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Abstract: We explore various analytical rational solutions with symbolic computation using the
ansatz transformation functions. We gain a variety of rational solutions such as M-shaped rational
solutions (MSRs), periodic cross-rationals (PCRs), multi-wave solutions, rational kink cross-solutions
(RKCs), and homoclinic breather solutions (HBs), and by using the appropriate values for the relevant
parameters, their dynamics are visualized in figures. Additionally, two different types of interactions
between MSRs and kink waves are analyzed. Furthermore, we examine the stability of the obtained
solutions and create a corresponding table. We analyze the stability of these solutions and the
movement role of the wave by making graphs as two-dimensional, three-dimensional and density
graphs as well as contour visual and stream plots.

Keywords: exact solutions; periodic cross-rational; M-shaped rational solutions; breather solitons;
KdV equation
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1. Introduction

A partial differential equation (PDE) depicts the relationships between several par-
tial derivatives of a variety of multivariate functions. Physics and engineering are two
mathematics-based sciences that frequently use PDEs [1-4]. The fundamentals of con-
temporary scientific logic are formed by them for several ideas, including heat, sound,
diffusion, electrodynamics [5-7], electrostatics, elastic, hydrodynamics, and quantum me-
chanics [8-10]. A wide range of scientific fields are interested in studying nonlinear wave
phenomena [11-14]. This has to do with comprehending actual water waves, the way light
interacts with matter, how optical fibers transmit light, how traffic moves, how earthquakes
happen, and how galaxies grow. Nonlinear wave theory is a recent mathematical field
that commonly investigates asymptotic regimes (including fluctuating over several scales,
high frequencies, or large amplitudes) that are difficult to approach through numerical
simulations [15-19].

The (2+1)-dimensional KdV equation was taken into consideration in this work. For
nonlinear partial differential equation (NLPDE) solutions, several techniques have been
used in the literature. The pursuit of accurate NLPDE solutions is crucial for comprehend-
ing nonlinear physical phenomena [20-26]. For instance, kink-shaped tanh solutions and
bell-shaped sech solutions are frequently used to simulate the nonlinear wave phenomena
that are observed in optical fibers, fluid dynamics, and plasma [27-31]. Numerous authors
who have an interest in nonlinear physical phenomena have recently looked at the exact
solutions of NLPDEs. These authors have provided a large number of effective techniques
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for the instance inverse scattering technique [32], Darboux transform [33], F-expansion
scheme [34], generalized Riccati equation [35], Painleve expansion technique [36], Back-
lund transform [37], exp-function expansion mechanism [38], extended tanh function
approach [39,40], and (G’/G)-expansion method [41].

The KdV equation with constant coefficients in the (2+1)-dimensional space is given
by [42]

Tty + Ty + 0Ty Ty + 6Ty Ty + 5Tx + ATy = 0, 1)

I'(x,y,t)=A(e), e=x—py—ct. (2)
By utilizing the above transformation in Equation (1), we obtain
pCA”_pANH_25PA/A//+71A//+APZAN :0’ (3)

If the equation is integrated once into the final scenario, then the following equation is
produced:

(pc + 17+ Ap*) A = 6p(A')* — pA"" = 0. @)

Numerous researchers have worked on the governing model. For instance, Wazwaz et
al. examined the Painleve test to look at the conditions for compatibility in order to make
sure that the suggested model could be integrated [42]. Ma obtained N-soliton solutions
for the (2+1)-dimensional KdV equation, the Kadomtsev—Petviashvili equation, and the
(2+1)-dimensional Hirota—Satsuma-Ito equation by analyzing the Hirota N-soliton condi-
tions [43]. Ma et al. presented the diversity of interaction solutions to the (2+1)-dimensional
Ito equation, such as the combined multi-wave solutions which were analyzed in [44].
Zayed et al. investigated a two-variable (%/, é) expansion technique for the nonlinear KdV
equation [45]. By using the symbolic computation with various ansatz transformations for
Equation (1), this manuscript aims to evaluate MSR and their interactions with one and
two kink waves, PCRs, RKCs, multi-wave solutions, and HBs.

This article is set up as follows. In Section 2, we assess the MSRs and examine their
associated 3D visualizations. Section 3 provides a concise analysis of the interaction of MSRs
with a single exponential function along several 3D, 2D, and contour profiles. In Section 4,
we calculate the interaction solution of M-shaped double exponential functions for the
provided model using the necessary 3D, 2D, and contour plots. Section 5 evaluates RKCs
and their findings for various parameters. In Section 6, we will discuss PCRs, and we will
draw some associated graphs. In Section 7, we will explore multi-wave solutions and make
graphical visuals with suitable parameters. In Section 8, we will study the interactional
solution of MSRs with a rogue wave solution. HBs and their pictorial representations are
dispatched in Section 9. The stability property of the solutions is covered in Section 10,
along with how it applies to all solutions that were found. In Section 11, we discuss our
findings and debate them. Finally, in Section 12, we make our final observations.

2. Rational M-Shaped Solution (MSRs)

Let us use the transformation [46]
A(e) = 2(Inw)e, (5)

If this transformation is substituted into Equation (5), hten the bilinear form shown
below is obtained:

—2nw?w'? — 2cpw?w'? — 2Ap?w?w'? +12p* — 4épw'™ + 2nwdw" + 2cpwdw” + 2Ap?wWlw" — (6)

24pwww" + 86pww’ + 6pw?w? — 4spwrw

" 8pw2w’w” _ pr’jw//// —0.
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Now, we use this bilinear form to evaluate various rational and interactional solutions.
For MSRs, we consider 'w’ as [47]

w:£%+£%+m5, (7)
where
€1 = M€+ My, € = M3E + My.

However, m;(1 < j < 5) represents any constants. By using Equation (7) in Equa-
tion (6) and collecting the coefficients of ¢, we then solve the system of equations to find the
values of the parameters:

o onie-6p) ®
Ap2+pcn :

-1
5273’ m1:—1, m3:m2:0,m5:

Via the above parametric values, we have

(—min +36p — micp — mjA)

2., 2
— 9
w = my + e + T+t A )
By using Equation (9) in Equation (5), we obtain
4e
Ale) = 2, o (-mint36p—micp—Ap?) (10)
my T e+ +co+Ap2

By replacing Equation (2) with Equation (10), we obtain the M-shape rational solution
of Equation (1):
4(—ct+x —yp)

2 2 2) °
2.4 (_ 2 o (Cmin+36p—micp—Ap?)
my + (et +x —yo)? + 5o

(11)

Ii(x,yt)=

Equation (11) specifies the MSRs, and I'(x, y, t) is graphed withy = —1, c =2, p = 2,
A=2,and my = 9.

3. MSR with a One-Kink Solution

In this section, we explore MSRs with kink rational solutions using the following
transformation [48]

w = K% + K% + z1K3, (12)
where
K1 = §1€+ &2, K2 = §3€+ g4, K3 = g5¢ + G-

However, g;(1 < j < 6), where all are assumed to be parameters. By inserting Equa-
tion (12) into Equation (6), and by using mathematica, we can evaluate all the coefficients e.
We obtain equations which provide the following values:

_ -1 (46+11) _ [ =(=2p?=pc—1) _
g 3 b4l 5\/@/ g5 ) ;7 83 0. (13)
By utilizing the above values, we obtain

7
w:gi+gg6+svc+ﬂ+)‘pzl+ <g15_g1(11+45))_ (14)

20, fc+ 3+ Ap
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Inserting Equation (14) into Equation (5) yields

A
R

ey fetTHA 11446
gi_i_eg() 14 pzl+ (gls_gl(—;)
25,/C+;+)\p

By substituting Equation (15) into Equation (2), we achieve the MSR with a one-kink
solution for Equation (1):

2< g5+ —ct+x—ypo)\/c+1 +/\p /C—i- +p+2g1 <g1 ct+x—yp) zégl(li-&-zw/)\ >)
c+5+
Ve (16)

Ale) = 15)

D(x,yt) =
+(—ct+x—yp),/c+L+A
g STy, (31(—Ct +x — yp) — UL )
4. MSR with a Two-Kink Solution

In this section, we work on MSRs with double kinks which consist of two exponential
functions. We consider [2]

w = C% + C% + 21€€3 + 2007 %4, 17)
where
C1=wme+uy, {p=use+uy, (3=use+us, {4 =uye+us.

However, u;(1 < j < 8) are all constants. We put Equation (17) into Equation (6) using
mathematica and calculated the coefficients of € and the exponential functions. We obtain a
system of equations that provides the values of the constants:

2
up = 2V2V5, uy = 7(@ JFPPCH) U = = (5+2)\/§\2@ , (18)
(46+3) \/ S et
\/ —(—62482p—33363p—3651p)
20Ap2+20pc-+20 02 —pe—
Ug = (/11;+3f7)+ d , u8:M3:0, Us — 7( szpPC )7)
Using the obtained values in Equation (17), we obtain
o Ztep03 | =n+p(c+Ap) 1217+11126+20862
M6+7p 7”877‘2 £ 2\/% W ?
w=e V2 z1+e V2 Zy + | use + =)
16(2+9) ?
+(\/2e— s > .
< 5 \/5(3+45)\/771+P£C+Ap)
Inserting Equation (19) into Equation (5) gives
4 5 s 6V2(2408) e 8 Va0
e zZ e z
2 <5€ T T seme T v o T 2“3P‘>
Ale) = ) (20)
" w0 3 [ (1217+11125+20852)p 2
Ue+-7> —ug——7 5 1+p(c+Ap) __16(2+9)
e’ Vizi+e V2zp + <u3£+ (3+49) ) + ( Ze 73014006 )

where

(1217+11126420852)p
(4 £+2\f\/ rtelerip) g [THteotp
F=A" (3+49) U= 0
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Inserting Equation (20) into Equation (2) gives the MSR with a double-kink solution to
Equation (1):
(ct—x+yp)d (ct—x+yp)d

u6+ —ug—
4 V2 8 6V2(240 V2 9
2( —5(et—x+yp) + —— 75— - 5(3+(45)19) - v — 2“3#)

(21)

I3(x,y,t) =

ct—x+yp)d (ct—x+yp)®

( __ 2

where

n+p(c+Ap)

5
V= (ug(ct—x+yp)+ 510)

(1217+11125+20862)p )

—n—4co+ 3
9=./21 pP [ ,
(1217411126+20862 )p

_ 5 i+p(c+Ap)
U= <u38+ (G+40) )

5. Rational Kink Cross Solution (RKCs)

We use the transformation [1]

w = e % +moe’t + 03 + 03 +q7, (22)
where
01 = Q1€+ q2, 02 = q43€+q4, 03 = q5€+ ge.

However, gj(1 < j < 5) are all real-valued constants. We insert Equation (22) into
Equation (6) and compute all the coefficients of the exponential functions and powers of e.
We gain equations which provide the following values:

2,2
(2Ap2+§pc+217) , _ 2(43+495) ) (23)

-1
my=0,0=—F,q91=1 5 6
, 71 9 1 —1 @A 42pct20)g5
) B

We then use Equation (23) in Equation (22):

3v2(q5 + 43)

—n+p(c+A
gs ﬂPf) )

P | —n+e(ct+Ap) 1 —n+p(c+Ap)
w = qy +e q2 3\/25 0 +eq2+3ﬁ3 0 o _’_qgez + (q5£+ )2. (24)

By substituting Equation (24) into Equation (5), we obtain

(2 <2q§s 203 + O] 1\ g 4 1yZen 3V, <P) >
_ (25)

3v2(3+42) )2 !
qas¢

o VR [T p(etAp)
' P

We then substitute Equation (25) into Equation (2) to find the RKCs of Equation (1):

7 + T+ €15V, 4 0262 4 (g5e +
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2, .2
Ty(x,y,t) = <2(2q§(ct —x+py) +2q3(ct —x +py) + %@3”5’) — V2t +1v2 (26)

gq2+%\/§(d—x+py)‘ﬂm0q)>> /q7 + T+ EQZ‘F%\E(CI‘—X'FP}’)‘PmO + q%(ct —x+ py)z +

2 2
(g5(ct — x + py) + 22 R 2

R e o= | =1 +plct+Ap)
' P

6. Periodic Cross-Rational Solutions (PCRs)
We use the transformation [49]

where

w = @3 + @3 + my cos(@3) + my cosh(wy) + eo, (27)
where
01 =e1e+ ey, Wy =e3e+ey, W3 =e58+ 65, Wy = €7€+ e3.

However, ej(1 < j < 9) are all real-valued parameters. We put Equation (27) into
Equation (6) and collect equations by comparing the coefficients of the trigonometric
function to obtain

15 —1 (2Ap24+2pc+2 —1 (—2Ap%2—2pc—2
§=15 ¢ =les, 5 = /7 22 22 ’7)'37:\/7( ] . (28)

By putting Equation (28) into Equation (27), we obtain
—2142cp+2Ap?
£y P

V3

By replacing Equation (29) with Equation (5), we obtain

12e3(ieg + e4) — 21/6my 4/ W sin(B) +2v6,/c+ § + Apsinh(e)

3 <e% + eﬁ + eg + 2iepese + 2eseqe + mq cos(B) + my cosh(g))

2 [=n+plctAp) \F [
=e —l—\/>8 Y 0=eg+ /=& /Cc+ -+ + Ap.
B=es 3 . 0=eg 3 p T

Replacing Equation (30) with Equation (2) to find the PCRs of Equation (1) yields

12¢3(iez + e4) — 2v/6my | “HEH) sin(g) +21/6, [c + L+ Apsinh(yp)

r5 (x/ y/ t) = . (31)
3 (e% + e 4 eg — 2iepes(ct — x +yp) — 2eze4(ct — x + yp) + my cos(¢p) + my COSh(lIJ))

[ 217+2cp+2Ap%
€ P
) . (29)

V3

w = eg + (ey +ie3)? + (eq + e3e)? 4 my cos (e(, + > + my cos (68 +

Ale) (30)

where

where

2 — A 2
cp:eé—l—\/;(ct—x—i—yp)”;HPF()C_'—p),1/J:68+\/g(ct—x+yp)1/c—b—z+)\p.
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7. Multi-Wave Solution

We use the transformation [50]
w = lpcosh(o) + 11 cos(01) + > cos(03), (32)
where
0 =mie+my, Q= mze—+my, Q3= Ms5E+ Mg.

However, m;(1 < i < 6) are constants. Inserting Equation (32) into Equation (6) yields
the following values:

—(—3A82—30pc—3 —(Ap?+pc+
my = ( 4/\5732 2, ms =0, ms = (2espfzp i (33)

By inserting Equation (33) into Equation (32),we obtain

B [ =11 —cp — Ap? 31 + 3cp + 3Ap?
w =lycos(my+¢ i ) + I cosh(mg) + Ip cosh (mz + E\/—?)p 43 . (34)

Substituting Equation (34) into Equation (5) yields

2(—lhgsin(my + eg + lpT sinh(my + €71)))

Ae) = .
(¢) I3 cos(my + €g) + I cosh(mg) + lp cosh(my + €T) (35
where
—n—cp— /\p2 31 + 3cp +3Ap?
—2p +26p —3p +4dp
We then insert Equation (35) into Equation (2) to obtain the multi-wave solution:
2(—=ligsin(my + (—ct +x —yp)g + lpT sinh(my + (—ct + x — yp)7)))
Te(x,y,t) = — — — : (36)
Iy cos(my + (—ct + x — yp)g) + I cosh(mg) + Iy cosh(my + (—ct + x — yp)7)
where
—1 —cp— Ap” /\p 317+3cp+3/\p
T\ T 201200 —3p + 4dp

8. MSR Interaction with Rogue Waves

We explore the interaction between MSRs and rogue waves using the transformation
w = 03 + 03 + €% + Iy cosh(04) + po, (37)
where
01 = p1€+ p2, 02 = p3€+ p4, 03 = pPs5€ + Pe.

However, p;(1 < i < 9) are the parameters. Substituting Equation (37) into Equa-
tion (6) yields the values of the assumed parameters:

_ 3 6 24+3p2 p24-263p2
= 1V2\/3VE, py =1 fxf V2V3%ps — pg =0, pg = ( pips—6pi P5P72+2 papt rs) (38)
3 (pE—pd)’ P3—2p3ps+p;
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Putting Equation (38) in Equation (37) yields

2 2 3 (52
w = pg +ePsTPsE ((3794;?5 6p4p5p7 + 37”47”7 +20%p ( V 2P5 _ \f) + Iy cosh(pee). (39)
ps —2psps + 17 i —ps

By inserting Equation (39) into Equation (5), we obtain

<P5€p6+p5€ - [\f( ” 2p552 \\;) + p7lo smh(P7£)>

3p2pt—6pipipi+3 283p2 V 3pso? '
pi + ep6+}75£ _ (( PyPs p4p5p7+ p4p7+ pS)) + ( 5552 — \/X> + lO Cosh(p6g)

Ae) =

(40)

pPa—2p3ps+p; NG

We replace Equation (40) with Equation (2) to find the interaction between the rogue

wave and MSR:
2(pa (- 753 ) +8(p) + 3yt + Osini(pr(9)))
I7(x,y,t) = . (41)
2 M 1542
3(py+v— 3GL 2 + ¢0¢? + I cosh(¢))
where
v = ePetPs(2pitxt s pyo+trp) ¢ =2p3t+x+ gg —yp + tAp.
9. Homoclinic Breather Solutions (HBs)
For HBs, we use [51]
w = e M 4 myet2 + my cos(u3), (42)

where

= g(me+mny), po = g(nze+ny), pz = g1(nse+ng).

However, n;(1 < i < 6) are all real-valued constants. We use Equation (42) with
Equation (6) and evaluate the values of the assumed constants:

5 S (Ap®+cp-+1) Sl (=Ap*—cp—1)
b= m = — = Oy = T —F (43)
Putting Equation (43) into Equation (42) yields
o/ S A2 e YD)
w = eig(n2+ Ves + €™8my + my cos (gl <n6 + £ )) (44)
V281
By inserting Equation (44) into Equation (5), we obtain
717+CP+AP e —1+co+Ap?
- y -
VBT |/ [ gy <n6g1 . )
Ae) = . (45)

—n+p(c+Ap) /717+p(6+/\p)
[ [

ﬂ28+"48+7 n2g+7 g,/ LA
3<1+e V6 my+e g My COS <n6g1+\/§f’>>

We then substitute Equation (45) into Equation (2) to find the HBs:
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VB T 4 3Dy | B sin () (46)

Te(x,y,t) = /
8( g ) (—ct+x—py) w
31+ ¢TI g cos(9)
where
(—ct+x— py) \/@ N (fct+xfpy)\/@
P N8
¢ = neg1+ ,p=c¢ V3 _
V2

10. Stability Property of Solutions

Now, using a Hamiltonian approach, we will examine the stability property for a
(2 + 1)-dimensional KdV equation of constant coefficients. The Hamiltonian methodology
“K” is given by

h
K= %/41 Y2(z)dz. 47)

The solutions’ stability condition can be assessed as follows:

9K

50 0. (48)

The wave velocity is p, and K stands for the momentum in the Hamiltonian system.
Using the Hamiltonian system, the stability’s condition is stated, and all feasible solutions
are then determined (Table 1).

Table 1. Stability properties of the solutions T';(x,y, t), where (i = 1,2,3, ..., 8).

Solution Stable Unstable Values of Variables
I(x,y,t) v n=-1c=20=2A=2,my=09, x,y,t€[-77
%6=8c=1p=-1,3=1A=1, ¢ =3,
La(xy,1) v 6=3q=2z=1t=5xyte[-11]
c=17,p=4,21=3, ug=2,1=2, u3 =—1,
Ts(xy,1) v 2=1,6=2A=2t=1us=9, x,y,t €[22
Ty(x,y,t) v Singular solution
I's(x,y,t) v Singular solution
h=4n=1c=1p=31p=2 my =3, mg=2,
Te(x,y,1) v A=12,6=2,1=12t=9, my =3, x,y,t € [-3,3]
p6:3.3, p5:1, p7:1.2, (5:15, 10:2, }’]:3,
I7(x,y,1) v 0=2,A=2ps=1t=—1, x,y,t € [-11,11]
Ts(x,y,t) v Singular solution

11. Results and Discussion

With the help of the proper parameter settings, we were able to successfully produce
the desired type of solution, which illustrates a wave discrepancy. In Figure 1, the wave
appears in the MSRs withy = -1, c =2, p =2, A =2, my =9, and t = 11. We
can see how the wave moves and changes its position with various values for the time
parameter t. Figures 2 and 3 display the movement of the wave and the stability conditions
with t = 9 and t = —6, respectively. In Figure 4, we explore MSRs with exponential
functions with 3D, contour, 2D, and stream plotsviagg =8, c =1, p=—-1, y =1, A =1,
g1 =3,6=3,81=2,21 =1, and t = 5. Figures 5 and 6 show a wave with a
high amplitude. Figure 7 shows the interaction solution between the MSRs and kink
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II via 3D, 2D, contour, and stream plots withc = 1.7, p =4, zy =3, ug =2, y = 2,
uz=—-1,20=1,0=2, A =2, t =1, and ug = 9. In Figure 8, various bright and dark
lumps appear via the assumed parametersc =17, p =4, z1 =3, ug =2, y =2, ug = —1,
zp =160 =2, A=2,t=1, and us = 3. Figure 9 depicts PKCs in which a soliton
wave appears with a high amplitudeviags =6, c =1, p =2, g5=3, =1 A =1,
g =5 my=5,g7=11, and t = 3.

The PKCs in Equation (31) are graphically presented in Figures 10 and 11. Figure 12
shows a visual representation of the multi-wave solution in Equation (36) in which multiple
bright lumps appear, consideringl; =4, y =1, c =1, p =3, lp =2, my =3, mg =2,
A=12,6=2,1 =12, t =9, and my = 3. The multi-wave shape profiles are explained
vialh =4, 153=1c=1p=3ly=2,m=3 mg=2,A=12,6 =2, 1, =12,
t =9, and my = 2.5 in Figure 13. For various parametric values, we attained the multi-
wave sketches in Figure 14 vialy =4, n =1, c=1,p =3, lp =2, my =3, mg = 2,
A=12,06=2,1p=12,t=9, and my = 4.5. In Figure 15, we constructed the interactional
solution between the MSRs and rogue wave profiles via ps = 3.3, ps = 1, p7 = 1.2,
6=151Ip=2,1=3,p=2, A=2, py =1, and t = —1. The dynamical behavior of the
solution in Equation (41) viapg =33, ps =1, py =12,0 =15,y =2, 4 =3, p =2,
A =2, ps =1, and t = 3 is presented in Figure 16. With pg = 3.3, p5s =1, py = 1.2,
6=15Iy=2,31=3,p=2, A=2, py =1, and t = 5, the solution to the MSRs with
rogue waves via three-dimensional, contour, two-dimensional, and stream plots are shown
in Figure 17. We attained HBs using Equation (46) withn =2, p =13, c =31, A = -2,
ny =—2,n=23m=-1,m =2, my =3, g = -5, and t = 3. Figure 18 shows 3D
visuals of the homoclinic solution with (1) Figure 18a with ¢ = —0.4, (2) Figure 18b with
g = —1.4, (3) Figure 18c with ¢ = —2.4, and (4) Figure 18d with ¢ = —4.4. Figure 19 shows
the stability conditions corresponding to Figure 18.

Figure 1. Evolution plots for ' (x, y, t) with the valuesy = -1, c =2, p =2, A =2, my =9, and
t=11.

5
-20 -15 -10 -5 0

Figure 3. MSR visual representation for I'; (x, y, t) with t = —6.
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Figure 4. The dynamical behavior of MSR with one exponential function solution via g¢ = 8,
c=1Lp=-1,1n=1,A=1,¢=3,0=3, u=2,2z1=1 andt =5

Figure 5. The plots of I(x,y,t)viage =5, ¢ =1, p=-1, 4 =1 A =1, 4 =3, 6 = -2,
g4:3, Z1 :1, andt=5.

Figure 6. The graphs of I'(x,y,t) in Equation (16) viags =3, c =1, p= -1,y =1, A =1,
g1=3,5=72,g4=3, z1=1,and t = 5.

Figure 7. The graphical profiles of MSR with double exponential function along with ¢ = 1.7,
p=4,2z1=3 ug=2,n=2,u3=-1,20=1,0=2, A=2,t=1, and ug =9.

¥

Figure 8. The dynamical behavior of M-shaped funciton with two kinks via c = 1.7, p = 4,
z1=3,ug=2,n=2,u3=-1,20=1,6=2,A=2,t=1, and ug = 3.
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¥

Figure 9. The sketch of Ty(x,y,t) in Equation 31) viags =6, c =1, e4 =4, p =2, g5 = 3,
n=1,q=5A=1,q7,=11, my=5, and t = 3.
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Figure 10. The pictorial representation of PCRs in Equation (31) with ez = 11, e = 4.9, es = 4,
my =14, e=51n=1,c=2, A=6,e9=31,my =85,e=3,t=—-2,andp =1.
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Figure 11. The sketch of I's(x,y,t) in Equation (31) via e3 = 11, e; = 4.9, ¢4 = 4, m; = 14,
eg=51n=1c=2A=6,e=231m =85e=3t=-2,andp=1.

r||rl\ }Il/‘,;’
]
Y.
*.t—F\; T;E

XXX
) - X et o
'vI/ gy aray” 5 eSS et iqW
y Ve 4 Sl | , S
-15 -10 -5 5

Figure 12. Multi-wave shape profiles of I'4(x,ty,t) in Equation 36) vial; = 4, y =1, ¢ = 1,
=3 1lp=2m=3mg=2A=12,6=2,1pb =12, t =9, and my = 3.
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Figure 13. Multi-wave dynamical behaviorvialy =4, n =1, c =1, p =3, Iy =2, my =3,
mg=2,A=12,86=2,1,=12, t =9, and my = 2.5.



Mathematics 2023, 11, 1074

13 of 16
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Figure 14. Multi-wave sketches of I'¢(x, ty, t) in Equation 36) vialy =4,y =1, c =1, p =3,
10:2, m2:3, m6=2, )\21.2, 5:2, 12:12, t:9, andm4:4.5.
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Figure 15. I'7(x,y,t) in Equation (41) is plotted with ps = 3.3, ps =1, p; =12, 6 =15, [y = 2,
n=3p=2A=2ps=1 andt = —-1.
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Figure 16. Interaction solution in Equation (41) presented graphically with pg = 3.3, p5 = 1,
pr=12,6=151=2,71=3,p=2,A=2,ps=1,and t =3.

Figure 17. T'7(x,y,t) in Equation (41) sketched via ps = 3.3, p5s =1, py =12, 6§ =15, [ = 2,
n=3p=2A=2ps=1 andt =5.
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(a)g=-04 (b)g=-14 (c)g=—-24 (d)g=—-44
Figure 18. The 3D HB profiles for I's(x,y,t) withyy =2, p =13, ¢ = 3.1, A = =2, ny; = -2,
ng=23,my=-1,m =2, my=3,9=-5 andt=3.
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(a)g=-04 b)g=-14
Figure 19. Stream plots corresponding to Figure 18.

12. Conclusions

Some analytical solutions were acquired by symbolic computations. Additionally, a
thorough investigation of the solutions” dynamics was conducted. In this work, the MSRs,
multi-wave solitons, RKCs, PCRs, HBs, and interactional solutions such as MSRs with one
kink, double kinks, and rogue waves were all studied. Using the Hamilton system features,
we identified solutions as stable or unstable solutions. Finally, the findings were graphically
analyzed using contour, density, three-dimensional, two-dimensional, and stream plots.
We obtained entirely unique outcomes with our research.
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