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1. Simulation Code

In this supplementary material, we show the code in R language with which the brief
simulation study was carried out.

HEFHHHH AR R R R R
#######  THE BASE OF FUNCTIONS  #########
HEFHHHH AR AR AR R R R R

# The basis is orthonormal, the sum of the variances per component is taken
# according to Theorem 1
k=10 #dimension of the functional subspace
t= seq(0,1, by=1/99) # 100 points between 0 and 1
Fb = function(sk,x) sqrt(2)=+cos(sk*pixx) #sk integer (function pointer), x
variable
p=1  # thickness of the lines
windows( title = "BASE OF FUNCIIONS")
for (i in 1:k)
{
par (new = TRUE)
curve (Fb(i,x), col="black", lwd=p, xlim=c(0,1), xlab = "", ylab = "", main="Base
of Subspace")
}

HEFHHHH AR R R R R R R R R R R R R R
#H########## Simulation Guide Functions #############HHHH#######H#
HEHHH AR R R R R R R R

# Coefficients of the guide curves on which the simulation will be based

C0 = cbind (50, 0, 0, 0, O, 0, 0, 0, 0, 0) # Constant Curve Guide

DF0 = function(x) CO[1] + CO[2]#Fb(1,x) + CO[3]+Fb(2,x) + CO[4]+Fb(3,x) +
CO[5]*Fb(4,x) + CO[6]+Fb(5,x) + CO[7]+Fb(6,x) + CO[8]+Fb(7,x) + CO
[9]#Fb(8,x) + CO[10]«Fb(9,x)

Cl = cbind (15, -2, -10, -50, -40, 2, -10, -5, -60, -5) # No Constant Curve Guide

DFl = function(x) CI[1] + CI[2]*Fb(1,x) + C1[3]+Fb(2,x) + CI1[4]+Fb(3,x) +
C1[5]+Fb(4,x) + C1[6]+Fb(5,x) + CI1[7]+Fb(6,x) + CI[8]+Fb(7,x) + Cl
[91#Fb(8,x) + C1[10]«Fb(9,x)

windows ()
par (mfrow=c(2,1))

curve (DF0,lwd= 3,ylab="", xlab = "" ,main = "Type A curve", ylim=c(-100, 200), col
="black" )
curve (DF1,lwd= 3,ylab="", xlab = "" , main = "Type B curve", ylim=c(-100, 200),

col= "black")

HAHHHAHHA R R R R R R R A
######H####S Function to calculate the scalar variancer ##########
HHHHHHHHHHHHHH G HHHFHHHHH SRR RS HHH SRS H SRR RS SRR RS H RS 3

FVS = function (CoefMatrix)

! VC=0
for (i in 1:length(CoefMatrix[1,]))
! VC[i] = (sum((CoefMatrix[,i] - mean(CoefMatrix[,i]))”"2))/length (CoefMatrix[,i
| D

VS = sum(VC)
return (VS) }
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HEHHH AR R R R R R R R R R R
###HH AR AR AR 2.1 Case 1 ######HH#H###H#HHHHHHHHHAHHHHH
HHHH AR R R R R

nc = 50 # Number of curves to simulate
MCQ0 = matrix (nrow = nc, ncol = k) # Coefficient matrix
MCl = matrix (nrow = nc, ncol = k) # Coefficient matrix

rmin = -10 # Minimum value of the range of variability

rmax = cbind (100, 50, 10) # Maximum values for the ranges of variability to
consider

linf=-250 #lower bound for graphs

Isup = 260 #upper limit for graphics
e = matrix(nrow = nc, ncol =k, 0)
lc = cbind(1,1)

windows( title = "Case 1")
par (mfrow = c(2,3))
for (j in 1:length(rmax))
{
e[,lc] <= runif(nc, min = rmin, max = rmax[j])
for (i in 1l:nc)
{
MQO[1i,] <— CO + e[i,]
}

Vartext = paste("Variance", as.character (round( FVS(MC0), 2) ), sep = " ="
collapse = NULL)

curve (DFO, ylim = c(linf, Isup), ylab = "",xlab="", main= paste("Type A: Case 1
.",as.character(j)), cex.main=3)

for (i in 1l:nc)

{
DF0 = function(x) MC0[i,1] + MQO[i,2]«Fb(1,x) + MQO[i,3]+Fb(2,x) + MCQO[
i,4]*Fb(3,x) + MQO[i,5]*Fb(4,x) + MQ[i,6]*Fb(5,x) + MCO[i,7]*Fb(6,x)
+ MQ[i,8]+Fb(7,x) + MC0[i,9]+Fb(8,x) + MCQ0[i,10]«Fb(9,x)
par (new = TRUE)
curve (DFO, col = "blue", ylim = c(linf, lsup), ylab = "", xlab = "", xaxt = "n
", yaxt = "n" )

}

legend (0.1, -140, Vartext, box.col = "lightblue", bg = "lightblue", adj = 0.3,
cex = 2.3)

}

for (j in 1:length(rmax))
{
e[,lc] <= runif(nc, min = rmin, max = rmax[j])
for (i in 1:nc)
{
MCl[i,] <~ Cl + e[i,]
}

Vartext = paste("Variance", as.character(round( FVS(MCL), 2) ), sep = " ="
collapse = NULL)

curve (DF1, ylim = c(linf, Isup), ylab = "",xlab="", main= paste("Type B: Case 1
.", as.character(j)), cex.main=3)

for (i in 1:nc)

{
DF1 = function(x) MC1[i,1] + MCI[i,2]+Fb(1,x) + MCI[i,3]+Fb(2,x) + MCI[
i,4]+Fb(3,x) + MCI[i,5]+Fb(4,x) + MCI[i,6]+Fb(5,x) + MCI[i,7]+Fb(6,x)
+ MCI[i,8]+Fb(7,x) + MC1[i,9]+Fb(8,x) + MCI[i,10]+Fb(9,x)
par (new = TRUE)
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curve(DF1, col = "blue", ylim = c(linf, lsup), ylab = "", xlab = "", xaxt = "

’ 7

"

, yaxt = "n" )

}

legend (0.1, -140, Vartext, box.col = "lightblue", bg = "lightblue", adj = 0.3,
cex = 2.3)

}

HHHHHHHHHH R H R R R R R R R R R R
#H#HHH AR Case 2 #HHH#HH#H####HHHHHHH 3
HHHFHH B R R R R R R R

nc = 50

MC0 = matrix (nrow = nc, ncol k)
MCl = matrix (nrow = nc, ncol = k)
rmean0 = CO

rmeanl = C1
rvar = cbind (30, 20, 15, 10, 5, 2)
linf =-350
Isup = 350
e = matrix(nrow = nc, ncol = k, 0)

lc = cbind (1, 8)

windows( title = "Caso 2")
par (mfrow = c(2,3))
for (j in 1:length(rmax))
{
for (i in 1:k)
{
MCQ0[, 1] <- rnorm(nc, mean = rmean0[i], sd = rvar[j])

}

Vartext0 = paste("Variance", as.character(round( FVS(MC0), 2) ), sep = " ="
collapse = NULL)

’

curve (DFO, ylim = c(linf, Isup), ylab = "", xlab = "", main = paste("Type A:
Case 2 .", as.character(j) ), cex.main=3 )
for (i in 1l:nc)

{

DF0 = function(x) MCQ0[i,1] + MQO[i,2]«Fb(1,x) + MQO[i,3]+Fb(2,x) + MCQO[

i,4]+«Fb(3,x) + MQO[i,5]«Fb(4,x) + MQ[i,6]+Fb(5,x) + MCO[i,7]*Fb(6,x)
+ MQO[i,8]+Fb(7,x) + MQ0[i,9]+Fb(8,x) + MQ0[i,10]«Fb(9,x)
par (new = TRUE)

curve (DFO, col = "blue", ylim = c(linf, lsup), ylab = "", xlab = "", xaxt = "

7
"

, yaxt = "n")

}

legend (0.1, -180, Vartext0, box.col
cex = 2.3)

"lightblue", bg "lightblue", adj = 0.3,

}

for (j in 1:length(rmax))
{
e[,lc] <= runif(nc, min = rmin, max = rmax[j])
for (i in 1:k)
{
MCL[, 1] <— rnorm(nc, mean = rmeanl[i], sd = rvar[j])

}

Vartextl = paste("Variance", as.character(round( FVS(MC1l), 2) ), sep = " ="
collapse = NULL)

curve (DF1, ylim = c(linf, Isup), ylab = "", xlab = "", main = paste("Type B:
Case 2 .", as.character(j) ), cex.main=3 )
for (i in 1:nc)

{

n
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DF1 = function(x) MCI[i,1] + MC1[i,2]«Fb(1,x) + MC1[i,3]*Fb(2,x) + MCI[
i,4]+Fb(3,x) + MCl[i,5]=Fb(4,x) + MCI[i,6]+Fb(5,x) + MCl[i,7]*Fb(6,x)
+ MC1[i,8]«Fb(7,x) + MCI[i,9]+*Fb(8,x) + MCl[i,10]+*Fb(9,x)
par (new = TRUE)
curve(DFl, col = "blue", ylim = c(linf, Isup), ylab = "", xlab = "", xaxt = "n
", yaxt = "n")

}

legend (0.1, -180, Vartextl, box.col = "lightblue", bg
cex=2.3)

"lightblue", adj = 0.3,

######## To check the consistency ####
set.seed (10)

nc 500 # Number of curves to simulate (The population)
MC = matrix(nrow = nc, ncol = k) # Matrix of population coefficients
rmean = C0 # Means to be considered by component (of guide curve)
rvar = 30 # variability to consider
linf =-570 #lower bound for graphs
Isup = 650 #upper bound for graphs
for (i in 1:k) # Here the coefficients of the population are simulated
{

MC[,i] <- rnorm(nc, mean = rmean[i], sd = rvar)

}

Vartextpob = paste("Population Variance", as.character (round( FVS(MC), 2) ), sep =
" =", collapse = NULL)

windows( title = "Population of functional data considered")
curve (DFO, ylim = c(linf, Isup), ylab = "")
for (i in 1:nc)

{

DF = function(x) MC[i,1] + MC[i,2]«Fb(1,x) + MC[i,3]+Fb(2,x) + MC[i,4]+Fb
(3,x) + MC[i,5]+Fb(4,x) + MC[i,6]«Fb(5,x) + MC[i,7]«Fb(6,x) + MC[i
,8]+Fb(7,x) + MC[i,9]+Fb(8,x) + MC[i,10]«Fb(9,x)

par (new = TRUE)

curve (DF, col = "blue", ylim = c(linf, Isup), ylab = "")

}

legend (0.1, -500, Vartextpob, box.col = "lightblue", bg = "lightblue", adj = 0.1)

Lidisisisisisid
### Getting samples
HEHHH

™ = ¢( 5, 10, 20, 50, 100, 150, 200, 250, 300, 400, 450) #Sample sizes to
consider

RM = 500 #resamples

DVar = matrix(ncol = length(IM) , nrow = RM ) # Save the difference between the
sample and the population variance
Vvar = matrix(ncol = length(IM) , nrow = RM ) # Save the sample and population
variances
for (i in 1:RM)
{
for (j in 1:length(IM))
{
tm = TM[j] # Sample sizes
IM = sample(1l:nc, tm, replace = FALSE )
MM = MC[IM,] # MM is the matrix of the sample coefficients
VartextMuestra = paste("Sample Variance", as.character(round( FVSMMM), 2) ),
sep = " =", collapse = NULL)
Vvar[i,j] = FVS(MQV)
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DVar[i,j] = FVSMM) - FVS(MC) #Difference Between Sample and Population
Variance
}
}

FVar=0
for (j in 1:length(IM))
{
FVar[j] = abs(mean(DVar[,j]))
}

windows(title = "Variance behavior")
plot(IM, FVar, pch=16 ,type="b", lwd=2 , main = "Variance behavior", xlab ="
Sample Size", ylab = "Mean absolute difference” )

abline (h=0 )
rbind (round (IM, 1) , round(FVar, 2) )
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