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Abstract: In this article, the problem of solving a strongly monotone variational inequality problem
over the solution set of a monotone inclusion problem in the setting of real Hilbert spaces is considered.
To solve this problem, two methods, which are improvements and modifications of the Tseng splitting
method, and projection and contraction methods, are presented. These methods are equipped
with inertial terms to improve their speed of convergence. The strong convergence results of the
suggested methods are proved under some standard assumptions on the control parameters. Also,
strong convergence results are achieved without prior knowledge of the operator norm. Finally,
the main results of this research are applied to solve bilevel variational inequality problems, convex
minimization problems, and image recovery problems. Some numerical experiments to show the
efficiency of our methods are conducted.
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1. Introduction
Let K be a nonempty, closed, and convex subset of a real Hilbert space H with inner

product (-,-) and induced norm || - ||. Let F : K — H be an operator. The classical
variational inequality problem (VIP) is derived as follows: Find p* € K, such that

(Fp*,q—p") >0,Vq€ K. (1)

We denote by V(IC, F) the solution set of the VIP (1). Problem (1) has a wide range
of applications; several methods for solving this problem have been developed by many
researchers (see [1-3] and the references in them).

On the other hand, the monotone inclusion problem (MIP) is formulated as follows:
Find p* € 7, such that

0e (D+E)p*, @)

where H is a real Hilbert space, E : H{ — X is a single-valued monotone operator, and
D : 3 — 27 is a maximal monotone operator. We denote by (D + E)~1(0) the solution
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set of the MIP (2); it is referred to as the set of zero points of D 4 E. Several optimization
problems can be reformulated into the MIP (2). Some of these problems include convex
minimization problems, equilibrium problems, image/signal processing problems, DC
programming problems, split feasibility problems, and variational inequality problems;
see [4-6]. The numerous applications of this problem have attracted the attention of a large
number of researchers in the last few years, and many methods for solving the problem
have also been developed; see [7-9]. One of the first methods for solving this problem is the
forward-backward algorithm (FBA), which is defined by sequence {py} as follows:

Pis1 = (I+ AcE) "1 (I = AD)py, 3)

where A, > 0 is the step size, and (I — AyD) and (I + A E)~! are denoted as forward
and backward operators (also referred to as resolvent operators), respectively. The FBA
for solving the MIP was independently studied by Lion and Mercier [6], and Passty [10].
In recent years, the convergence analysis and modifications of this method have been
deeply exploited by many authors; see [4,11,12] and the references in them. We should note
that the weak convergence result of method (3) requires the operator (D) to be strongly
monotone; that is a strong assumption. In order to weaken this restriction, several methods
have been developed by a large number of researchers; see [6,11,13] and the reference
therein. One of the first methods considered to weaken this assumption was introduced
by Tseng [13]. This method is called the Tseng splitting algorithm; it is also known as the
forward-backward—forward method. Precisely, this method is defined as follows:

p1 € H,
gx = (I + AE) Y1 — A D) py, (4)
Pk+1 = Gk + Ak (Dpx — Dy),

where {A;} is the step size, which can be updated automatically by the Armijo-type line-
search technique. The author proves the weak convergence result of method (4) when
operator D is Lipschitz continuous and monotone, and operator E is a maximal monotone
operator. In [14], Zhang and Wang merge the FBA (3) and the projection and contraction
method to obtain an iterative method that also surmounts the limitations of the FBA.
Precisely, this method is defined as follows:

p1 € H,
gk = (I4+ AE) "Y1 — AD) py, ®)
Pk+1 = Pk — YOk,

(Pk—qk1k)
[ ]?

operator D is monotone-Lipschitz continuous, and E denotes the maximal monotone operator.

It is important to note that algorithms (4) and (5) only converge weakly in infinite
dimensional spaces. However, in machine learning and CT reconstruction, strong conver-
gence is more desirable in infinite dimensional spaces [12]. Therefore, it is necessary to
modify (3), such that it can achieve strong convergence in real Hilbert spaces. In the last two
decades, so many modifications of the forward-backward method have been constructed to
obtain strong convergence results in real Hilbert spaces; see [11,12,15,16] and the references
in them.

In recent years, the construction of inertial-based algorithms has attracted massive
interest from researchers. The idea of including inertial terms in iterative methods for
solving optimization problems was initiated by Polyak [17] and it has been confirmed by
numerous authors that the inclusion of an inertial term in a method acts as a boost to the
convergence speed of the method. A common feature of the inertial-type algorithm is that
the next iteration depends on the combination of two previous iterates; for more details,
see [3,18,19]. Many inertial-type algorithms have been studied and numerical tests have

where my = pr — qx — A (Dpx — Dgy), 6 = ,v € (0,2); {Ax} is a control sequence,
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demonstrated that the inertial effects on these methods greatly improve their performances;
see [1,3,20]. Recently, Lorenz and Pock [17] introduced and studied the following inertial
FBA to solve the MIP (2):
Wi = Pk + Ok(pk — Pr-1), ©)
gk = (I+ AkE) (I — AD)py.

Note that method (6) only convergences weakly in real Hilbert spaces; numerical tests
by the authors proved that their method outperforms several existing methods without
inertial terms.

Several mathematical problems, such as variational inequality problems, equilibrium
problem:s, split feasibility problems, and split minimization problems, are all special MIP
cases. These problems have been applied to solve diverse real-world problems, such as
modeling inverse problems arising from phase retrieval, modeling intensity-modulated
radiation therapy planning, sensor networks in computerized and data compression,
optimal control problems, and image/signal processing problems [21-23].

The bilevel programming problem is a constrained optimization problem in which
the constrained set is a solution set of another optimization problem. This problem is
enriched with many applications in modeling Stackelberg games, the convex feasibility
problem, determination in Wardrop equilibria for network flow, domain decomposition
methods for PDEs, optimal control problems, and image/signal processing problems [23].
When the first-level problem is a VIP and the second-level problem is a fixed point set of
a mapping, then the bilevel problem is known as the hierarchical variational inequality
problem. In [24-26], Yamada introduced the following method, called the hybrid steepest-
descent iterative method, to solve the hierarchical VIP:

Pii1 = (I — ax0F)Spy, 7)

where 7 is a strongly monotone-Lipschitz continuous operator and S is a nonexpan-
sive mapping.

In this paper, we consider the problem of solving a VIP over the solution set of the
MIP in a real Hilbert space. This problem is formulated as follows:

Find p* € (D + E)1(0) such that (Fp*,q — p*) > 0,Vq € (D + E)~(0), 8)

where J is a strongly monotone-Lipschitz continuous operator, D is a monotone-Lipschitz
continuous operator, and E is a maximal monotone operator.

Inspired by the inertial technique, the Tseng splitting algorithm, projection, and con-
traction method, and hybrid steepest decent method, we introduce two efficient iterative
algorithms to solve problem (8). We prove the strong convergence results of the suggested
method under some standard assumptions on the control parameters. Also, the strong con-
vergence results are achieved without prior knowledge of the operator norm. Instead, the
stepsizes are self-adaptively updated. Furthermore, we apply our main results to solve the
bilevel variational inequality problem, convex minimization problem, and image recovery
problem. We conduct numerical experiments to show the practicability, applicability, and
efficiency of our methods. Our results improve, generalize, and unify the results presented
in [4,12,13,27], as well as several others in the literature.

This article is organized as follows: In Section 2, we present some established defini-
tions and lemmas that will be useful in deriving our main results. In Section 3, we present
the proposed method and establish its convergence analysis. In Section 4, we show the
applications of our main results to real-world problems. In Section 5, several numerical tests
are carried out in finite and infinite dimensional spaces to demonstrate the computational
efficiency of the proposed methods. Lastly, in Section 6, a summary of the obtained results
is given.
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2. Preliminaries

Let K be a nonempty, closed, and convex subset of a real Hilbert space J{. We represent
the weak and strong convergence of {pi } to pby py — pand py — p, respectively. For every
point p € 7, the unique nearest point, which is denoted by P p, exists in K, such that
llp — Prpll < |lp —qll, ¥q € K. The mapping Py is called the metric projection of 3 onto
K and it is known to be nonexpansive.

Lemma 1 ([28]). Let H be a real Hilbert space and K a nonempty closed convex subset of .
Suppose p € Hand q € K. Then g = Pxp <= (p—q,9—w) >0, Vw € K.

Lemma 2 ([28]). Let 3 be a real Hilbert space. Then for every p,q € H and o € R, we have

@ |lp+qll> <llpl>+2(q,p+9q);
@) |lp+qll> = llpll* +2(p,q) + ll9]1%
(iii) |lou+ (1—0)o|> =ol|p|>+ (1 —0)|g)|*> — (1 —0)|lp — q]|~

Lemma 3 ([29]). Let {ay} be a sequence of non-negative real numbers, such that
Ay < (1 — vk)ak + b, Yk > 1,

where {vi} C (0,1) with Y32 g v = oo. If limsup b < 0 for every subsequence {ay, } of {a},
k—o0

the following inequality holds:
lij@)iog\f(akj+1 —a) >0,
then lim a; = 0.
k—o0
Definition 1. Let 3 be a real Hilbert space and F : 3 — H be a mapping. Then, F is called
(1)  L-Lipschitz continuous, if L > 0 exists, such that
1Fp =4l < Llp —4ll, Vp,q € 3.

IfL € [0,1), then F is a contraction.
(2)  n-strongly monotone, if there exists a constant yy > 0, such that

(p—a,5p—5q) > 1llp—ql* ¥p,q € .
(3)  my-inverse strongly monotone (y1-co-coercive), if there exists a constant 1 > 0, such that
(p—a,5p—5q) > n|Fp—Fq|%, ¥p,q € .

(4)  Monotone, if
(Fp—Fq,p—q)20,VYp,g e

Definition 2. Let E : 3 — 2% be a multi-valued operator. Then
(a)  The graph of E is defined by

Graph(E) ={(p,q) e HxH:pe H, g€ E(p)}.
(b)  Operator E is said to be monotone if
(p—qy-2)20Vyzed pekly)qcE()

(c)  Operator E is said to be maximal monotone if E is monotone and its graph is not a proper
subset of the graph of any of the monotone operators.
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(d)  Forall p € H, the resolvent of E is a single-valued mapping J& : H — 3 defined by

J5(p) = (I+AE)"H(p),

where A > 0 and 1 is an identity operator on .

Lemma 4 ([30]). Let E : 3 — 27 be a maximal monotone mapping and D : H — I be a
monotone and L-Lipschitz continuous operator. Then, the mapping D + E is a maximal mono-
tone mapping.

Lemma 5 ([31]). Suppose that ¢ > 0,a € (0,1), and F : H — H is y-strongly monotone and
Ly continuous, such that 0 < n < Ly. Then for any nonexpansive mapping S : H — I, we
can associate a mapping S° : H — H defined by S°p = (I — aoF)Spy,Vp € H. Then, S® is a
contraction provided ¢ < %’; ; that is,

1

15 — Sl < A —ax)llp —4l,
where x =1—,/1—0(2n — oL?) € (0,1).

3. Main Results

In this section, we construct two methods for approximating the solution of the
variational inequality problem over the solution set of the monotone inclusion problem.
We establish the strong convergence results of the methods in the settings of real Hilbert
spaces. The following assumptions will be useful in achieving our main results:

Assumption 1. (A1) Operator D : H — H is monotone and Ly-Lipschitz continuous, and
E : 3 — 2% is a maximal monotone operator.

(Az) The solution set denoted by Q = {p* € (D + E)~(0) : (Fp*,q — p*) > 0,¥q € (D +
E)1(0)} # .

(As) F : H — H is n-strongly monotone and Lq-Lipschitz continuous.

(Ag) {ax} C (0,1), such that limy_, 0 = 0 and Y 3> | ax = co. The positive sequence {ey}
satisfies limy_, o, ;—’; =0.

(As) Let0 <s <s' <1, {t} C [0, 00) withlimy_,o £ = 0, {sk} C [0, 00) with limy_,e sp = 0,
and g C [0, 00) with Y32 g < 0.

Remark 1. From (9) and assumption (Ay), it is not hard to see that
. . k
lim gellpx — peal| = 0 and Jim % — ]| =
k—o00 k—o00 K

Remark 2. Obviously, the step size (16) properly contains some well-known step sizes considered
in [12,18,32] and many others.

Lemma 6. Assume that Assumption 1 holds and {py} is the sequence generated by Algorithm 1,
then { Ay} defined by (16) is well-defined, and limy_,o, Ay = A > 0.

Proof. Since D is Lp-Lipschitz continuous, such that L1 > 0, sy > 0, then by (16), if
Dwy. # Dvy for all k > 1, we obtain

(sk +s)llwx = oell o (s + 5)l|wi — v
|[Dwi — Doi|| = Lallwg — v

> £
Z 1,

The remaining part of the proof of this lemma is similar to that in [33], so we omit
ithere. O
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Algorithm 1 A modified accelerated projection and contraction method.

Initialization: Choose ¢ > 0,A; > 0,0 <¢; <} <2ando € (O, i’%) Let pg,p1 € H

and setk = 1.
Iterative steps: Calculate the next iteration point py as follows:
Step 1: Choose ¢y, such that ¢, € [0, ¢], where

-
Step 2: Compute
wi = pr+ o (pk — Pr—1), (10)
v = (I+ AE) "Y1 = A D)wy. (11)
Step 3: Compute
Zy = Wy — Mgty (12)
where
. = wi — v — Ax(Dwy — Doy) (13)
and
e {((:1 o <WkH:kUHk2,rk>, ' (r)ihir(x)/:/ise. (19
Step 4: Compute
Prs1 = (I — ax0F)zg, Vk > 1. (15)
Update
A = {min{ Stoba A+ ag, if D £ D Ok (16)
Ak + ks otherwise.

Put k := k 4 1 and return to Step 1.

Lemma 7. If assumption (As) is performed, then a positive integer K exists, such that

Ai(sg +5)

c1+t €(0,2) and
Ak

€(0,1), Vk > K.

Proof. Since 0 < c; < ¢} < 2and limy_,« t, = 0, then a positive integer K exists, such that
0<ci+H <c <2 Vk>Ki.

For0 < s < s <1,limg_,q 8 = 0and limy_,,, Ay = A, we have

lim<1—/\k(sk+s)> =1-s5s>1—-5 >0,
k—o00 Akt

and this means that a positive integer K exists, such that

~ M(sk ts)

1
Akl

>0, Vk > K.
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Setting K = max{Kj, K}, which means that

Me(sg +8)

c1+ 1t €(0,2) and
Ak

€(0,1), Vk > K.
O

Lemma 8. Suppose that Assumption 1 holds and {z;} is the sequence generated from
Algorithm 1. Then, for p* € Q, the following inequality holds:

lak — P12 <l — P2 + (1 )nzk gl k> 1. 17)

_Cl—i-tk

Proof. Since vy = (I + AE)~ (I — A D)wy, we have that wy — A\ Dwy — v € A¢Evy. Since
p* € (D + E)~1(0), it follows that

—ADp* € ALEp™.
Now, due to the maximal monotonicity of E, we have that
(wg — AkDwy — v + Ak Dp*, v — p*) = 0.
Thus,
(wk — v — Ay(Dwy — Dp* + Doy — D), v — p*) > 0.
From (13), it implies that
(re = A(Dvg — Dp*), v — p*) = 0. (18)

By the monotonicity of D, it follows that

{rk, ok — p*) = Ax(Dog — Dp*, v — p*) = 0. (19)
By (19), it follows that
(w — p*, 1) = (Wi — vk, 1) + (v = p*, 1)
> (wx — Uk, 7g)- (20)
Since z; = wy — myry, we have that ||my - r¢||> = ||zx — wy||>. From (14), if r, # 0, we

have my||r¢||> = (c1 + ti) (wy — vy, 7). From Lemma 2 and (20), we obtain

lzk — p*I1* = lJwy — myrye — p*|?
= [lwg — p*||* + mg|rel|* — 2my(wy — p*, 7i)
< lwg — p*[1* + mg||rel|* — 2my (wy — vk, i)

= llwe — p*|1? + mg|lri|* — - | re|?

2
C1 +tk
)nzk —wlP. @)

= ||Ww; — *2+(1_
e~ p| —

O

Lemma 9. Let {wy} and {vy} be sequences generated by Algorithm 1. Let {wkj} and {Uk,-} be
subsequences of {wy} and {vy}, respectively. Ifwe, — x* € Hand lim;_,q ||wk]. - vk],H =0,
then x* € (D + E)~1(0).



Mathematics 2023, 11, 4643

8 of 28

Proof. The proof is similar to that of Lemma 7 in [5]. Thus, we omit it here. [
Lemma 10. Let {py} be the sequence generated by Algorithm 1. Then, {py} is bounded.

Proof. Let p* € Q). From (10) and Assumption 1 (A4), we have ¢x|px — pr-1l] < €
Vk € N, and this implies that

ﬂ||Pk—l7k—1|| < 50, ask — oo, (22)
93 K
It implies from (22) that there exists K3 > 0, such that
P - < Kj, Vk
& [px — pr—1ll < K3, Vk e N. (23)

Using (10) and (23), we have

lwe —p*l = |luk + ¢x(px — Pr—1) — Pl
< px =7l + &xllpk — pr-ll
< e Pl a2 - pica
k
< lpe = p*I| + axKs. (24)

By Lemma 7, we know that a positive integer K exists, such that 0 < ¢; + #; < 2.
Therefore, from (21), we have

llzk =PIl < llwi = p*]|. (25)
Combining (24) and (25), we have
llzi = p*II < llwx = p*I| < [lpe — Pl + 2 Ks. (26)
By Lemma 5, (15) and (26), we obtain
1Peer = p*Il = (I — ax0F)z — (I — ) p™ — a0 Fp”|

< (I = o)z — (I — ax0F)p™|| + aro||Fp™||
< (1 —aex) |z — p*I| + axollTp™||

. K
< (1—ae)llpe — p ||+akx-§+o«kx§||s—fp*||

X Ks + ol|Fp*
= (1= a0 lpe - Pl +akx[3gx”"”}

o K3+ ol TP
Smax{npk—p ||,3‘§("’”}
o K3+ ol TP
< maX{IIm _y |3§C”’”'} @)

where y =1—/1—0(27—0L%) € (0,1). O

This implies that {p;} is bounded. Consequently, we have that {wy}, {vx}, {z¢} and
JFzj are also bounded sequences.

Theorem 1. Suppose that Assumption 1 holds and {py} is the sequence defined by Algorithm 1.
Then, {py} converges strongly to the unique solution of problem (8).
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Proof. The proof of the theorem will be divided into three steps.
Claim 1:

2
(52 = 1) Izl < lpc= "1 = s = 971+ ke, ¥k 2 1, for some Ko >0, 28)

Indeed, by (15), Lemma 2, and Lemma 5, we have
IPeer — pHI17 = (T — 0Pz — (I — ) p* — T p*|?
<N (I = aeF)zx — (I — @) p*|1> = 20x0(Fp*, prs1 — p*)

< (1= aex)?llze — p*II* + 2000{Fp*, p* — Prsa)
< lzk — p*I1* + Ky, (29)

for some Ky > 0. By (24), we have

lwe = p*I1* < (lpe — p* Il + aK3)?
= |lpx — P*II* + ax (2Ks | pr — p*[| + axK3)
= [lpk — p*II* + axKs, (30)

for some K5 > 0. Now, using (21), (29), and (30), we have

1Pt — P12 < llwe — P12 + (1 - )|zk gl + K

1+t

< ok — PP + i + (1 _ )nzk —wlP ke (B

1+t

From (31), it implies that

2
( - 1) lzk — will® < [lpe = p*1I* = lpes1 — P7I1* + &K, VK > 1,
1+t

for some K¢ = Ky + K5 > 0.
Claim 2:

P, ¥k > 1. (32)

2
Ipeet — P12 < (1 — a0 llpe — p° |2+akx[ 2 5pp = pra) +

for some K* > 0.
Indeed, from (10), we have

[we — p*I1> = llpx + ¢e(pe — pe—1) — p*II7
< llpk = P* I+ 2¢xll px — P* 1Pk — Pl + 9311k — pre—a|?
< llpk = p*I1* + 3K ¢l pk — prtll, (33)

where K* = sup{||pk —p*|l, ¢llpx — pr_1ll} > 0. Now, using (15), Lemma 2, Lemma 5, (25),
and (33), we have

Iprsr — P¥IIP = (T = ax0F)zic — (I — ) p* — a@Fp*||?
<11 = apeF)zi — (I — o) p* 1> — 200(Fp*, prs1 — 1)
< (1= ax)? |2k — p* 11> + 200(Fp*, p* — prs)
< (1= o) |z — P11 + 2040(Fp*, p* = Prsa)
< (1= ax) llwe — p* 1> + 200 (Fp*, p* — prs1)
< (1 —aex)llpx = P*I1P + 3K Gl ok — pr—1ll + 200 (Fp*, p* — prsa)
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x 2 o x 3K*
= (1= w0) = 1P o | ST P = ) + 2 = piall | V= L 3

Claim 3: sequence {||px — p*||?} converges to zero. For this, recalling Lemma 3 and
Remark 1, it suffices to show that lim sup,_, .. (Fp*, p* — pr+1) < 0 for every subsequence

{Ilp; = p*II} of {Ilpx — p*||} satisfying
lim inf (||pg;41 — p* [l = llpe, — p*l) = 0. (35)
]—00

Now, we assume that Hpkj — p*||? is a subsequence of ||py — p*||?, such that (35)
holds. Then

liminf(||py+1 = p*I1 = llpe; — p*11%)
]
= iminf{({lpy; 11 =PIl = llp; = P71 Upe 2 = P71+ g = p7IDT = 0.

Owing Claim 1, lim; g = 0 and lim; e tk], = 0, we have

j—oo j—roo

. 2 .
lim sup (Cl T 1) 125, — wi |I> < limsupl||px; — p*[I> = [Pk, 41 — P*II? + i, Ke)
j
= limsup|||p, — p*[1* = l[px; 11 — p*[1] + limsup &y Ke
j—oo j—oo

= —liminf([|px; — p*[I* = [[px; 12 — p*IIP] < 0.
jreo

Consequently, we have

lim ||z — wy|| = 0. (36)
j—roo
By (15), we have
1Pk 1 = 25| = (1 = @ 0F) 2 || = i 0l|Fzi | — 0 as j— co. 37
Also, by (10) and Remark 1
ok, — i | = i, 25 g = pa | = 0 as j — co. (38)
K.
||pkj+1 - Pk/” < ||ij+1 - ijH + ||Zk]' - wk]” + ||wk] - pk]H — 0 as ] — 0. (39)

Using (13) and (16), we have

(wy; — vk, 1) = (Wi, — vk, Wi — Ok, — Ak, (Dwy; — Do)
= Hwk] - vk]'”z - <wkj - Z)kjl Ak]'(Dwk]' - ka]')>
> |lwy, — o |[? = A llwr, — o [l[| Dy, — Doy |

)\k-(sk- +S)
ki+1

j
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At (sk;+s)
By Lemma 7, a positive integer K exists, such that 1 — % > 0, for all k > K. Now,

if Tk, = 0, then following the Lipschitz continuity of D, (12)-(14) and (40), we have that

1

2
ook, = o 17 < 5y~ (W — Ok 7i)
1— ]
/\kv+1
= e | |12
(1+fk)< /\k . )
= Tl T my |||l [[wy; — vk, — Ak (Dwy, — Doy )|
(1—|—tk].)<1 — /\k " )
< )‘k Sk ¥s WZkHT’k || ||wk Uk/” +)\k],HDZUk]. _kajH)
(1+ 4, )( S >
< pTRERE mil[ il (lwe, — o | + A Lallwe, — o [])
(1+fk)< /\k m )
(1+)\k 2
< o ) i 1wk, — ol
(1+tk.)<1— R )
(1+ A Lz
o= [y, — zi; || llwr; — vk |- (41)
(1+tk)< /\k +1 >
This implies that

(1+ A L2)

Ak (sk +s
(1+tkj><1_ Ak+1 )

Ak.
By Lemma 6, we have that lim]-_>0o )\k]. = A, and this implies that T’Zl = 1. Further-
J

[y, — o, || < i, — zx |- (42)

more, by assumption (Ay), we have that lim;_,, = 0= lim; o Sk; and 0 <s <sp <1
Due to (36) and (42), we have that

lim [lwy, — v || = 0. (43)
j—oo U 7
Next, if g =0, then due to (14), we know that lim; ||wkj — v, || = 0 also holds.

Now, by the boundedness of { Pk; }, then there exists a subsequence { Pk; } of {pk/. }, which
is weakly convergent to some g € J(; furthermore,
limsup(Fp*, p* — py,) = ].ILm (Fp p" —pr; ) = (Fp" p" — ). (44)
]—00 © !
From (38), we have that wy; —qas j — oo. This implies from Lemma 9 and (43) that

q € (D +E)~1(0). By (44) and the assumption that p* is the unique solution to problem (8),
we have

limsup(Fp*, p* — pi;) = (Fp*, p* —q) < 0. (45)

j—oo
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The combination of (39) and (45) yields

Hmsup(Fp*, p* — pr,41) = Uimsup(Tp*, p* — p,) = (Fp*,p* —q) <0.  (46)

J— ]—00

Using Remark 1 and (46), we obtain

li ZQ <3~ * ok >+ *(Pk/'
imsup | — , D —
moup| IR = Pl

Pk, — Pk/—1||] <0. (47)

Thus, from Claim 2, assumption (Ay), (47), and Lemma 3, it follows that || py — p*|| = 0,
as required. [

Next, we present the second method in Algorithm 2.

Algorithm 2 A modified accelerated Tseng splitting method

Initialization: Choose ¢ > 0, Ay > 0, 0 € <0 2'7) and {¢} C [a,b] C (0,1]. Let

/L%

po,p1 € Hand setk = 1.
Iterative Steps: Calculate the next iteration point py; as follows:

Step 1: Choose ¢, such that ¢y € [0, k], where

B = {nffll{"*k?l"”kf’k’“'}’ e ey (48)
o1/ otherwise.
Step 2: Set
wi = pr+ Pe(pr — Pr-1), (49)
and compute
v = (I4+ME) (I = MD)wy, (50)
Step 3: Compute
2k = (1 — O )wy + O (vx + Ax(Dwy — Dvy)). (51)
Step 4: Compute
Per1 = (I — ax0F)zg, Yk > 1. (52)

Update

s f (sets) lwg—v | :
)\k+1 _ {mm{ TDwe—Dog| , Ak —l—qk}, if Dwy 75 Duy, (53)

Ak + Gk otherwise.

Put k := k 4 1 and return to Step 1.

Remark 3. From (48), and Assumption 1 (Ay), we observe that
im ¢[|p — pr-all = 0 and
k—o0

tim %5 — el = 0.
K

k—o0
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e = p*II?

Lemma 11. If assumption (As) is performed, then a positive integer K exists, such that

(Sk + S)z)Li

2
AkJrl

€ (0,1), Vk > K.

Proof. The proof is similar to the proof of Lemma 7. O

Lemma 12. Suppose Assumption 1 holds and {py} is the sequence defined by Algorithm 2. Then,
for all p* € ), we have the following inequality:

2
/\k-&-l

— 0 (1 — O) ||y — wie||*. (54)

(Sk+S)2)\2
lze — p*|I> < (1—l9k)|wk—P*||2—l9k<1—k lwi — o 1?

Proof. From the definition of {A;}, it is obvious that
D, - Doyl < B gy, vice (55)
k+

Observe that (55) holds if Dwy, = Duvy. If Dwy # Dvy, we have

| (sk+ 5) lwi — o] (s + ) ||w — o]
Ak :mm{ Atk <
“ [Daw; — Doy]| i [Daw; — Doy|

this implies that ||[Dwy — Dvg|| < f\";f |lwr — vg||- Thus, we have that (55) holds for

Dwy # Dvy and Dwy, = Dog. Now, let by = vy + A (Dwy — Dovy). Then, from Lemma 2
and (55), we have

= |lok + Ax(Dwg — Do) — g
= lok — p*|1* + A7 Dwi — Dog||* + 2A (v — p*, Dwg — D)
= ok + wi +wi — p*[I* + A7 | Dwy — Doj||* + 2A¢ (vx — p*, Dwy — Dy
= ok —well® + llwg — p* 1> + 2(vk — wi, wi — p*)
+Atl|Dwy — Do ||* + 2k (v — p*, Dwy — Dy

= ||Uk—wk|\2+||wk—i7 1>+ Af | Dwg — Doy |?

+2{(vp — wy, v — p*) + 2(vx — Wi, W — vg) + 2A1 (v — p*, Dwy — Doy)
= lox —well® + [lwg — p*|I* + A7 | Dwi — Doy >

+2(vx — Wi, v — p*) — 2(vx — Wk, Vx — Wy) — 2Ax(Dwy — Dok, p* — vy)
= ok — wll® + llwg — p*|I* + A7 | Dwg — Doy >

+2(0 — wy, v — p*) — 2||vg — wi||* — 2A(Dwy — Doy, p* — vy.)
= wx = p*|I> = llox — wil® + A7 | Dwi — Doy |?

—2(wy — vx — A (Dwy — Do), v — p*)

(Sk+S)2/\2
g — p*[|* — <1 — =R g —

IN

2
Ak+1

—2(wy — vk — Ax(Dwy — D), v — p¥). (56)
Next, we show that

(wg — vk — A (Dwg — Do), v — p*) > 0. (57)
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1z — Pl

IN

From (50), we have that (I — Ay D)wy € (I + A, E)vg. Due to the maximal monotonicity
of D, we know that there exists g, € Fvy,, such that

(I = AD)wy = vx + Ax&m,
which means that
8k = A (W — v — M Dwy). (58)

From the definition of p*, we have 0 € (D + E)p*. Using the fact that Doy + g, €
(D + E)gk and that (D + E) is a maximal monotone operator, we obtain

(Dog + g, gk — p*) = 0. (59)
Combining (58) and (59), we have
A Hwi — v — AkDwy + AcDoy, v — p*) >0,
this means that (57) holds. By (56) and (57), we have

)LZ

(Sk+5)2/\2
7 = p* 11> < Jlwg — p* |1 — <1—k e — ok || (60)
k+1

Moreover, from (52), (60) and Lemma 2, we have

= ||(1 — O)wy + Oy — p*|?

11 = 0) (i — p*) + O (i — p*) |12

= (1= ) |lwe — p*I1* + Ol — p*[1* — O (1 — O ) Iy — w2

(1= 8 [l — p* 1> + & 2
k+1

(s +s 2)2
lw — p*[|* — <1 _ e A [|wg — v |2

— O (1 — ) || Iy — w2

(s +5)%A%
= ||ka*||219k<1k [ — v |2

2
Ak-&-l

— (1 — ) |y — wye|*. (61)
O

Lemma 13. Let {wy} and {vy} be sequences generated by Algorithm 2. Let {wy, } and {vy,} be
subsequences of {wy} and {vi}, respectively. If wy, — x* € Hand lim;_, [|wy, — vy || = 0,
then x* € (D + E)~1(0).

Proof. The proof is similar to the proof of Lemma 9. [J
Lemma 14. Let {py} be the sequence generated by Algorithm 2. Then, {py} is bounded.

Proof. Now, due to the boundedness of {8} and Lemma 11, there exists K € N, such that

(sm +5)2/\% . . .
G| 1— — ] > 0, for all k > K. This, together with (61), yields
k1

Iz =PIl < ok — p*|I.

The remaining part of the proof is similar to that of Lemma 10. Therefore, we omit it
here and this completes the proof of the Lemma. [
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Theorem 2. Suppose that Assumption 1 holds and {py} is the sequence defined by Algorithm 2.
Then, {py} converges strongly to the unique solution of problem (8).

Proof. The proof of the theorem will be divided into three steps.
Claim (i):

< lpk = P*II” = pesr — 11> + iKe, Yk > 1, for some Kg > 0. (62)

Indeed, using (29), (30) and (61), we have

(Sk +S)2/\%

AZ

st = P17 < we — p*II? — o (1 -
k+1

) [ — vgl|* — O (1 — 0) || e — wie|* + aKa

2
/\k-‘rl

— O (1 — )| — wi||* + aKa. (63)

(Sk+S)2)\2
< llpk — p*II* + axKs — 0 (1 — = g — o2

From (63), it implies that

(Sk—l-S)z/\2
Oy (1 — R g — w2 — 8 (1 — 0) || — we?

< |lpx — P*I1* = llpre1 — P*II* + axKy, Yk > 1, for some K¢ = Ky + K5 > 0.
Claim (ii):

2 N 3K*
pka = p*I* < (1= we0)llpx = p*I17 + akx[;<3"p*,p ~ Pl ¥ lxk?(fk

Pk — pr—1|, Yk > 1. (64)

for some K* > 0. O

The proof of Claim (ii) is similar to that of Claim 2 of Theorem 1. Therefore, we omit
it here.

Claim (iii): sequence {| px — p*||?} converges to zero. For this, recalling Lemma 3 and
Remark 3, it suffices to show that lim sup,_, . (Fp*, p* — pr+1) < 0 for every subsequence

{Ilp, = p* 11} of {llpx — p*||}, satisfying
lim inf (||pg;+1 = p* [l = llpe, — p*l) = 0. (65)
]—00

Now, we assume that Hpkj — p*||? is a subsequence of ||p; — p*||?, such that (65)
holds. Then

liminf(||py 11— p* |1 = llpx, — P7I1P)
J—
= 1i]gglf[(||ij+1 —p*ll = llpg; = PN Ulpr+1 — Pl + Nl — p* D] 2 0.

Owing to Claim (i), lim; ;e a, =0 and lim; o, sk, =0 and the boundedness of {19;(],},
we have

]—00 )\2

(Sk]. +S)2/\£j ) )
limsup |8 | 1 — ——5—— [ llwk; — ok I = 85, (1 — ;) 1y, — i |
ki+1
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< limsup(||px, — p* 1> = l|px; 11 — p*[1* + ax, Ke)
]—
—limsup[|pk, — p*12  llpe; o1 — p*II2] + lim sup g Ke
j—roo j—oo
— —timinf{llpi, — p* I — llpi 1 — P17 < 0.
]—00
Consequently, we have
Using (51), (66), and the boundedness of {ﬂkj}, we have
sz.—wk.H :ﬁk”hk —wk.|| —>0asj—>oo. (67)
] ] ] ] ]
Again, by (52), we have
P41 = zi || = [[(T — g 0F)zi || = 0| Fz || — 0 as j — oo (68)
Also, by (10) and Remark 1
k .
w1, = pig | = o 2 = | = 0 as = o (69)
P41 — Pl < llpi1 — 2l + 1z — wil| + [, — pil| = 0 as j— o0 (70)

The remaining part of the proof is similar to Claim 3 of Theorem 1. Hence, we omit it
here and complete the proof of the theorem.

4. Applications

In this section, we consider the applications of our methods to the bilevel variational
inequality problem, convex minimization problem, and image recovery problem.

4.1. Application to the Bilevel Variational Inequality Problem

Let H be a real Hilbert space and K be a nonempty closed convex subset of J(. Let
D,J : H — 3 be two single-valued operators. Then, the bilevel variational inequality
problem (BVIP) is formulated as follows:

find p* € VI(K, D) such that (Fp*,q—p*) >0, Vg € VI(K, D), (71)
where VI(KC, D) denotes the solution set of the variational inequality problem (VIP):
find p* € K such that (Dp*,w — p*) >0, Vw € K. (72)
Assume that VI(K, D) # @, the VIP (72) is equivalent to the following inclusion problem:
find p* € K such that 0 € (D + E)p”*, (73)

where E : H — 2" is the sub-differential of the indicator function and it is a maximal
monotone operator [34]. In this case, according to [35], the resolvent of E is the metric
projection Py; that is, (I + AtE)~!(p). Thus, the following corollaries follow immediately
from Theorem 1 and Theorem 2, respectively:

Corollary 1. Let ‘H be a real Hilbert space and K a nonempty closed convex subset of H; let
D : H — H be a monotone and L-Lipschitz continuous operator, I : H{ — I be a strongly
monotone and Ly monotone operator, and P : H — 2" be a maximal monotone operator. Assume
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that {p* € VI(KC,D) : (Fp*,q—p*) > 0, Vq € VI(K,D)} # @ and that assumptions
(A4)—(As) hold. If { px}, a sequence generated by Algorithm 3:

Algorithm 3 A modified accelerated projection and contraction method.

772
Ll

Initialization: Choose ¢ > 0,A; > 0,0 <¢; < ¢} <2ando € (O 2”). Let po,p1 € H
and setk = 1.

Iterative steps: Calculate the next iteration point py as follows:

Step 1: Choose ¢y, such that ¢y € [0, Pi], where

. €k .
B = {mm{"" T} i P P

¢, otherwise.

Step 2: Compute

wi = i+ Pe(pr — Pr-1),
O = P,C(wk — )\kak)'

Step 3: Compute
Zg = Wiy — My,
where
e = Wr — v — A (Dwy — Doy)
and

o {0 L it £,
0, otherwise.

Step 4: Compute
Pi1 = (I — eF)zg, Yk > 1.
Update
" Ak + Gk otherwise.

Put k := k + 1 and return to Step 1.

Then, sequence { py } converges strongly to a unique solution of the (BVIP) (71).

Corollary 2. Let H be a real Hilbert space and K be a nonempty closed convex subset of J; let
D : H — H be a monotone and L-Lipschitz continuous operator, F : H — H be a strongly
monotone and Ly monotone operator, and Py : H — 27 be a maximal monotone operator. Assume
that {p* € VI(K,D) : (Fp*,q—p*) > 0, Vg € VI(K,D)} # D and that assumptions
(Ag)—(As) hold. If { px}, a sequence generated by Algorithm 4:
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Algorithm 4 A modified accelerated Tseng splitting method.

Initialization: Choose ¢ > 0, Ay > 0, ¢ € (Oi”) and {8} C [2,0]  (0,1]. Let
1
po,p1 € H and setk = 1.

Iterative steps: Calculate the next iteration point pjy as follows:

Step 1: Choose ¢y, such that ¢ € [0, i], where

B = Y S U
B = {n;:n{kwl’ [Pk—pr—1ll } if P 7 Prot

k
? Fro—1/ otherwise.
Step 2: Set

wi = P+ Pe(Pe — Pr-1),
and compute
vk = Prc(I — AD)wy,
Step 3: Compute
zk = (1 = Bp)wi + B (v + Ak (Ewg — Evg)).
Step 4: Compute
Prr1 = (I — ap0F)z, Yk > 1.
Update
o - o B o). o
M+ otherwise.

Put k := k 4 1 and return to Step 1.

Then, sequence { py } converges strongly to a unique solution of the (BVIP) (71).

4.2. Application to the Convex Minimization Problem

Let i : 3 — R be a convex differentiable function and g : H{ — R be a proper lower-
semi-continuous and convex function. Then, the convex minimization problem (CMP) is
formulated as follows:

find p* € H such that h(p*) + g(p*) = lier?{{h(u) +g(u)}. (74)
14

It is well-known that problem (74) is a special case of the MIP; that is, it is equivalent
to the problem: 0 € Vh(p*) 4+ dg(p*). Itis a known fact that if Vh is (%)—Lipschitz con-
tinuous, then it is L-inverse strongly monotone and dg is a maximal monotone operator.
The solution set of the CMP (74) is denoted by (Vh + 9¢)~1(0). In Theorems 1 and 2, we
set D = Vhand E = dg, F(p) = p — f(p), where f : H{ — H is a y-contraction mapping.
It is not hard to see that F : H{ — 3 is (1 + 7) Lipschitz continuous and (1 — 7)-strongly
monotone. Consequently, if we take ¢ = 1, then, we obtain the following corollaries from
Theorems 1 and 2, respectively.
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Corollary 3. Let 3 be a real Hilbert space, Vh : 5 — J be a L-Lipschitz continuous operatot,
and 9g : H — 2% be a maximal monotone operator. Assume that (Vh +dg)~1(0) # @ and that
assumptions (Ag)—(As) hold. If { px}, a sequence generated by Algorithm 5:

Algorithm 5 A Modified Accelerated Projection and Contraction Method

Initialization: Choose ¢ > 0, Ay > 0,0 < ¢ < ¢} < 2and y € [0,5— V2). Let
po,p1 € Hand setk = 1.

Iterative steps: Calculate the next iteration point py, as follows:

Step 1: Choose ¢y, such that ¢, € [0, i), where
. € .
B = min{g, iy} i P P
¢, otherwise.

Step 2: Compute

Wi = Pk + PPk — Pr-1),
v = (I+ Akag)_l(wk — M Vhwy).

Step 3: Compute
Zp = Wy — My,
where
1y = wy — v — Ap(Vhwy — Vhoy)

and

- (c1+ tk)%, if re #0,
0, otherwise.
Step 4: Compute

Prs1 = (I — )z + o f(z), Yk > 1.
Update
Aoy = min{%,/\k + pk}, if Vhwy # Vhoy,
Ak + Pr otherwise.

Put k := k + 1 and return to Step 1.

Then, sequence {py} converges strongly to an element in (Vh +9g)~1(0).

Corollary 4. Let 3 be a real Hilbert space, Vh : ‘H — H be a L-Lipschitz continuous operator,
and g : H — 2% be a maximal monotone operator. Assume that (Vh +dg)~1(0) # @ and that
assumptions (Ag)—(As) hold. If { px}, a sequence generated by Algorithm 6:
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Algorithm 6 A modified accelerated Tseng splitting method.

Initialization: Choose ¢ > 0, Ay > 0, ¢ € (Oi”) and {8} C [2,0]  (0,1]. Let
1
po,p1 € H and setk = 1.

Iterative steps: Calculate the next iteration point pjy as follows:

Step 1: Choose ¢y, such that ¢ € [0, i], where

B = Y S U
B = {n;:n{kwl’ [Pk—pr—1ll } if P 7 Prot

Px .
Fro—1/ otherwise.

Step 2: Set
wi = P+ Pe(Pe — Pr-1),
and compute
op = (I+Adg) (I — A Vh)ay,
Step 3: Compute
zr = (1 = O)wy + O (vg + Ap(Vhwy — Vhoy)).
Step 4: Compute
Prr1 = (I — o)z + apf(zx), Yk > 1.

Update

N — {min{W,AkJqu}, if Vhwy # Vhoy,

A+ 4k otherwise.

Put k := k 4 1 and return to Step 1.

Then, sequence {py} converges strongly to an element in (Vh + 9g)~1(0).

4.3. Application to the Image Restoration Problem

The general image recovery problem can be formulated by the inversion of the obser-
vation model defined by

z=Dp—+h, (75)

where / is the unknown additive random noise, p € RF is the known original image, D
is the linear operator involved in the considered image recovery problem, and z is the
known degraded observation. Model (75) is closely equivalent to different concepts of
optimization problems. In recent years, the /; norm has been widely used by many authors
in these kinds of problems. The [; regularization, which can be employed to remove noise
in the recovery process, is defined by

1
min{A + ~||z — Dpl|?}, 76
peRk{ kllpllt 2|| pli2} (76)
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where p € RF z € R™, D is a m x k matrix and Ak > 0. Next, we use various algorithms, as
listed above, to find the solution to the following CMP:

. . 1
find p € Argmin, g {Ac|[plli + 51z = Dpl13}, (77)

where D is an operator representing the mask and g is the degraded image.
In this numerical experiment, g(p) = ||p[1, h(p) = 3|z — Dp||3, and in all the algo-
rithms, set D = Vh and E = dg. We define the gradient by

Vh(p) = D*(z — Dp).

Moreover, we compare the image recovery efficiency of method Algorithms 5 (in
short, OAURNS3) and 6 (in short, OAURN4) with Algorithm 3.3 by Adamu et al. [36] (in
short, ADIA Alg. 3.3) and Algorithm 3.1 by Alakoya et al. [15] (in short, AOM Alg. 3.1).
For all algorithms, we use the stopping criterion Ex = ||px;1 — pk|| < 107 and choose the
following parameters for all the methods:

e In OAURN2 and OAURNS, we set ¢ = 0.73, A1 = 3.5,5 = 0.66, c; = 0.99, ¥ = 0.68,

1.8
e In ADIA Alg. 3.3, weset 1 = ﬁ, 0r = pr = 05(1 — ), & = 1p = 5, = (1&8?)2’

u:%,)\k:%andazo.&

e InAOM Alg. 3.1, we set ay = 37, O = & = 0.5(1 —ay), € = (;i%%z 0 = 0.89,

A =35, ¢ =089, a = 0145, = 0.895, Sp = 3p, Tp = 3p, f(p) = ip and
_ 1
Pk = G
The test images are a hand X-ray and an apple. The performances of the algorithms
are measured via the signal-to-noise ratio (SNR), defined by

_ Ipll2 )
SNR ZOloglo(”p_p*”2 , (78)
where p* is the restored image and p is the original image. We consider the blur function in
MATLAB “special (‘motion’, 40, 70)” and add random noise. All numerical simulations
were performed using MATLAB R2020b and carried out on a PC Desktop with an Intel®
Core™ i7-3540M CPU @ 3.00GHz x 4 and 400.00GB memory. The numerical results are
presented in Figures 1-4 and Table 1.

Table 1. Numerical comparison for the methods OAURN1, OAURN2, ADIA Alg. 3.3, and AOM
Alg. 3.1.

Images k OAURN1 OAURN2 ADIA Alg.3.3 AOM Alg3.1.
SNR SNR SNR SNR
Apple 300 23.8342 23.5978 20.8637 11.7830
Size = 350 x 600 600 23.3478 23.04771 20.9999 11.9876
1600 224.9893 24.5673 22.6738 16.3562
2000 24.7839 24.3435 22.8246 16.8673
300 23.9984 23.6374 21.2243 11.7803
Hand X-ray 600 23.9999 23.8563 21.6754 11.8587
Size = 520 x 750 1600 24.9738 24.8973 22.7437 16.3478

2500 24.99989 24.94555 22.5467 17.8495
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Original Apple Blurred Apple

OAURN3 OAURN4

ADIA Alg. 3.3 AOM Alg. 3.1

Figure 1. Comparison of restored images via various methods when the number of iterations
is 2000 for the apple image.

Original Hand X-ray Blurred Hand X-ray

Figure 2. Cont.
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OAURN3 OAURN4

ADIA Alg. 3.3 AOM Algl. 3.1

Figure 2. Comparison of restored images via various methods when the number of iterations is 2500

for the hand X-ray image.

25 T T T T T T T T T —
OAURN3
— — — OAURN4
o0l ADIA Alg. 3.3 | |
MOA Alg. 3.1
B 15| -
=
[0
=
o
& 10t .
5} ]
o 1 1 1 1 1 1 1 1 1
0 200 400 600 800 1000 1200 1400 1600 1800 2000

Number of Iterations

Figure 3. Graphs of SNR for the methods OAURN1, OAURN2, ADIA Alg. 3.3, and AOM Alg 3.1 for
the apple image.
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SNR Values
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OAURN3
— — — OAURN4
ADIA Alg. 3.3 [
AOM Alg. 3.1

500 1000 1500 2000 2500
Number of Iterations

Figure 4. Graphs of SNR for the methods OAURN1, OAURN2, ADIA Alg. 3.3, and AOM Alg 3.1 for
the Hand X-ray image.

Remark 4. From Figures 1-4 and Table 1, one can see that the qualities of the recovered images are
better with higher SNR values. Thus, it is evident that Algorithms 1 and 2 are more efficient than
the other compared algorithms.

5. Numerical Experiments

In this section, we present some numerical experiments to illustrate the numerical
behavior of Algorithms 1 (in short, OAURN1) and 2 (in short, OAURN?2). Moreover, we
compare them with Algorithm 3.3 by Adamu et al. [36] (in short, ADIA Alg. 3.3) and
Algorithm 3.1 by Alakoya et al. [15] (in short, AOM Alg. 3.1). We choose the parameters of
all the methods as follows:

° In the proposed Algorithms 1 and 2, we set ¢ = 0.73, A1 = 2.5,5 = 0.59, c; = 0.67,

— = 1 - __1 1,17 — 1
l9k - 089/ X = 2k+17 €x = (2k+1)3/ Sk = k+17 Q - L% and ’7k - (k_;'_l)lAl .

e InADIA Alg. 33, we set Tc = 5, 0k = pix = 0.5(1 — 7)), ¢ = 7% = s = m
U= %,Ak:%anda:0.9.

e InAOM Alg. 3.1, we set ay = 5, 6 = & = 0.5(1 — ay), € = ﬁ 6 = 0.73,
A = 25,¢ =059, a = 0.145, B = 0465, Sp = 3p, Tp = 3p, f(p) = ip and

_ 1
Pk = G
Example 1. Let H = L,([0,1]) and let the operators D, E, F : H — H be defined by
D(p) =3p(t), E(p) =6p(t), and F(p) = 05p(t), Vit € [0,1].

It is not hard to verify that D is %-inverse strongly monotone, E is a maximal monotone
operator, and F is 0.5-strongly monotone and 0.5-Lipschitz continuous. For this experiment, we
take the stopping Ex = || pry1 — pxl| < 107> and consider the following cases:

CaseI: po(t) = tand py(t) = 1+ 1%

Case II: po(t) = 2s and p1(t) = sin(t);
Case I1L: py(t) = £2 + tand p1(t) = 13 + 3t,
Case IV: py(t) =t +2and py(t) = cos(t).
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The obtained numerical results are presented in the following Table 2 and Figure 5. It can be
seen that our method outperforms the compared methods.

Table 2. Numerical results of Example 1.

Cases OAURNI1 OAURN2 ADI;A 3A1g. AOM Alg. 3.1
Case I CPU time (s) 0.0354 0.0385 0.058834 0.7367
No. of Iter. 15 15 17 55
Case II CPU time (s) 0.00456 0.005687 0.0864 0.2673
No. of Iter. 15 15 18 98
Case III CPU time (s) 0.0853 0.0987 0.1343 0.4536
No. of Iter. 14 14 17 57
Case IV CPU time (s) 0.1637 0.1856 0.35468 0.9637
No. of Iter. 16 16 17 18 88
- ¢ —&— OAURN1 —E— OAURN1
—oess B kah
’ N ? Number oafuiteralions “ * * ’ N ? * meber ostol‘era‘ij:s * ° ° o
“ 0‘ —A— OAURN2 o —A— OAURN2
ool o Mowng s o Roinpas
;:,‘@X AOM Alg. 3.1 AOM Alg. 3.1
102E \\%ﬁx
103 F \b

104 . . . . . . . . . . . . . . .
0 10 20 30 40 50 60 0 10 20 30 40 50 60 70 80 %
Number of iterations Number of iterations

Figure 5. Example 1, Case I (top left); Case II (top right); Case III (bottom left); Case IV
(bottom right).

Example 2. Let H = (£2(R), | - ||¢,), where £(R) = {p = (pr.p2ps---).p; € R :
X luj| < oo} and ||pll,, = (Z]?"’:l \pj|2)%, Vp € (r(R). We now define the operators
D,E,F: l,(R) — £r(R) by

Dp =0.5p, Ep =8p, and F(p) = 0.8p, Vp € K.

It is easy to check that D is 2-inverse strongly monotone, E is a maximal monotone operator,
and F is 0.8-strongly monotone and 0.8-Lipschitz continuous. For this experiment, we take the
stopping Ex = || px11 — pxll < 1078 and consider the following cases:

CuseA:pO:(%,%,%,- )gndm:(L%,%,...)
Case B: Po = (%, %, 1%, and p1= (1, %, %, .
Case C: py = (1, %, 11—0, ) and p; = (%, %,% )
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Case D: py = (%,%,%,~--)andp1 = (1'%'E"")'

The obtained numerical results are shown in Table 3 and Figure 6; it can be seen that our
method outperformed the compared methods.

Table 3. Numerical results of Example 2.

Cases OAURN1 OAURN2 ADIA Alg. 3.3 AOM Alg. 3.1

Case A CPU time (s) 0.0060 0.0061 0.0099 0.0187
No of Iter. 48 49 70 89

Case B CPU time (s) 0.0073 0.0075 0.0167 0.0376
No of Iter. 46 49 73 920

Case C CPU time (s) 0.0038 0.0041 0.0562 0.0876
No of Iter. 47 50 60 72

C D CPU time (s) 0.0052 0.0054 0.2536 0.4667
ase No of Iter. 58 61 77 97
104 ‘—.—OAU‘RNZ ‘05 i —“—QAUF‘(NZ

—3¥— OAURN1
—p— AOM Alg. 3.1
ADIA Alg. 3.3| |

—%— OAURN1
ADIA Alg. 33| |
—3¢— AOM Alg. 3.1

1070

L L L L L L L 1018 L L L L L L L L
0 5 10 15 20 25 30 35 40 0 10 20 30 40 50 60 70 80 90
Number of iterations Number of iterations

—+— OAURN2 —+— OAURN2

—— OAURN1 —%— OAURN1

—p— AOM Alg. 3.1 —b— AOM Alg. 3.1
ADIAAlg. 33| | ADIAAIg. 33| |

—

100

ui 10

1010 1010

1078 10715
0

. . . . . . . . . . . . .
10 20 30 40 50 60 70 80 0 10 20 30 40 50 60 70 80 90 100
Number of iterations Number of iterations

Figure 6. Example 2, Case A (top left); Case B (top right); Case C (bottom left); Case D
(bottom right).

6. Conclusions

In this work, two efficient iterative methods for solving the strongly monotone varia-
tional inequality problem over the solution set of the monotone inclusion problem have
been introduced. These methods are accelerated by the inertial technique. The new methods
use self-adaptive step sizes rather than depending on prior knowledge of the operator norm
and the Lipschitz constants of the operators involved. We obtained the strong convergence
results of these methods under some mild conditions on the control parameters. We applied
our results to solve the variational inequality problem, bilevel variational inequality prob-
lem, convex minimization problem, and image recovery problems. Numerical experiments
were carried out to authenticate the applicability of our methods and to further show the
superiority of the proposed method over some existing methods. The new results improve,
extend, complement, and unify some existing results in [4,12,13,27] and several others.

Author Contributions: Conceptualization, A.E.O.; Methodology, G.C.U.; Software, ].A.A.; Validation,
Funding acquisition, Formal analysis, H.A.N.; Writing—original draft, A.E.O.; Supervision, G.C.U.
and O.K.N. All authors have read and agreed to the published version of the manuscript.



Mathematics 2023, 11, 4643 27 of 28

Funding: The authors extend their appreciation to Prince Sattam Bin Abdulaziz University for
funding this research through project number (PSAU/2023/01/90101).

Data Availability Statement: The data used to support the findings of this study are included within
the article.

Conflicts of Interest: The authors declare that they have no competing interest.

References

1. Abuchu, J.A.; Ofem, A.E.; Ugwunnadi, G.C.; Narain, O.K,; Hussain, A. Hybrid Alternated Inertial Projection and Contraction
Algorithm for Solving Bilevel Variational Inequality Problems. J. Math. 2023, 2023, 3185746. [CrossRef]

2. Ofem, A.E. Strong convergence of a multi-step implicit iterative scheme with errors for common fixed points of uniformly
L-Lipschitzian total asymptotically strict pseudocontractive mappings. Results Nonlinear Anal. 2020, 3, 100-116.

3. Ofem, A.E; Mebawondu, A.A.; Ugwunnadi, G.C.; Isik, H.; Narain, O.K. A modified subgradient extragradient algorithm-type for
solving quasimonotone variational inequality problems with applications. J. Inequal. Appl. 2023, 2023, 73. [CrossRef]

4. Cholamyjiak, P.; Hieu, D.V.; Cho, Y.J. Relaxed forward-backward splitting methods for solving variational inclusions and
applications. . Sci. Comput. 2021, 88, 85. [CrossRef]

5. Gibali, A.; Thong, D.V. Tseng type methods for solving inclusion problems and its applications. Calcolo 2018, 55, 49. [CrossRef]

6. Lions, PL.; Mercier, B. Splitting algorithms for the sum of two nonlinear operators. SIAM |. Numer. Anal. 1979, 16, 964-979.
[CrossRef]

7. Ofem, A.E.; Mebawondu, A.A.; Ugwunnadi, G.C.; Cholamjiak, P.; Narain, O.K. Relaxed Tseng splitting method with double
inertial steps for solving monotone inclusions and fixed point problems. Numer. Algor. 2023. [CrossRef]

8.  Ofem, AE; Isik, H.; Ali, F; Ahmad, J. A new iterative approximation scheme for Reich-Suzuki type nonexpansive operators with
an application. J. Inequal. Appl. 2022, 2022, 28. [CrossRef]

9. Shehu, Y;; Dong, Q.L.; Jiang, D. Single projection method for pseudo-monotone variational inequality in Hilbert spaces. Optimiza-
tion 2019, 68, 385-409. [CrossRef]

10. Passty, G.B. Ergodic convergence to a zero of the sum of monotone operators in Hilbert space. J. Math. Anal. Appl. 1979, 72,
383-390. [CrossRef]

11.  Izuchukwu, C.; Reich, S.; Shehu, Y.; Taiwo, A. Strong Convergence of Forward-Reflected-Backward Splitting Methods for Solving
Monotone Inclusions with Applications to Image Restoration and Optimal Control. J. Sci. Comput. 2023, 94, 73. [CrossRef]

12.  Tan, B.; Cho, S.Y. Strong Convergence of inertial forward-backward methods for solving monotone inclusions. Appl. Anal. 2022,
101, 5386-5414. [CrossRef]

13. Tseng, P. A modified forward-backward splitting method for maximal monotone mappings. SIAM ]. Control Optim. 2000, 38,
431-446. [CrossRef]

14.  Zhang, C.; Wang, Y. Proximal algorithm for solving monotone variational inclusion. Optimization 2018, 67, 1197-1209. [CrossRef]

15. Alakoya, T.O.; Ogunsola, O.].; Mewomo, O.T. An inertial viscosity algorithm for solving monotone variational inclusion and
common fixed point problems of strict pseudocontractions. Bol. Soc. Mat. Mex. 2023, 29, 31. [CrossRef]

16. Thong, D.V.; Anh, PK.; Dung, V.T.; Linh, D.T.M. A Novel Method for Finding Minimum-norm Solutions to Pseudomonotone
Variational Inequalities. Netw. Spat. Econ. 2023, 23, 39-64. [CrossRef]

17.  Polyak, B.T. Some methods of speeding up the convergence of iteration methods. USSR Comput. Math. Math. Phys. 1964, 4, 1-17.
[CrossRef]

18. Thong, D.V,; Hieu, D.V,; Rassias, T.M. Self adaptive inertial subgradient extragradient algorithms for solving pseudomonotone
variational inequality problems. Optim. Lett. 2020, 14, 115-144. [CrossRef]

19. Thong, D.V,; Liu, L.L.; Dong, Q.L.; Long, L.V,; Tuan, P.A. Fast relaxed inertial Tseng’s method-based algorithm for solving
variational inequality and fixed point problems in Hilbert spaces. J. Comput. Appl. Math. 2023, 418, 114739. [CrossRef]

20. Shehu, Y;; Yao, J.C. Rate of convergence for inertial iterative method for countable family of certain quasi-nonexpansive mappings.
J. Nonlinear Convex Anal. 2020, 21, 533-541.

21. Ofem, A.E,; Igbokwe, D.I. A new faster four step iterative algorithm for Suzuki generalized nonexpansive mappings with an
application. Adv. Theory Nonlinear Anal. Its Appl. 2021, 5, 482-506.

22. Ofem, A.E; Abuchu, ]J.A; George, R.; Ugwunnadi, G.C.; Narain, O.K. Some new results on convergence, weak wz—stability and
data dependence of two multivalued almost contractive mappings in hyperbolic spaces. Mathematics 2022, 10, 3720. [CrossRef]

23. Eslamian, M. Variational inequality over the solution set of split monotone variational inclusion problem with application to
bilevel programming problem. Filomat 2023, 37, 8361-8376.

24. Ofem, A.E.; Udofia, U.E.; Igbokwe, D.I. A robust iterative approach for solving nonlinear Volterra Delay integro-differential
equations. Ural Math. J. 2021, 7, 59-85. [CrossRef]

25. Okeke, G.A,; Ofem, A.E.; Abdeljawad, T.; Alqudah, M.A.; Khan, A. A solution of a nonlinear Volterra integral equation with
delay via a faster iteration method. AIMS Math. 2023, 8, 102-124. [CrossRef]

26. Yamada, I. The hybrid steepest decent method for variational inequality problem over intersection of fixed point sets of

nonexpansive mapping. In Inherently Parallel Algorithm in Feasibility and Their Application; Butnariu, D., Censor, Y., Reich, S., Eds.;
Elsevier: Amsterdam, The Netherlands, 2001; pp. 473-504.


http://doi.org/10.1155/2023/3185746
http://dx.doi.org/10.1186/s13660-023-02981-7
http://dx.doi.org/10.1007/s10915-021-01608-7
http://dx.doi.org/10.1007/s10092-018-0292-1
http://dx.doi.org/10.1137/0716071
http://dx.doi.org/10.1007/s11075-023-01674-y
http://dx.doi.org/10.1186/s13660-022-02762-8
http://dx.doi.org/10.1080/02331934.2018.1522636
http://dx.doi.org/10.1016/0022-247X(79)90234-8
http://dx.doi.org/10.1007/s10915-023-02132-6
http://dx.doi.org/10.1080/00036811.2021.1892080
http://dx.doi.org/10.1137/S0363012998338806
http://dx.doi.org/10.1080/02331934.2018.1455832
http://dx.doi.org/10.1007/s40590-023-00502-6
http://dx.doi.org/10.1007/s11067-022-09569-6
http://dx.doi.org/10.1016/0041-5553(64)90137-5
http://dx.doi.org/10.1007/s11590-019-01511-z
http://dx.doi.org/10.1016/j.cam.2022.114739
http://dx.doi.org/10.3390/math10203720
http://dx.doi.org/10.15826/umj.2021.2.005
http://dx.doi.org/10.3934/math.2023005

Mathematics 2023, 11, 4643 28 of 28

27.
28.
29.
30.
31.
32.
33.
34.

35.
36.

Lorenz, D.A.; Pock, T. An inertial forward-backward algorithm for monotone inclusions. Math. Imaging Vis. 2015, 51, 311-325.
[CrossRef]

Goebel, K.; Reich, S. Uniform Convexity, Hyperbolic Geometry, and Nonexpansive Mappings; Marcel Dekker: New York, NY, USA, 1984.
Xu, HK. Iterative algorithms for nonlinear operators. |. Lond. Math. Soc. 2002, 66, 240-256. [CrossRef]

Brezis, H.; Chapitre, LI. Operateurs maximaux monotones. North-Holland Math. Stud. 1973, 5, 19-51.

Anh, PK,; Anh, T.V.; Muu, L.D. On Bilevel split pseudomonotone variational inequality problems with applications. Acta Math.
Vietnam. 2017, 42, 413-429. [CrossRef]

Liu, H,; Yang, ]. Weak convergence of iterative methods for solving quasimonotone variational inequalities. Comput. Optim. Appl.
2020, 77,491-508. [CrossRef]

Wang, Z.; Lei, Z.; Long, X.; Chen, Z. A modified Tseng splitting method with double inertial steps for solving monotone inclusion
problems. J. Sci. Comput. 2023, 96, 92. [CrossRef]

Kitkuan, D.; Kumam, P.; Martinez-Moreno, J. Generalized Halpern-type forward-backward splitting methods for convex
minimization problems with application to image restoration problems. Optimization 2020, 69, 1-25. [CrossRef]

Rockafellar, R. On the maximality of sums of nonlinear monotone operators. Trans. Amer. Math. Soc. 1970, 149, 75-88. [CrossRef]
Adamu, A.; Deepho, ]J.; Ibrahim, A.H.; Abubakar, A.A.B. pproximation of zeros of sum of monotone mappings with applications
to variational inequality and image restoration problems. Nonlinear Funct. Anal. Appl. 2021, 26, 411-432.

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.


http://dx.doi.org/10.1007/s10851-014-0523-2
http://dx.doi.org/10.1112/S0024610702003332
http://dx.doi.org/10.1007/s40306-016-0178-8
http://dx.doi.org/10.1007/s10589-020-00217-8
http://dx.doi.org/10.1007/s10915-023-02311-5
http://dx.doi.org/10.1080/02331934.2019.1646742
http://dx.doi.org/10.1090/S0002-9947-1970-0282272-5

	Introduction
	Preliminaries
	Main Results
	Applications
	Application to the Bilevel Variational Inequality Problem
	Application to the Convex Minimization Problem 
	Application to the Image Restoration Problem

	Numerical Experiments
	Conclusions
	References

