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1. Introduction

Let X be a reflexive real Banach space and C be a closed, convex and nonempty subset
of X. We denote the dual space of X by X*. The minimization problem for a function
f : C — Ris defined as

Find x* € C such that f(x*) < f(y), Vy € C. 1)

In this case, x* is called a minimizer of f, and Argmin, ¢ f(y) denotes the set of
minimizers of f. Minimization problems are very useful in optimization theory as well as
convex and nonlinear analysis. An important generalization of Problem (1) for a bifunction
f:CxC—R is the following equilibrium problem (EP), defined as

Find x* € C such that f(x*,y) >0, Vy e C. ()

We denote by EP(f) the solutions set of (2). Many interesting and demanding problems in
nonlinear analysis, such as complementarity, the fixed point, Nash equilibria, optimization,
the saddle point and variational inequality problems, can be reformulated as equilibrium
problems (cf. [1-4]). Some authors have obtained results regarding the existence and
stability of solutions of (EP) (cf. [5,6]).

However, equilibrium problems in finite as well as infinite dimensional spaces were
studied by [7-10]. Dadashi et al. [11] studied the subgradient extra-gradient method for
Pseudomonotone equilibrium problems.

Recently, several authors have combined equilibrium problems with fixed-point prob-
lems. They have presented algorithms to solve them in Hilbert spaces [9,12]. Also, some
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authors have presented several methods for solving fixed-point problems in metric spaces,
see [13-15].

One of the most popular methods used to solve equilibrium problems is the extra-

gradient method. Authors have considered the extra-gradient method for monotone and
Pseudomonotone equilibrium problems [4,16-21].
In [8], Reich and Sabach studied equilibrium problems and fixed-point problems in Banach
spaces. In their paper, they presented two algorithms to find the common fixed points
of many finite, firmly nonexpansive Bregman operators. Very recently, inspired by the
extra-gradient method, Yang and Liu [22] presented an algorithm, which is called the
subgradient extra-gradient method, to find a common solution to equilibrium problems and
the fixed point of a quasinonexpansive mapping without the knowledge of the Lipschitz-
type constants of the bifunction in Hilbert spaces. The algorithm is as follows:

yn = argmin{Anf (xn,y) + 3 |xa —y[*: y € C},
zn = argmin{Auf (yn,y) + 3 [xn —yl* 1 y € T},
th = anxo + (1 — an)zy,

Xn41 = Pnzn + (1 — Bu)Sty,

where p € (0,1), Ag > 0 and xy € H is arbitrary. Also,
Thn={veH: (xy— AWy —Yn,v—yu) <0},

wy € 92f(Xn,yn) such that x, — Aywy, —yn € Ne(yn) and

b= RESHRT ). i -Sioun-Si 0

- otherwise,

in addition, the sequences {a, } and {B,} satisfy the conditions
(i) {an} C[0,1]and Y5 gan = oo,
(i) limsup, . Bn <0,0r Y07 o |anBu| < 0.

Inspired by the above work, in the present paper, we introduce a new subgradient
extra-gradient algorithm to find the common element of a set of fixed points of a Bregman
relatively nonexpansive mapping and the solution set of an equilibrium problem involving
a Pseudomonotone and Bregman-Lipschitz-type bifunction in reflexive Banach spaces.

This paper is organized as follows: In Section 2, we recall some definitions and
preliminary results. Section 3 deals with our algorithm and the relevant convergence
analysis. Finally, in Section 4, we illustrate the proposed subgradient extra-gradient method
by considering two numerical experiments.

2. Materials and Methods

In this section, we recall some definitions and preliminaries. Suppose that f : X —
(—o0, 00] is a convex, proper and lower semicontinuous function. We denote by Argmin
the set of minimizers of f. If Argmin f is a singleton, its unique element is denoted
by argmin,y f(x). Additionally, we denote by domf the domain of f; that is, the set
{x € X: f(x) < oo}. Let x € int domf. Given the proper, convex and lower semicontinu-
ous function f : X — (—oo0, 00], its subdifferential at some x € X is defined as

of (x) = {8 € X*: f(x) + (y = x,8) < fly), Yy e X].
Concerning this definition, we have
(i) 9f(x)is empty when f(x) = oo,
(i) of(x) is not in general empty when x € domf,
(ili) 9f(x) is nonempty when x € intdomf; precisely, intdomf C dom(df).
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It will be useful to stress these facts in the present exposition. The function f* : X* —
(—o0, 0] defined by
(&) =sup{ (x,&) — f(x) : x € X},

is called the Fenchel conjugate of f. It can be shown that { € df(x) is equivalent to

f)+£5(8) = (x,9). ®)

We can show that f* is a proper, convex and lower semicontinuous function. The function
f is called cofinite if domf*=X"*. Let f : X — (—o0, +0c0| be a convex function. Given
x € int domf and y € X, the right-hand derivative of f at x in the direction y is given by

fo(x/y) = lgﬁlf(x—’—tyt)_f(x) (4)

A function f is called Gateaux differentiable at x€int domf if the limit as t — 0 in (4) exists
for each y. The function f is said to be Gateaux differentiable if it is Gateaux differentiable
at each x€int domf. In this case, the gradient of f at x is the linear function V f(x), which
is defined by (y, Vf(x)) := f°(x,y) for all y € X. We say that f is Fréchet differentiable at
x if it is Gateaux differentiable and the limit as t — 0 in (4) is attained uniformly for every
y € X with |ly]| = 1. Also, we say that f is uniformly Fréchet differentiable on a bounded
subset E of X if the limit is attained uniformly for x € E and |[|y|| = 1.

The function f : X — (—oo,+00) is called Legendre if it satisfies the following
two conditions:
(L1) int domf # @ and subdifferential df is single valued on its domain,
(L2) int domf* # @ and df* is single valued on its domain.

Since X is reflexive, we always have (3f) ! = 9f* (see [23], p. 83). This fact, combined
with Conditions (L1) and (L2), implies the following equalities which will be very useful in
the sequel:

Vi=(Vf)T
ran Vf =dom Vf* = int dom f*,
ran Vf* =dom Vf = int dom f.

Also, Conditions (L1) and (L2), in conjunction with Theorem 5.4 of [24],

imply that the functions f and f* are strictly convex on the interior of their respective
domains and f is Legendre if and only if f* is Legendre. Several interesting examples
of Legendre functions are presented in [24]. Among them are the functions % [|-||P with

p € (1,00), where the Banach space X is smooth and strictly convex.
Given a Gateaux differentiable convex function f : X — R, the Bregman distance with
respect to f is defined as

Ds(x,y) == f(x) — f(y) = (Vf(y).x—y), xy€EE.

Note that Dy : domf x int domf — [0, +c0] is not a distance in the usual sense of the

term. In general, Dy is not symmetric and does not satisfy the triangle inequality. Clearly,

D¢(x,x) = 0, but D¢(y, x) = 0 may not imply x = y. In our case, when f is Legendre, this

indeed holds (see [24], Theorem 7.3(vi)). However, Dy satisfies the three-point identity
Dy(x,y) + Dy(1,2) = Dy(x,2) = (x =y, VF(z) = V£(y)),

and four-point identity

Df(x,y) + Dg(w,z) = Df(x,2) = Dg(w,y) = (x —w,Vf(z) = Vf(y)),
for any x, w € domf and y, z € int domf.
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More information regarding Bregman functions and distances can be found in [4,24-31].
A function f : X — (—o0,4o0] is called totally convex at a point x € int domf if its
modulus of total convexity at x, that is, the function v¢(x, -):[0, +c0)—[0, o], defined by

vf(x, t) = inf{Df(y,x) cy €dom f, |ly— x| =t},

is positive whenever t > 0. This notion was first introduced by Butnariu and Iusem in [28].
Let E be a nonempty subset of X. The modulus of the total convexity of f on E is defined by

vf(E,t) = inf{vf(x,t) : x € ENintdom f}.

A function f is called totally convex on bounded subsets if vf(E, ) is positive for any
nonempty and bounded subset E and for any ¢ > 0. We will need the following lemmas in
the proof of our results.

Lemma 1 ([32]). If f : X — R is uniformly Fréchet differentiable and bounded on bounded subsets
of X, then V f is uniformly continuous on bounded subsets of X from the strong topology of X to
the strong topology of X*.

The function f is called sequentially consistent (see [33]) if, for any two sequences
{xn} C domf and {y,} C int domf, such that {x,} is bounded,

lim Dy (yn, xn) = 0,

and this implies that
lim ||y, — x| = 0.
n—oo

Lemma 2 ([28]). If domf contains at least two points, then the function f is totally convex on
bounded sets if and only if the function f is sequentially consistent.

Lemma 3 ([34]). Let f : X — R be a Legendre function such that V f* is bounded on bounded
subsets of int domf*. Let xo € X. If {Dg(xo,xn)} is bounded, then the sequence {xn} is
bounded too.

Let f be a function and C be a closed, convex and nonempty subset of int domf.
The Bregman projection (see [35]) concerning f of x € int domf onto C is defined as

the necessarily unique vector rojjé (x) € C, which satisfies

Dy (Projh-(x),x) = inf{Dy(y,x) : y € C}.

The Bregman projection concerning totally convex and Gateaux differentiable func-
tions has a variational characterization ([33], Corollary 4.4, p. 23).

Lemma 4. Let f be Giteaux differentiable and totally convex on int dom f. Let C be a closed,
convex and nonempty subset of int domf and x € int domf. Then, the following statements
are equivalent:

(i)  The vector £ € C is the Bregman projection of x onto C concerning f.
(i) The vector £ € C is the unique solution of the variational inequality

2=y Vf(x) = Vf(z)) 20, vy ecC.

(iii) The vector £ € C is the unique solution of the inequality

D¢(y,z) + D¢(z,x) < Df(y, x), Vy € C.
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With an admissible function f : X — (—oo, +00], we associate the bifunction V :
X x X* — [0, 4+00] (see [36,37]) defined by

Vi(x,x*) = f(x) — (x,x%) + f*(x%), Vxe X,x" € X"
Recall some properties of the bifunction Vy. Forall x € X and x* € X*, we have

Vi(x,x*) = D¢(x, Vf*(x")), (@)
Also, for all x € X and x*,y* € X* (see [38]), we have
Vi(x, x™) + (V") —x,y%) < Ve(x,x" +y7), (6)

Let f : X — (—00,400] be a proper, lower semicontinuous function. Then, f* : X* —
(—o0, +00] is a proper, convex and weak* lower semicontinuous function (see [39]). There-
fore, Vf is convex concerning the second variable. Hence, we have

N N

Df (Z,Vf* (Zthf(x1)>> < Ztin(szi)/ Vz € X, 7)
i=1 i=1

where {x;}N, C Xand {#}, C (0, 1) with _N, t; = 1.

Let B be the closed unit ball and S be the unit sphere of a Banach space X. Let
rB:={ze€ X: |z|| <r}forallr > 0and f : X — R be a function. We say that f
is uniformly convex on bounded subsets (see [40]) if p,(t) > O for all r,t > 0, where
pr : [0,00) — [0, 0] is the gauge of the uniform convexity of f and is defined by

_ . af(x)+ (1 —a)f(y) — flax+ (1 —a)y)
Pr(t) N x,yerB,Hxirylﬁ:t,txe(O,l) oc(l — oc) , VEZ0.

Lemma 5 ([41]). Let f : X — R be a uniformly convex function on bounded subsets of X and
r > 0 be a constant. Then,

f(é%n) < i“kf(xk) —ajjpr([lx; — xjl1),

k=0
n
foralli,j€{0,1,2,..,n}, x; € rB,ay € (0,1) and k = 0,1,2,..., n with Y a =1, where p, is
k=0
the gauge of the uniform convexity of f.

The function f is also said to be uniformly smooth on bounded subsets (see [40]) if

lim 7 ()
t}0

=0forallr >0,

where 0; : [0,00) — [0, o0] is defined by

af(x + (1 —a)ty) + (1 — a) f(x — aty) — f(x)
a(l—a) ’

o (t) = sup
xerB,yeS,ae(0,1)

for all t > 0. A function f is said to be super coercive if

@ _ L

FENET.

Theorem 1 ([40]). Let f : X — R be a super coercive convex function. Then, the following
are equivalent:
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(i) f is uniformly smooth on bounded
subsets of X and bounded on bounded subsets.
(ii)  f is Fréchet differentiable and V f is uniformly
norm-to-norm continuous on bounded subsets of X.
(ii)) dom f* = X*, f* is super coercive and uniformly convex on bounded subsets of X*.

Theorem 2 ([40]). Suppose that f : X — R is a convex function which is bounded on bounded
subsets of X; then, the following are equivalent:

(i) f is super coercive and uniformly convex on bounded subsets of X.

(i) dom f* = X*, f* is bounded on bounded subsets and
uniformly smooth on bounded subsets of X*.

(iii) dom f* = X*, f* is Fréchet differentiable and V f* is uniformly norm-to-norm continuous
on bounded subsets of X*.

Theorem 3 ([42]). Suppose that f : X — (—oo, +00] is a Legendre function. The function f is
totally convex on bounded subsets if and only if f is uniformly convex on bounded subsets.

Lemma 6 ([43]). Let C be a nonempty convex subset of X and f : C — R be a convex and subdif-
ferentiable function on C. Then, f attains its minimum at x€C if and only if 0€9df (x)+Nc(x),
where N¢(x) is the normal cone of C at x; that is,

Ne(x) :={x" e X*: (x —z,x") >0,Vz € C}.

Lemma 7 ([44]). Let f and g be two convex functions on X such that there is a point xy €
dom f Ndom g where f is continuous. Then,

a(f+g)(x) =0f(x)+0g(x), VxeX.

Let C be a closed convex subset of X. A function g : X x X — (—00,+00], such that
g(x,x) = 0forall x € C, is called a bifunction.

Throughout this paper, we consider bifunctions with the following properties:
Bl. gis monotone on C, that is

g(x,y) +8(y,x) <0, VxyeC.

B2. gis Pseudomonotone on C; that is,

gx,y) >0=g(yx) <0, VxyeC.
B3. g is Bregman 7- strongly Pseudomonotone on C if there exists a constant v > 0
such that
gxy) 20= gy, x) < —rDs(y,x), VxyeC.

B4. gis Bregman-Lipschitz-type continuous on C; that is, there exist two positive constants
c1, ¢ such that

g(x,y) +8(y,z) > g(x,z) —c1Df(y,x) — c2Df(z,y), VYx,y,z€C,

the constants ¢y, ¢; are called Bregman-Lipschitz coefficients with respect to f (See [19]).

Lemma 8 ([19]). Let C be a nonempty closed convex subset of a reflexive Banach space X and
f: X — Rbea Legendre and super coercive function. Suppose that g : X x X — R is a bifunction
satisfying B1 — B4. For the arbitrary sequences {x,} C Cand {A,} C (0,+o0), let {wy, } and
{zn} be sequences generated by
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wy = argmin{A,g(xn,y) + D¢ (y, xu) 1 y € C},
zn = argmin{Ang(wn, y) + Df(y, xx) : y € C}.

Then, we have
D¢(x*,zn) < Dg(x*,x4) — (1 = Anc1)Dy(wn, xn) — (1 = Anca) Dy(zn, wn), Vx* € EP(g).
Let S : X — X be a mapping; the set of the fixed points of S is

F(S)={xe X:S(x) =x}.

A point p € X is called an asymptotic fixed point of S if X contains a sequence {x, } with
x, — p such that ||Sx, — x,|| — 0. The set of asymptotic fixed points of S is denoted by
E(S). The term “symptotic fixed point” was coined and used by Reich [45].

Definition 1. Let S : X — X be a mapping with F(S) # @. Then,
(i) S is called Bregman quasinonexpansive if D¢(y,Sx) < Df(y, x) forall x € X,y € F(S).
(ii) S is called Bregman relatively nonexpansive if S is Bregman quasinonexpansive and F(S) = F(S).

Bregman quasinonexpansive mappings were studied by Butnariu et al. [46]. Here, we
assume that the bifunction g satisfies the following conditions:
Al. gis Pseudomonotone on C.
A2. gis Bregman-Lipschitz-type continuous on C.
A3. g(x,-) is convex, lower semicontinuous and subdifferentiable on X for every fixed
xeX.
A4. gisjointly weakly continuous on X x C in the sense that,if x € X,y € Cand {x,,}, {yn}
converge weakly to x, y , respectively, then ¢(x,, yn) — g(x,y) as n — oo.

Remark 1. If g satisfies A1— A4, then EP(g) is closed and convex (see [35]). If S is a Bregman
quasinonexpansive mapping, then F(S) is a closed convex subset of X ([33], Proposition 1).

Lemma 9 ([47]). Let f : X — (—oo, +00] be uniformly Fréchet differentiable and totally convex
on bounded subsets of X. Let C be a nonempty closed and convex subset of int dom f, CB(C)
denote the family of nonempty closed bounded subsets of C and T : C — CB(C) be a Bregman
relatively nonexpansive mapping. Then, F(T) is closed and convex.

Let f : X—(—o0, +-00] be a Gateaux differentiable function and x € X; recall that the
proximal mapping of a proper convex and lower semicontinuous function g : C— (—0c0, 0]
concerning f is defined by

f

Prox, ) (x) := argmin{g(y) + Ds(y,x) : y € C}. (8)

Lemma 10 ([19]). Let f : X — (—o0, 00| be a super coercive and Legendre function. Let x €
intdomf, C C intdomf and ¢ : C — (—o00, +o0] be a proper convex and lower semicontinuous
function. Then, the following inequality holds:

g(y) — g(Prox}(x)) + (Prox}(x) —y, Vf(x) — Vf(Prox}(x))) >0, VyeC. (9)
Lemma 11 ([48]). Let {s,} be a sequence of non-negative real numbers satisfying the inequality

Spy1 < (1 - D‘n)sn + B, Vn >0,
where {ay, } and { By } satisfy the conditions
(i) {an} C[0,1]and Y, oan = oo,
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(i) limsup, ., Bn <0, 0r Yoo anful < co.

Then, limy, 00 5, = 0.

Lemma 12 ([49]). Let {a,} be a sequence of real numbers such that there exists a subsequence
{n;} C Nsuch that a,; < a1 forall i € N. Then, there exists a subsequence {my} C N such
that my — oo, and the following properties are satisfied by all (sufficiently large) numbers k € N :

Ay < A1 and  ag < @y 41

In fact, my=max{j < k:a; <aj;1}.

3. Main Results

In this section, we assume that f:X—R is a Legendre, super coercive and totally
convex function on bounded subsets of X such that V f* is bounded on bounded subsets of
int domf* and the bifunction g: X x X—R satisfies A1—A4. Now, we present the following
Algorithm 1, and we prove a convergence theorem.

Algorithm 1 Subgradient extra-gradient algorithm

11
c1’ ¢y

Choose g€, B]C(0, p), where p=min{
Step 1.
Step 1. Given the current iterate x,, compute

}, xpeX and p€(0,1). Set n=0 and go to

yn = argmin{Ayg(xn,y) + Df(y, xn) 1 y € C}.
Step 2. Choose w,, €d2g(xy, y») such that V f(x,)—A,wy—V f (y4) ENc (y,) and compute

zn = argmin{Aug(yn, y) + Ds(y, xn) : y € Tu},
where
Ty = {v € X| (v = yn, Vf(xn) — Anwy — Vf(yn)) <0}
Step 3. Choose {a,} and {B,} such that

{an} C (0,1), DCn = 0o, 7112’11 D‘n = Oand an c [a,b} C (0,1),
n=0 i

then compute

by = Vf* (zanf(xo) +(1- txn)Vf(zn)),
5w = VI (Ba VS (zn) + (1= i) VF(Stn)),

. D nrYn +D nrsin M
poef D ) T 20

- otherwise.

Set n:=n-+1 and go back to Step 1.

The following lemmas will be useful in the proof of the main theorem.

Lemma 13. The sequence {\,} generated by Algorithm 1 is bounded below with lower bound

I3

mm{ ax(e5)” Aot
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Proof of Lemma 13. Since g satisfies the Bregman-Lipschitz-type condition with constants
c1 and ¢y, for the case of g(xu,zn) — §(xn, ¥n) — §(Yn,zn) > 0, we have

ClDf(Zn/yn) + CZDf(ynr xn)

8(xn,zn) — §(xn, yn) — 8(Yn,2n) <
< max(cy, ¢2) (D (zn, Yn) + Dy (yn, xn))-

From the definition of A;, we see that this sequence is bounded from below. Indeed, if
Ag € —F—, then {),,} is bounded from below by Ag; otherwise, {1, } is bounded from

max(cy,c2)

below by —*——

max(c1,62) "

Remark 2. It is obvious that the sequence { Ay} is decreasing and the limit of {A, } exists and we
denote 1_1}1}_1 Anp = A. Clearly, A > 0. If Ag < , then {Ay, } is a constant sequence.
n o)

I
max(c1,c7)
Lemma 14. The sequence {wy, } generated by Algorithm 1 is well defined, and CCT,.
Proof of Lemma 14. It follows from Lemmas 6 and 7 and the condition A3 that

yu = argmin{A,g(xs, ) + Dy(y,2:) : v € C},
if and only if

OE)\nazg(xn,yn)+V1Df(]/nr xn) + NC(yn)~
There exists wy, € d29(xn, yn) and w € N¢(y,) such that

Mwn+V f(yn)—V f (xn)+w=0.

Thus, we have

Y = yn, Vf(xn) = Vf(yn)) =Y = Yn, w + Anwn)
= (Y — Yn, ) + (Y — Yn, Anwn)
< <]/ — Yn, /\nwn>, V]/ e C.

This implies that (y — yn, Vf(x4) — Vf(yn) — Anwy) < 0forally € C.Hence, CC T,. O

Lemma 15. Suppose that S:X— X is a Bregman quasinonexpansive mapping. Let {x, }, {yn}, {zn}
and {t,} be sequences generated by Algorithm 1 and F(S)NEP(g)#®. Then, the sequences

{xn}, {yn}, {zn} and {t,} are bounded.
Proof of Lemma 15. Since

zp = argmin{A,g(yn, y) + Df(y, Xp):y €Ty} = Proxf\ng(yn/.)(xn),

by Lemma 10, we have
A (80 zn) = g y)) < (n =9, V() = V(Gn), Wy ETw (10
Know that
E(S)NEP(g) C C C Ty,

Assume that u € F(S) N EP(g). Substituting y = u into the last inequality, we have

Ao (8 zn) = §lyn,w)) < (2w =, VF(n) = Vf(zn)- a1
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An (8(xnzzn) —8(xn,yn) — g(ymzn)> 2

From u € EP(g), we obtain g(u,y,) > 0. Thus, ¢(yn, u) < 0 because of the Pseudomono-
tonicity of g. Hence, from (11) and A,, > 0, we obtain

M&(WYn,zn) < (zn — u, Vf(xn) — Vf(zn)). (12)
Since w, €028 (xn, yn ), we obtain

g(xi’l/ ]/) _g(xn/ yn)><y—yn, wi’l>/ fOI' ally S X

Substituting y = z, into the last inequality, we obtain that

g(xnzzn) _g(xn/yn) = <Zn _]/n/wn>.
We have
An (g(xnzzn) - g(xn/yn)) = /\n<zn — Yn, wn> (13)

From definition of T,, we have
(zn = Yn, Vf(xn) = Apwn — Vf(yn)) <0,
we have

(zn = yn, Vf(xn) = Vf(yn)) < (20 — Yn, Anwn). (14)
Combining (12)—(14) with the three-point identity, we obtain that

—zn, Vf(xn) = Vf(zn)) + (zn — Yn, Anwn)

(u
(u—zp, Vf(xn) =V f(zn)) + (zn —yn, V(xn) = Vf(yn))
= Df(u,zn) (u,xn) Df(zn,yn) + Df(yn,xn).

We have

Dy (u,zn) < Ay (g(xn,zn) — g(xn,yn) —g(yn,zn)> + Dg(u, xy)
- Df(znryn) - Df(yn/xn)'

We obtain

Dy (u,zn) < {’i”l (Df(zn/yn) +Df(yn,xn)) + Df(u, xn) — D¢(2n,Yn) — D (yn, xn). (15)
On the other hand
lim Aep=pu,  ue(0,1). (16)

n——+00 n+1

There exists N € N such that foralln > N, we have 0 < ﬁily < 1. So, Df(u, Zn) < Df(u, Xn)
for all n > N. Therefore, we have
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Dyt %u41) = Dy (1, Vf* (BuV f(za) + (1= Bu)VF (St ))

< BuDy(u,zn) + (1= pu) Dy (u, Stn)

< BuDf(u,zn) + (1 — Bn) Dy (u, tn)

= BuDf(u,zn) + (1 - ,Bn)Df(u Vf* (tanf(xo) +(1- zxn)Vf(zn)))

< BuDys(u,zn) + (1 — Bu)anDy(u, x0) + (1 — Bu)(1 — an) D¢ (u,z0)  (17)
< (Bnt+(1—Ba)(1— D‘n)>D (u,xn) + (1 — ﬁn)“an(“IXO)

< (Bn+ (1= Bu) (1 —an) +an(1— Bu)) max(Df(u,xn),Df(u,xo))

< max (Df(u, xn),Df(u, x0)>

< Dy (u, xo).

Therefore, the sequence { Dy (u, x,) } is bounded, and by Lemma 3, the sequence {x; } is
bounded. We have D f(u, zy) < D f(u, Xy ), which implies that {z,} is bounded. From (??)
and using Lemma 8, we derive that

BnDf(ut,zn) + (1 = Br)anDs(u,x0) + (1 — Bn)(1 — an) D (1, zn)
Bn (1_/311)(1_%))[) (u,zn) + (1_.311)0‘an(“er)

(
< (But(1—Bn)(1— zxn))(Dfuxn (1—Ancl)Df(y,,,xn)—(l—)\ncz)Df(zn,yn))+(1—,Bn)zanf(u,x0)
< (But(1-B) (l—an))(Df(u,xn)—(l—/\ncl)Df(yn,xn)> + (1=Bu)an Dy (1, xp).

We get that

(Bnt(1=Bn)(1=an)) (1=Anc1) D (yn, Xu)
< (ﬁn‘f‘(l_ﬁn)(l_“n))Df(“r Xn) — Df(”/ Xny1) + (1_.371)"‘an(”/ Xp)-

Considering the limit supreme in the last inequality as n — oo, we obtain that
nl1_r>ro10 D¢ (yn, xn)=0. Therefore, {y, } is bounded. Clearly, {t,} is bounded. [

Df(u/ xn-i—l)

NN

Now, we are ready to prove our main theorem.

Theorem 4. Let S be a Bregman relatively nonexpansive mapping. Assume that A1—Ay are
satisfied and (:=F(S)NEP(g) # @. Then, the sequence {x, } generated by Algorithm 1 converges

strongly to roj{) (x0)-

Proof of Theorem 4. By Remark 1 and Lemma 9, Q) is closed and convex. Assume that
x* = ﬁoj{}(xo). By Lemma 4, we have

(z—x", Vf(xg) —Vf(x¥)) <0, VzeQ. (18)

From Lemma 8, we obtain Df(x*, Zn) < Df(x*, xp,) for all n > N. Therefore,
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Dy(x*, %s1) = Dy (x*, VF*(BuV f(zu) + (1= Bu)VF (St ))
< BuDp(x*,zn) + (1 — Bn) D (x", Sty)
< BnDp(x",zn) + (1= Bn) Dp(x", £n) (19)
= ,Ban<x*/Zn> +(1- ﬁn)Df(x*rvf*(“nvf(xO) + (1= an)Vf(zn)))
< BuDy(x*,zn) + (1= Bu)anDp(x*, x0) + (1 = Bn) (1 — an) Dy (x*, zn).

We have
Dy(x*,2041) < (Bu+ (1= Bu)(1 =) ) Dp(x",20) + (1= Bu)anDy(x",%0).  (20)

From (15), we obtain

Dy(x*,z) < Dp(x", xu) = (1= 2 ) (Dp(zu,yn) + Dy, ) ). @)

Know that

Bn+(1—Bn)(1—an) =1—a,(1—pB,) <1
From (20) and (21), we have

Df(x*ranrl) < Df(X*an) +(1- ,Bn)“an(x*rxo)
< Dyp(x", xn) — (1 - /{iﬁ)(Df(Zn,yn) + Df(yn, xn)) + (1 = Bn)anDr(x*, x0). (22)

We divide the proof into two parts:
Case 1. In this case, we suppose that there exists N; € N (N; > N), such that

D¢ (x*, x411)<Df(x", xn),
for all n > Nj. Then, the limit nlgtgo Df(x*,xn) exists. Let r}l_r& Df(x*,xn) = [. By (22),

we obtain
(1=422 ) (D (20, yn)+ Dy, %)) <D (", 50) =D (%, K1)+ (1= Bis)a Dy (5, o) (23)
From (23), the fact that

lim (1-{2)=1-p>0and lim a; =0,

n—»o0 /\n+1

we obtain that

(1 —p)limsup(D¢(zn, y¥n) + D (yn, xn)) < 0.
n—oo

We have

iy, Dy oY) = B Dy (Y, ) =0
From Lemma 2, we get that

,}iggoIIyn—an :,}E{}OHZVL_WH =0. (24)
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Dy (x", ¥me11)

<flx

Since {x,} is bounded, there exists a subsequence {x,, } which converges weakly to some

zp € X and
limsup(x, —x*, Vf(xg) — Vf(x*)) = lim (x,, —x*, Vf(x9) — Vf(x"))
n—s0co k—ro0
= (z0 —x*, Vf(xo) — Vf(x¥)). (25)
From (24) and x,, — zg, we have y,, — zp and zq € C. Since
Yn, = Prox/ (xn,)
Ny )\”kg(x”k’.) ny)rs
by Lemma 10 we deduce that
)‘”k (g(x?lkfy) - g(xnkfyﬂk)) 2 <}/ _ynk/ Vf(xnk) - vf(ynk)>/ Vy e C. (26)

Considering the limit in the last inequality as k — oo and using the assumptions A4,
lim A, = A >0, we obtain
k—>s00

—8(20,20)) = (v — 20, Vf(z0) — Vf(20)),

Which implies that g(zo,y) > 0, for all y € C. Thatis, zg € EP(g).

A(g(zo,y) Yy e C.

Next, we prove zg€F(S). From x,, —z and (24), we obtain z,, — z,. Note that,

lim «, =0,

n—oo
therefore,
D(zny, tn,) = D(zme, V" (an, V f (x0)+(1 — an )V f (zn,)))

S D‘nkD<anr xO) + (1 - D‘nk)D<an’an)

= w0, D(2p, X0)-
We obtain that

kli_r)noo D(zy, ty,) = 0.

We get that

klinoo |z — tu ]l =0, (27)

and thus t,, — zo. Let

r=sup{[IVf(za)ll. [ V£(Sta) I}

The sequences {z, } and {St,} are bounded and V f is bounded on bounded subsets of X,
we have ¥ < co. In view of Lemma 1 and Theorem 1, domf* = X*, f* is super coercive and
uniformly convex on bounded subsets of X*. Applying (5) and Lemma 5, we obtain

=D (x", V(B V£ (zn,) + (1= Bu) VF(Stn,)))
=V (x*, Bu Vf(zne) + (1= Bn, ) Vf(Stn,))
=f(x") + f* (B V(@) + (1= B ) VI (Stwy)) = (&7 BV f(2m) + (1= Bu )V (Stn,))
( ) + ﬁ”kf* (vf(an)) ( - :B"lk) (vf(St”k)) B .Bnk (1 - :B'Vlk)p;‘k (||Vf(2”k) B vf(St”k) ”)
— (", BV f(zn) + (1= Bu) VF (Stuy) )-

T is a Bregman relatively nonexpansive mapping and
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f) + () =(x,x7)

we have

Df(x*/x”k) <) + Bz, Vf(zn,)) = B f (zm) + (1= By ) (Stn,), V£ (Stw) )
7(1718”k>f<5t”k)718”k (1*,3;1,()()7*(HVf(an)*Vf(Stnk) ”)7ﬁ”k<x*’vf(znk)>7(1713”k)<x*’vf(5t”k>>
:nB”kDf(x*’Z”k) + (1 - nB”k)Df(X*'St”k) - nB”k (1 - :B”k)pj (HVf(an) - vf(St”k) ”)'

therefore,

By (1_151%)!7? (va(znk)_vf(St”k)”) <Pw Dy (x*’znk)+(l_ﬁ"k)Df (x*’St”k) —Dy (x*’x”k)
<P Dy (x" .z, ) + (1—Pny) Dy (*" ) —Dy (" ;)
<(1=Bu) Dy (x* V£ (an,V f (x0) + (1=, )V f (21, ) ) +Buw D (x* 2, ) =D (x* 2, )
<(1=Bu) an, D(x*,x0) + (1= Bry) (1=, ) D(X* 20, )+ B, D (x* 2, ) =D (%™ xn, )
<(1=Bu ) an, D(x" x0)+(1=Buy ) (1=t ) D(X* 23 ) 4B Dy (X" 2, ) =D (X%, ) -

Passing the limit in the last inequality as k— oo, we obtain

khjlmp:(||Vf(an)—Vf(5tnk) H) =0.

We prove that

Jim [V (2,) = V£(Stay)]| = 0.

If this is not the case, there exists g > 0 and a subsequence {1y, } of {n;} such that

va(znkm) - vf(anm)H = €.

Since p* is nondecreasing, we obtain

0i(e0) < P31V (zy,) — Vf 2y, )II) for all m € N,

Letting m — oo, we obtain p; (g9) < 0. But this is a contradiction to the uniform convexity
of f* on the bounded subsets of X*. From Theorems 2 and 3, V f* is uniformly continuous
on the bounded subset of X*. Therefore, nlgn ||zn, —Stn, || =0. This, together with (27) and

the triangle inequality, gives
nh_r}r.}o l|tn, — Stu,||=0.

The function f is uniformly continuous on the bounded subset of X ([50], Theorem 1.8),
lgn [f (tn,)—f (Sty,)]=0, and so, from the definition of the Bregman distance, we obtain
n—oo

kli—r>noo Df(tnkr Stnk) =0.

and thus z is an asymptotic fixed point of Bregman relatively nonexpansive mapping S.
Therefore, zo€F(S)=F(S). Hence, zo€Q) .
We now prove that nlgn D¢ (x*, xn)=0. We have
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Dy (", 1) =Dy (¥, V(@0 V f(x0) + (1 — ) VS (20))
(x oV f(x0) + (1— Dén)vf(zn))
<v; (x L6V £(x0) + (1= a00) V F(zn) =t (V F(x0) — Vf(x*))) +an(tn — x*, Vf(x0) = Vf(x7))

=Vi(x*, (1 = an)Vf(zn) + anVF(x7)) + an(tn —x7, Vf(x0) = VF(x))
<(1 —an)Df(x*, zn) + anDp(x*, x*) + an(tn — x*, Vf(x0) — Vf(x7)).

We have
Dy (6", x041) <PuDy(x",20) + (1= ) Dy(x”, 1)
<BuDf (", zu) + (1= ) (1 = @) Dp(x", 20) + (b — x*, V f(x0) = Vf(x*)) )
=(Bu+ (1= Bu) (1= 0) ) Dp(x", 20) + a1 = B) (ta — ¥*, V f(x0) = V("))
= (1= (1= B) ) Dp(x", 2u) + (1 = Bu) {tn = X", Vf (x0) = VS (x)) (28)
From t,, — zg and zg € (), we obtain that

limsup(t, —x*, Vf(xg) = Vf(x¥)) = (zo —x*, Vf(x9) — Vf(x*) <0. (29)

n—oo

From Lemma 11 and (28), we deduce that

lim Ds(x*, xy41) = 0.

n—oo

From Lemma 2, we have ||x*—x,1] — 0. Since x,, — zo, we have zyp = x*.
Case 2. There exists a subsequence { D (x", xn;) } of {Df(x*, x,)} such that

Dp(x*, xn;) < Df(x*,xnjﬂ) for all jeN.

By Lemma 12, there exists an increasing sequence {m; } CN such that klim my = oo, and the
— 00

following inequalities hold for all k € N:
0 < Dp(x", xm ) < Df(x*, xmy,,) and Dg(x*, xx) < Dp(x™, Xy, )- (30)
From (22), we have
(1= 422 ) (D4 (20, yn)+ D (yn, %)) KD (", 50) =Dy (x", K1)+t (1= ) Dy (x°, o)

Substituting n = my, into the last inequality, we obtain

/\nl * * *
(1 — )(Df(zmkr]/mk) +Df(ymk’xmk)) < Df(x »Xmy) — Df(x ’xmk+1) + am (1 _'Bmk)Df(x X)-

/\mk+1

From (20), we have

lim 1— /\
k—o0 "’k+1

=1—-pu>0 and hm amk—O

we obtain

im D¢ (Zmy, Ymy,) = hm Df(ymk’xmk) =0.

k— 00
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Using the same argument as in the proof of Case 1 and by (29), we obtain that

limsup(t;, —x*, Vf(xo) — Vf(x*)) <O0. (31)

k—o0

From (28) for all m; > Ny, we have

D (", 1) < (1= i (1= B ) Dy (3, 2+t (1= B )b, — 2,V (x0) — V(). (32)

From (31) and Lemma 11, we derive that

lim D (x*, =0.
Jim D(x”, Xy 1)

On the other hand, we have

Dy¢(x*, xx) < Dp(x™, Xy 41),

we have
lim Dg(x*, x;) = 0.

k—o0
From Lemma 2, we obtain that klim ||x*—x||=0. Therefore, xy — x*, which is the
—00

desired result. [

4. Application

In this section, we consider the particular equilibrium problem corresponding to
the function g defined for every x,y € X by g(x,y) = (y—x, Ax), with A:X—X* being
L-Lipschitz continuous; that is, there exists L > 0 such that

|Ax — Ay|| < L||x —y|| forall x,y € X.

So, we obtain the classical variational inequality:
Find z € C such that (y —z,Az) >0, VyeC. (33)
The set of solutions to this problem is denoted by VI(A, C). We have ([19], Lemma 4.1)
argmin{Ang(xn, ¥)+Df(y, xn) : y € C} = argmin{A,(y — yn, Axn)+Df(y, xn) : y€C}
=Projl. (Vf*(Vf(xn) = AnAxa) ).
Therefore, we derive that
argmin { A (y—yu, Ayu) + Dy (¥, xu) : y € Tuy=Profl, (Vf*(Vf(xu) — AuAyn).
Let X be a real Banach space. The modulus of convexity dx:[0,2]—[0, 1] is defined by

ox(e) = inf {1 = L2 o |lx| = |ly]l = 1, llx—yl| = ¢}.

The space X is called uniformly convex if éx(¢) > 0 for every ¢ € (0,2], and is called
p-uniformly convex if p > 2 and there exists ¢, > 0 such that dx () > cpe for any ¢ € (0,2].

The modulus of smoothness px(t) : [0,00) — [0, 0) is defined by

t —t
px(t) = sup { IR — 1 ) = ) =1,
The space X is called uniformly smooth if

lim 2x(8) —
t—0 t
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For a p-uniformly convex space, the metric and Bregman distance have the following
relation [51]:

t|x *J/HP < D% H.Hp(x:y) < (x fy,]f((x) - ]i(x)), (34)

where t > 0 is a fixed number and the duality mapping ]f((x):X—ﬂX* is defined by

Ti(x) = {f € X"« (. f) = [P, If ]l = lIx]P713,

for every x € X. We know that X is smooth if and only if | ; is a single-valued mapping of
X into X*. We also know that X is reflexive if and only if ]; is surjective, and X is strictly
convex if and only if | f( is one-to-one. Therefore, if X is a smooth, strictly convex and
reflexive Banach space, then | § is a single-valued bijection, and in this case, | f( = ]?(*)_1,
where J%. is the duality mapping of X*.

For p = 2, the duality mapping | § is called the normalized duality mapping and is
denoted by J. The function ¢:X?>—R is defined by

o, x) =l y I> —2(, Jx)+ | « 1%,
for all x,y € X. The generalized projection Il¢ from X onto C is defined by

Ic(x) = argminyeccp(y,x) Vx € X,

where C is a nonempty closed and convex subset of X.
Let X be a uniformly smooth and uniformly convex Banach space and f=1 ||-||. Therefore,

Fvl 12
Vf = ], D% ”Hz(x,y) = %(P(x,y) and ro]CZ:H ” — HC
If X is a Hilbert space, then

1.2
V=1, D% ‘H|2(x/]/) = %Hx—y”z and Fojé” I Pc,

where P¢ is the metric projection.
Hence, we have the following corollary:

Corollary 1. Let X be a uniformly smooth and two-uniformly convex Banach space and C be a
nonempty closed and convex subset of X. Let S be a Bregman relatively nonexpansive mapping and
g(x, y)=(y—x, Ax) for all x,ycX. Let A:X—X* be a monotone and Lipschitz-continuous mapping.

Suppose that O = F(S) NVI(A,C) # @, {an} C (0,1), ggoan:o, Y ap=00, By€la,b] C
(0,1), and {Ay } is sequence defined in Algorithm 1. Then, the sequence f;y? } generated by

Ao, xp € X, u€(0,1),

yn = Te(J7 U (xn) = AuAx),

Ty = {x € X[(x = yn, ] (xn) — AnAxy — ] (yn)) <0},

20 = e (J7 0 (v) = Andyn),

o = 7 (@a (x0) + (1= a) ] (20)),

fuer = ] (Bl (za) + (1= Bu) I (Sta) )

converges strongly to x*=I1q(xg).

5. Numerical Experiment

In the following, two numerical experiments are considered to demonstrate the appli-
cability of our main result.
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Example 1. Let X =R, C=[0,1], f = }| - |> and Sx = % sin(x), and we consider xo = 10° > 0,
Bn=1% an= ﬁ and Mg = % as well as p = 0.9 and ¢ = 0.001. Define the bifunction g on
CxC into R as follows:

¢(x,y) = Bx(y — x),

where

0, x<g
Bx =4
sin(x —¢), &< nx.

The bifunction g satisfies the conditions A1, A3, A4 and A5. Furthermore,

(y —z)(Bx — By)
—ly —zl||x -yl
(y—2? _ (x—p)°
2 2

g(xy) +8(y,z) — g(x,2)

Y

v

D12 =Dy v,
2 2

which proves the condition A2 with ¢y = ca = 1. A simple computation shows that Algorithm 1
takes the following form:

Yn = Xn — AnBxy,

T =X,

Zn = Xn — /\nByn/

tn = anxo + (1 - “n)zn/

Xpt1 = Bnzn + (1 — ,Bn)%" sin(tn),

. 1((en—yn)?+(zn—yn)? .
)Ln+1 _ n’un{ ((Zn*yn)(an*Byn) ),/\n}/ lf (Zn - ]/n)(an - Byn> S 0/

A, otherwise.

The decreasing values of x, and also the values of |x, —x, 1| are shown in Figure 1; we see
that the sequences {|x,—x,41|} and {|x,|} converge to zero.

Now, another numerical example is given in an infinite dimensional space to show
that our algorithm is efficient. We will use some notations that were introduced in [52].

0 5 10 15 20 25 30

Figure 1. The plotting of |x,| and |x,_1—xy|.
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Example 2. Suppose that X = L*([0,1]) with norm ||x||*:= fol |x(t)|2dt and inner product

(x,y):= fol x(t)y(t)dt for all x,y in X. Let C:={x € X : ||x|| < 1} be the unit ball. Define an
operator G:C—X by

G(x)(t) = /1 (x(t) - F(t,s)h(x(s)))ds +g(t), xeC, te][0,1],

0

where

t+s t
F(t,s) = Ezf/seezj, h(x) =cosx, g(t)= e\/zetf—_l.

From [53], G is monotone (hence Pseudomonotone) and L-Lipschitz continuous with ¢ = 2. The
bifunction g is defined by g(x,y) = (G(x),y—x), and S:X—X is defined by S(x) = %||x|| and
f(x) = 3||x||>. We consider xo =1, Bu = 1, an = ﬁ and Ag = % as well as e = 107°. The
decreasing values of ||x,|| and also the values of ||x, — x,,1|| are shown in Figure 2.

— T — T T T T T T T T T T T T T

ezl

0.100 i =
i o ”371"1 _Ir(+l||

0.010

0.001

104 F

1 P R S S S N S S | P RS S S |
0 2 4 6 8 10 12

Figure 2. The plotting of || x,, || and || x,,—1—x |-

6. Conclusions

The equilibrium problem encompasses, among its particular cases, convex optimiza-
tion problems, variational inequalities, fixed-point problems, Nash equilibrium problems
and other problems of interest in many applications. This paper proposes the subgra-
dient extra-gradient algorithm to find a solution to an equilibrium problem involving
a Pseudomonotone, which is also a fixed point of a Bregman relatively nonexpansive
mapping in reflexive Banach spaces. We proved the strong convergence theorems for the
proposed algorithm. Several experiments are reported to illustrate the numerical behavior
of our algorithm.
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