pL S ZpL < gpL (35)
0, gfLSZngl 0, spngpLgl

The R, is attained for this model by utilizing (35) in (31) and is calculated as follows:

(d'Q + T) + (d'2 + §) TfLsTpLs — dA4KlszsTpL51P4 — RpLs{Bll + BlZ}

Rc = - ~
T{B13 + 514} + [“pr szpr + “spLKgpLTspL} 44 Yy

(36)

d’2 2 14+R*%, + s 2
where ¥4 = B; + B, + B3 + B4 + Bs + Bg + By + Bg + Bg + B1g, By = /S( Ig/[ TfL)spL,
PR}y, P (1-Ri+7,1,) A8 s (1R} + 11 ey Be — ﬁzﬁ(l—R§+rpLs)s§L
2T 5=

— pL — S —
By = — ", By = —— 70 By = - ,
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Fr(zpL) =

3 7324 2 ATk 3
B — (1*R7+TPLS)5fL _ d@BRjep Be — 2dp* iR} e By — B AR s B — Rjejy
6 = aadf 7 T a8 T CT S Bt S
Bii — 5(1*R?+TpLs)€fL By — SRfst _ (lfR’{JerLs)st B Rfsﬂ
11 120 s D12 72+ P13 120 /P14 = -

5.5. Model (v): Piecewise Linear Gradient Cooled from Above

0, 0<z 1-e¢ 0, 0=z < (1-ep)

fL S fL ’ =k = g
o ) £ <)1 and Fpr(zpL) = {sl, (1- Sp 1) <z Z 1 (37)
e (1-en) <z < - A

The R, is attained for this model by utilizing (37) in (31) and is calculated as follows:

(d? + T) + (dAZ + SA) TfLsTpLs — dA4K§LSTpLs‘P5 - RpLs{Rll + Ry}

Re= - 2 2 2 38)
T{Ry3 +Rya} + [apr KfpL + DCSPLKSPLTSPL} d* ¥s
4282 (14+R* s
where ¥5 = Ry + Ry + R + Ry + Rs + R + Ry + Rg + Rg + Ry, Ry = Jl%%ﬁﬁ
(17(17£fL)3> R, — d?,BZR?M <17(17£pL)4> Re — d‘2‘32(1_R9{+TpLS) R, — dAﬁZ (1+R +TpLs)
—3 R o i » K3 ) s M4 2Tes,
Be — /32ﬁ(17R7+rpL5)(17(17(%)3) B (17Ry+rpL5)(1f(1fst)4) B 2R} (1- (11 2)
5= 6Tes; 76 = 24dTe; r N7 = 20, T
ZafﬁzﬁR}‘(lf(lfefo) AR} (1-(1—¢p1)*) ( (1—ef 5)
Rs = 3T » Ry = aTer, » Ry = 15dTe
S(1-Rj+7p15) (1-(1—ef1)° SRy (1-(1—€fp)° (1-R;+7p15 (1-ep)°
Ry = 120£(ﬂ ), Rip = ( T2e; >/ Riz = 120£ﬂ )
Ri(1-(1—¢51)
Rig = GG 725fo )

5.6. Model (vi): Step Function

The basic temperature in this profile drops rapidly by a certain amount ATy, at
zgp = €fp and ATy at zp, = €y, otherwise it is uniform. Accordingly,

FfL(ZfL) = 5<ZfL — ‘C'fL) and FpL (ZPL) = 5(ZPL — SPL) (39)

The R is attained for this model by utilizing (39) in (31) and is calculated as follows:

(Ci2 + T) + (dAZ + g) TfLsTpLs - dA4K§LSTpLs‘Y6 - RpLs{RZS + R26}

Rc= ~ - (40)
T{R27 + Rzg} + [Dépr KJZCpL + OCSPLKEPLTSPL} d4 Y
PR (1+R+Tr15 )€,
where ¥ = Ryi5 4Ry + Ry +Rig +Rig +Rog + Ry +Rpp +Roz +Roy, Ry5 = %,
PERE, PR (1-Ri+7,. ABA(1+RE 4T )e L B(1-Ri 455 )&,
Rig = —7— },517:‘ (2TI pq)er:Z( i ps)f/le: of i’
1-Ri+T, PER: 20p2 R RS Rie
Ry = (ITif’Ls)fL, 0 = %/ Ry = w’ Ry — p P‘TI LRy — 6137{}/
5(1-R; +TPL5)€‘}’L SRy S?L (1-Rj 715 )SA}‘L R?S?L
RQS = P2 /R26 = "1 Ryy = Y RZB iVl

6. Results and Discussion

The theoretical investigation focuses on the initiation of TCRB convection in a com-
bined structure. This system comprises a region-1 positioned above a region-II that is
saturated with the same fluid. The analysis is conducted in accordance with the LTNE
model. The analytical calculations and graphical representations are performed utilizing the
advanced computational software known as MATHEMATICA, version 11. The eigenvalue
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issue is resolved by the utilization of the perturbation method, resulting in the derivation
of an analytical expression for the critical Rayleigh number. This expression is obtained for
six distinct thermal gradients, as indicated in Table 1. The graph depicts the relationship
between the critical Rayleigh number (R¢) and the depth ratio (d) for all the cases examined
in the current study, specifically in the context of adiabatic rigid boundaries. Also, there is
a noticeable pattern in the profiles’ stability. The range of values under consideration in
the present analysis is as follows: aspr, = 2, kfpp = 0.2, kpr, = 0.3, Tpps = 0.2, Tp1s = 0.3,
Rfrs =10, Ryps = 10, T=10, R} =01, Rj); =10, =1, xprs = 0.5, Krrs = 0.3 and
14 frL = 1.

The impact of the thermal expansion ratio a¢,; on Rc is illustrated in Figure 2. The
curves exhibit divergence when considering the values ay,;, =1, 5, and 10. The figure
clearly demonstrates a positive correlation between a s, and Rc, indicating that an increase
in ag, results in a corresponding increase in R¢. Consequently, the setup can achieve
stability, thereby delaying the onset of TCRB convection. Based on the graph, it can be
observed that the linear profile exhibits greater stability compared to the parabolic profile.
In comparison, PLHB exhibits greater stability, while SF demonstrates a higher degree of
instability. The impact of the parameter is minimal in the parabolic profiles, while it is
more pronounced in the linear profiles. According to the data presented in Figure 3, an
increase in the variable solid phase expansion ratio &y leads to a corresponding increase
in the R¢. Consequently, this adjustment in the setup has the potential to enhance the
stability and delay the onset of TCRB convection. Based on the graph, it can be observed
that the linear profile exhibits the highest level of stability, while the parabolic profile
demonstrates instability. In a similar vein, it can be observed that PLHB exhibits a higher
degree of stability compared to SF, which is relatively less stable. The impact of the
parameter is minimal in parabolic profiles, whereas it is more significant in linear profiles.
It is observed that nearly equivalent outcomes are achieved for the variables af,; and
aspr- It is evident from Figure 4 that the growth in the porous parameters f leads to a
rise in the R¢. Consequently, this allows for the stabilization of the setup, resulting in
a delayed onset of TCRB convection. As a result, the system is postponed. The graphs
indicate that the linear and PLHB models exhibit greater stability, while the parabolic and
SF models demonstrate higher levels of instability. Additionally, the impact of the porous
parameter is significantly more pronounced for the linear and PLHB models, moderately
significant for the inverted parabolic and PLCA models, and detrimental for the parabolic
and SF thermal gradient models. Figures 5 and 6 exhibit the effects of the fluid and solid
phase thermal diffusivity ratios, respectively, «¢,; and kspr. As the ratios increase, R¢
increases. As a result, the setup is stable, delaying the onset of TCRB convection. Hence
the system is postponed. The effects of the corrected internal Rayleigh numbers R} and
Rj) are illustrated in Figures 7 and 8. The system experiences destabilization as the R}
parameter increases, resulting in the earlier occurrence of TCRB convection for higher
values of this parameter. The TCRB convection effectively regulates smaller values of the
Rj. Itis observed in Figure 8 that there is an inverse response from the porous layer Rj,,.
This enhances the system stability by increasing the value of Rc. The observed curves
exhibit a divergence pattern, suggesting that the sensitivity arises when the porous layer
predominates over the composite layer across all thermal gradients. Therefore, the TCRB
convection is delayed. The influence of the solute Rayleigh numbers Ry and Rprs over
the R¢ are depicted in Figure 9 when R fLs = RpLs = 10,20, 30, and 30. With the increase
in Ry and Ryrs, Re decreases, destabilizing the setup. TCRB convection, hence, starts
up quickly. The observed phenomenon could potentially arise from the existence of a
secondary constituent.
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Figure 2. The effect of the fluid phase thermal expansion ratio « L = 1,5,10 on R¢. (a) Linear,
parabolic and inverted parabolic, (b) Heating from below, cooling from above and step function.
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Figure 3. Influence of the solid phase thermal expansion ratio a5, = 2,6,10 on Rc. (a) Linear,
parabolic and inverted parabolic, (b) Heating from below, cooling from above and step function.
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Figure 4. Impact of the porous parameter f = 0.8,0.9,1.0 on R¢. (a) Linear, parabolic and inverted
parabolic, (b) Heating from below, cooling from above and step function.
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Figure 5. The effect of the fluid phase thermal diffusivity KepL = 0.2,0.4,0.5, on Rc. (a) Linear,
parabolic and inverted parabolic, (b) Heating from below, cooling from above and step function.
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Figure 6. The effect of the variation of the solid phase thermal diffusivity ratio kspr = 0.3,0.5,0.7, on
Rc. (a) Linear, parabolic and inverted parabolic, (b) Heating from below, cooling from above and
step function.
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Figure 7. Influence of corrected internal Rayleigh number in region-I R} = 0.1,0.5,1.0 on R¢. (a) Linear,
parabolic and inverted parabolic, (b) Heating from below, cooling from above and step function.
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step function.
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Figure 9. Impacts of solute Rayleigh numbers R fLs = RpLs = 10,20,30 on Re. (a) Linear, parabolic
and inverted parabolic, (b) Heating from below, cooling from above and step function.

7. Conclusions

The primary focus of this theoretical investigation is the initiation of the two-component
Rayleigh-Benard (TCRB) convection in a combined structure. The system consists of a
region-I situated above a region-II that is fully saturated with the same fluid. The analysis is
performed following the LTNE model. The present endeavor necessitates the examination
of the situation within the framework of arbitrary boundary conditions for salinity and
temperature. The eigenvalue problem is solved using the perturbation method, which
leads to the derivation of an analytical expression for the critical Rayleigh number. The
aforementioned expression is derived from six unique thermal gradients, as outlined in
Table 1. The present study has yielded the following outcomes.



Mathematics 2023, 11, 4282

14 of 17

(i)

(i)

(iv)
\

The onset of TCRB convection is supported by a corrected internal Rayleigh number
in region-I and the solute Rayleigh number. By increasing the system’s instability, the
six profiles speed up the beginning of TCRB convection with the corrected internal
Rayleigh number in region-I and the solute Rayleigh number.

When applied to each of the six profiles, the thermal ratio, the thermal diffusivity
ratio, the porous parameter, and the corrected internal Rayleigh number all work
together to postpone the onset of TCRB convection.

In a combined structure arrangement with region-I on top, the parabolic profile is
more stable than the step function, but in a setup with region-II on top, the step
function takes the lead.

The PLHB structure exhibits the highest stability among the combined structures in
region-II, whereas the linear structure demonstrates the lowest stability.

The commencement of TCRB convection in a composite fluid and porous layer system
may be efficiently controlled by selecting the proper parameters.
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Nomenclature

English Letters Greek Letters
agL, aprL Wave numbers 00 Reference density, kg/m3
C L C L Concentrations, mol/m?> PFL PpL Fluid and porous layer density, kg/ m?>
Co Reference concentration, mol/m3 HFL, HpL Fluid viscosity and porous viscosity, kg/ms
Cp Specific heat capacity, ] /kg-K AT Temperature difference, K
Dyr, Dy D¢ = ﬁ, Dy = % AC Concentrate difference, mol/m?3
Thermal diffusivities in fluid and porous
Da Darcy number KfL, KpL 2
layer, m~/s
d fLs d pL Thickness, m KfLss KpLs Solute diffusivity ratio
J Depth ratio KoL Kepl T[hermal d1ffus1v1tgl of fluid and solid phase
in porous layer, m~/s
Gravity, m/s2 fe Thermal expansion coefficients in fluid
J Y fLopL and porous layer, 1/K
H Scaled interface heat transfer coefficient, N N Thermal expansion coefficients in fluid and
W/mK fpLsSspL solid phase in porous layer, 1/K
Solute thermal expansion coefficients in fluid
- 2 P
h Inter-phase heat transfer, W/m* /K Xfrs, XpLs and porous layer, 1/K
K Permeability, H/m TspL Inter-phase thermal diffusivity ratio, m? /s
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English Letters Greek Letters
k 0,0,1) TrL, Tyl Thermal diffusivity ratio, m?/s
Pf 1 Por Pressure, kg m~lg—2 TfLss TpLs Solute thermal diffusivity ratios, m?%/s
; L 37] L Velocity vectors, m/s 0L, OpL Amplitude of perturbed temperature, K
Rc Critical Rayleigh number B Porous parameter
Ryrss Repr Solute Rayleigh numbers ¢ Porosity
Ry, Rpr Rayleigh numbers i Viscosity ratio
R, Ripm Internal Rayleigh numbers Subscripts
R}, Riym Corrected internal Rayleigh numbers b Basic state
S Solute ratio fL Fluid layer
SfL,SpL Amplitude of perturbed concentration pL Porous layer
Trr, Tpr, TspL Temperatures, K fprL Fluid phase porous layer
To Interface temperature, K spL Solid phase porous layer
T Thermal ratio fLs Fluid layer salinity
Wf L, Wp L Dimensionless vertical velocities pLs Porous layer salinity
ll—;prL (éfp LL ))’ Fluid and porous layer temperature gradient

Appendix A

The zero-order expressions are as follows:

For region-],

D} Wy =0

D}010 + | Fru(zn) + Rj (2271 = 1) [Wpro = 0

For region-II,

TfLsDJZfLSfLO + Wsro =0

D5 Wyro = 0

47D;2;L9pr0 + [FPL(ZPL) + RTM (ZZpL + 1)]pr0 + H(GspLO — Gpro) =0

(1 =)Dy 0spro + H(6spro — 8pr0) = 0

TpLsD;szSpLO +Wpo=0

The zero-order boundary conditions are as follows:

Wrro(1) = 0,Dp Wyro(1) = 0,D510510(1) =0, D1 Spro(1) = 0,TWpo(0) = Wyro(1),

T‘{DfLWfLO(O) = A Wpro(1),0510(0) = T05,10(1),0710(0) = Tspro(1),S510(0) = $Sp10(1),

D¢ S¢ro(0) = DprSpro(1),Dsr0s10(0) = Dpr8pro(1),Dr10r10(0) = DprOspro(1),

TdAZDJZrLWfLo(O) = .ﬁD;%LWpLO(1)/Td3ﬁ2D;LWfLO(O) = DprWrro(1) + ﬁﬁzDgLWpLO(l),
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WyL0(0) = 0, Dy Wpr0(0) = 0,Dpr05p10(0) = 0,Dp185pr0(0) = 0, Dpr.Spro(0) = 0.

The zeroth-order equations have solutions which are given by

Wiro(z) = 0,0510(2) = TWyro(zpr) = 0.85p10(2p1) = 10spro(zpr) = 1.

_d?:BZ (prL + RspL TspL — RpLs TpLs) _.ﬁdAﬁZ (prL + RspL TspL — RpLs TpLs)
éle = 27’\_, /5fL2 = T ’
_‘ﬁ.BZ (prL + RspL TspL — RpLs TpLs) - (prL + RspL TspL — RpLs TpLs)
Ofr3 = = Ofra = = ,
2T 2T

(5PL5 =0, (5PL6 =0.
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