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Abstract: The aim of this paper was to introduce and investigate a new seminorm of operator tuples
on a complex Hilbert space H when an additional semi-inner product structure defined by a positive
(semi-definite) operator A on H is considered. We prove the equality between this new seminorm
and the well-known A-joint seminorm in the case of A-doubly-commuting tuples of A-hyponormal
operators. This study is an extension of a well-known result in [Results Math 75, 93(2020)] and
allows us to show that the following equalities 4 (T) = w4 (T) = ||T|| 4 hold for every A-doubly-
commuting d-tuple of A-hyponormal operators T = (Ty,...,T;). Here, r4(T), ||T|| 4, and w,(T)
denote the A-joint spectral radius, the A-joint operator seminorm, and the A-joint numerical radius
of T, respectively.

Keywords: positive operator; A-adjoint operator; A-joint operator seminorm; A-hyponormal opera-
tor; A-joint spectral radius; A-joint numerical radius
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1. Introduction

In functional analyses, many authors have studied the tuples of operators. For example,
we refer to [1-5] and the references therein.

Consider a complex Hilbert space (#, (-, -)), where the norm induced by (-, ) is
denoted by || - ||. The set B(#) denotes the C*-algebra of all bounded linear operators
acting on H with identity I3, (or shortly I). If # is n-dimensional, we identify B(# ) with
the space M, of all n x n matrices with entries in the complex field and denote its identity
by I,. In what follows, by an operator, we mean a bounded linear operator. We will mention
some specific notions of an operator, i.e., the null space of every operator T is denoted
by N (T), its range by R(T), and T* is the adjoint of T. An operator T € B(H) is said to
be positive if (Tx,x) > 0 for all x € H. We write T > 0 if T is positive. If T > 0, then
T1/2 means the square root of T. The commutator of two operators T,S € B(H) is defined
as [T,S] := TS — ST. It is easy to see that [T — AL, S — ul] = [T,S], for every A,y € C
and T,S € B(#). Recall that T € B(#) is called normal (respectively hyponormal) if
[T*, T] = 0 (respectively, [T*, T] > 0).

Next, we present some inequalities related to operators that we need in the future.
First, we give the classical Schwarz inequality for a positive operator T € B(H):

[(Tx, ) < (Tx,%)(Ty,y), )
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where x,y € H.
In [6], Halmos obtains a result similar to the inequality above

[(Tx, x)| < (|T|x, x)"2(|T*|x, )"/

forevery T € B(H) and for any x,y € H. In [7], Kato proves a Schwarz-type inequality (1),
which generalizes the inequality of Halmos:

(T, ) > < (TP, ) (| T P00y, y) 2

for all operators T € B(H), for every vector x,y € H, and 6 € [0,1]. McCarthy [8] gives an
important inequality in the theory of operators as follows:

Lemma 1 (Theorem 1.4 in [8]). Let T € B(H) be a positive operator and x € H satisfy ||x|| = 1.
Then, forr > 1,

(Tx,x)" < (T'x,x).
For 0 < r <1, the above inequality is reversed.

In what follows, we assume that A is a positive nonzero operator that defines the
following positive semi-definite sesquilinear form:

(,Ya:HxH—C
(x,y) — (x,y)a = (Ax,y) = <A1/2x,A1/2y>_

The seminorm induced by (-, -) 4 is given by ||x|[4 = \/(x,x)4, Vx € H. It can be seen
that || - || 4 is a norm on H if and only if A is injective, and the semi-Hilbert space (H, || - || 4)
is complete if and only if R(A) is closed in H.

Definition 1 ([9]). An operator S € B(H) is called an A-adjoint of T € B(H), if we have
(Tx,y)a = (x,Sy) s (AS = T*A) for every x,y € H.

The existence of an A-adjoint operator is not guaranteed. Thus, we denote by B4 ()
the set of all operators that admit A-adjoints. Using Douglas’ theorem [10], we obtain
the following:

Ba(H) ={TeB(H);, R(T'A) CR(A)}

and
Bai2(H)={T €B(H); Ic>0; ||[Tx||a <c|x||la VxeH}

When T € B ,12(H), we say that T is A-bounded. The sets B4 (#H) and B 41,2(H) are
subalgebras of B( ), which are neither closed nor dense in B(7). Moreover, the inclusions

Ba(H) S Baia(H) CB(H)

hold. We have equality if A is injective and R(A) = R(A), where R(A) means the closure
of R(A) in the norm topology of H (see [11]). Further, (-, -) 4 gives the following seminorm

onB ,1/2(H)

ITla = sup Tooi® = sup [ITxlla= " sup — [{Tx,y)al <o ®)
xeR(A), A XEH, x,y€H,
x40 [[xla=1 lxlla=lylla=1

(see [12] and the references therein). It is useful to note that if T € B ,1,2(#), then
T(N(A)) C N(A). Further, ||TS||4 < ||T||4l|S||a forany T,S € B 41/2(H). Let X' denote
the Moore-Penrose pseudo-inverse of an operator X (for more details concerning this
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operator, see [11]). Following [11], we have: T € B ,1,2(H) implies that AV/2T(A1/2)*
B(#) and
IT|a = [[AY2T(AY2)1]]. @

In 2012, Saddi [13] introduced the A-numerical radius of an operator T € B(#) by
wa(T) := sup{|(Tx, x)a|; x € H, || x[la = 1}.

In 2020, the concept of the A-spectral radius of A-bounded operators was defined
n [14] as follows:

1
ra(T) = inf [ T3 = lim | 73 ©

Note that ||T|| , and w,(T) may equal +co for some T € B(#) (see [14]). However, the
following relation shows that || - || , and w4 (+) are equivalent seminorms on B 41/2(H):

ra(T) < max{ 3| Tlla,ra(T) } < wa(T) <[]l (6)

For the proof of (6), we refer to the following references [12,14]. If A = I, then the classical
definitions of the operator norm, numerical radius, and spectral radius for Hilbert space
operators are obtained and are simply denoted by || - ||, w() and r(-).

If T € Ba(H), then by Douglas’s theorem [10] there exists a unique solution, given by
Tt4, of the following problem

AX = T*A, R(X) C R(A).

Note that T%4 = ATT* A, where A? is the Moore-Penrose pseudo-inverse of A (see [11]). If
T,S € B4(H), then TS,aT + BS € B, (H) forevery a, p € R and we have (TS)* = §#T#a
and (aT + BS)# = aT? + BS*4. Moreover, if PR( A denotes the orthogonal projection

onto R(A), then for a given T € B4 (H), we have T4 € B, (H), (Tt4)fa = =] PriA)

and ((Tﬁ/‘)ﬁA)ﬁA = T¥4. For more details about the operator T4, one can see [9,11,15].
Furthermore, we recall that an operator T is said to be A-positive if AT is a positive operator
and we write T >4 0. It can be observed that A-positive operators are in B4 (7). For
T,S € B(H), the notation T >4 Smeans T —S >4 0. When A = [, then T >; S will
simply be denoted by T > S.

The structure of this paper is organized as follows: in Section 2, we give some notions
that characterize a d-tuple of operators T = (Ty,...,T;) € B(H)?. In Section 3, we
introduce a new joint norm of tuples of operators that generalizes the joint norm given
in (12) and define the class of doubly-commuting tuples of hyponormal operators acting
on an A-weighted Hilbert space, where A is a positive operator that is not assumed to be
invertible. We proved a generalization of the well-known result due to G. Popescu [16].
We also present an inequality that characterizes the Euclidean norm of an operator tuple
T = (Ty,...,T;) € B(H)?. In Section 4, we give several characterizations related to the
operators from B 41,2(H) and the operators from B(R(A!/2)). For an A-doubly-commuting
d-tuple of hyponormal operators, we prove the equalities | (T) =
IT||4 = wa(T). The motivation for our investigation comes from a recent paper [17].

2. Preliminaries

To prepare the framework in which we will work, we present in this section some
notions and notations that will be useful in this paper.

Let N and N* denote the set of nonnegative and positive integers, respectively. Let
deNand T = (Ty,...,T;) € B(H) be a d-tuple of operators. If [T}, T;] = 0 for all
i,j € {1,...,d}, then T is said to be a commuting tuple. Moreover, if T is a commuting
d-tuple of operators and [T}, T;] = 0 for every 1 < i # j < d, then it is called a doubly-
commuting operator tuple.
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In the next definition, we recall two important classes of operators in semi-Hilbert spaces.

Definition 2 ([14]). An operator T € B4 (H) is called
(i)  A-normal if [T*4,T] = 0;
(ii)  A-hyponormal if [T%,T] >4 0.

For some results concerning the above two classes of operators, see [14] and the
references therein. For T € B 4 (), the equalities

rA(T) = wa(T) = [|T||a ?)

hold for the class of A-normal, A-hyponormal, and A-positive operators (see [14]). Since
TiAT >4 0and TT# >4 0, then an application of the second equality in (7) together with
the last equality in (3) shows that

IT* T4 = ITT |4 = [Tl = [T*[1%. ®)

Now, associated with a d-tuple of operators, T = (T4, ..., T;) € B(H)? (not necessarily
commuting), the following quantities

d
IT||a = Sup{« Yo ITxl%; x e, |xlla= 1}/
j=1
d
wA(T) := sup |<zj,x>A|2; xeH, ||x[la=1
=1

are defined in [12]. If T; € B 41/2(H) forall j € {1,...,d}, then one can verify that || - || 4 and
w4 (+) two seminorms on B 41,2 (#)“. Notice that w(T) and ||T|| 4 are called the A-joint
numerical radius and the A-joint operator seminorm of T, respectively.

In [18], H. Baklouti et al. introduced the concept of the A-joint spectral radius associ-
ated with a d-tuple of commuting operators T = (Ty,...,T;) € B4(H)" as follows

and

1 1
2n 2n
n! & n! @
— i 2 (1t o« — T (1t o
ra(T) = n1€n£* Z w! (T ) T - nlgx;lo Z ! (T ) T ! ©)
|oc|=n, |a|=n,
aeNd A weNd A

where T#4 = (leA, ..., TgA). Moreover, for the multi-index & = (ay,...,a4) € N9, we will
use the following notations:

d d d
=[] %, |a| := ) laj| and a!:= TT
k=1 =1 k=1

We mention here that the second equality in (9) has also been proved by Baklouti et al.
in [18]. Notice that for every commuting operator tuple T = (Ty,...,T;) € Ba(H)4,
we have

ra(T) < maX{z\l/allTlA,rA(T)} < wa(T) < |Ta (10)

(see Theorem 2.4 in [12] and Theorem 2.2 in [19]). In [19], it is stated thatif T = (Ty,...,T;) €
B4 (H)“ is any d-tuple of commuting A-normal operators, then

ra(T) = wa(T) = [|T] a- (11)
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One of the main targets of this work is to establish the equalities in (11) for a new class of
multivariable operators.

Next, for A = I, we define r;(T), w;(T), and || T||; which will simply be denoted by
r(T), w(T) and ||T||, respectively. Thus, we obtain

d
IT) :=supq | 3 ITjx ]I x € A, x| =1,
j=1

d
Y (Tix )2 x e H, x| =1}.
j=1

and

w(T):= sup{

The last equality is given in [20] by M. Cho and M. Takaguchi and is the Euclidean operator
radius of an operator tuple T = (Ty, ..., T;) € B(H)“, see also [16].
For T = (Ty,...,T;) € B(H)?, G. Popescu defined in [16] the following quantity

HTHE = sup ||/\1T1+...+/\de||, (12)
(Alr---rAd)EBd

where B, denotes the open unit ball of C# with respect to the Euclidean norm, i.e.,

d
B, = {/\ =M, Ag) €T A= Y AP < 1}.
j=1

It is clear that we can change B; with its closure in (12) without changing the value of
| Tle. Note that || - || defines a norm on B(#)“. Moreover, in [17], the following equality is
established:

ITIl = ITlle (13)

for every doubly-commuting d-tuple of hyponormal operators T. It is important to mention
that G. Popescu proved in [16] that the following inequalities hold

1 d
—= A |2 BT < T <
\/H j=1 I

for any d-tuple T = (Ty,...,T;) € B(H)?. Furthermore, it has been shown in [16] that the
constants ﬁ and 1 are the best choices possible.

(14)

d
Y TT}
=1

3. New Joint Seminorm for Operator Tuples

In this section, we aim to introduce and investigate a new joint seminorm for d-tuples
of A-bounded operators. An alternative and easy proof of a well-known result due to G.
Popescu [16] is established.

First, we introduce the following definition, which is a natural generalization of (12).

Definition 3. Let T = (Ty,..., T;) € B41/2(H)". The A-Euclidean seminorm of the d-tuple of
A-bounded operators T is given by

ITllea:= —sup AT +... +AaTalla.
(Al,...,Ad)E]Bd
In the next proposition, we state some connections between the seminorms || - ||, 4

and | - || -
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Proposition 1. Let T = (Ty,...,T;) € B12(H)“ be the d-tuple of the operators. Then, the
following assertions hold:

(1)
(2) If Ty € Bo(H) forall k € {1,...,d}, then | T*A||, o = |[T||,4 and

(15)

1
— max {[|T||a,|

Vd
where Ti4 = (leA, cee, Tﬁf‘).

Proof. (1) Letx € Hand A = (Ay,...,A;) € B,. Then, by applying the Cauchy-Schwarz
inequality (in short (C-5)) and making several calculations, we deduce that

2 d d
X = <<ZA]T]>X,<Z /\ka>X>A
A j= k=1

Me(Tjx, Tx) o

T Mm T Mm

A1 AR >N T | al Tex[] 4

<i |Tx|A>2-

By applying the inequality (C-S) again, we obtain the following inequality

ki

2

d
< B (2 ||zj||a>.

j=1

A

Then, by taking the supremum over all x € H with ||x||4 = 1, we find

< M2l T 4-
A

So, the desired inequality is proved by taking the supremum over all A € ;.

(2) The fact that || T#*|[, 4 = ||T||,4 follows trivially since || X*4||4 = ||X]|/ for all
X € BA(H). Now, in order to prove (15), we need to recall from [16] the following facts: if
we denote by S; the unit sphere of C? and ¢ the rotation-invariant positive Borel measure
on S, for which ¢(Sy) = 1, then for all u = (y1, ..., 1) € C?, we have

/|yk|2da Vke{l .,d} and /S]/ti;Tde(y):O, Vi<i#j<d (16)
d

Now, let B, denote the closed unit ball of C%. It is clear that

2

d
Y AT

=1

d
Y AT,

j=1

ITIZ4 = sup
()\lr---rAd)EBd

A

= Sup
()\lr“'/)\d) Gﬁd

A
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Further, by using (8), we see that
d b/ 4
| sup ||| LA LM
(A1 r/\d)e]Ed j=1 j=1 A
i d
= sup sup (| Y A]‘T]#f’ Y AT |x,x)a
(A1Aq)€By lIxa=1 \j=1 j=1
d
= sup sup ) Z’)\j(TiﬁA Tix, x) A
[€l[a=1 (A1, Ag) €By i,j=1
On the other hand, since ¢(S;) = 1, then it follows that
AT - T
sup Y AiA(TATjx, x) 4 = / sup Y AA(TiATjx, x) g do ()
(Atehg) By =1 S (A1, 1q) €By =1
d
> [ Fm (T T x) ador (),
Sd i,j=1
for all x € H. This implies that, through (16),
MRa> sup [ 3 p(TiTy o ade ()
Ixlla=1"8a i=1
1 1
— 1 ap 3T T = i,
d = d
xlla=1i=1
This proves that
1
F1Tlha < (I Tlle.a- (17)

By replacing Ty by T]g/‘ in (17) and then using the fact that | T4 ||, 4 = | T||,,4, we have

1
SIT*la < (18)

Combining (17) together with (18) yields (15) as desired. [

d
Remark 1. (1) If T = (Ty,...,Ty) € Bs(H), then clearly ) T,&ATk >4 0. Hence, a direct
k=1
application of (7) shows that

ZT”AT

ITla = (19)

A

It should be mentioned here that the equality ||T%|| 4 = ||T||4 may not be correct even if T is a

100
commuting operator tuple. Indeed, let us consider the following matrices in Mz: A = (0 2 0) ,
0 01

010 0 01
T1=(0 0 0|andT,= |0 0 O |.Weremark that [Ty, T;] = 0. Furthermore, by using
0 0 O 0 0 0
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0 00
the fact that T,BA = AT} A with k € {1,2}, it can be seen that leA = (% 0 0) and
0 00

N

b S

Il
N
o O
o O O
o

—_

0) . Further, by applying (19) and (4), we can show that

(=]

[(T1, T2)[[a = \/HTfATl + T§AT2HA -1

and
V5
(i, T = iy T+ (ngeyienie| =
(2) In virtue of proposition 1, we infer that || - || 4 and || - || 4 are equivalent seminorms on B 4 (H)".

The following corollary provides a generalization and improvement of the well-known
result due to G. Popescu [16].

Corollary 1. Let T = (Ty,...,T;) € Ba(H)? be a d-tuple of operators. Then, the inequality

1
— max{«, <||T < min{a, 20
7 {, B} < (I Tle,a {a, B} (20)
d d
holds, where & = ) TkT,fA and B = ) T,fA Tell .
k=1 A k=1 A

Proof. By applying Proposition 1 together with (19), we deduce that

1 d d
T |1 TATH| < ITllea < ||| X TEATH|| - (21)
d k=1 A k=1 A
By replacing Ty by Tlf’“ in (21), we can see that
1 d ﬁA d ﬁA
ﬁ (Z TkT£A> < || T lle,a < (Z TkT£A> ,
k=1 A k=1 A
from which we have
1 d # 3 i
ﬁ Z TkaA < HTHe,A < Z TkaA . (22)
k=1 A k=1 A

A combination of (21) together with (22) yields (20) as desired. O

Remark 2. Note that the following equality

d
Y T].ﬁA T| =

j=1

d
) TyTE
j=1

A A
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may not be correct for some d-tuple of operators T = (Ty,...,Ty) € Ba(H) even if A = L
Indeed, we consider the following matrices in My: A = I, T1 = ((1) 8) and T, = <(1) 8) It
is not difficult to check that

=1+42=

2
LT}
j=1

2
LT} T)
j=1

In the next theorem, we give a new formula of || T|| 4, for T € B 41,2(#)“, which allows
us to prove that || - || 4, and || - || 4 are two equivalent seminorms on B 1,2 (# ). Notice that
our new techniques provide an alternative and easy proof of the inequalities (14), which
were first proved in [16].

Theorem 1. Let T = (Ty,...,Ty) € B 41/2(H)?. Then, the equality

ITllae = Sup{

Proof. By using (3), we see that

d
Y UTix,y)al?; xy e H, [lxlla=llylla= 1} (23)
j=1

holds.

ITlle,a = sup  [MTi+...+AqT5la
(Al,...,/\d)EIBd
d
= sup sup{ ZAkax ; x€EH, ||x||A—1}
(M rg) €By k=1 A
d
:sup{ sup Y MTex|| 5 x € H, ||x||A=1}. (24)
(M yerg) EBg | k=1 A

Moreover, recall from [19] that for complex numbers zj, . .., z;, we have

d
Z )\ka

k=1

sup
(A1, Ag) EBy

d
= X |zl (25)
k=1

Now, let x,y € H. By using (25), we have

d

Y (T y)al>=  sup
j=1 (A1, Ag) EBy

d
Y ATix,y)a
i

d
<< /\jzj>/y>A
j=1

Hence, by taking the supremum over all y € H with ||y|| 4 = 1 in the last equality we have

= sup
(A1, Ag)EBy

d
<<Z /\kax>ry>A

sup = sup sup .
yeH, yeH, (Al,...,Ad)EBd k=1
lylla=1 lylla=1
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This yields that
d ) d
sup | Y [(Tkx,y)al> = sup sup [(| Y MTix |, y)a (26)
]/EH, k=1 (Al,...,)Ld)E]Bd ]/EH, k=1
llylla=1 lylla=1
On the other hand, it is not difficult to check that
sup{|(u,v)a|; vEH, ||[v]|a =1} = |lul|la, YueH. (27)
Thus, by using (26) and (27), we obtain
d ) d
sup (Tex,y)al> = sup ||} MTex (28)
yE,H/ k=1 (Al,...,Ad)QBd k=1 A

lylla=1

Combining (28) together with (24) yields (23) as required, and, hence, the proof is com-
plete. O

Remark 3. By letting A = I in (23), we obtain a well-known result established by Dragomir in
Theorem 9 in [21], and when the 2-tuple is (T, T*4), where T € B 4(H.), we obtain a recent result
in [22].

The following corollary is an application of Theorem 1 and provides an improve-
ment of the results given in Proposition 1 since B4 (H) C B 41/2(#). Moreover, the new

Formula (23) enables us to derive an alternative and easy proof of the inequalities (14).

Corollary 2. Let T = (Ty,...,T;) € B 12(H)* be a d-tuple of operators. Then,

Tla<|T

1
— < |IT| A 29
7l ea < [ITlla (29)
Proof. By using (23) and then applying the inequality (C-S), we easily prove the second
inequality in (29). Now, let x € H be such that ||x|| 4 = 1. Assume that Tyx ¢ N (A) for all
ke{l,...,d} and let

N Tkx
T e

(If Ty,x € N'(A) for some ko € {1,...,d}, we choose yi, = x). We clearly have

Vke{l,...,d}.

lylla =1 and  [(Tex,y)al® = ITexl%, Ve {1,....d}
Thus, by applying (23), we have
d

Ge > 2 Ty al® = [(Tix yi) al® = | Tax 1.
k=1

IT|

Similarly, we prove that || T||% , > [|T;x||% foralli € {1,...,d}. This yields

d||T|

d
Se = 2 1 T3
k=1

Therefore, by taking the supremum over all x € H with ||x||4 = 1 in the last inequality,
we have

IT|

1
Ae = EHTHA-
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Hence, the proof is complete. O

Remark 4. By letting A = I in (29) and then replacing Ty with T} forall k € {1,...,d} we
easily obtain the inequalities (14) that have been already established by G. Popescu in [16] by using
a different arqument.

To establish our next result, we require the following lemma.

Lemma 2. For any vectors x1,x2,...,Xqin H and for arbitrary complex numbers Ay, Ay, ..., Ay,
with A; #0,1i=1,d, we have

d 2
A =
d ) i§1 | A ||/\l-xj—/\]-xi||%4
Y lxilla = ———+ max —— %
= o e il + 1A
i=1

forany d > 2.

Proof. We use, as in [23] or [24], the technique of the monotony of a sequence. Consider
the sequence

d 2
d ,Zlmxi N
Sa= 2 x5 — 1;7/51 > 1
i=1 Y A
i=1

By studying the monotony of sequence Sy, k < d, we have

k 2 k 2
‘ Y Aix; Y Aix; + /\k+1xk+1H
_ 2 i=1 i=1 A
Skr1 — Sk = [[xkgalla + p - . .
121 |Ail? 121 [Ail? A+ [ Ak ]?
= =

For two vectors x,y € H and for complex numbers A, u # 0, the following equality holds:

N N S [ et i 40
AR WP AR ARRPAR + [p)
Since the term on the right side of equality (30) is positive, then we have
<13 Wyl o lx+yl -
AP T AP A [l
Now, using the inequality from (31), we have:
k 2 ’ k 2 k 2
X Aixi|| HAkakHH L Aix; )A ’42 )tixi+/\k+1xk+1HA
i I3+ —=E = T > —= :
k+1
'21 A2 " '21 Al '21 [Ail? + Ak ]?
1= 1= 1=

It is easy to see that Sy 1 — Sx > 0, that is, the sequence Sy is increasing. Therefore, we
deduce that
S428;12>...25 >5=0.
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However, by applying relation (30) for x = A1x1, y = A2x2, A = Aq and y = Ay, we obtain

||)\1X1 +/\2X2||E‘
S, = X12+ X7_2——
” ”A H HA |/\1|2+ |)\2|2
[A1x2 — Aox1 [

[A1]2 + [A2]?

Taking into account that we can rearrange the terms of the two sequences, we obtain
the inequality:

d 2
Z A:X; . _
S, — Xd:||x-||2 ST Ak = Aanll
T d B M+ A2
= X Al
=1

Consequently, we deduce the inequality of the statement. [

We are now able to establish the following result.
Theorem 2. Let T = (Ty,...,Ty) € B 41/2(H)? be a d-tuple of operators. Then, the inequality

ITa = [ Tlle,a + max

sup inf ||(AT; — A;T;)x||% (32)
Ljefld} (A, 1g)eBy [¥a=1 v A

holds for any d > 2.

Proof. In Lemma 2, set x; = Tjx foralli € {1,...,d}, then

d 2
3 Tl > M ¢ max WATE = ATl (33)
. A= d ije{lody A2+ A2
= X [Ail? ! l !
i=1
First, we take the supremum over all x € H with ||x||4 = 1 in relation (33), we deduce
d 2
LA o IOV = ATl
Tl == R e AP P o
L e T
i=

Therefore, it we take the supremum over all (Ay,...,A;) € Bj in relation (34), then we find
the inequality of the statement. [

Remark 5. By letting A = I in (32), we obtain

[T = [[T[le + max su inf [|(A;Tj = A;T;)x|)?
Pje{ld} (1, g B, IX1=1

for any d-tuple of operators T = (Ty,..., Ty) € B(H)? and d > 2.

Next, we will present a result that characterizes the Euclidean norm of an operator
tuple T = (Ty,..., T;) € B(H)%

Proposition 2. Let T = (Ty,...,T;) € B(H)? be a d-tuple of operators. The following
inequality holds:
ITlle < IT1°T* )7, (35)
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where 6 € [0,1]. Here T* = (T{,..., TJ).
Proof. First, we will prove a radon-type inequality,
d d 0/ 4 1-0
3" atb10 < (zak> (2 m) , 36
k=1 k=1 k=1

for every a; > 0 and by > 0 with k € {1,...,d}. If we apply the Jensen inequality for the
function f(x) = x?, which is concave for 6 € [0, 1], we deduce

d Ak ¢ d Ak 6
Yio1 bl — Yio1brl —
be) _ by

Tiabe T Y by

7

which is equivalent to inequality (36). In [25], Dragomir applied Holder’s inequality for
this. For @ > 1, the function f(x) = x? is convex and the inequality sign in (36) is flipped,
obtaining the classical Radon inequality

d a,‘i (25:1 ak)g
k:zi bt - (2;321 bk)H'

Thus, we have

Ka to
<

Y (TP x ) (T Py, y)
k=1

McCarthy d

Y (Tl %) (T Py, )
k=1

d 0 d 1-60
(Z Ty |*x, x> <kZl<ITk*2y,y>>

p 1/2720 p 1727 2(1-6)
= [(ZHTMHz) ] [<Z|Tﬁy||2> ] :
k=1 k=1
Therefore, we deduce

J 1/2 J 12191 /4 1/271-¢
<ZI<Tkx/y>|2> < [(ZHTMHZ) ] [(ZIITE}AIZ) } : (37)
k=1 k=1 k=1

Consequently, by taking the supremum over x,y € H with ||x|| = ||y|| = 1in inequality (37)
and taking into account the equality from Theorem 1 for A = I, we obtain the desired
result. [

d d
Z (Tex, y) 2

Remark 6. If we take 0 = 1 in relation (35), then ||T|| < ||T|| and for & = 0 in the same relation,

we obtain || T||, < ||T*||. Using the Kittaneh—Manasrah inequality [26] and inequality (35), we
found the following inequality:

2
ITlle < )T + (1 — 6)T*|| - min{6,1 —e}(\/ Il - \/||T*|)

orall T=(Ty,...,T;) € B(H 4 g d-tuple of positive operators.
p p 4
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4. A-Doubly-Commuting Tuples of A-Hyponormal Operators

In this section, we give several characterizations related to the operators from B 41/2(# )
and the operators from B(R(A'/2)). For an A-doubly-commuting d-tuple of hyponormal
operators, we proved the equalities | T||, 4 = || T||a and 74(T) = || T||a = wa(T).

Let us introduce the following definition.

Definition4. Let T = (T, ..., T;) € B4(H)%. The d-tuple T is said to be A-doubly commuting if
(i) itis commuting, i.e., [T;, T] = 0 forall i,k € {1,...,d},
(i) TAT, =TT forall1 <i#k<d.

In this section, we will study the connection between || T|| 4 and ||T||, 4, when T is a
d-tuple of A-doubly-commuting tuples of A-hyponormal operators. For this purpose, we
need to recall some aspects: the semi-inner product (-, -) 4 induces an inner product on the
quotient space H /N (A) is given by

(xy) = (Ax,y),

forany ¥ = x + N (A),7 = y+ N (A) € H/N(A). We remark that (H/N(A), (-,-)) is
not complete unless R(A) is closed in . However, L. de Branges and J. Rovnyak [27]
proved that the completion of # /N (A) is isometrically isomorphic to the Hilbert space

R(AY?) i= (R(AY), () ) where ( )nair is given by

(AV26, AY28) R a1y = (Prayd: Prrayt), V6,6 € M.

Itis obvious that | - [[g(41/2) stands for the norm induced by the inner product (-, -)g(41/2)-

We mention here that, in view of Proposition 2.1. in [15], we have R (A) is dense in R(A/2).
Further, since R(A) C R(A!/?), then we observe that

(A6, AZ)gia1) = (6,8)a, VO,EEH, (38)

which implies that
[AGlIR(a1r2) = lIElla, Vx € H. (39)

In the next proposition, we give an interesting connection between operators in
B 41,2(H) and operators in B(R(A!/?)). Furthermore, we summarize in the same proposi-
tion some useful properties.

Proposition 3 ([14,15,19,28]). Let T € B(H). Then there exists T € B(R(AY?2)) such that
TZs = ZaT ifand only if T € B 41/2(H). In such cases T is unique. Here Z, : H — R(A/?)
is defined by Zsx = Ax. Furthermore, for every T,S € B 41/2(H) and «, p € C, we have the
following properties:

@ |ITla = ITllgm(ar2)) and ra(T) = (7).

(2) IfT € Bo(H), then Tia = (T)" and (Tia)ia = T.
(3) IfTy € Bpip(H)and . € Cforallk € {1,...,d}, then we have

—_~—

d

d d
i) Y T € BR(AY?) and Y T = Y- T
P P p

d d/—\_/ d
(ii) H 77ka c B(R(Al/z)) and H 77ka = Hi]ka.
k=1 k=1 k=1
4 T = (Ty,...,Tq) € Ba(H)? such that T;Tj = T;T; for all i,j € {1,...,d}, then
ra(T) = r(T), where T = (T4, ..., Ty).
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The following lemma is also useful in proving our results in this section.

Lemma 3. Let T,S € B 41/2(H). Then, the following assertions hold:
(i) IfT>5S, then T >S;
(ii) IfT € Bs(H) is A-hyponormal, then T is hyponormal on R(AY/?).

Proof. (1) Let x € H. By applying (38) together with Proposition 3 (3), we have
((T=8)x,x) , = (A(T = S)x, Ax>R(A1/2)
= <(T - S)Ax, Ax>R(A1/2)
={(T— S)Ax,Ax>R(A1/2) >0,

where the last inequality follows by using the fact that T >4 S. Now, by using the fact that
R(A) is dense in R(A'/2), we can check that

(T=8)A"2x, AY2x)p 412y 20, Y € H.

Hence, T — S is a positive operator on the Hilbert space R(A'/2). Therefore, T > S
as required.

(2) Since T is A-hyponormal, then T#AT >, TT*4. Hence, by the first assertion of this

lemma, we deduce that T#T > TT#4. By Proposition 3, this implies that (T)*T > T(T)*.
Therefore, T is an hyponormal operator on R(A/2). O

Now, we are able to prove the following result.

Theorem 3. Let T = (Ty,..., T;) € Ba(H)* be an A-doubly-commuting d-tuple of A-hyponormal
operators. Then, the following equality

IT

e A — HT”A (40)
holds.
Proof. Since T = (Ty,...,T;) € Ba(H)? C B,1/2(H)?, then by applying Proposition 3 we

deduce that for each k € {1,...,d} there exists T € B(R(A'/2)) such that Z, Ty = T;Z4.
Another application of Proposition 3 shows that

ITllea= sup [ MTi+...+AaTylla

()\],...,)Ld)GIBd

= sup IMTy+ ... +Ade||IB(R(A1/2))
(Al,...,Ad)G]Bd

= sup H/\lTl +... +Adel|B(R(A1/2))’
()\1,...,/\,1)618,1

and hence, B
[ Tlle,a = [ITlle, (41)

where T = (Ty, ..., T;). On the other hand, we observe that the A-joint seminorm of T can
be written as: ||T||4 = sup{||All2; A = (A1,...,Ay) € Qa(T)} where

OA(T) = {(ITaxlla, - [ Tax]a) s x € H, [lx]la =1}
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If A = I, we simply denote Q;(-) by Q)(-). In particular, we observe that

OT) = { (ITwllgary - 1T lreavy) s v € RV, Iyl = 1)
Now, by using the decomposition H = N'(A) & R(A!/2) together with (39), we obtain

04(T) = {(ITix]la, -, | Taxl4); x € R(ATZ); |Jx]a =1}
= { (14T xlgqavy - I ATax g arr2)) % € RCAT), Al =1},
from which
0A(T) = { (1T Axllgqaay -, | TaAxIrai)) s * € RIAD), [[Axlgay =1} (@2

This immediately implies that N
04(T) € O(T) (43)

Furthermore, it can be seen that
Q(T)
= {(HﬁAl/szR AL/2)7 e ||:FdA1/2xHR(A1/2 ); xeH, |\A1/2x||R (Al/2) = 1}

= {UITAY 2y - I TaA 2l garry) 5 x € ROAVD), [ AY2x gy = 1},

Now, let A = (Ay,...,Ay) € Q(T). Then, there exists x € R(A1/2) satisfying
|AY2x||ge 12y = 1 and A; = || AV x|l g a2y, Vi€ {L,...,d}. (44)

Since the subspace R(A) is dense in R(A!/2), then there exists a sequence {&,}, which

may be assumed to be in R(A1/2) (because of the fact that H = N (A) & R(A/2)) such
that A1/2x = 111}_1 Acy. Thus, by taking (44) into consideration, it holds that
n——+00

hm HAngHR A1/2 —1 and /\ = hm ‘|TA€YL||R A1/2 (45)

n——+oo

foralli € {1,...,d}. Now, set 6, := m
nlir(al/2)

by using (45), it can be checked that

Clearly, we have || A0, /g 41/2) = 1. Further,

hm ”TAGHHR(AUZ )\Z', Vie {1,...,d}.

This implies that, through (42), A € Q4 (T) and, therefore,

QO(T) C OA(T). (46)
From (43) and (46), we deduce that Q( ) = Q4(T). Therefore, we infer that
ITl4 = T (47)

On the other hand, since T = (Ty,...,T;) € Ba(H)? is an A-doubly-commuting
d-tuple of A-hyponormal operators, then

TT = T.T, Vij € {1,...,d}, TMT, =TT v1<i#j<d

and TIAT, >, T,TA, Ve {1,...,d}.
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Therefore, by applying Proposition 3 together with Lemma 3 (ii), we have
T.Tj =TT, Vije{l,...,d} and (T))*T; = T(T;)*, V1<i#j<d

and (To)*Ty > Tu(To)*, Vke {1,...,d}.

Hence, T = (T,..., Ty) is a d-tuple of doubly-commuting hyponormal operators on the
Hilbert space R(A/2). Therefore, by (13), we have

IT( = T
This completes the proof by taking (41) and (47) into consideration. [J

Remark 7. Note that the converse of Theorem 3 need not be correct as shown in the next example.

100
Example 1. Let us consider the same matrices in M3 given in Remark 1,i.e., A = (0 2 O) ,
0 01

010 0 0 1
T1=(0 0 0|andT,= (0 0 O|.ByRemark1, wehave |(Ty,T2)||a = 1. Further, we
0

0 0 0 0 0
see that
(T, T2)llea = sup [[MTi+ ATl = sup [[MTi+A2Tall,, (48)
(/\]/)\Z)GIBZ (/\1,/\2)6@2

where By means the closed unit ball of C2. So, by using (4) and making direct calculations, we
show that

A
[(Ti, T2)[lea = sup < sup ‘712y + Azz‘).
A2+ 2 <1\ 224y 2+ |z2=1

By making use of the Cauchy—-Schwarz inequality, it can be easily checked that ||(T1, T2)|lea < 1.
On the other hand, by using (48) and then (4), we see that

(T, T2)lle.a 2 [ T2lla = 1,
from which ||(Ty, T2)|le,a = 1. So,

(T, T2)||la = [|(Tq, T2)

eA =1L

However, it can be verified that TfA T, # T Tlﬁf‘ and this (Ty, Tp) is not an A-doubly-commuting
2-tuple of A-hyponormal operators.

Remark 8. According to our proof in Theorem 3, we remark that the equality

1Ty, To)lla = (T, T, (49)

holds for every d-tuple of operators (T, ..., Ty) € B 41,2(H)%. Here, T, € B(R(AY?2)) and verify
ZaTe = Tk Za forallk € {1,...,d}. Note that (49) provides an improvement of a result of the
second author in [19] since B 4 (H ) is in general a proper subspace of B 41,2 (H).

In order to derive an important consequence from Theorem 3, we first introduce the
following definition that is inspired by the work of G. Popescu [16].
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Definition 5. For T = (Ty,..., T;) € B1,2(H)“, we define a new A-joint numerical radius and
a new A-joint spectral radius of T by setting

TE/A(T) = sup TA(/\lTl —|—...+Ade), (50)
(All---fAd)eBd
and
we,A(T) = sup wWAMTy 4. ..+ A Ty).
(A1, A0)EBy

Remark 9. If A = I, then r, ;(-) will simply be denoted by r.(-). Further, it is worth mentioning
that the equality
r(T) = re(T) (51)

holds for every commuting operator tuple T = (Ty,...,T;) € B(H)? (see Theorem 2.1 in [29]
or [2]).

Now, as an application of Theorem 3, we state the following result.

Theoremd. Let T = (Ty,..., T;) € Ba(H)? be an A-doubly-commuting d-tuple of A-hyponormal
operators. Then

ra(T) = || T[[a = wa(T).

Proof. Since T = (Ty,..., T;) € Ba(H)?is a d-tuple of A-doubly-commuting A-hyponormal
operators, then in particular we have

TAT = TITH, V1 <k#£1<d and TAT, >4 TnuTit, (52)

foreverym € {1,...,d}.Now, forA = (Ay,...,Ay) € C4, weletS), := thﬂ:l Am T Clearly,
S) € B4 (#H). By making simple calculations and using (52), we see that

d d
SYsy =Y Y NATAT,

i=1j=1
—Z|A|2TﬁAT+ZZAAT T,

11}]#1’
>AZ|A|2TT“+ZZAA TiT A = 5,85,
i=1j=1,

j#i

Hence, S, is an A-hyponormal operator. This implies that, by (7),

ra(Sx) = wa(Sx) = |ISall a

forallA = (Ay,..., A ) € CY. If we take the supremum over all A € By in the last equalities,
then we obtain

Te, A (T) = We, A (T) = HTHE,A' (53)
Taking into account relation (25), we have

d d
wa(T)= sup | Y [{Tjx,x)a|?> = sup < sup
HJCHEH,l j:l XEH, (Al,...,Ad)EIBd =
X||A=

2 Ai{Tjx x) 4
=1
Jxa=1 !
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This implies that
d d
wa(T) = sup sup (| AT |xx)al| = sup  wal AT
(Al,...,)td)E]Bd x€H, j:l (Al,...,/\d)E]Bd j:l
[lx]| =1
This proves
wWA(T) = we,(T). (54)
In view of Theorem 3, we have ||T|,4 = |T|a. So, all that remains to be proven is

that r4(T) = 7, 4(T). Since we have T = (Ty,...,T;) € Ba(H)? C B 412 (H)?, then by
applying Proposition 3 we deduce that for each j € {1,...,d} there exists T; € B(R(A?))
such that Z,T; = YN"]-Z A- Hence, another application of Proposition 3 shows that

T’E,A(T) = sup rA(A1T1+...+Ade)
(Al,...,/\d)E]Bd
B sup T(AlTl ++/\de)
(All---rAd)GBd
= sup r(MTi+...+ATy),
(Al,...,Ad)GIBd
and so, B B _ N
te,A(T) =1.(T), whereT = (Ty,...,T). (55)

Since T is an A-doubly-commuting operator tuple, then it is commuting. So, similar to the
proof of Theorem 3, we find that T is a commuting d-tuple of operators in the Hilbert space
R(A/2). Therefore, by (51), we conclude that r,(T) = r(T). Further, by Proposition 3 (4),
we have 74 (T) = r(T). Hence, by taking (55) into account, we deduce that

ra(T) =71e,4(T), (56)

as desired. Thus, combining (53) with (54), (56) and (40) yields the desired result and the
proof is complete. [J

5. Conclusions

In this paper, we introduced a definition that is a generalization of (12). For T =
(Ty,...,Ty) € B41/2(H)?, the A-Euclidean seminorm of T is given by

IT

e, A= sup IMTy+ ..o+ ATyl 4
(M Ag) EBy

Consequently, our objective was to study a new joint norm of tuples of operators which
generalizes the joint norm given in (12) and define the class of doubly-commuting tuples
of hyponormal operators acting on an A-weighted Hilbert space, where A is a positive
operator that is not assumed to be invertible. The motivation for our investigation comes
from the recent paper [17].

This article was structured as follows: In Section 3, we investigated a new joint semi-
norm for d-tuples of A-bounded operators. An alternative and easy proof of a well-known
result due to G. Popescu [16] was established. In Section 4, we give several characteri-
zations related to the operators from B 41/2(H) and the operators from B(R(A!/2)). For
the A-doubly-commuting d-tuple of hyponormal operators, we proved the equalities
[ITlle,a = T4 and 74(T) = [ T[4 = wa(T).

In this paper, the ideas and methodologies used may serve as a starting point for future
studies in this field. We will look for other connections of these seminorms for d-tuples of
A-bounded operators by studying other possible characterizations. In future work, we will
generalize the results given a countable collection of operators.
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