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Abstract: In the theory of portfolio selection, there are few methods that effectively address the
combined challenge of insider information and model uncertainty, despite numerous methods
proposed for each individually. This paper studies the problem of the robust optimal investment
for an insider under model uncertainty. To address this, we extend the It6 formula for forward
integrals by Malliavin calculus, and use it to establish an implicit anticipating stochastic differential
game model for the robust optimal investment. Since traditional stochastic control theory proves
inadequate for solving anticipating control problems, we introduce a new approach. First, we employ
the variational method to convert the original problem into a nonanticipative stochastic differential
game problem. Then we use the stochastic maximum principle to derive the Hamiltonian system
governing the robust optimal investment. In cases where the insider information filtration is of the
initial enlargement type, we derive the closed-form expression for the investment by using the white
noise theory when the insider is ‘small’. When the insider is ‘large’, we articulate a quadratic backward
stochastic differential equation characterization of the investment. We present the numerical result
and conduct an economic analysis of the optimal strategy across various scenarios.

Keywords: Malliavin calculus; forward integral; robust optimal investment; insider information;
model uncertainty; stochastic maximum principle; white noise theory
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1. Introduction

The optimal investment problem is a fundamental topic in financial mathematics,
originally introduced by Merton [1,2]. Its primary objective is to choose an investment
strategy 7T that maximizes the expected terminal utility as follows

max E[U(X7)], 1)

where U(X7) is the terminal utility, and T > 0 is some fixed terminal time. In continuous-
time financial models, there are three conventional methods, rooted in classical Itd theory
(see [3]), for addressing this problem: the martingale method, the dynamic programming
method and the stochastic maximum principle (see [1,2,4]). Extended models and related
problems have been explored over the past decades (see [5-7]).

Recently, there is a growing emphasis on the optimization problem of insider trading.
That is, the investor who owns additional future information. In this setting, we naturally
suppose the investment process 7 is adapted to the insider information filtration {#;} ,
which might contain the natural filtration { F;} of the noise W. In other words, the relevant
It6 stochastic differential equations (SDEs) should be replaced by anticipating SDEs, which
implies that the above methods may not be directly applicable.
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Pikovski and Karatzas [8] was the first to study the optimization problem of insider
trading. They assumed the insider information is hidden in a random variable Y from the
beginning of filtrations. Thus, the insider information filtration is of the initial enlargement
type, ie.,

Hi=[V(FVY). @)

s>t

They employed the technique of enlargement of filtration to address the issue (see [9]). The
critical point is that W is indeed a semi-martingale with respect to the new filtration {#;}.
Biagini and Jksendal [10] developed a method based on the theory of forward integrals
to deal with the more general filtration {#;}. Kohatsu-Higa and Sulem [11] dug into the
large insider-trading problem and derived a characterization theorem for the solution.
Many other extensions could be found in, for example, [9,12-15], which are all based on
the forward integral.

Although numerous insider-trading problems have been explored, the foundational
theory of forward integrals, especially the Itd formula, remains incomplete. As a result in
insider-trading models, certain conditions, such as the forward integrability of parameter
processes, are both abstract and demanding to validate. In this context, Malliavin calcu-
lus offers a natural avenue for investigating the properties of forward integrals. This is
facilitated by the comprehensive nature of its theory and its connection to the Skorohod
integral (see [11,16-19]). To the best of our knowledge, only Nualart [19] used the Malliavin
calculus to derive the Itd formula for forward integrals. However, the forward integral in
his research is defined using Riemann sums, which necessitate an additional continuity
condition. This condition may not be directly applicable to insider trading, as it contradicts
the caglad nature of the investment process 7.

Most of the existing works in the literature on finance, including the articles men-
tioned above, presume that the parameters in models are accurate and the investors are
ambiguity-neutral. However, as pointed out by Chen and Epstein [20], the risk-based mod-
els that constitute the paradigm have well documented empirical failures. Thus, a model
uncertainty setup should be considered. In this situation, the investor is ambiguity-averse.
She might not believe the model is accurate by empirical statistics, which forces her to
choose the robust optimal investment under the worst-case probability. As a consequence,
the optimization problem (1) becomes the following stochastic differential game (SDG)
problem (see [20])

T
mgxmeinEQe [U(X?) + ./0 g(9s)d5} , 3)

where QY is the prior probability measure to describe the model uncertainty parametrized
by 6, and g is viewed as a step adopted to penalize the difference between QY and original
reference probability P. We refer to [7,20-23] for further studies.

When we combine insider trading with model uncertainty, the nonanticipative SDG
problem (3) becomes an anticipating SDG problem. Directly applying the forward integral
method is infeasible, as it lacks relevant results for the variation associated with the other
controlling process 6. An et al. [24] introduced a generalized stochastic maximum principle
for the anticipating SDG problem using Malliavin calculus. However, the result is limited
to the controlled It6-Lévy processes due to the intricacies of Malliavin derivative. Peng
et al. [14] used the Donsker ¢ functional technique in withe noise theory to transform the
anticipating SDG problem into a nonanticipative SDG problem. Subsequently, they applied
the stochastic maximum principle to resolve the problem. However, no closed form of
solution was obtained since the problem could only be reduced to a nested linear backward
stochastic differential equation (BSDE). Moreover, the filtration {#;} in their research
adheres to the special type (2), and the prior probability Qf is not exact a probability
measure when 0(y) = 6(Y).
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Inspired by these prior studies, this paper focuses on resolving the optimization
challenge related to insider trading amid model uncertainty. The main contributions are
as follows.

*  Onthe aspect of basic mathematical theory, we enhance some properties of the forward
integral using the Malliavin calculus, and extend the It6 formula for forward integrals
by Malliavin calculus.

*  We establish an implicit anticipating SDG model for the robust optimal investment
strategy of an insider, and introduce a new approach combing the stochastic maximum
principle with the variational method. In fact, we deduce the semi-martingale property
of W with respect to {H;} by taking the variation with respect to 7. This allows us to
transform the anticipating SDG problem into a nonanticipative one, which could be
solved by the stochastic maximum principle.

*  When the insider information is of the initial enlargement type, we are the first to
derive the closed-form expression for the robust optimal investment strategy in the
small insider case. In cases of large insider influence, we developed a quadratic BSDE
characterization for the strategy. The core technique here involves the Donsker §
functional in the white noise theory, which is essentially different from that in [14]. In
fact, the white noise technique in [14] was employed initially to convert the anticipating
problem into a nonanticipative one with respect to the natural filtration {¥;}. In
contrast, our approach consistently centers on problems with respect to the larger
filtration {#;}. We use the white noise methods ultimately to tackle the realm of
generalized nonanticipative BSDE problems.

*  We introduce the conception of the ‘critical information time’, which is the minimum
amount of insider information needed by an ambiguity-averse investor to offset the
loss in optimal expected utility arising from model uncertainty. Numerical experi-
ments demonstrates that the impact of model uncertainty becomes more pronounced
as the mean rate of return increases or the volatility decreases.

This paper is organized as follows. In Section 2, we introduce the basic theory of the
Malliavin calculus and derive the Itd formula for forward integrals by Skorohod integrals.
In Section 3, we formulate the robust optimization problem of insider trading. We give the
initial characterization of the robust optimal investment strategy in Section 4 and the final
characterization in Section 5. In Sections 6 and 7, we examine two cases: one for the small
insider and the other for the large insider. The situation in which the insider information
filtration is of the initial enlargement type is also considered in the two sections. Simulation
and economic analysis are performed in Section 9. We summarize our conlusions in
Section 10.

2. The Forward Integral by Malliavin Calculus

Malliavin theory is a new frontier field in stochastic analysis, which essentially involves
an infinite-dimensional differential analysis on the Wiener space. In addition to addressing
a vast array of problems at the intersection of probability theory and analysis, Malliavin
theory has also proven to be highly successful in the field of finance (see [25-28]).

In this section, we briefly introduce the basic theory of the Skorohod integral in Malli-
avin calculus (see [19,29,30]). Subsequently, we leverage this understanding to enhance
the theory of the forward integral. The main result of this section is that we extend certain
propositions and derive the It6 formula for the forward integral via Malliavin calculus to
suit our specific context.

2.1. The Basic Theory of Malliavin Calculus

Consider a filtered probability space (Q, Fr, {Ft}o<t<T,P), on which a standard
Brownian motion W = {W; }g<;<r is defined. Here, { F; }o<¢<T is the P-augmentation of
the filtration generated by W, which satisfies the usual condition (see [3]). We also denote
by H the real Hilbert space L2([0, T]). Then (Q, Fr,P; H) is an irreducible Gaussian space
(see [29]).
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We denote by C;*(R") the set of all infinitely continuously differentiable functions ¢
such that ¢ and all of its partial derivatives have polynomial growth. For a given separable
Hilbert space E, denote by S(Q; E) the class of E-valued smooth random variables such
that X € S has the form

T
X = Zgoj(/ s)dW, - - './0 hj,nj(s)dWs>ej,

where m,n; € Ny, ¢; € C;"(R”f), hijj € Hyandej € Eforl=1,--- ,njandj=1,--- ,m.
Note that S((); E) is dense in L? (Q); E) for p > 1. The Malliavin gradient Dy of the E-valued
smooth random variable X is defined as the H ® E-valued random variable D; X give by

m ni a(P] T
DtX::ZZBx;(/o i ()W, - /h dWS)h (D) @y,

For k = 2,3, - -, the k-iteration of the operator D; can be defined in such a way that for
X e S(OE), Di‘X is a random variable with values in H®* @ E.

We can check that DF is a closable operator from S(Q; E) C LP(Q;E) to LF (Q; H* ®
E) fork € N; and p > 1. Denote by D*P(Q); E) the closure of the class of smooth random
variables S((), E) with respect to the graph norm (see [31])

j
||XHDkV(QE ‘XHLP QE +2||D XHLV(QH@]@E)

Then (D},---,DF)" is a closed dense operator with dense domain D*?(Q; E), which is a
Banach space under the norm || - || DkP(QLE) and even a Hilbert space when p = 2. In addi-

tion, we define D**(Q; E) := 51 D"/ () E) and D®*®(Q; E) := Nken, Np=1 D" (% E),
which are both locally convex space (see [29,31]).
When E =R, k =1and p = 2, we define

§:L2(Qx[0,T]) — L2(Q)
with domain Dom ¢ as the adjoint of the closed dense operator
Dy : L2(Q) — L2(Q x [0,T]).

We call 6 the Malliavin divergence operator. Denote by L2(Q x [0, T]) the set of all F;-
adapted processes u € L2(Q) x [0, T]). Then we have L2(Q x [0, T]) C Dom 4, and when

ue L%(Q % [0, T]), éu corresponds to the It6 integral fOT urdW;. In this perspective, we call

éu the Skorohod integral of u, and use fOT u;dW; to represent it without causing ambiguity.
There are rich properties of D; and 6 (see [19]). Some of them can be found in Appendix A.

2.2. The Skorohod Integral

When u is Skorohod integrable (i.e., # € Dom J), a natural question is that whether
fot usdWs := 6(us1p(s)) makes sense for a fixed t € [0, T|. Unfortunately, us1y(s) is
not Skorohod integrable in general. However, since Dl'Z(Q; H) C Dom ¢ (see Lemma A3),
fot usdWs is well-defined for u € DLZ(Q,' H) by the chain rule (Lemma A1), and we can
obtain more useful results in the subspaces of D'2(Q); H).

Definition 1. Define by L? the space DV?(Q); H), which is isomorphic to L>([0, T]; D2(Q)))
(see [19]). For every k € N and any p > 2, define by L5V the space L? ([0, T]; D*P(Q)), which is
a subspace of D¥P (Q; H).
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Definition 2. Let u € L2, and let q € [1,2]. We say that u € L4~ (resp. u € L12F) if
there exists a (unique) process in L1(Q) x [0, T]), denoted by D~ u (resp. Du), such that

T
lim sup  E(|Dsus — (D u)s|?) = 0.
e—=0*t Jo (s—e)VO<t<s

T
(resp. lim sup  E(|Dsur — (DY u)s|7) = 0)
€207 J0 sop<(ste)AT

In particular, if u € LY4~ N LY29%, we say that u € LY, and define Vu := D~u + DV,
which is also in L1(Q) x [0, T)).

Remark 1. In the earlier theory of the Skorohod integral, the space LV*C was utilized (see [29,32]),
allowing the existence of (D~ u)s := lim,_,g+ Dsus—¢ and (DT u)s := lim,_,q+ Dstiste in L>(Q)
uniformly in s. However, this approach was considered overly restrictive. It couldn’t adequately
characterize convergence in L1(Q)) and made certain proofs for sufficiency challenging. Furthermore,
in our discussion of the forward integral in Section 2.3, we do not assume the existence of DV u,
which might not be feasible for a caglad process in financial problems. As a result, we analyze within
the more general spaces of L>1~ and L2+ rather than relying on L% introduced in [19], the
second edition of [32].

Similar to the It6 formula in classical It6 theory (as described in [3]), there exists a
version of the It6 formula for the Skorohod integral. However, before presenting this
formula, a localization technique is required, akin to the approach of the local martingale
in It6 theory.

Definition 3. If L is a class of random variables (or random fields), we denote by Ly, the set of
random variables (or random fields) X such that there exists a sequence { (Qy, X, )} C F x L with
the following properties:

i) Qu1Q,as.

(i) X, = Xa.s. on Q.

Moreover, we can easily check that Ly, is a linear space if L is a linear space.

Due to the local properties of D; and § (Lemmas A4 and A5), the extensions of

k, . .
Df : DYP(QE) — LI (GH® ®E) (p > 1)and 6 : L7 — L2 (Q) are well-defined,
provided that E is a separable Hilbert space. The localizations for D~, D" and V follow a
similar approach. The next proposition demonstrates that the Skorohod integral is also an

extension of the generalized It6 integral in the sense of localization.

Proposition 1 (Proposition 1.3.18, [19]). Let u be a measurable F;-adapted process such that

fOT u%dt < 00, a.s. Then u belongs to (Dom 6);,. and du is well-defined. Moreover, Su coincides
with the 1t6 integral of u (with respect to the local martingale W). Thus, we can keep use of the

notation fOT urdW; := du without ambiguity when u € (Dom &), and du is well-defined.

Now we can give the It6 formula for the Skorohod integral.

Theorem 1 (Theorem 3.2.2, [19]). Consider a process of the form X; = Xo + fot usdWs + fot vsds,
where Xg € DI*(Q), u € (L22N L) 0, and v € L2, Then X; is continuous and X € L7>*

loc loc* loc

by Lemma A6 and A7, respectively. Moreover, if f € C2(R), then f'(X;)us € L2 and we have

loc

f(Xy) =f(Xo)+/0tf’(Xs)dXs—l—%/Otf”(Xs)ufds—l—/otf”(Xs)(D’X)susds. 4)
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2.3. The Forward Integral

The Skorohod integral process fot usdW; is anticipating, meaning it is not adapted
to the filtration F;. There is another anticipating integral called the forward integral,
which was introduced by [33] and defined by [16]. This type of integral has been studied
before and applied to insider trading in financial mathematics (see [10,34]). However, the
sufficiency of the forward integrability and some related properties may be hard to obtain
without the help of Malliavin calculus (see [11,17,18]). Given that some results in the above
literature can be overly limiting in scope, we will study the forward integral by Malliavin
calculus here completely. All proofs in this subsection can be found in Appendix B.

Definition 4. Let u € L2(Q x [0, T). The forward integral of u is defined by

T T
— NERRT -1
A Mtd Wt = £1_1)1’(1)‘[+ € /0 U (W(H—s)/\T — Wt> di’, (5)
if the limit exists in probability, in which case u is called forward integrable and we write u €
Dom 6~ . If the limit exists also in LF (Q)), we write u € Domy 6~ .

Remark 2. The forward integral is also an extension of the It6 integral. In other words, if there is a
filtration { & }o<i<T satisfying the usual condition such that & O Fy and W is a semi-martingale
with respet to {&;}, t € [0, T], then fOT ud~Wy = fOT urdW; for every Es-adapted process u such
that u is It0 integrable with respect to W. We refer to [9] for the proof.

It is worth noting that, akin to the Skorohod integral, the forward integrability of
usljo(s) for t € [0, T| cannot be inferred from that of u, which might be ignored in some
literature. However, by Malliavin calculus, we can provide the sufficient condition for the
aforementioned issue and elucidate the relationship between the Skorohod integral and
the forward integral as the following two propositions, which has not been proved in our
specific context.

Proposition 2. Let u € L1~ Then for all t € [0, T], we have us1 (s) € Domy 6~ and
t t t
/0 usd W, = /0 UsdW, +/O (D~ u)sds. ©)

Remark 3. In [11], the condition lim,_,o+ %ftt_e usds = uy in LY* which makes (6) hold is
surplus (see Lemma A9), and the use of Dy is limiting by Remark 1. In [17], the condition u € LT
requires the existence of the second derivative of u. In [19], the forward integral is defined by
Riemann sums, and (6) needs an extra continuous condition which is contradict to the nature of the
caglad process in insider trading theory .

Remark 4. Proposition 2 illustrates that the forward integral can be extended to a linear operator
0~ from Ello’?'lf into L}, (€2) as well.

Proposition 3. Let u be a process in £1*?>~ and be L?>-bounded. Consider an Fi-adapted process
o € L2, which is L>-bounded and left-continuous in the norm L2(Q)). Assume further that o and
Doy are bounded. Then uo € £L121—, and for all t € [0, T|, we have

t t t
/ usosd™ W :/ LlSO'SdWS+/ (D™ u)s05ds. )
0 0 0

Remark 5. In [18], the condition that ensures the validity of Equation (7) necessitates the introduc-
tion of additional spaces and norms, leading to a rather complex proof. Furthermore, the constraints
of the L% space are overly limiting in this context.
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The It formula for the forward integral was first proved in [34] without Malliavin
calculus. Here we use the It6 formula for the Skorohod integral (Theorem 1) to derive it,
which can be viewed as an extension of [34]. Let £/ represent the linear space of processes
u € L% N LY N LY%1- that are left-continuous in L?(Q)), L?-bounded, and for which
(D~u) € £2. Then we have the following theorem.

Theorem 2. Consider a process of the form X; = Xo + fot ugd=Ws + f(f vsds, where X, €
D (Q), u e £l andve Ello’f. Then X; is continuous and X € L}**. Moreover, if f € C2(R),

loc loc’ loc

then f'(X;)u; € L2 and

loc
f(Xy) :f(Xo)—i—/otf’(Xs)usd’Ws+/Otf’(Xs)vsds+%/Otf”(Xs)ugds. (8)

3. Model Formulation

In this section, we will set up the model for insider trading under model uncertainty,
and transform it into an implicit anticipating SDG problem.

We assume that all uncertainties arise from the filtered probability space (Q), F, { F; },P),
on which a standard Brownian motion W is defined. Here, { ; };>¢ is the P-augmentation
of the filtration generated by W, and 7 = F. We fix a terminal time T > 0. Suppose all
filtrations introduced in this section satisfy the usual condition.

3.1. Insider-Trading Model

Consider an investor who can invest in the financial market containing a risk-free asset
(bond) B and a risky asset (stock) S. The price processes of the two assets are governed by
the following anticipating SDEs

dBt = TtBtdi’, 0<t<T, (9)
ds; = ]l(i’, m)Stdt + oS d W, 0<t<T,

with constant initial values 1 and Sy > 0, respectively. Here, the coefficients r;, j(t, x), and
oy are all F;-adapted measurable stochastic processes for fixed x € R, and u(t,-) is C! for
every t € [0, T].

Assume the investor is a large investor and has access to insider information charac-
terized by another filtration {#; }o<;<T with

FrCHy, 0<t<T. (10)

Her investment strategy 7t could influence the mean rate of return u of the risky asset. As a
result, u partly depends on 7 (see [9,11]).

The investment strategy 7; is defined as an H;-adapted caglad process, which is
L?-bounded and belons to £12~. It represents the proportion of the investor’s total wealth
Xy invested in the risky asset S; at time f. Since (¢, 71;) is not adapted to F, the stochastic
integral in (9) should be interpreted as the forward integral (see [9,19]).

We make some assumptions on the coefficients:

e r € L2 For each investment strategy 7, u(-, ) — %(72 € L2 ¢ > € > 0 for some
positive constant €, and o € cf;

e ¢ and D,o; are bounded.

Given the conditions stated above, we can resolve the anticipating SDEs (9) by em-
ploying the Itd formula for forward integrals, as illustrated below (see Theorem 2)

t t
St = Spexp { /0 (y(s, TTs) — ;052) ds +/0 (TSdWS}, (11)



Mathematics 2023, 11, 4378

8 of 38

which is no more an Fi-semi-martingale, but an H;-adapted process.

Note that the investment strategy 7t of the investor can take negative values, which
should be interpreted as engaging in short-selling of the risky asset. The wealth process
X", associated with 77, is governed by the following anticipating SDE (see [19]):

dth Z[Tt + (‘M(t, 7Tt) — Tt)ﬂ’t]thdt + (TtT[tthdth, 0 S t S T, (12)

with constant initial value Xy > 0. We can solve the anticipating SDE (12) by applying
the It6 formula for forward integrals. Before that, we impose the following admissible
conditions on 7.

Definition 5. We define A; as the set of all investment strategies 7 satisfying the following
conditions:

() omel/f;

(i) (u(-, ) —r)m— Jo?n? € LV

i) [} e+ (u(t, 1) — r)mlde + [ |ovm]2dt < oo,

Let 7t € A;. By Theorem 2, the solution of (12) is given by
T ! 1 2.2 ! —
X[t = Xpexp /0 s+ (u(s, 7s) — 1s) 715 — E(TS 7t5 | ds —i—/o os7tsd ™ Ws 5. (13)

3.2. Model Uncertainty Setup

Consider a model uncertainty setup. Assume that the investor is ambiguity-averse,
implying that she is concerned about the accuracy of statistical estimation, and possible
misspecification errors. Thus, a family of parametrized prior probability measures {Q%}
equivalent to the original probability measure P’ is assumed to exist in the real world. How-
ever, since the investor has insider information filtration {?;} under which W might not
be a semi-martingale, a generalization for the construction of { Q%} needs to be considered
by means of the forward integral.

Definition 6. We define A as the set of all H-adapted caglad processes 6; satisfying the
following conditions:

(i) 0e LV
(i1) fot 0sd™ Wi is a continuous Hs-semi-martingale, and the local martingale part (in the canonical

M
decomposition) ( fot fsd™ Ws) satisfies the Novikov condition, i.e.,

oof3{(fo)") )

For 8 € Ay, the Doléans-Dade exponential ¢/ is the unique H;-martingale with initial
value 1 governed by

E < oo, Vtelo,T]

¢ M
ds?—s?d</ 95dw5) , 0<t<T. (14)
0

Thus, we have £9T >0and [, eerIP’ = 1, which induces a probability Q% equivalent to
P such that Ch—%e = ¢%. All such QY form a set of prior probability measures.
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3.3. Robust Optimal Investment Problem

Taking into account the extra insider information and model uncertainty, the optimiza-
tion problem for the investor can be formulated as an implicit anticipating (zero-sum) SDG.
In other words, we need to solve the following problem.

M
Remark 6. The local martingale part ( fot Gsd_WS> in controlled system (14) could not be
expressed analytically in general. Thus, the problem is implicit.

Definition 7. Define A} as the subset of Ay such that E|In X7|? < oo for all T € Aj}. Define A
as the subset of Ay such that E {|Sg~|2 + fOT 1g(65) \2ds} < ooforall§ € Ab.

Problem 1. Select a pair (7*,0*) € A} x A} such that

V:=](n",0%) = sup inf J(7,0) = inf sup J(m,6), (15)

e, beA, beA; meA]

where the performance function | is given by

T T
J(7t,8) :=Eg [ln Xt —I—/O g(Gs)ds} = IE{EGT In XT +/O sgg(()s)ds],

and the penalty function g : R — R is a Fréchet differentiable convex function. We call V the value
(or the robust optimal expected utility) of Problem 1.

4. Initial Characterization of Investment: Variational Method

We use the variational method to give a first characterization of the optimal solution
of Problem 1. Before that, we introduce the following notations.
Let 7 € A] denote

t 9 t
mft ::/0 (y(s, ) — ts + ay(s, TTs) 7T — 0527'(9)ds + /0 osdWs (16)
with t € [0, T].

Assumption 1. If (71%,0%) € A} x A} is optimal for Problem 1, then for all bounded a € A},
there exists some 6 > 0 such that T* +ya € A for all |y| < &. Moreover, the following family of

random variables
{89; (X¥*+ya)_1(;/X¥*+ya}
ye(=00)
is P-uniformly integrable, where (%Xf Y exists and the interchange of differentiation and integral
with respect to In X7TT*+W in (13) is justified.

Assumption 2. Let as = 01y, (s) for fixed 0 < t < t+h < T, where ¢ is an H;-measurable
bounded random variable in D**(Q). Then we have € A.

Theorem 3. Suppose (7*,60%) € A} x A} is optimal for Problem 1 under Assumptions 1 and 2.
Then mT is an (Hy, Q" )-martingale.

Proof. Suppose that the pair (77*,6*) € A} x A} is optimal. Then for any bounded « € A]
and |y| < J, we have J(7t* +ya,0%) < J(7r*,0"), which implies that y = 0 is a maxi-
mum point of the function y — J(7r* + ya, 6*). Thus, we have d%](rr* +ya,0%)|y=0 = 0
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once the differentiability is established. Thanks to Assumption 1, we can deduce by
Proposition 3 that

d . x
d—y](n + ya, 0%)|y=o
o | /T 9 T
=E /0 X <y(s, ) — s + ay(s, Ty )Ty —03n§>d5+/0 as0sd ™ Wi

:E{ o
+ /()T(Doc)sasds] }

=0.

T 9 T
/o X <y(s, n;‘)—r5+ax;4(s,7'c;*)7t;‘—asz7'c;‘>ds+/o as0sdWs

Now fix 0 <t < t+h < T. By Assumption 2, we can choose & € .A’l of the form
as =01 p(s), 0<s<T,
where ¢ € D*®((}) is an H;-measurable bounded random variable. Then we have

(D701 (4 p1m))s = DsO1y 441 (5)-

By Lemma A2 we have

t+h § p) L . t+h
EQG* 0 /t (M(S,ﬂs)—rs-l-ax‘u(s,ﬂs)ﬂ’s—U'Sﬂs)dS—F/t Usdws =0.

Since this holds for all such ¢, we can conclude that

E gos [mf;h —m ]Ht} =0.

Hence, m[ is an H;-martingale under the probability measure Q. [J

Moreover, we have the following result under the original probability measure P.
Unless otherwise stated, all statements are back to P from now on.

Theorem 4. Suppose (7*,60%) € A} x A} is optimal for Problem 1 under Assumptions 1 and 2.
Then the following stochastic process

* %k * t * * *
A e [l @) ), 0T, )
0

s’

is an H-local martingales. Here, (-, -) represents the covariance process (see [3]). We assume that
()71, m™), is absolutely continuous.

Proof. If (77*,6*) € A} x A} is optimal, then by Theorem 3 we know that m] is an

(Hs, QY )-martingale. The conclusion is an immediate result from the Girsanov theorem
(see [35]). O
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Further, since r?zf*’e* is an H;-local martingale, we can deduce from (16) that fot osdWs

is a continuous H;-semi-martingale. Multiplying both sides of (17) by ¢; ! and integrating,
we have

t * O* t a
/0 Ugldm? O W, + /0 0571 <y(s, Ty) —rs + ay(s, )Ty — afnj)ds
t * * . *
— /0 o el d((e) L, m” )s-
Since (1™ 0", = o (Tde5>t = fot 02ds, we have (W); = t. Thus, by the Lévy theorem
(see [3]), the canonical decomposition of the continuous H;-semi-martingale W; can be given
as Wy = Wy (1) + fot ¢sds, where Wy, (t) is an H;-Brownian motion and ¢; is a measurable
H-adapted process. Moreover, by Remark 2, we have fot o dW; = fot osdWy (s) + fot Ospsds.

In summary, we give the following theorem.

Theorem 5 (semi-martingale Decomposition). Suppose (7t*,0*) € A} x A} is optimal for
Problem 1 under Assumptions 1 and 2. Then we have the following decomposition

t
Wy = Wiy () + / puds, 0<t<T, (18)
0
where Wy (t) is an H-Brownian motion, ¢y is a measurable H-adapted process satisfying

T
/0 ¢ |dt < oo.

Moreover, by the uniqueness of the canonical decomposition of a continuous semi-martingale, 7T*
solves the following equation

t 9 t
0 :/ <y(s, Ty) —1s + a—y(s, )Ty —Usznj)ds—l—/ ospsds
0 x 0
t (19)
—/ sg*d<(89*)71,m”*>s, 0<t<T.
0

Further, by Theorem 5 and Remark 2, the dynamic of the #;-martingale ¢/ (see (14))
can be rewritten as

t
def = sfd(/o GdeH(s)>, 0<t<T, (20)
for 6 € Aj}. By the It6 formula for Ito integrals (see [3]), we have

t t
(@)1 = 1+/0 (52)*19§ds—/0 (9) 1 0.dWy, (s). 1)

For the optimal pair (77%,6*), by Theorem 5, we can easily calculate the covariation
process of (¢?") ™1 and m]" as follows

(@) ,m™), =— /O t(sg*)’l(?;‘asds. (22)

By substituting (22) into (19) in Theorem 5 we have the following theorem.
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Theorem 6. Suppose (7*,60*) € A} x A} is optimal for Problem 1 under Assumptions 1 and 2.
Then 1t* solves the following equation

0
0=u(t, ;) —r+ ay(t, )y — oF ) oy + oy, 0<t<T. (23)

5. Final Characterization of Investment: Stochastic Maximum Principle

In the previous section, we give the characterization of 7t* for the optimal pair (77*,0*)
by using the maximality of J(7t*,0*) with respect to 7t. Thus, we obtain the relationship
between 77* and 0* (see (23)). However, we have not used the minimality of J(7t*,0*) with
respect to 6. Thus, we need the other half characterization of 6*.

It is very difficult to give a direct characterization of 8* due to the implicit nature
of the controlled process ef (see (14)). Fortunately, under Assumptions 1 and 2, we can
decompose W; into Wy (t) and fot ¢sds with respect to the filtration {#;} using Theorem 5.
Consequently, we transform the implicit anticipating SDE (14) with ¢/ into an explicit
nonanticipative SDE (20). Furthermore, we can transform the anticipating SDE (12) with
X[' into a nonanticipative SDE as follows

dXZT = [7’1} + (]/l(t, 7Tt) — i’t)T(t + 0}7Tt47t]XZTdt+O’tﬂtthdWH(t), 0<t<T. (24)

Since (20) and (24) can be viewed as classical SDEs with respect to the H;-Brownian
motion Wy, (t), Problem 1 becomes a nonanticipative SDG problem with respect to the
filtration {#; }o<;<1. Consequently, we can apply the stochastic maximum principle to
resolve our problem.

Before delving into our methodology, we establish the following assumptions.

Assumption 3. If (71*,0%) € A} x A} is optimal for Problem 1, then for all bounded p € A),
there exists some § > 0 such that 6* + yp € A, for all |y| < 8. Moreover, the following family of

random variables 4
0% + *
{ diygT yﬁ In X¥ }

is P-uniformly integrable, and the following family of random fields

ye(=0,0)

d e « 6* «
= Pe(0% 1 yp) +€) VP (0" + yp)B
dy ye(—=4,0)

is m x P-uniformly integrable, where m is the Borel-Lebesque measure on [0, T], and %e?*w P

exists.

Assumption 4. If (71%,0%) € A x Al is optimal for Problem 1 under Assumptions 1-3, then for
all bounded (w, B) € A} x Ab, we can define ] := %Xf*wa\y:o and ¢¢" = d%sf“ryﬂy:o
by Assumptions 1 and 3. Assume the following SDEs hold:

Y X;T* df + O'thtth* dWH(t)

- d
dgy = [y(t, i) e + (p(t, 1) — re)ar + orracy

+ 07 e+ (u(t, 7)) —r) ) + oprf oy | At + 9F oyridWy (1), 0<t<T,

{d#’f* = €] BrdWy () + 9] 67 dWy(t), 0<t<T,
g5 =0.
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Assumption 5. Let f; = Cl(t,t+h] (s),0 <s <T,forfixed 0 < t < t+h < T, where the
random variable & is of the form 1, for any H-measurable set A;. Then p € Aj.

Now we define the Hamiltonian H : [0, T] x R x R x R x R x R? x R? x Q — R by
H(t,x,e,m,0,p,q w):=g(0)e+ [rr + (u(t, m) — re) T+ oty |xp1 + 0r7txg7 + €092,

where p = (2 1) ,and g = <Zl> . It is obvious that H is differentiable with respect to x, ¢,
2 2
7t and 6. The corresponding BSDE system for the adjoint pair (py, q;) is given by

OH
{dm(t) = =S (Od ()W (), 0<E<T, -
p1(T) = 5(XF) 71,
and
9H
{dpz(t) = S (dt+ qa(t)dW(H), 0<E<T, 6
p2(T) = In X7,

where p;(t) is a continuous H;-semi-martingale, and g;(t) is an H-adapted process with
the following integrability

[ 50+ 0]+ lat)R|ar <o

i =1,2. Here, H(t) := H(t, XT, &}, 71,01, pt, g1, w), etc.
We give a necessary maximum principle and a sufficient maximum principle to
characterize the optimal pair (77%,6%) € A} x Aj,.

Theorem 7. Suppose (7*,0*) € A x A} is optimal for Problem 1 under Assumptions 1-5, and
(p*,q*) is the corresponding adjoint pair satisfying BSDEs (25) and (26). Then (7t*,0*) solves the
following equations (the Hamiltonian system)

= <t < 27
5 -(H=0, 0<t<T, 27)

and SE*
5 (=0 0<t<T, (28)

given the following integrability conditions

T . T . .
E{ @i, + [ i >t} <eo,
and
E T 0* 2C1 * T * tzd 0*
0 (l/Jt ) <p2>t+ 0 pZ() <llJ >t < o0,
for all bounded («, B) € A} x Aj. Here, H*(t) := H(t, Xf*,sf*, 7y, 05, pi, a5, w), etc.

Proof. Suppose that the pair (77%,0*) € A} x A, is optimal. Then for any bounded § € A),
and |y| < J, we have J(7t%,0* +yp) > J(7r*,0"), which implies that y = 0 is a minimum
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point of the function y — J(7t*,0* 4+ ypB). By Assumptions 3 and 4 and Itd formula for Itd
integrals, we have

d * %

@](77 0" +yB)|y=o

—F ¢T1 X5 +/ v'g 9*ds+/ e ¢'( ,Bsds]

-E w%*pz<T>+ [ e seas [ ez*g’w:)ﬁsds]

=K / ¢ dp3 (s +/ p3(s)dy? + (p3, y* >T+/ v g(67) ds+/ e g( ,Bsdsl

_ E /OT aH*( )[gds] _o.

5| [ i pds + [ g 0pas

By Assumption 5 and the same procedure in Theorem 3, we can deduce that % (t) =0,
t € [0, T). By similar arguments, we can conclude that %2 (t) = 0,+ € [0,T]. O

Theorem 8. Assume that the semi-martingale decomposition (18) holds. Let (t*,0%) € A} x Aj
with the corresponding pair (p*,q*) satisfying BSDE (25) and (26). Suppose (u*,v*) satisfies

the Hamiltonian system (27) and (28). Then (u*,v*) is optimal for Problem 1 given the following
integrability conditions

T * ~
E{ | (1pi e Gy = mi X )P+ |q1‘<t>xt|2)dt} <o, 9

and
E{/ (|etq2 dt+/ £)[2d (&) } < 00, (30)
0
forall (7,0) € A} x Al. Here, we introduce the following denotations

ﬁt:ﬂt—ﬂ?, Xt:XZT_XZT*, Hl(t):H(t/XZr/E?*/T[trgzkrpzfrq:(/w)/
0 =0, —0;, &= s? ?*, Hy(t) = H(t,Xf*,S?,n;‘,Gt, Pi.q:,w).

Proof. For 7t € A/, by the Itd formula and Taylor formula, we have that
J(r,0%) — J(r*,0%) :E' o (mxg 1nxg*)} < ]E[[SG*XT/X?*} = E[p}(T)X7]
T ~
—5[ [ pia%,+ [ Ridpio)+ (o1, 1]

pi
_E /OT (H1 H* () — Xfa;* (t))dt} _E [/OT aalf (t)mdt}

which induces that SUP e 41 J(u,0*) = J(u*,0*). Similarly, we have infveAg J(u*,0) =
J(u*,v*). Thus, we have

inf sup J(u,v) < sup J(u,v*) < J(u*,v")
veA ye Ay ueAj

< inf J(u*,v) < sup inf J(u,0).

ved, ue Ar vEA
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Since infye 4 SUP,,e 41 J(u,v) > sup,,c 47 infye 4y J(u,v), we have

J(u*,v*) = inf sup J(u,v) = sup inf J(u,v).
veA) ucAj ucAj veA)

Then (u*,v*) is optimal for Problem 1. [J

Combining Theorems 7 and 8 with conclusions in Section 4, we can derive the total
characterization of the optimal pair (77*,6%) as the following theorem.

Theorem 9. Suppose (70*,0*) € A} x Aj is optimal for Problem 1 with the corresponding
pair (p*,q*) satisfying BSDEs (25) and (26) under the conditions in Theorem 7. Then (77*,6*)
solves Equations (23), (27) and (28). Conversely, if the semi-martingale decomposition (18) holds,
(r*,0%) € A} x Al with the corresponding pair (p*,q*) satisfying (25) and (26), and (u*,v*)
satisfies Hamiltonian system (27) and (28). Then (u*,v*) is optimal for Problem 1 given the
integrability conditions (29) and (30).

Remark 7. By combining equation (28) with equation (23), we could derive the optimal pair
(7t*,0%). This combined method consistently provides a more comprehensive characterization of
(7%, 0%) compared to relying solely on the Hamiltonian system (27) and (28). This is because the
relationship between 1t* and 6* can be explicitly defined by equation (23). For instance, when the
mean rate of return y is dependent on 7v*, as in the case of a large investor, obtaining the solution
(7%, 0%) using only (27) and (28) is particularly challenging due to the non-homogeneous nature of
X' in such situations (see Section 7).

The robust optimal investment 7} can be obtained from the Hamiltonian system (27)
and (28). In the following two sections, we will explore two typical scenarios involving a
small insider and a large insider to derive the expression for 77} in more detail.

6. The Small Insider Case

In this section, we will deduce a generalized linear BSDE that the robust optimal
investment 77} entails in the case of a small insider. Subsequently, we will calculate the
closed form of 7/ based on this equation by white noise theory.

We assume that the mean rate of return function u(t, x) = uo(t) for some F-adapted
measurable processes jio(t), which means the insider’s strategy could not influence the
market. Thus, she is a small insider.

Put i = %);rt and ¢¢ = 1; + ¢¢. Assume further the penalty function g is of the
quadratic form, i.e., g(0) = %92. Then we have by the Girsanov theorem that

T . T T i
IEUO € g(ej)ds] — Egp- UO g(eg)ds] — Egor UO 0:dWy, (s) —1ns9T]
T *
— Eg Uo (9;‘)2ds—lneaT]
T * 9*
= 2E o [/0 9(6; )ds} — E oo+ [lnsT},
which implies that
T * * * *
EUO e g(BQ‘)ds} = E g [huzﬂ = E[sGT 1neﬂ. (31)

We make the following assumption.
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Assumption 6. Suppose the following integrability condition holds

T ~
/0 |ps|2dt < co.

In order to calculate the robust optimal investment, we give the following lemmas.

Lemma 1. Assume that u(t,x) = po(t) for some Fi-adapted measurable process po(t), and
g(0) = 16% Suppose (7*,0%) € A, x A} is optimal for Problem 1 under the conditions in
Theorem 7. Suppose Assumption 6 holds. Then we have

. 1
0
er = T - 32
" RO KT o
Proof. Utilizing the Hamiltonian system (28) in Theorem 7, we have
aH* * *
30 (t) =0/ +q2(t) =0, (33)
Substituting (33) into the adjoint BSDE (26) with respect to p3(t), we have
st = 4 _grawn, (), o<i<T
P2 2 t HAE), - = (34)
p3(T) =In X7 .
The SDE (20) of ¢/ implies that
0* (0?)2 *
By comparing (34) with (35), the solution of the BSDE (34) can be given as
p3(t) = p3(0) — Inef. (36)

Substituting the terminal condition in (34), i.e., p5(T) = In X7TT*, into (36) with t = T,
we have
In (5 XT') =3, (37)

where ¢} := p3(0). Since ¢/ is an H;-martingale, we have
¢ — E[s"; |Ht} _ E[eci(xg*)*lmt] (38)
by (37). Considering that ¢} = 1, we obtain

c; 1
TR H 39

Substituting (39) into (37), we obtain

0" 1
eh = _ _.
b E[(XE) T Ho) XF

(40)
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Lemma 2. Assume the conditions in Lemma 1 hold. Then we have

w1
T — 7
eI (o, 1) 41

where ¢} := CTE[(X%I*)_”HQ}, i :=p;(0), and

t fy 1 (k2 -
[T (1, 12) == exp f/ rods f/ FedWyy(s) — = [ 2ds b. 42)
t h 2 Jy
Proof. Utilizing the Hamiltonian system (27) in Theorem 7, we have
oH" T % Tk 43
5 (1) = (no(t) —re +opr) Xi* pi(t) + X[ g1 (t) =0, (43)

which implies that
(Ho() = e+ 1) pi () + ovqy () = 0. (44)
Substituting (44) into the adjoint BSDE (25) with respect to pj(t) yields

dpi () = —rip} (H)dt — Fipi (AW (1), 0<t<T,
{pm — e (xf) w
Then the unique solution of (45) is given by
pi(t) = ciIT°(0, £). (46)
Substituting (46) into (45) with t = T, we have
v e
X7 = W 47)
Combining (47) with (32), we have
R 1

XF = - .
T Jamro,T) 48
O

Lemmas 1 and 2 give the terminal values of the controlled process ¢/ and X7 Thus,
we can apply the generalized BSDE method to our solution.
Put z; = oyt X7 . Then we have

*

T = ——. 49
= o (49)

Combining SDE (24) with (49) leads to the following generalized linear BSDE
dX7 = —fL(t, X, 2, w)dt +z;dWy (1), 0<t<T,
XTE* _ 1 (50)

a1

where the generator (or the driver) f : [0, T] x R x R x Q) — Ris given by

fLt,x,z,w) = —rix — Pz (51)
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Remark 8. Note that the filtration {H;} in (50) is not necessarily the filtration generated by the
noise, which is different from the assumption in the classical theory of BSDEs.

It’s worth noting that the terminal value condition in (50) is implicit, as the Hy-
measurable random variable c} is dependent on X7 .

Inspired by the classical theory of linear BSDE, we can deduce the expression for ¢
from the following lemma.

Lemma 3. Assume the conditions in Lemma 1 hold. Suppose the following integrability
condition holds

T -~ * 2 % *
E ( /O H*(O,t)2<zt*—cthf) dt) + (X7 2| < 0. (52)
Then we have
. XOE{\/WWt}
Xt” = , (53)
E[VIT(0,T) o] VIT(0,1)
and X
XF ; (54)

" E[VITO D] VIFOT)

Proof. By the It6 formula for It6 integrals, we have

d(n*(o,t)xf*) = IT(0, )AX}" + X7 dIT*(0,£) + d(X™,TT*(0, -)),

o (55)
= II°(0, t) (z: — X )dWH(t).

By the Burkholder-Davis-Gundy inequality (see [3]) and the integrability condition (52),
we deduce that IT*(0,¢) X7 is an H;-martingale. Taking the expectation in (55), we have

X = 1 IE[ IT*(t, T) Ht]. (56)

G 11%(0, T)
Substituting (56) into the initial value condition XZ)T* = Xp with t = 0 yields

1 Xo

G E[VIT(O,T)Ho| (57)

Combining (56) with (57), we obtain (53) and (54). O

From Lemma 3, we can characterize the robust optimal investment by a generalized
linear BSDE.

Theorem 10. Assume the conditions in Lemma 3 hold. Then 7t* and X[ are given by (49)—(53),
respectively. 0* is given by
*

zZ
9* — t - — .
t X7 o (58)
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Here, TT* is given by (42), and (X ,z*) solves the following generalized linear BSDE with respect
to {Ht}

AX7" = —fi(t, X[ 2z}, w)dt + zjdWy (1), 0<t<T,
. Xo (59)

L B[O VT

Generator fr : [0, T] x R x R x Q — R is given by

fr(t,x,z,w) = —rix — Pyz. (60)

The value V is given by

V = InXy—2F [mE(./n*(o, T)|HO)]. (61)

Furthermore, suppose that {H;}o<i<T is the augmentation of the natural filtration of Wy (t),
the right hand of the terminal value condition in (59) is L>-integrable, and r and § are bounded.
Then (59) is a classical linear BSDE with a unique strong solution, and z* is given by

zf = DX (62)
under mild conditions.

Proof. 0; can be calculated by Equation (23) in Theorem 6. Substituting X7 " in Lemma 3
into (50) yields the BSDE (59). By Lemma 1 and the terminal value condition in (59), we
can calculate the value of Problem 1 as follows

V=E[ef n(ef X7')]| = E[-¢f mE[(XF) ! |Ho]]
= —E[E[e} InE[(XF) Mol  Ho| | = ~E[InE[(XF ) [MolE e} | #o) |
—E[lnE[(ng*)*lmo]] —InXp—2E [lnE(\/H*(O, T)|?—lo)}

Further, if the filtration {#; }o<;<7 is the augmentation of the natural filtration of Wy(t),
then H is generated by the trivial o-algebra and all P-negligible sets. By [6] (Theorem 4.8),
the linear BSDE (59) has a unique strong solution (X™',z*). In other words, X[ is a

continuous H;-adapted process with E [sup0<t<T | X7 |2} < 0o, z{ is a measurable H;-

adapted process with E { fOT |z} |2dt} < o0, and (X', z*) satisfies the BSDE (59). Under
mild conditions, we can obtain the formulae for z} as follows (see [36] (Proposition 3.5.1))

* T
Zt — DtXt 7

where Dy is the Malliavin gradient operator from the Sobolev space D!?(Q) to L?(Q x
[0,T]). O

Remark 9. If the filtration {H;}o<i<T in Theorem 10 is not the augmentation of the natural
filtration of Wy (t), or the coefficients of the generator fi are not necessarily bounded, we refer
to [37-41] for further results. In those cases, the existence and uniqueness of the solution to the
BSDE (59) still hold under mild conditions when a general martingale representation property
was assumed, or a transposition solution was considered, or a stochastic Lipschitzs condition
was considered.
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6.1. Without Insider Information

If the investor has no insider information, i.e., H; = F;, we have ¢ = 0.

Assume further that all the parameter processes are assumed to be deterministic
bounded functions. Then we can derive the closed-form expression for the investment as
the following corollary.

Corollary 1. Assume the conditions in Lemma 3 hold. Assume further that H; = F; and all
parameter processes are deterministic bounded functions. Then (77*,0*) is given by

* O(t) — Tt
=
! (63)
9* — 7740(t) — rt
t 2(Tt ’
The value V is given by
T T —r\2
VeinXo+ [ ndety | (”0@”) dt. (64)
0 4 0 0t

Proof. By Theorem 10, we have
zf = Dy X[
XoE [De/TF(E T XoB|y/IT(E T)| 7] DI .0
= - = * /t
E\/IT(0,T) /I (0,f)  2E\/TT*(0, T)TT*(0,£)}

B XOE{«/H*(t, T)|ft}

T 2RI (0, ) /IT(0,0)

Then (7%, 6*) can be calculated by (49) and (58). Moreover, the value of Problem 1 can be
calculated by (61) as follows

2
V=InX,— ln(]E IT*(0, T))

T T _ 2
=1nX +/ redt + 1/ (]/lo(t)i’t) dt.
0 4 0 Ot

O

6.2. Insider Information of Initial Enlargement Type

Next, we give a particular case to derive the closed-form expression for the robust
optimal investment. Assume that the filtration is of initial enlargement type, i.e.,

T
He = ﬂ(]—'s VYy) = ﬂ <]—'S v/o ’ goudwu>, 0<t<T, (65)

s>t s>t

for some Tp > T, and all the parameter processes are assumed to be deterministic bounded
functions. Here, ¢; is some deterministic function satisfying ||g0||[25’t] = fst @2du < oo for

all0 <s <t < Ty and ||(PH%TTO] > 0.

In this situation, each #H;-adapted process x; has the form x; = x1(t, Yy, w) for some
function x7 : [0,T] x R x O — R such that xq(t,y) is Fs-adapted for every y € R. For
simplicity, we write x instead of x; in the sequel. To get the explicit expression for ¢; and
solve the generalized linear BSDE (59) in Theorem 10, we need to introduce some white
noise techniques (see [9,13,29]).
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Definition 8 (Donsker ¢ functional). Let Y : O — R be a random variable, which belongs
to the distribution space (S)~" (see [29] for the definition). Then a continuous linear operator
5.(Y) : R — (8)~Vis called a Donsker & functional of Y if it has the property that

[ Fw)s,(dy = £(¥)
for all Borel measurable functions f : R — R such that the integral converges in (S)~1.

The following lemma gives a sufficient condition for the existence of the Donsker §
functional. The proof can be found in [9].

Lemma 4. Let Y : QO — R be a Gaussian random variable with mean ji and variance 5> > 0.
Then its Donsker & functional 6, (Y') exists and is uniquely given by

_ o2

where (S)' is the Hida distribution space, and < denotes the Wick product. We refer to [29] for
relevant definitions.

By Lemma 4 and the Lévy theorem, the Donsker § functional of Yy in (65) is given by

_ (y —Yp)*? }

1
(5y(Y0) = 7exp° { — 3
27llell? 7 2ll¢llo, 7,y

and we have

_ It 2
Gr := E[5, (Yo) | ] = _ (?/fo%dws)}

1
_— exp{ 5
\ /2n||q0H[2t,To] 2”4’““;0]

Using the Donsker J functional technique, we can obtain the explicit expression for ¢
by the following lemma, which was first proposed by Draouil and Jksendal [42].

Lemma 5 (Enlargement of filtration). Suppose Y is an Fr-measurable random variable for some
To > T and belongs to (S)'. The Donsker § functional of Y exists and satisfies E[5.(Y)|Fi] €
L%(m x P) and E[D;6.(Y)|Fi] € L?(m x P), where Dy is the (extended) Hida—Malliavin deriva-
tive (see [9]). Assume further that Hy = g~ (Fs V' Y), which satisfies the usual condition, and W
is an H-semi-martingale with the decomposition (18). Then we have

_ E[Dr6y (Y)|Filly=v
"TED, () Fl—y

If {H;} is of the form (65), we have by Lemma 5 that

Yo — fot Q’)sdws

= 0= g

@t (66)

In order to transform the generalized BSDE (59) into a classical BSDE, we need to
rewrite IT*(0,) and X7 as functions of Yp.
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Lemma 6. Assume the conditions in Lemma 3 hold. Assume further that {H;} is given by (65)
and all parameter processes are deterministic bounded functions. Then we have

Gt
() = & T3 (1 £2)], s (67)
where
ty ty 1 5] 2
IT; (t1, 1) :=exp — / rsds — / 1sdWs — = / tzds (68)
t h 2 Jy
is an Fi-adapted semi-martingale. Moreover, the terminal value X;f* is given by
. Gr
XT[ — AX ,
y=Yo

where & (y) = is a Borel measurable function with respect to y.

Xo
E[VIT Q) o] 1) vGo

Proof. Substituting (66) into (42) and using the Itd formula, we can rewrite the expression
for IT*(t1,£),0 < t; < t, < T, as follows

H*(tl/tZ) = H*(tlrtZry)b:Yg
tp 1 rt2 .
—exp{ [" g0+ 1 [7 gy i, o)
1 1

Gfl I
— 1 *
Gt, a(tl,tZ)‘

y=Yo’
From the terminal value condition of X¥* in (59), we have

X = XF 0)lymy, = X0 or
1= W= = BT (0, 1) [ Ho (v) || Gollz (0,7)

y=Yo

- G
=& () WOTT)

Y=Xo
O]

By Definition 8, the generalized linear BSDE (59) with respect to {#;} can be
rewritten as

/Xt 1)6,(Yo)dy = /XT )6,(Yo)dy

+// _TSX”( >—ls23(y)]d55y(Yo)dy (70)

- / / y)dW.d, (Yo)dy.

It is obvious that (59) holds if and only if (X" (y), z} (y)) is the solution of the follow-
ing classical linear BSDE with respect to the natural filtration {#;} for each y

dX7 (y) = —fL(t, X (y),zi (y))dt + 2/ (y)dW,, 0<t<T,

. G (71)
X7 (y) =&(y) WOT,T)’
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where the generator fi : [0, T] x R x R?> — R is given by
fult,x,z) = —rix — yz. (72)

Utilizing the classical theory of linear linear BSDEs, we can calculate the robust optimal
investment, as stated in the following theorem.

Theorem 11. Assume the conditions in Lemma 6 hold. Then (7t*,0*) is given by

N et s

20} Ut(H(PHﬁ To] + [l TTo]) 73
0F — 11 i Yo — fot @sdWs + 5 ft @stsds Yo — fg §0de5¢
t — T Rt t — te
20 (gl g+ liol 7)) oI,z
Proof. By [6] (Theorem 4.8), the unique strong solution of (71) is given by
XF (9) = BT (6 T)E W) | 5 o | | 74)
f A DSW T

As per the initial value condition X7 (y) = Xo, the Borel measurable function & (y) in (74)
is given by
ok Xo Xo

S = B oG E[VITO 1) H 1)V 75)

The last equation in (75) is the definition of &;(y). Substituting (75) into (74), we obtain

XoE | IT;(, T)Grl 71|

E/TT; (0, T)Gr+/TT; (0, £)

X (y) = 76)

By [36] (Proposition 3.5.1), we have
25 (y) = DiXF* (y)
XoE DT (E TG | 1 XoE [T (E T)Gr| 7| _—
= — t ,
EVIT; (0, T)Gr/TT;(0,t)  2E\/TT:(0, T)GrII:(0,£)2

1 XOE[ T (t, T)Gr (y— I <psdws)\ft} i XOIE[\/H;‘(t, T)Gﬂft]

2 gl BVIGODGHIG 0,0 7 2EVIL(0,T)Gr /T (0, 1)

Substituting the above equation into (49), we obtain the robust optimal investment strategy
i = 7 () ly=x,

_i+1E[H*(t T)VG ( fo §0de5>’}1}¢
200 2 ool g B[ (6 T)VGrR]

4

y=Yo

where

I1:(0,t) ::exp{ ; 2 dW;, — 8/ 2ds}

Then, by the Girsanov theorem, W@( )= Wi+ fo %ds is an J;-Brownian motion under
the new equivalent probability measure Q defmed by dQ = IT}(0, T)dP. Thus, by the
Bayes rule (see [3]), we can rewrite the robust optimal investment strategy as follows
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1]EQ[\/7( fo q)de5>’]:t]
2 Ut||§0H[TTO EQ[ﬁ|Ft] =Yy
(, Hler a0,

oo
72‘7t||(PH[TTO E@{exp{ WH}}}

4’t7 20,

y=Yo
it
277/
where I; := %fot @sisds, t € [0,T], and [} := fot ¢sdWg(s). On the other hand, the con-
ditional Q law of I, given F}, is normal with mean I; and variance || g0||%t,T] due to the
Markov property of Itd diffusion processes (see [3]). Thus, the above formula leads to

boon?  LesR Vg,

exp{ —
L1 e 3 e o ,/2n|\<p|\ p{ Aol 29l
_EUtHGUH[ZTTO] yr e fRiexp{ _ (y*XfT) (x—2)2 }dx 2=
’ N 4ol ry  2lelfy Y=Y
+ 270}
_YO - fO qudWs + % LT q)slsds Ly

(gl g+ ol y) 2

By Theorem 10, we have

. 1 Yo — fot PsdWs + % ftT @stsds Yo — fot PsdWs
0 = —5u+ t— Pt.

20 (el gy + ol ) Il

When ¢ = 1, the investor possesses the insider information Wr, regarding the future
price of the risky asset. This leads us to the following corollary.

Corollary 2. Suppose the conditions in Lemma 6 hold. Assume further that ¢ = 1in (65) . Then
(7%, 0%) is given by
po(t) = W —Wi+3 ftT tols 05 Kol g

=

207 (To—t+To—T) ’
T s
0F — Cpolt) — 1 n Wr, — Wi + 3 J; uo —ds - W, - Wi
t 20 (T07f+T07 ) To—t
The value V is given by

-1
po(t 1 - T2
flnXo—i—/ rtdt+4/ < > d)f—i—2 <1 T, )2>

T Plo — 1t
+ 2(2Ty — T) 2T0 — (/ dt) ‘

Proof. We have
B _ . Gt
E(4/IT*(0, T)|Ho) = (E ITx(0,T) G@)

y=Yo
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by (75). Substituting the above equation into (61), we can calculate by Girsanov theorem

that
Gr
V:lnxo—zEKlnE,/H;(o,T)G) ]
0 y=Yo
T T _ 2
:lnX0+/ T’tdi’—F}/ (]xl()(f)?’,f) dt —2E ll‘l]EQ ﬁ
0 4 Jo ot Go
y=Yo
=InX +/Trdt+1/T Holt) =1t 2c1t+11n 1—T72 B
I L A o} 2 (2T, — T)2
T 1 Too(t) —r \°
T oen -1 Tien—n (/o o dt)
L]

7. The Large Insider Case

In this section, we will deduce a generalized quadratic BSDE that the robust optimal
investment 77} entails in the case of a large insider, and transform it into a classical quadratic
BSDE using the white noise theory.

Assume that the mean rate of return p(t,x) = puo(t) + pix for some Fi-adapted
measurable processes jig(t) and p; with 0 < pf < %0}2. Note that the insider is ‘small” when
ot = 0.

Puty = & 0(2_” , 0t = 0 — 27‘0:, and ¢; = 1 + ¢;. Assume further the penalty function

gis given by g(0) = 162. Then we have

E[/OT si*g(eg)ds] = B[ nef]. 77)

If we follow the method in Section 6, the terminal condition in BSDE (50) will depend
on z;, which makes the BSDE (50) irregular and very hard to solve. The reason is that
SDE (24) for X[ is not homogeneous if p; # 0.

However, we could use a generalized quadratic BSDE to characterize the robust
optimal investment.

Theorem 12. Assume that u(t, x) = uo(t) + pex for some Fy-adapted measurable processes po(t)
and py with 0 < p; < 10?2, and g(0) = 162. Suppose (7*,0%) € A} x Al is optimal for Problem 1
under the conditions in Theorem 7. Then (1t*,0*) is given by

zZF+ P
= e
¢+ 0t
. . (78)
9* _ U’tZt — Ut(l)t
f 0t + 0t

where L} := In (ef* X;T*) and zj solve the following generalized quadratic BSDE with respect
to {Ht}

dLy = —fo(t, zf, w)dt + zfdWy(t), 0<t<T, 79)
b=ch
Here, the generator fq : [0, T] x R x Q) — R is given by
22 (f)t 5?2 (O't — 5}) ~
f ST (S ¢ SN vl Sl Vi 2 80
fo(t,z,w) L i Ty 4(Ut+&t)(z+q>t) , (80)
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and the Ho-measurable random variable c; can be determined by L = In Xo under some integra-
bility conditions (see Remark 10). The value V is given by

V =EL%. (81)

Furthermore, if {H;}o<i<T is the augmentation of the natural filtration of Wy (t), and c3, ¢,
v, o and & are bounded, then the quadratic BSDE (79) has a unique strong solution and z* is
given by

z{ = DL} (82)
under mild conditions, where c can be determined by traversing all constants such that the condition
Lg = In Xy holds.

Remark 10. In fact, integrating (79) from t to T yields L} — Lf = — ftT fo(s,zi,w)ds +
J. tT z:dWy, (s). Taking conditional expectation and assuming the Ito integrals are L2-martingales,
weget Ly =R {ftT fo(s, zi,w)ds + LH’Ht} . Taking t = 0 and using the initial value condition
we have c; = In Xy — E UOT fols, z;‘,w)ds|7{0}.

Proof. By a similar procedure in Section 6 with respect to the Hamiltonian system (28), we

have (see (37)) o
In (5 XF') =3, (83)

where c; = p;(0) is an Hp-measurable random variable. Combining the It6 formula for Itd
integrals with the expressions for ¢/ and X7 yields the following SDE

din (f' X[) =[rt + (uo(t) — ro) i + ov7e; ldlt
S [@nt 4 67— orlor - ) (7 ] e (34)
+ (o7t + 67 )dWy (1).

Put L} =In (¢f' X7') and z} = oy7tf + ;. From (23) in Theorem 6, we obtain

9;‘( = (}tﬂ’;k — 4~7t~ (85)
Then we have ..
7‘[;‘ - Zt +?t/
0y + 0t (86)
0F — 5’th — Ot
! o+

Combining SDE (84) with (83) and (86) yields the BSDE (79). By (77) and (83), the value V
can be calculated by

V =E[ef In(¢f X' )| = Ecj = EL}. (87)

If the filtration {#;} is the augmentation of the natural filtration of Wy (t), then ¢ is
a constant. Suppose that c3, ¢, r, o and & are bounded. Then, by [43] (Theorem 4.1),
the quadratic BSDE (79) has a unique strong solution (L*,z*). In other words, L} is a
bounded continuous H;-adapted process, z; is a measurable H;-adapted process with
EfOT |zf|?dt < oo and fot zidWy(s) is an H-BMO-martingale (see [44]), and (L*,z*)
satisfies the BSDE (79). Under mild conditions on the Malliavin derivative, we can calculate
z{ by (82) (see Corollary 5.1 in [43]). O

Remark 11. If the filtration {H;}o<i<1 in Theorem 12 is not the augmentation of the natural
filtration of Wy (t), or the coefficients of the generator fq is not necessarily bounded, we refer
to [13,37—40] for further results. Meanwhile, the Ho-measurable random variable c3 can be
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determined by traversing all Ho-measurable random variable such that the condition L§ = In Xg
holds. Moreover, if H is generated by a random variable F and all P-negligible sets, then by the
monotone class theorem of functional forms (see [44]), there exists a Borel measurable function f
such that ¢; = f(F), a.s. Thus, c; can be determined by traversing all Borel measurable functions
f such that the initial value condition Ly = In Xq holds.

7.1. Without Insider Information

If the investor has no insider information, i.e., #; = F;, we have ¢ = 0.
Assume further that all the parameter processes are assumed to be deterministic
bounded functions. Then we can deduce the following corollary.

Corollary 3. Assume the conditions in Theorem 12 hold. Assume further that H; = Fy and all
parameter processes are deterministic bounded functions. Then (77*,0*) is given by

zF + i
7_[*_ t

t — ~
ot + 0t 38
- (88)
0 — OtZy — Otlt
T T~
0t + 0t

where L} :=In (" X[) and z} solve the following classical quadratic BSDE with respect to { F;}

dLf = —fo(t, z{,w)dt +-zfdW;, 0<t<T,

] T ) (89)
LT—lnXO—E{/O fQ(s,zs,w)ds}
Here, the generator fo : [0, T] x R x Q) — R is given by
22y 2 (o — &) 2
S VAN S i . 90
fo(t,z,w) 1 22 Tt 1 4(Ut+5't)(z+lt) (90)
The value V is given by T
V=InX,—E {/ fQ(s,z;*,w)ds]. (91)
0

Proof. The result is an immediate consequence of Theorem 12. [

7.2. Insider Information of Initial Enlargement Type

Next, we consider a particular case when the filtration is of initial enlargement
type, ie.,

Ti
Ht:ﬂ(fs\/YO) = ﬂ(fs\//()()@udwu>, OStST, (92)

s>t s>t

for some Tp > T, and all the parameter processes are assumed to be deterministic bounded

functions. Here, ¢; is some deterministic function satisfying ||g0||%s = fst @2du < oo for

all0 < s <t < Ty and ||q)|\%T 7] > 0.

By the Donsker § functional ¢, (Y)) and a similar procedure in Section 6.2, we have

o y - fot (Pdes

(Pt = (Pt(y>|]/:Y(] - H ||2 (Pt (93)
Pl o)

y=Yo

Then we have the following theorem.
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Theorem 13. Assume the conditions in Theorem 12 hold. Assume further that {H;} is given
by (92) and all parameter processes are deterministic bounded functions. Then (77*,0%) is given
by (78), where (L*(y), z*(y)) solves the classical quadratic BSDE

{dL? (v) = —folt,z{ (v), y,w)dt + 2 (y)dWe, 0<t<T, (o1
Lr(y) = 2 (y)-
Here, the generator fo : [0, T] x R x R x Q) — R is given by
- A AC)) (e +i(y)* _ (o0 —01) 2
foltzyw) = 5 = = 4Ws oy - LB ) i)
(95)

¢t (y) is given by (93), and the Ho-measurable random variable c can be determined by traversing
all Borel measurable functions c3(y) such that L = In Xo. Moreover, the value V is given by

V =E(Lr@)ly=x,)- (96)
Proof. The result is an immediate consequence of Theorem 12. [J

8. Optimal Investment Without Model Uncertainty

We focus on the specific scenario that excludes model uncertainty. The findings in this
section are also documented in [9]. Nonetheless, we retain this section to maintain the cohe-
siveness of this paper and facilitate the numerical experiments in the subsequent section.

When there is no model uncertainty, that is, A, = {(0)}, Problem 1 degenerates to the
following anticipating stochastic control problem.

Problem 2. Select t* € A] such that

7= J(n) = sup J(m), @7)
e A}

where J(11) := E[In XF|. We call V the value (or the optimal expected utility) of Problem 2.

Suppose that j(t, x) = po(t) + p¢x for some Fi-adapted measurable processes pio(t)
and p; with 0 < p; < %(th. Puty = %, 0y = 0 — 27‘(?, and ¢y = 1 + 1.

By Theorem 6 in the initial characterization of the solution, we can easily obtain the
following result.

Theorem 14. Assume that u(t, x) = po(t) + px for some F-adapted measurable processes pio(t)
and py with 0 < p; < 10?, and no model uncertainty is considered. Suppose * € A} is optimal
for Problem 2 under Assumptions 1 and 2. Then 7* is given by

T LU L Y (98)
Ot0t Ot
The value V is given by
T T _ 2
V:lnXo+E/ rtdt+1]E/ ‘?(”OU)”JFQ) dt. (99)
0 2 Jo 0t o

Proof. Since A} = {0}, which implies that 6* = 0 in Theorem 6, we have that

o B polt) — L (100)
t 5} 0}5} 5}.

Substitute (100) into (97). Then (99) is a result from (23) and tedious calculation. [
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8.1. Without Insider Information

If the investor has no insider information, i.e., H; = F;, we have ¢ = 0.
Assume further that all the parameter processes are assumed to be deterministic
bounded functions. Then we can deduce the following corollary.

Corollary 4. Suppose that the conditions in Theorem 14 hold. Assume further that H; = F; and
all parameter processes are deterministic bounded functions. Then the optimal investment 7t* is
given by

= w (101)
010t
The value V is given by
T T _ 2
V:lnxo+/ rtdt+1/ Ut<m(t)”> dt. (102)
0 2Jo 0 oy

Proof. The corollary is an immediate consequence of Theorem 14. O

8.2. Insider Information of Initial Enlargement Type
We consider the particular case when the filtration is of initial enlargement type, i.e.,

Hi=[()(FsVWyg), 0<t<T, (103)

s>t

for some Tp > T, and all the parameter processes are assumed to be deterministic
bounded functions.

The enlargement of filtration technique can be applied to give the explicit expression
for ¢ in (98). We give the following lemma, the proof of which can be found in [9] (p. 327).

Lemma 7 (Enlargement of filtration). The process Wy, t € [0, T|, is a semi-martingale with
respect to the filtration {H;} given by (103). Its semi-martingale decomposition is

W = Ws

, 0<t<T,
To—s -

Wi = Wy (t) + /0
where Wy (t), t € [0, T], is an H-Brownian motion.
From Lemma 7, we can easily deduce the following corollary.

Corollary 5. Suppose that the conditions in Theorem 14 hold. Assume further that H; is given
by (103) and all parameter processes are deterministic bounded functions. Then the optimal
investment 7t* is given by

= po(t) —ry  Wry — Wi
t 0}5} &t(TO — t).

(104)

The value V is given by

Holt) — Tt

Proof. By Lemma 7, the H;-adapted process ¢; in the semi-martingale decomposition is of

the form
Wr, — Wi

LA P

The result is an immediate consequence of Theorem 14. [J

0<t<T.
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9. Numerical Analysis

In this section, we present numerical experiments for Sections 6 and 8 by comparing
the optimal terminal expected utilities (i.e., the values) of six types of investors under
varying parameters.

The six types of investors are as follows. R_I_S and R_NI_S are small robust (i.e.,
ambiguity-averse) investors under model uncertainty, with and without access to in-
sider information, respectively. NR_I_S and NR_NI_S are small investors using an ac-
curate model, with and without access to insider information, respectively. NR_I_L and
NR_NI_L are large investors using an accurate model, with and without access to insider
information, respectively.

In our experiments, we follow the usual parameters selection in simulation without
loss of generality (see [45-47]). Wesetr =0.02, Xo=1,T=1,p = 4(72 for all examples.
As pointed out by [48], a risky asset typically has a volatility between 15% and 60%. Thus,
we set 0 = 0.2,0.35,0.5 and pp € [0.04,0.2]. As the insider information time Ty exceeds T,
we set T € (1,100].

Figure 1 shows the values of six types of investors under varying Tp.

03 — VAMNS
VRIS
04 V_NR_NIS
— VMRS
V_NR_NI L
03 — VNRIL
02
01
0 20 40 &0 B0 100
™

Figure 1. Values of six types of investors under varying Ty (19 = 0.15, ¢ = 0.35).

When the insider information time Tj is close to the terminal time T, NR_I_L has
a significantly highest value, followed by NR_I_S and R_I_S. This implies that insider
information has a substantial positive impact on the value. Without insider information,
high influence on the financial market has a positive impact on the value, while model
uncertainty has a negative impact. However, neither impact is significant.

As the insider information time T} increase , the additional information of the insider
decrease and the profit from insider trading decays. By Corollaries 4 and 5 in Section 8, the
insider information rent of NR_I_L or NR_I_S is given by

‘7:
2/ O'tTo—t

By Corollaries 1 and 2 in Section 6, the insider information rent of R_I_S is given by

1 T2\ T yo ) — 11
T _ -
A= zh‘(l (2T0—T)2> +5em=T) * I =T </ dt) |

Thus, the insider information rent is inversely proportional to Tp. If T is 10 times larger
than T, the value of insider trading is economically insignificant.

Figure 2 illustrates the requisite insider information for R_I_S to offset the value loss
arising from model uncertainty under varying yo and o.




Mathematics 2023, 11, 4378 31 of 38

800 —— critical point of TD sigma=0.2
critical point of TD sigma=0.3%
500 critical peint of TO sigma=0.50
400
300
200
100
D ——

004 006 008 010 012 014 016 018 020
uld
Figure 2. Insider information T needed for R_I_S to compensate for the loss of value due to model
uncertainty with different yo and o.

On one hand, the insider information rent is represented as AVi. On the other hand,
robust investment mitigates the risk associated with model uncertainty at the cost of
expected utility, which can be calculated by Corollaries 1 and 4 as follows

T o 2
AV — 1/ (%w(ﬂn) dr.
4 0 (o

The minimum amount of insider information required for R_I_S could be quantified by the
value T that satisfies the following equation

AVi = AV".

Denote the above Ty by T;. We refer to Tj as the critical information time.

Furthermore, the impact of model uncertainty becomes more pronounced as the mean
rate of return g increases or the volatility o decreases.

Figure 3 displays the (robust) optimal investment strategies 7/ for three types of
insiders, each associated with varying current risky asset prices S; at time ¢t = 0.5. We only
show the curves of insiders since the strategy of investors without insider information will
be trivial on the assumption of constant model parameters.

As risk W; increases, all types of insiders will inevitably reduce their position in the
risky asset. When we consider Wy, = W, if becomes apparent that all types of insiders will
maintain their positions in the risky asset, primarily due to the positive drift term o (#).

pL — PiRIS
Pi_NR_IL
20 PiNR IS

15

10

Figure 3. Investment strategies 77} in the risky asset for three types of insiders with different S;
(4o = 0.08, ¢ = 0.35, t = 0.5).

Among all insiders, R_I_S is dramatically less aggressive, and the derivative of 77} with

respect to W; is Wil‘o—ﬂ Concerned about the risks associated with model uncertainty,
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R_I_S responds less vigorously to changes in the disparity between market conditions and
insider information. In contrast, NR_I_L is the most aggressive, with the derivative of 7t}

with respect to W; being Wol—t) For NR_I_S, the derivative of 7t} is T

10. Conclusions

In this paper, we enhance certain properties of forward integrals and extend the
Itd formula for forward integrals, which was originally proposed by [34], through the
application of Malliavin calculus.

We use the anticipating It6 formula to transform robust optimal investment problem
for an insider under model uncertainty into an implicit anticipating SDG model. This
represents a significant expansion of the model originally introduced by [14].

Given that traditional stochastic control theory cannot not be directly applied to solve
the anticipating SDG problem, we introduce a new method. First, we utilize the variational
method to establish the semi-martingale property of the noise in relation to the insider
information filtration. Subsequently, we convert the anticipating SDG problem into a nonan-
ticipative SDG problem, enabling us to make use of the stochastic maximum principle.

We consider two scenarios where the insider is categorized as ‘small” and ‘large’, and
provide the corresponding BSDEs to characterize the robust optimal investment strategies.
In the small insider case, we derive the closed-form expression for the strategy when insider
information filtration is of the initial enlargement type. The core technique here involves
the Donsker delta functional in the white noise theory. It’s worth noting that a similar
issue in [14] remains unsolved, as the approach presented in [14] only leads to a nested
linear BSDE, which is hard to solve. In the large insider case, the strategy is involved in a
quadratic BSDE.

We use numerical experiments to compare the optimal expected utilities among
various investor types. The results highlight the substantial positive impact of insider
information on utility. Additionally, a strong influence in the market also contributes
positively to utility, while model uncertainty exerts a negative influence.

For further work, since the quadratic BSDE corresponding to the robust optimal
investment strategy for a large insider has no analytical solution at present, we could only
resort to the numerical methods. Moreover, extending the optimization problem to other
models, like the jump-diffusion model and the fractional Brownian motion model (see [49]),
is also a subject of ongoing research.
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Appendix A. Some Results in Malliavin Calculus

The following lemma is the chain rule of D;, which is an extension of Lemma A.1
in [50].
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Lemma A1l. Let X = (Xy,---,X,) € DVP(Q;R") and f € CY(R") for some n € Ny and
p > 1. Assume that

< o0. (A1)
LP(Q;H)

1f ) Lr (o) +

2 a—f ) - DiX;

Then f(X) € DY7(Q) and Dif (X) = LIy 52 (X) - DiX;.

Proof. The proof is similar with that of Lemma A.1in [50]. O

The following two lemmas with respect to 6 are the multiplication formula, and the
boundedness property, respectively.

Lemma A2. (Proposition 1.3.3, [19]) Let X € D'?(Q) and u € Dom 8. Suppose that Xu €
L?(Q; H). Then Xu € Dom & and we have

T
5(Xu) = Xou — / DX - usdt, (A2)
0

provided the right-hand side of (A2) is square integrable.

Lemma A3. (Proposition 1.3.1, [19]) D'2(Q; H) C Dom 6. Moreover, § is bounded from
D2(Qy; H) into L?(Q).

The following two lemmas characterize the local properties of D; and J.

Lemma A4. (Proposition 3.8, [29]) Let X be a random variable in the space D' such that X = 0
a.s. on someset A € F. Then DX = 0a.s. on A.

Lemma A5. (Proposition 3.9, [29]) Let u € £1? and A € F, such that u = 0 a.a. on [0, T] x A.
Then 6u = 0 a.s. on A.

When u € L2(Q x [0, T]), its Itd integral fg usdWs is a continuous process (see [3]). A
similar result in the context of the Skorohod integral can be provided by the following lemma.

Lemma A6. (Proposition 3.2.2, [19]) Let u € cup, p > 2. Then the Skorohod integral fot usdWs
is continuous (in the sense of modification).

Similar to semi-martingales (or Itd processes) in 1t theory, here we provide a parallel
characterization within the context of the Skorohod integral.

Lemma A7. (Proposition 3.1.1, [19]) Consider a process of the form X; = Xo + fot usdWs +
fot vsds, where Xo € DV?(Q), u € L>?,and v € L2, Then we have X € LY?*?,and (D~ X)s =
DsXo + [y DsuydW; + [§ Dsordr (resp. (DT X)s = us + DsXo + [y DsurdWs + 5 Dsv,dr).

Before presenting the approximation property u € £, which will be employed in
the theory of the forward integral (Proposition 2), it is essential to introduce an important
inequality in Harmonic Analysis.

Lemma A8. (Hardy-Littlewood, Theorem 2.5, [51]) If f is locally integrable on R", we define
its Hardy-Littlewood maximal function Mf by Mf(x) := sup,- m fo(r) If(y)ldy, x¢€
R”, where By (r) is a Euclidean ball of radius r centered at x, and m is the Lebesque measure on R".
Then for all p € (1, 00|, we have

IMfllLr ey < Cpllfllie @, (A3)
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where constant Cp, depends only on p. Moreover, for a locally integrable function f, we have

lim / fly)dy = f(x) (Ad)

r—0t m Bx

for a.e. x. The above conclusions still hold when we take some types of cubes containing x instead of
By (7).

Lemma A9. Ifu € L2(Q x [0, T)), then lim,_,y+ fr £)VO Yds = u, in L>(Q x [0, T]). Fur-

thermore, the convergence also holds in L2 whenever u € L2

Proof. For Convenience, we only prove the convergence in L?(Q) x [0, T]). By Lemma AS,
we have f(rr V0 2 Lds — u, foraa. (w,r) € Q x [0, T]. Since

r usd r |us|
—ds| < sup —ds, (A5)
(r—e)vo € 0<e<T/(r—e)V0 €
and
r
E sup / Mds < CEHurHiZ([O,T]) < 00 (A6)
0<e<T (r—e)v0 € Lz([O T))

by Lemma A8, we have lim,_,o+ f Uds = u, in L?(Q x [0, T]) by the dominated

(r—e)VO €
convergence theorem. [

The following two lemmas give the Multiplication formulae of D; and D™, which will
be utilized in the theory of the forward integral (Proposition 3).

Lemma A10. Let u, 0 € L£LY2. Also, assume that o and Dsoy are bounded. Then uo € £Y2 and
DS(Mt(Tt) = (TtDsut + MtDS(Tt.

Proof. For each t € [0, T|, E|u;0¢|> < CE|u|?, ]EfOT |o;Dsus|>ds < CE fOT |Dsut|?ds, and
EfOT |usDso¢|?ds < CE fOT |u|?ds. Thus w01 € DY?(Q) and Ds(us0) = 01Dstiy + usDsoy
by Lemma Al. Since all the above norms are controlled, we deduce that us € £2. O

Lemma A11. Let u,o be processes in LY*?~ which are L?>-bounded and left-continuous in the
norm L?(Q)). Also, assume that o and Doy are bounded. Then ue € LY*'~ and (D~ (uc))s =
0s(D"u)s + us(D~0)s.

Proof. First, we have uo € £1? by Lemma A10. By the definition of the operator D, it
suffices to estimate E|o;Dsu; — 05(D~u)s| and E|u;Dsoy — us(D~0)s|. For the first term,
we have
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T
/ sup  E|oyDsu; — 0s(D ™ u)s|ds
(s—e)VO<t<s

T
§/ sup  E|oyDsuy — 0:(D™ u)s|ds
0 (s—e)vo<t<s

T
+/0 sup  E|oy(D"u)s — o5(D~1)s|ds
(

s—e)VO<t<s
1 1
T 2 T 2
< (/ sup E|at|2ds> (/ sup  E|Dsu; — (D_u)5|2ds>
0 (s—e)VO<t<s 0 (s—e)VO<t<s

T I, 3
+ / sup  E|oy — oy|’ds (/ E|(Du)sy2ds>,
0 (s—e)vo<t<s 0

which converges to 0 when e — 0% due to the fact that u € £*?>~ and ¢ is L>-bounded
and left-continuous. The convergence of the second term is in a similar way. O

Remark A1. Notice that if an Fi-adapted process v € L2, then v € LY*?~ with (D~ v)s = 0.
Thus, the condition ‘o € LY*?~ and u is left-continuous in the norm L?>(Q)” in Lemma A11 can
be replaced by ‘o is Fi-adapted and belongs to L12".

Appendix B. Proofs of Main Results

Proof of Proposition 2. By the multiplication formula (Lemma A2) and the Fubini theorem
(Exercise 3.2.7 in [19]), we have

t
lim 5*1/0 us(Wispear — Ws)ds

e—0t
t (s+e)AT 1
= lim [ us / ~dW,ds
e—=0TJ0 s € (A7)
t r(s+e)AT t p(s+e)AT
— lim {/ / ﬁdwrds+/ / D”"Sdrds}
e—=0t (JO Js € 0 Js €
T rr usl s T pr D,ugl S
= lim {/ / S[O'stdwr—i—/ / rs’[o,t]()dsdr}‘
e—=0t | JO J(r—e)VO € 0 J(r—e)Vvo €
For the first term on the right side of (A7), we have
. r sl (s)
1 ———ds=u,l A8
eir(l)’}*' (r—e)Vo € Mty () (A8)

in £12 by Lemma A9. Then the convergence of the first term in L?(Q) follows from the
boundedness of § (Lemma A3). For the second term, we have
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T pr D,ugl t
E/ / um’ﬂ(s)dsdr—/ (D™ u),dr
0 J(r—e)Vvo € 0

T rr [Drusi(r_epvos(s) — (D7 u)y|
SE/[) /rie 1[O,t] (T’)deT’

€
T Dyus||1 -1
+E [ /f IDrts| 101 (r) = Lo (5)]
0 J(r—e)vo €
t —
S/ sup  E[Drusli;_e)yo,(s) — (D7 u)r|dr
0 r—e<s<r
T . 1 1
+ sup  E[Dyus| / Rog ) [O't](s)|dsdr
0 (r—e)vo<s<r (r—e)vo €

t e
g/ sup E|D,us—(D_u)r|dr+/ E|(D~u),|dr
0 ( 0

r—e)V0<s<r

(t+e)AT
+ / sup  E|D,ug|dr.
t

(r—e)VOo<s<r
The above convergence in L!(Q) follows from the definition of £>!1~. O

Proof of Proposition 3. It is an immediate consequence of Proposition 2, Lemma A11 and
Remark A1. O

Proof of Theorem 2. By means of localization we can assume that the processes f(X),
f'(Xt), f"(X¢) and fOT u?dt are uniformly bounded, Xy € D'?(Q), u € £f and v € £1?
(see [19,29]). By Proposition 2, the process X; has the following decomposition

t t t
X = Xp +/ usdWi —|—/ vsds —|—/ (D™ u)sds. (A9)
0 0 0

This process verifies the conditions in Theorem 1. Consequently, we can apply It6 formula
to X and deduce that

£ =% + [ (st [ F(Xoods+ [ F1(X)(D )

- t (A10)
5 [ F s+ [ £ (XD ).

The process f'(X;) belongs to L1~ In fact, notice first that as in the proof of Lemma A10
the boundedness of f'(X;), f(X;) and fOT u%dt and the fact that u; € £22N LA v, D u €
£12 and Xy € D'?(Q) imply that this process belongs to £ and

Ds(f'(Xe)ur) = f'(Xe)Dsttg + f"(Xi) Ds Xtz (A11)

On the other hand, as in the proof of Lemma All, using that u € L2y, is left-
continuous in LZ(Q), u is L2-bounded, X; is continuous and X € £122 (by Theorem 1), we
deduce that f'(X;)u; € £>1~ and that

(D™ (f'(X)u))s = f(Xs)(D~u)s + f"(Xs) (D™ X)sus. (A12)
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Substituting it into (A10) and using Proposition 2, we obtain

t t t
FX0) =F(X0)+ [ f/(XJusdWs - [ (D™ (F(Xpu))sds + [ f(Xe)ods
+ % /Otf”(Xs)ufds

:f(XO)+/Otf’(Xs)usd’W5+/0tf’(Xs)vsds+%/Otf”(Xs)ugds.

[
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