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1. Introduction

The symplectic geometric algorithm for the Hamiltonian system can accurately simu-
late the evolution of the system over a long period, which preserves the energy conservation
of the system [1-6]. Marsden et al. [7-9] proposed the multi-symplectic method of the
partial differential equations (PDE) with the multi-symplectic structure, which can also
calculate the equations accurately for a long time and approximately preserve the energy
conservation property. Multi-symplectic algorithm has been successfully applied to solve
several important equations [10-13]. Recently, energy-preserving methods for Hamiltonian
systems and multi-symplectic structure PDE have received much attention. Celledoni et al.
proposed the second-order and higher-order average vector field (AVF) method to the
Hamiltonian system, which can preserve the energy conservation of the Hamiltonian
system exactly [14-16]. At the same time, the second order AVF method has also been
proposed to solve the multi-symplectic structure PDE, which can also preserve the energy
conservation [17]. However, few people study the high order energy preserving method of
the multi-symplectic PDE structures.

Composition method is a class of important method to construct high order scheme of
the differential equation. The method of forming multi-level high order schemes with the
combination of low order invertible schemes was proposed by Ruth and Yoshida [18,19].
Ruth constructed three order three level composition schemes for the separate Hamilto-
nian system. Yoshida constructed the high order explicit difference scheme of separable
Hamiltonian system. Qin extended the Yoshida’s composition method to the general
non-Hamiltonian systems [20,21]. In this paper, we propose a fourth order energy preserv-
ing scheme of the multi-symplectic structure PDE by the composition method based on
the second order energy preserving average vector field scheme of the multi-symplectic
PDE. The new fourth order energy preserving composition scheme is applied to solve the
sine-Gordon equation.
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This paper is organized as following. In Section 2, the second order multi-symplectic
energy-preserving scheme and the fourth order multi-symplectic energy preserving com-
position scheme are proposed. In Section 3, the sine-Gordon equation is discretizated in
spacial direction by the pseudo-spectral method. Then the two energy preserving schemes
for the multi-symplectic sine-Gordon equation are proposed by applying the second order
AVF method and the fourth order composition AVF method, respectively. In Section 4,
the numerical experiments are reported. The accuracy and energy conservation property
of the second order AVF scheme and the fourth order composition AVF scheme of the
multi-symplectic sine-Gordon equations are investigated compared with the corresponding
second order multi-symplectic scheme. At last, we finish the paper with conclusive remarks
in Section 5.

2. Multi-Symplectic Discretization for the Partial Differential Equations

Many partial differential equations can be written as the following multi-symplectic
structure

Mz + Kyzy = V,5(2),z € RY, (x,1) € RZ, 1)

where M; and K; are skew symmetric matrices, S : R? — R is a scalar smooth function
and d > 1, V is the gradient of a function [7,8].

2.1. Spatial Discretization for the Partial Differential Equations

Equation (1) can be discretizated in spatial direction by the Fourier pseudo-spectral
method [22]. Suppose u(x, t) is a function with x € [a, b], the interval Q) = [a, ] is divided
into N equal subintervals, where the integer N is an even number. Denoting L = b — g,
the spatial collocation nodes are givenby x; =a + (j—1)h,j=1,--- ,N, where h = L/N
is the space step. Let u; be the approximation of u(x;, t).

Let S = { gj(x);1 < j < N} be the interpolation space. The function g;(x) is the
trigonometric polynomial explicitly given by

gi(x) = i Nf L exp!t (=) )
! N2 '

where ¢y = 1 (|k| # N/2), c_n/2 = cnj2 = 2and p = 2Z. The interpolation operator

Iy:L2(Q) — S;\] is defined as

N
Inu(x, t) = Z UmGm (). (3)
m=1
Therefore, we have
N
INu(xj,t) = Y umgm(xj) = u(x;), 4)
m=1

wherej=1,---,N.
By differentiating (3), the k order derivative of the operator Iyu(x,t) at nodes x; reads

A N dm(y)) .
(T Loy = L w37 = (Dy)y =10 N, (5)

where Dy € RN*N ig a spectral differential matrix with elements

d* g (x;
(Di)jn = ix(:]) (6)
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and u = (uy,up,--- ,un)T.
We can obtain explicitly Dy

1 .o Xi —x]' , .
Su(=1)™" cot(u ) i # ],
(D1);; = { 2 2 @)

In particular, Dy = (D1), if k is an odd number.
Applying the Fourier pseudo-spectral method to Equation (1) in spatial direction, we
can obtain

MZ; + KDZ = Vz5(Z), (8)

where M, K € RN are skew symimetric matrices, Z = (21,1, e s ENs s 2 .,zN,d)T,
S : RN? — R is a scalar smooth function. D is a matrix with Dj. Equation (8) can be
written as

M = VyE(z) = (2), ©)

where E(Z) = S(Z) — $ZTKDZ.

2.2. Second Order Energy-Preserving Scheme for Multi-Symplectic PDE
Applying the second order AVF method to Equation (9), we can obtain that

Zn+1 _zn
f —

M [ Vze -z ez i = [ -0z ez e, ao

where 7 is the time step. It can also be written as

Mzn+l _7Zn N KDzn 4 Zi’l+1 B

1
- 5= | VaS(-oz ez e

The scheme (11) is consistent with the second order global energy preserving scheme [17].
However, the accuracy of the scheme has not been proved. We prove the accuracy and
energy conservation property of the scheme in a new way.

Theorem 1. Scheme (10) has second order accuracy.

Proof. Lets = Nd, Z € R, the skew symmetric matrix M can be transformed into a diago-
nal matrix G with diagonal element 1 and 0 on diagonal line by a similar transformation [23].
We can get PTMP = G, P is a invertible matrix. Equation (9) is equivalent to

ar-1z

r'mMP
dt

=PIV2E(Z) = PTV,E(PP12Z). (12)

Let P~'Z =Y,PTVZE(Z) = h(Z) = g(Y), so Equation (12) is equivalent to

dy
GE - g(Y)/ (13)
where ¢(Y) = (gl,g%,- -+, g°%). Equation (13) is equivalent to Equation (9). So Equation (10)
can be written as

Yn+1 —Y"
7’1‘- pu—

G /0 1 PTV,E((1 - &Z" + ¢z )dg (14)

1
= [ s =gy + vz,



Mathematics 2023, 11, 1105 4 0f 19

Equations (10) and (14) have the same accuracy. So we can only prove Equation (14)
has the second order accuracy.
We give the following partial derivatives definition

(88" = (gxs" -~ 18185 - &1

(gi8mg™] = (&rgmg" s+ /gkgmg" s+ 1 &igmg™)"

[81;8"¢' = (s18"s), -, gk"el, - giig" ),

(81jm8 88" = (8him8" 88" - 1 8ijim& 8" - 1 &ljm& TE™)T, (15)
[81igme’e"] = (8kigns's" - 8kign&'8" -/ &higms's™)",

(8180 8'8"] = (8k8n,8'8" -+ 1 8igmi&'8" -+ 1 8188’ 8™),

[8i8mg)'e ] = (skem&l's) - 8igmel'g - &igmgl'e)’,

where

S

) ot
sigh =Y 8¢k,

=1 9k
Sishs" = 21 le gﬁk gfk
8iig's = k_leg a;{(gi)gkgf,
shns’s" = 1 %2 ]21 (3 )", (16
8iigms' 8" = k;}; mZ:)l aayk(%’;)gigmgﬂ
8kgnigl8" = k_Zl]Z% mZ:jl gi;%(gi)g’”gf,
gkemsl's’ = Yy i Lgiaiﬁg'

The corresponding Taylor expansion of Y(t,1) can be written as

dY(t,)  1d°Y(t,)

1 2 3
G Tty e ™+ 0(1°). (17)

Y(tni1) = Y(tn) +

Multiplying G? to both side of Equation (17), we can obtain that

G*Y(tyi1) = G*Y(t) + szYd(tt”)T+ Gzédzzl{t(zt”)# +0(7%)
= G?¥(t) + G(Y())T + 3G 4 (5(¥()P+O(7),  (19)
where
G4 (g(x(r) = BEED GAY _ 8O y) (g1t 19

so Equation (18) can be written as

G*Y(t,11) = G2Y(t,) + Gg(Y(tn))T + %[g;;gk}rz +0(3). (20)
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Equation (14) can be written as
1
GY'! = GY' + 1 / o((1—&)Y" + &Y 1)de, 1)
0

multiplying G to both side of the equal sign and expanding f01 g((1—&)Y" + &Y.
We will obtain that

G = G2Y" +1G /1 g((1—@)Y" + &Y™ e

— G2Y" 1 1G / (Y") +¢& ( )(Y"+1 ~Y") 4+ O(12))de

= G2Y" + 1Gg(Y") + 7 [g;;g"] +0(7%), (22)
where % = % ly—yn, suppose Y(t,) = Y", we can get G(Y(t, 1) — Y"™1) = O(73),

thatis Y(t,11) — Y"1 = O(73). Scheme (14) has the second order accuracy, so scheme (10)
has the second order accuracy. O

Theorem 2. Equation (10) can preserve the energy conservation property.

Proof. Since M is a skew symmetric matrix, it is obvious that

E(Z"') — E(Z") 14
— 1— Zi’l Z}’l+1
— - [ Rz ez
! n w1y T2 = 2"
= ([ (VzE(1-9)z"+ 52 ) @)
_ _(Zn+l _ Zn)TMZnJrl _Zn
T T
= 0.
So Equation (10) can preserve the energy conservation property. [J
2.3. Fourth Order Energy Preserving Schemes for Multi-Symplectic PDE
To the ordinary differential equations
‘% =f(Z), ZERS, s>1, (24)
the trapezoidal scheme of Equation (24) can be written as
ZH+1 _Zn Zn Zn+1
_f@)+fz) o5

T B 2
The scheme (25) has second order accuracy.
Qin et al. [20] proposed the following composition scheme

Zy =Zy+a1t(f(Zo) + f(Z1)),
Zy =71+ ot(f(Z1) + f(Z2)), (26)
Zy =7y + c31(f(Z2) + f(Z3)).

1

L, e = =23 is satisfied, it is proved that the

1
2-23

When the coefficients ¢c; = ¢3 =

2-23
scheme (26) has the fourth order accuracy [20].
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We propose a new fourth order energy preserving scheme of Equation (9) based on
the second order scheme (10) by the composition method

ME o [N oz e = a [ F(0- 02+ ez, )
Mg - /01 VZE((1-8)Z" +§2")dg = cp /Olf (A=0)z" +¢2")de,
Mw - @ /01 V2E((1 - §)Z" + 2" )dE = c3 /Olf((l — 02"+ g,
where ¢; = c3 = Ly, ¢ = =2}
a1 2T )

According to Equation (21), Equation (27) can be transformed into the same form. We
can obtain that

1
GY"! = GY" + 1¢, /0 e((1—&)Y" +&Y™)de,
1
GY"? = GY"! + 1¢, /0 ¢((1— &)Y + &Y"2)de, (28)
1
GY"™! = GY"? 4 ¢ /O 2((1—&)Y" 4 ey 1)dg,

The function Y(t,1) is expanded at Y(t, ), the Taylor expansion is obtained,

dY(tn)T ©?d*Y(t,) | T dY(t.) | THd*Y (k)
dt 2 d? 31 de 4! 4t

Y(tn1) = Y(ta) + +0(T). (29)

Multiplying G* to both side of the Equation (29), we can obtain that

dY(tn) ) A2Y(ty) T3 . d%Y(ty)
4 _ 4 4 b 4 L 4
GX(tni1) = GX(tn) + G377+ 5 s dr? e
L 244 () 5
G +0(r) (30)
where
X (tn) d ag(Y(tn)) dY
4 n 3 3 — 2
G dtZ =G df (g( (t'rl))) - oY it =G [gkg]
d3Y(t,) d, S
4 n 2 i _k ik m ik
G = G ([8i8"]) = G[gkgms™ + [8k;8"8'])
A4 (1) d

G = G (15igms"] + [818"8]) = [8kjm8"s/8"] +3lgk;8ms’s"]
+ [gk8n,g'g"] + [gkgmgj &) (31)
So Equation (30) can be written as
2
T
GHY(tus1) = G*Y(tn) + GPg(Y(tn))T + 5 G[gi8"] + T G(sighs"+
ik T4ikjm ik jom ik jom
[8k8°8']) + 77 ([8kjm&"&'8"™] +3l8ijgme’s™] + [gkgm]-gg ]
+[gigmg)'e’]) +0(7%) (32)

Theorem 3. Scheme (28) has the fourth order accuracy.
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Proof. The composition scheme (28) can be written as
1 1
GY'"! = GY" + (ClT/ gOY" +E(Y"! —Y")dE + sz/ g(y"!
0 0
1
RO et [ 0T Y, G9)
0
Multiplying G to both side of the equation, we will obtain
1 1
GrY" 1l = GY" + G3(61T/ g(Y" + E(Yn,l —Y"))dE + CZT/ g(Yﬂ,l
0 0
1
+E(Y"2 = Y")dE + 3T / gY"? +g(YH = Y"2))dg), (34)
0

expand to Ts fourth order to calculate their Taylor expansion

1
G [ gy + e — )

9g(Y")
Y

(Yn,l _ Yn) + G3§i(ag(Yn) )(Yn,l _ Yn)z

3 n 3
_/G YHGg 209Y " Y

G3€3 Jd 9 ag( )))(Y”'l—Y”)3)d§+O(T4)

3! aY(aY( Y
:/ (G3g(Y”)+Gzag (") clﬂf/ OY" + Y yde+
G (B cere [ (1 - ayvr + g hyagy? + 3 2 (2B
(cere [ 8((1 - E)Y" +2¥")dg) )i + O(c*) @)

The integral fol g((1—¢)Y" + &Y™1)d¢ appears on the right part of (35), so it should
be replaced by its Taylor expansion until it does not appear on the right part. So

& [ (- v+ av g

_/ G3 Yn)+écG2 ;Yn)clr/ol(g(Y”)+§ag(y)(Y“'l—Y”)+
2 n

o Byt v+ 60 (8O ey [ g

BY(
n 1
+ e et ymyag o 22 (2 (D) o [ gvnyaey?)e

1 a 9 ag(Y")
319Y

+ O(T4)
ik m

ny 4 € i Laroi ‘
= Gg(Y") + DeG2gl'] + (12 (;Glsighs”] + < Glslg"s) +

1 i m,j 1 i m i m 1 i o1
(10 (5 lskehsl's] + 1 [shsbigls™) + 7 5shals”] + oy [Shimg P8 +O(). (36)
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The integral fol g((1—&)Y™ ! + &Y"2)dE and fol g((1—&)Y"2 + £Y"1)dZ can be ex-

panded by the same method. So

G [ 8- oY+ ex2)dg

/ GS Yn +G38g('§Y )((Ynl Yn)_|_€-(Yn2 Ynl))+ Gsaay(ag('gY ))

((Yn,l _ Zn) + C(Yn,2 _ Yn,l)) 3' G3 aaY(aaY(aga(zn) ))((Yn,l _ Yn)_|_

EY"2 )+ O
= [[(@s0) + B0 (e [ g1 - eyt + vt ig +ere [ g1

oY
are [ (- ¥+ av g

3 ag(Y")
10,0 3g(Y" 1

OYM 4 Y )dE) + 5 GE)Y( Y
1
+ o [ g((1= Y™+ e + 5o (GO (ET ) e [ g((1-

1
Y+ YA + 8ot [ (1= )Y +2Y"2)dz))dE +O(x) 37)

The integral fol g((1—&)Y" + &Y™1)dE in (37) can be replaced by its Taylor expansion. The final

solution is

1
G [ s -y +ev )i

2

3 (Y™ 2 2 G By ik om (T, %
= Gg(Y") + (e + 2 )G 8ke" ) + T ((E+T+Z)G[gkgmg I+ (F+2+
cic C3 2y c163 3 B 3
DHGlss ) + (G + 2+ R+ 2 )[gag@grgf]+<g+17+é

c i ; A 3% S 7ec 3 3
*%)[gigkmjgjgm] G2 2)[gk,gmgfg’”} +(L+ 2+
C2C2 cc2 . .
A+ sk gg") + O, (38)

The integral fol g((1—&)Y"? + &Y™ 1)dE can be calculated by the same method, the solution is

& [ s(( -0 gy ag

- / (G3g(Y") + G agéy L =3y (v -y (xR

F G ag;Y D) (0 x4 (02 -z (v -y
2G>0 (2 (B0 ) (vt x4 (02 - yi) (v v g

+ O( 4)

= (@500 + @B e [g(1 - oyt + v e+ exe [ g1

1
DY 4+ EYE + Got [ g((1- Y2 4 e ag) + 6 (B

1 1
(@7 [ g((1 ="+ eyt +ar [ g((1- Y™ +eY"2)de+

vt [ (-2 4 oveyag + 22 (2 2800 ey [N

1 1
DY+ Yz et [ g((1= Y™ +2Y" )z + 2eat | g((1— )Y+
EY"H)dg) ) +O(r). (39)
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The integral fol g(1=-)Y"
by its Taylor expansion. The final solution is

& [ s(( - 0¥ 1 gy g

=Gl(Y) +1(c1 4+ + = 5 )Gz[ :

G\ ik 4.9 .G

3 i m

+ 5 )Gl8igmg™] + (2+2+6+cc

3 2 2 3 2

309, 9% a9 %, 9%

L e i i 2

3

c ; : CC2

+5)18kgm8]"s’] :

ot
+(*Jrz 6 2

3

cicacy | A | 2y of ok glem] 4 (L 4

3C%C3 cg 3cicoc3 7c1c3

4 6 2 12

q do da dn ad

24 2 4 4 2 6 6
+0(th).

7czc3

Let Equations (36), (38) and (40) replace G3 fol g(
EY"?)d¢ and G3 fol g((1

I +T2((

2
C ciC
+2412

+EY")dg and [ g((1 -

2

C1C2€3

3C%C2
2

)[gk]gmg’g J+(

C1 C3 " C2C3

(1= Y +Y")dE, G [ 8((1~
— &)Y™"? 4 &Y™ 1)dE in Equation (34).

Cl C3

&Y™+ EY™2)dE in (39) can be replaced

cic
+clcz+ +1—3+7

2 2 2 2

2+ 52+ 22)Glglieke])

€203

ches o163

C2C§

4 4 4
C%Cg, n C3 n

4 4 12

3

2
54 3cq 62 3cic3

2 2 4

3 3
9,92
6 6"

€102C3
2 )[gk]mg gjg D

(40)

oY+

Suppose Y(t,) = Y" and Equation (33) is compared with Equation (32), if the following
equations are satisfied, Equation (33) can have the fourth order accuracy.

TG3¢(Y") :ci+ etz =1,

227 i k cf 3 C%
TGB@]FA+QQ+§+Q%+Q%+E
3 e
. Cl C1C2 C1C2 CZ
*Glgigms™ s 4+ + 2+4+2

2 2
cqc (Y 1
+ 32+ 3=

2/

3
€3
+c10003 + 6 +3

2 4

2 2 6’
3 2 3 2 2 2
¢ G, adg  ga
2 2

€03 | CC3 1

+72 "1‘72 iy
gl gk gMol] 1 N C‘I’Cz a3 oo é cZcac;  cic3ez c3cs
kemoj 4 4 4 8 2 2 4

N 23 N clczcé 33 cf ez b 1 (1)
4 2 4 4 4 4 8 24’
3 22 4 303 2 3
4roi ok ojom C1C2 1% Cy C1C2 C1C3 C1C2€3 C5C3
T l8k8mjg'8" ] 12+ 6 "r tt Tt s 2 6
N c3 N c163¢3 C%C% C%C% 1063 010y 3 _ 1
12 2 4 4 2 4 4 24’
T4[ ik i m i c%cz 30%(:% é 7::1(:% 0%03 3C%C2C3 n C%Cg,
8kjgm8'8 6 2 1+ "6 T2 T2 2 2
N é N 3cic3c;  3c3c3 3c3c  3cica3  7cicy  Toocs _1
6 2 4 4 2 12 12 8’
el g ﬁ oo N é N c2c3 N ac e N o3 é ceacs
Skim$ 8814 T g T4 s T T 6 6 24 2
N 33 N B3 cicdes a3 od o 1
4 4 2 6 6 2 24"



Mathematics 2023, 11, 1105

10 of 19

When ¢; = c3, the above Equations (41) are equivalent to

2c1+c =1,
1
—2¢% + 4¢3 —2¢; + 3=0 (42)
1
_23

We can obtain thatc; = c3 = ——, ¢y = .
2-23 2-23
The coefficients are the same as the coefficients of the Qin composition method. So

2 , 3 ‘
G = GHY" + GRg(Y")T + - Glgigh] + - Gl[gighis "+

181,8"8']) + 77 ([8h;n8" 8™ +3[81;8he’8"] + 318k, 8’8"
+[gigng)'e]) +0(7). (43)

4
4!

We can get G*(Y(t,11) — Y1) = O(7P), thatis Y(t,1) — Y1 = O(7).
Scheme (28) has the fourth order accuracy. So Scheme (27) has the fourth order accuracy. O

Theorem 4. Scheme (27) can preserve the energy conservation property.

Proof. We only consider the first equation of scheme (27). Since M is a skew symmetric
matrix, it is obvious that

B ZE@) 1M p ez s ez

T T Jo d¢
-1 nl _ 7n
= ([ (VzE( -0z ez AT E S
nl _ zn nl _ 7n
_ _(z 1_7 )TMZ Z
T T
=0.

So the first equation of scheme (27) can have the energy conservation property
E(Z"™') = E(Z"). In the same way, we can obtain that E(Z™!) = E(Z™?) = E(Z"*!). Thus,
the new composition scheme (27) satisfy the energy conservation E(Z") = E(Z"*!). O

3. Discrete Schemes of Multi-Symplectic Sine-Gordon Equation

The sine-Gordon equation is an important nonlinear equation of mathematical physics
discovered in the 19th century. It has multiple soliton solutions and preserves the energy
conservation of the system. The sine-Gordon solitary wave equation is widely used in
scientific and engineering problems, such as the motion of a rapid pendulum attached to a
stretched wire, nonlinear optics, and can be used to describe many physical phenomena in
fields of fluid mechanics, meteorology, and field theory [24,25]. Many scholars applied the
numerical methods to solve sine-Gordon equation [26]. Vu-Quoc et al. [27,28] proposed the
finite difference scheme of energy momentum conservation of wave equations. McLach-
lan et al. simulated the evolution of wave equations by symplectic geometry algorithm [29].
We consider the sine-Gordon equation

Uy — Uyyx +sin(u) = 0. (45)

Let v = u;, w = uy, the equation satisfies the following energy conservation law [26]

1= /ﬂb(%(zﬁ — w?) — cos(u))dx = ¢, (46)
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where I stands for energy, c is a constant. Additionally, the equation is equivalent to

— v + wy = sin(u),
uy =1v, (47)

— Uy = —W.
Equation (47) can be written as a multi-symplectic structure
Mz + Kz, = stl(z), (48)

where z = (1,0,w)T € R3, S = 1 (0% — w?) — cos(u),

0 -1 0 0 0 1
Mi=|1 o of], x;=[ o o0 o] (49)
0 0 0 -1 00

M; and K; are skew symmetric matrices, S : R3 — R is a scalar smooth function.
Equation (45) satisfies the following multi-symplectic conservation law

%w + %K =0, (50)
where w = du Adyp + ddv ANdu, x = dp Ndp + ddw A du, and A is the exterior product.
Suppose two functions u; and u; € /\1(R”), the exterior product of u; and uj is
defined as
ur(m)  u2(m)
ur(112)  u2(12)

which is the orient area of the image of the parallelogram with sides u(#1) and u(#,) on
the 1y, uy plane. The exterior product of the differential form is defined in the same way.
The detailed property of the exterior product can be found in [30].

Applying the Fourier pseudo-spectral method to Equation (48) in spatial direction,
the interval [a, b] is divided into N equal subintervals, we can obtain

(1 Nup)(171,172) == 1,12 € RY,

MZ; + KDZ = VzS(Z), (51)
N
where Z = (U,V,W)T, U = (uy,--- ,uy)T, V, Waresimilaras U, S = ¥ (3(v? —w?) —
i=1
cos(u;)),
O -1O0 O O 1
M=[1 o o |,k=[ o o o |, (52)
O O O -1 O O
D O O
p=[ o p; o |
O O D;

Iis a N-th identity matrix, O is a N-th zero matrix, D is a N-th spectral differential

N
matrix, (DlU)]‘ = kzl(Dl)j,k“k
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3.1. Second Order AVF Scheme for Sine-Gordon Equation

Applying the second order AVF method to Equation (51) in time direction, we can
obtain the discrete scheme of Equation (45), that is

Zn—i—lizn Zn-l—l yAL
MZ——= + KD 2* -

[ vasta -0z + 5z e 53)

where 7 is the time step. The scheme (53) can maintain global energy conservation of
Equation (45). Equation (53) produces the following singular integrals in the calculation

| /0 Csin((1— ) + eut)de — COS(”;)ZII C_Oi(:‘nﬂ) . (54)

In 2007, Iavernaro et al. [31] proposed Boole discrete line integral method based on
AVF method of the Hamilton system. The AVF scheme can be written as

n+l1 _ n 1 1
L= [ oz e ac = [ VH(1-92" + e a, 65)

where T is the time step, z € RN. Suppose the initial value at f = n7 is z", the numerical
solution at t = (n + 1) is "1, and the simplest path to connect z" and z"*! is

o(ct) = cz" + (1 —¢)z", c€0,1]. (56)

Applying the Boole integral to the integral term on format (55), let z = ¢;z" ! + (1 —
ci)z", we can obtain the following Boole discrete line integral scheme

v v
2" =z2"+ 7Y BSVH(ciz" '+ (1—¢))2") =2"+7)_bif(2), (57)
i=1 i=1
. v .
where ¢; = ;;_11, b; = fol T1 Ct‘_ccfjdt,i =1,...,v. H € T], (I'l, is the set of polynomials
j=Lj#i

whose highest degree is less than v). So the integrand of the format (57) has v — 1 degrees.
It can calculate the format (57) exactly. In this case, it is equivalent to a Newton—Coates
formula based on the equal distance abscissa of v on the interval of [O, 1]. When v = 5,
the Boole discrete line integral format can be obtained that

3z" n+1 n n+1
2" =" 9105(7VH(z”) + SZVH(%) + 1ZVH(%)
Zi’l +SZVI+1

+32VH(—

) +7VH(z")). (58)
Applying the Bool discrete integral scheme (58) to Equation (51), we can obtain

U’?JA — o whtl n 3u + u’.lJrl
j j WL i B

- + (Dq 5 )j = %(751n(u]- ) + 32sin( 7]

n

u't 4yttt ut + 3yt tl
+12 sin(%) + 32sin(]f]) +7sin(ul*h),
wt gy 1 30" + ot ot 4 pitl o + 3"t
Lt = ottt 7o), (59

U" — yrtlt 1 3w + witl w’ + w1

. )]-:—%(7w]’-‘+32] LR}, P

4 2
w'" + 3"t
] ] n+1
L 7w,

—(Dy
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The discrete scheme (59) is equivalent to the following scheme

ol D Wn+1 " D W" 1 3y 4 yttl
j 1 _ Y 1 , - - i TH
- + ( 5 )j=— - —( > )]+90(751n(u]’-’)+325m(74 )

ult 4 ul + 3yl
+ 12sin(]T’) +32 sin(%) +7sin(ul*h),
n+1 n+1
i Y

T 2
B (Dlun+1 DlU‘VZ o w?

it ]2 =5 Ji—%

u n

uj 0;7
- ? + 7; (60)

wiﬁrl

Equation (60) can be written as
AZ" = BZ" +F, (61)
where

1

N[

o |

T
1
2

NIt

ny n+l n_y , mtl n n+1
F = (g5(7sin(uf) +3251n(3u1#) + 12sin(%) +32sin(%)+

n n+1 n n+1

Zsin(ut)), -, & (7sin(ul) + 32 sin( XA ) 4 12sin( NN
n n+1

+32sin(“MEN ) 4 7sin(ut1)),0,- -+ ,0,0,- -+, 0)T.

3.2. Fourth Order Composition AVF Scheme for Sine-Gordon Equation

Applying the fourth order composition AVF method to Equation (51) in time direction,
we can obtain the discrete scheme of Equation (45), that is

;anl__AZn zyhl 4 zn 1
Mf + ClKD# = Cl/o vZS<(1 - g)zn + gzn/l)dgl
anz _ Zn/l Zn,2 Zn,l 1
M————+ czKD+ = 02/ VzS((1—=¢)Z" +¢Z"?)dg, (62)
0

Zn+1 _ Zn,2 Zn+1 4 Zn,Z

1
ME—— S kDT — C3/ VzS((1 - &)Z" + 2" de.
0

Using the Boole discrete line integral method, the discrete scheme (62) is equivalent to
the following scheme
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07’1 - v}q wnl 4 wn Cl 3u}7 +
_ U :
7f+C1(le)]’ 90(7sm( 7) +32sin( 1
n n,1 ul + 3un 1
+12 sin(]T) +32 sm(%) + 7sin(u;»1’l)),
ur,l’l —y 1 1 n n1 ot + 3"07.1’1
] ] ] ] J ] J ] n,1
- = 70" + 32 2 2 7v;7),
=gl 1 i )
n,1 n,1
u" 4+ unl C1 ; w]” wj’ w' + wj’
w! + 3w™! )
L1 4 7wi),
o2 il w2 n,1 3 42
j j T Wh 2 j j
—fﬁ-Cz(le i= 90(7s1r1( 1) 4 325sin( 1
w42 "t 4+ 3u?
+ 1251n(%) +32 sin(%) + 7sin(u ]"2))
u? — 30! 4 o2 o 4 o2 1y 3p02
] i o' 1 ] ] ] ] ] ] n,2
pe 90( +32 +12 +32 1 +7v] ),
1 n,2 n,1 n,2
Ul 4 un? 1 3w}1’ +wy wi +wy
—CZ(le)]‘— 90(7w +32 2 +12 > +
w] + 3w] 2
Bt 7, (63)
Pl 2 wrtl 7,2 3u? 4yt
j j +W» c3 j j
_f"‘CS(le)j 90(7s1r1( )+325m(f)
ul? 4yt ul? 4 3yt
+12sin(- )+32Sin(%) +7sm(u7+1)),
un+1 _ un,Z 307},2 + Ur;—&-l o' 2 n+1 o 2 + 3vn+1
] ] 3 o' 2 ] ] ] ] ] n+1
- 90( +32 +12 5 +32 1 + 70770,
2 n+1 n+1
U2 4+ gt 3 o 3w + wj wy” +w]
—C3(D1f)]‘——%(7wj +32 +12 5 +
w™? 4 3wt
321 I 7wt
Equation (63) can be written as
A2 =B1Z"+F,
AYZ"? =B Z" + By, (64)
A3Z" = B3Z? + Fs,
where
o 1 e o 1
A= c% D, + S 1P %) 2 o)
— 12 1 O % l2 1 O _ %
0 _% 62;31 0 _ % _ CZ?]
A= C%D B C%I cOI Ba= c %) C%I ? I ’
_ 22 1 0 % 22 1 O _ %
fe) _% 53?1 0 _ % _ 63;31
A3 B C%D -3 COI ’ B3 - c ]%) C%I ?I ’
_ 32 1 O % 32 1 O 7%
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+1 +1
Fi = (gh(7sin(uf) +325in(M) +12s1n(ﬂ) +32sm(m) +7sin(uf ™)), -

9
9—1(7sm(uN) + 3251n(m) +12 sm(M) + 32811’1(M) + 7 sin(u ’;\,H)),
0,---,0,0,---,0)T. F,, F5 are similar as F;.
The corresponding second order Preissmann scheme of sine-Gordon equation is also given.

~

That is
v}”l - v;? W' 4+ Wit ‘ u}”l + u}“
— T D )i=sn )
n+l _ .n n n+1
uj u; _ v; +v]. (65)
T 2 !
U 4yl w7 + wj’.“rl
D)=

4. Numerical Experiments

In this section, numerical experiments for the sine-Gordon equation with periodic boundary
conditions are presented to investigate the relative energy error and accuracy of convergence. The
discrete energy corresponding to (46) can be expressed as I.

_ 1
I=2Ax() (5((vf‘+1)2 — (wf,1)?) — cos(ufy1)). (66)
The energy error at t = nt is defined as

7 (70
Error(t) = | I)(Z )

| (67)

where I(Z°) is the initial energy, I(Z") is the energy value at t = n7. The maximal module error of
numerical solution and exact solution is defined as

E°(1) = 121%);\, |uf — ulxj, tu)l. (68)

The order of convergence is defined as
B
x5
log(2)

(69)

Ratio =

4.1. Numerical Experiments for Single Solitary Wave

Firstly, we consider the motion of single solitary wave. Equation (45) has the exact solution [32,33]
u(x,t) = 4tan”!(tsech(x)), (70)

where x € [—20,20], N = 100, T = 0.02, the initial condition is obtained when t = 0 in Equation (70).

Table 1 shows the maximal module error of numerical solution and exact solution and the order
of convergence of the different schemes with different time steps at t = 0.25. It is easy to see that the
orders of convergence of fourth order energy preserving composition AVF scheme is almost equal to
4, and the orders of convergence of second order AVF scheme and second order Preissman method
are almost equal to 2. The fourth order energy preserving composition AVF scheme is more accurate
than the second order AVF scheme and second order Preissman method, this result is consistent with
the theory.

Table 1. The L™ errors and the order of convergence of three different schemes with 1 = 0.16 and
different time steps at ¢ = 0.25.

t = 0.25 Scheme 1 Order Scheme 2 Order Scheme 3 Order
T=10.05 3.5408 x 10* - 3.3818 x 10* - 2.2893 x 10° -

7 =0.025 8.8508 x 10° 2.0003 8.4576 x 10° 1.9995 1.4431 x 107 3.9876
7 =0.0125 2.2126 x 10° 2.0002 2.1146 x 10° 1.9999 9.0375 x 10° 3.9971

T = 0.00625 5.5315 x 10° 2.0001 5.2866 x 10° 2.0000 5.6367 x 1010 4.0030




Mathematics 2023, 11, 1105

16 of 19

x107%
3

Scheme 1 is the second order Preissman scheme, Scheme 2 is the second order AVF scheme, and
Scheme 3 is the fourth order composition AVF scheme.

Figure 1 shows the evolution of single solitary waves in ¢t € [0,100]. The numerical solution
obtained from the fourth order energy-preserving composition AVF scheme can well simulate
the single solitary wave. Figure 2a shows the energy error obtained from the second order AVF
scheme. Figure 2b shows the energy error obtained from the fourth order composition AVF scheme.
Figure 2c shows the energy error obtained from the second order Preissman scheme. It is obvious
that the second order AVF scheme and the fourth order composition AVF scheme can preserve the
energy conservation accurately, the second order Preissman scheme only can preserve the energy
conservation approximatively.

‘ ‘\ \ \
R “““‘\‘ 0
“‘ \\\\‘ \\\\\\‘\\\‘&ﬁ\“

\\‘ i
3‘ e

100

X 00 !

Figure 1. The numerical solutions from t = 0 to t = 100 with T = 0.02and h = 0.4.

x 107" <10

EnergyError
- N
- & N o

o
2|

J

[22)
(&)

EnergyError
IS
EnergyError

o
o
&)

OO

50

(@)

100 0 5t0 100 0 50 100
t

(b) (c)

Figure 2. The double solitary wave’s energy error of second order AVF method, fourth order
composition method and second order Preissman method in ¢ € [0,100] with T = 0.02, 1 = 0.4.
(a) AVF method; (b) composition method; and (c) Preissman method.

4.2. Numerical Experiments for Kink and Anti-Kink Solitary Waves

In this section, we consider the collision behavior of kink and anti-kink solitary waves. Equa-
tion (45) has the exact solution

x +xp — Bt —x+xg — Bt

VI-F VP
where x € [—30,30], N = 300, T = 0.02, xg = 10, B = 0.5, the initial condition is obtained when t = 0
in Equation (71).

Table 2 shows the maximal module error of numerical solution and exact solution and the order
of convergence of the different schemes with different time steps at t = 0.2. It is easy to see that
the orders of convergence of fourth order energy preserving composition AVF scheme is close to 4,
and the orders of convergence of second order AVF scheme and second order Preissman method are
almost equal to 2. The fourth order energy preserving composition AVF scheme is more accurate
than the second order AVF scheme and second order Preissman method, this result is consistent with
the theory.

)) + 4 arctan(exp( ), (71)

u(x,t) = 4arctan(exp(
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Table 2. The L* errors and the order of convergence of three different schemes with 1 = 0.2 and
different time steps at t = 0.2.

t=0.2 Scheme 1 Order Scheme 2 Order Scheme 3 Order
T=0.04 1.5178 x 10° - 1.0912 x 10° - 7.4527 x 108 -
T =0.025 2.8834 x 10° 1.9981 2.7312 x 10° 1.9983 4.7887 x 10° 3.9601
T =0.0125 7.2113 x 107 1.9994 6.8304 x 107 1.9995 3.5881 x 1010 3.7383
T = 0.00625 1.8034 x 107 1.9995 1.7082 x 107 1.9995 2.7656 x 1011 3.6987

Scheme 1 is the second order Preissman scheme. Scheme 2 is the second order AVF scheme.
Scheme 3 is the fourth order composition AVF scheme.

Figure 3 shows the collision behavior of kink and anti-kink solitary waves with time, the fourth
order composition AVF scheme can simulate the waves well. As can be seen from Figure 4a, the error
of energy is very small, almost close to zero, the second order AVF scheme can preserve the energy
conservation well. Figure 4b shows the error of energy from fourth order composition scheme, we
can see that the scheme can preserve the energy accurately. From Figure 4c, the error of energy is
10~*. This shows that the second order Preissman scheme can only approximately maintain the
energy conservation of the equation.

180 -30

Figure 3. The numerical solutions from t = 0 to f = 200 with T = 0.02 and & = 0.2.

-12
_12 x 10 _4
1X 10 6 19X 10
5
0.8 1
P g4 508
=o. i, ]
5 29 506
204 c @
] w2 ] 0.4
0.2 1 0.2
% 9% 180 % % 80 % 9% 180
t t
(a) (b) (c)

Figure 4. The kink and anti-kink solitary waves energy error of second order AVF method, fourth
order composition method and second order Preissman method in ¢ € [0,200] with T = 0.02, h = 0.2.
(a) AVF method; (b) composition method; and (c) Preissman method.

5. Concluding Remarks

In this paper, a new fourth order energy preserving composition scheme for the multi-symplectic
structure PDE is proposed based on the second other AVF method. The new fourth order composition
AVF scheme of sine-Gordon equation is compared with the corresponding second order AVF scheme
and the second order Preissman scheme. Numerical results showed that the fourth order composition
AVF scheme of sine-Gordon equation can have the fourth order accuracy and preserve the energy
conservation property. The fourth order energy preserving scheme of the multi-symplectic structure
PDE can also be applied to other multi-symplectic structure PDE.
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