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Abstract: A translation curve in a Thurston space is a curve such that for given unit vector at the
origin, the translation of this vector is tangent to the curve in every point of the curve. In most
Thurston spaces, translation curves coincide with geodesic lines. However, this does not hold for
Thurston spaces equipped with twisted product. In these spaces, translation curves seem more
intuitive and simpler than geodesics. In this paper, geodesics and translation curves in Sol% space are
classified and the curvature properties of translation curves are investigated.
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1. Introduction

Ahomogeneous geometry is a pair (G, X) consisting of a smooth manifold X, equipped
with the transitive action of a Lie group G. The manifold X defines the underlying homoge-
neous space, and the group G defines the set of allowable motions.

In dimension two, the uniformization theorem states that every two-dimensional man-
ifold can be equipped with a geometric structure modeled on one of the three homogeneous
spaces H?, E2, or S?.

In the 1980s, Thurston realized that a similar (but more complicated) result might
hold in three dimensions. Thurston’s geometrization conjecture stated that every compact
orientable three-manifold has a canonical decomposition into parts, each of which admits a
canonical geometric structure from among the eight maximal simply connected homoge-
neous Riemannian three-dimensional geometries: H3, E3, S3, H? x R, S? x R, Nil, Sol,
SL/(E,/JR) (see [1,2]). The proof of geometrization conjecture was completed by Perelman
in 2003 [3-5]. The mentioned three-dimensional geometries can be defined abstractly
as follows.

A Thurston model geometry (G, X) is a manifold X with a Lie group G of diffeomor-
phisms of X such that X is connected and simply connected; G acts transitively on X with
compact point stabilizers; G is not contained in any larger group of diffeomorphisms of X,
and there is at least one compact manifold modeled on (G, X).

The model space Sol§ is one of the four-dimensional Thurston geometries. According
to Filipkiewicz [6], there are 19 homogeneous model spaces in dimension four.

Complex space forms ‘ Direct Product Spaces ‘ Direct Product Spaces ‘ Warped Product Spaces

E4, HY, S4,
CP?, CH?

S? x §%,S? x E2, S? x H?,
E? x H?, H? x H?

S® x El, H® x E!
Nil; x E!, SL,R x E!

Sol}, Sol, F4,
Nil*, Sol, ,

According to Wall [7], among these model spaces, the space Sol§ belongs to 14 spaces
which admit complex structure compatible with the geometric structure. Moreover, it
is known that Sol§ possesses a locally conformal Kahler (LCK) structure. This structure
is used in [8], where minimal invariant, totally real, and CR-submanifolds of Sol% are
considered. In addition, in our previous work [9], J-trajectories, which represent an analog
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of magnetic curves in LCK spaces, and hence generalization of geodesics, are studied. The
first and the second curvature of a non-geodesic J-trajectory in an arbitrary LCK manifold
whose anti-Lee field has constant length are examined, too.

In a homogeneous space there are postulated isometries, mapping each point to any
other point. Moreover, in some homogeneous spaces, it is possible to introduce a specific
translation different from geodesic translation. This new translation will carry the unit
vector given at the origin to any point by its tangent mapping. The corresponding curve
is called the translation curve. The study of translation curves was initiated by Molnar
and Szilagyi in [10] where authors studied translation curves and translation spheres in
three-dimensional product and twisted product Thurston geometries.

Motivated by the fact that there are no results about translation curves in four-
dimensional Thurston geometries, we examine translation curves and geodesic lines in Solg
space, one of five four-dimensional Thurston spaces which can be represented as warped
product space.

The purpose of the present paper is to classify geodesics and translation curves
in Sol§ space.

In the next section, we recall the basic properties of Sol space, and then we examine
geodesics and classify translation curves in Solg space. Finally, we discuss the curvature
properties of translation curves and present translation spheres.

2. The Model Space Sol}
2.1. Lie Group and Lie Algebra

The underlying manifold of the model space Sol§ is R*(x,y,zt) with the
group operation

(x1,y1,21,01) * (X2, Y2, 22, 1) = (x1 + €'lxp, y1 + eMyp, 21 + e 2Mzy, b + ty). 1)

This operation is derived from the matrix multiplication by the following identification

~

et 0 0 0 «x
0 ¢ 0 0y
(x,y,2,t) = 0 0 2 0 z
0 0 0 1 t
0 0 0 0 1

In other words, the underlying manifold of the model space Sol§ is the connected
solvable Lie group Gg(1) described in [6] (p. 98).
The neutral element is (0,0,0,0). The inverse element of (x,y,z, t) is given by
(x,y,z, t‘)_1 = (—e'x, —e_ty, —¢?z, —t).

The Lie algebra gg(1) of Gg(1) is spanned by the basis {e1, e, €3, €4}, given by

00 001 0 00 0O
0 0 00O 0 00 01
ege=| 00 0 0 0|, e2=]1 0 0 0 0 0 |,
00 00O 0 00 0O
00 00O 0 00 0O
00 0O0O 10 0 0O
0 0 00O 01 0 0O
e3=]1 000 O01], e=[00 -2 00
00 0O0O 00 0 00O
0 00 O0O0 00 0 0O
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Remark 1. Note that we could use the reduced matrix representation

t

et 0 0 X

0o 0y

(x/ylzl t) - 0 0 e—Zt z
0 0 0 1

However, we must note that translation of arbitrary vectors, or coordinate differentials by the inverse

which we address in the next subsection, becomes less elegant.

2.2. Metric and Basis

Using the inverse translation T~!, by pullback of coordinate differentials,

et 0 0 0 —efx dx e tdx
0 et 0 0 —ely dy e~tdy
0 0 €& 0 —e¥z dz | = | é*dz
0 0 0 1 —t dt dt
0 0 0 0 1 0 0

we obtain the left invariant Riemannian metric g of Solg
g = e 2 (dx? + dy?) + e*dz? + dt*.
Hence, the orthonormal coframe {§!, 82,93, 94} is given by
N =etdx, ¥ = e*tdy, P =e%dz, 9 =dt

Thus, the metrically dual left invariant basis vector fields are

0 0 0 0
ey = et—, e3 = e 2 — ey = —.

_ 49
T dy 0z’

2.3. Levi—Civita Connection

The Levi—Civita connection is given by

Vglel = €4, Vc1€2 = 0, Vele3 = 0, V31€4 = —e1,
Vg2€1 = O, Ve262 = &4, V6263 = 0, Ve264 = —éy,
Vee1 =0, Veer =0, Vees = —2e, Veey=2es,
ve4€1 = 0, Vg4€2 = 0, Vg4€3 = 0, Ve4e4 =0.

The basis vector fields satisfy the following commutation relations:

le1,e2] = [e1,e3] = [en,e3] =0, [eg,e1] =e1, les, 2] =er, [eg €3] = —2e3.

2.4. Riemannian and Sectional Curvatures

If the Riemannian curvature tensor is defined by
R(X,Y)Z =VxVyZ—-VyVxZ -V xyZ,
then its non-vanishing components are

R(ej,ex)es = —e1, R(eq,e3)es =2e;, Rlep,eq)ey = —eyq,

R(ey,e3)e3 =2es, Rlep,e4)es = —ey, Rles,eq)eq = —4es.

Hence, we obtain sectional curvatures

Kip=-1, Kiz=2, Kiu=-1, Kyp=2 Ky=-1 Kzyu=-4

@

®)

4)

©)
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and the scalar curvature K = —6.

3. Geodesics in Solg

Local existence, uniqueness, and smoothness of a geodesic through any point with ini-
tial velocity vector follow from the classical ODE theory on a smooth Riemannan manifold.
Given any two points in a complete Riemannan manifold, standard limiting arguments
show that there is a smooth curve of minimal length between these points. Any such curve
is a geodesic.

As is known, [-trajectories are analogs of magnetic curves, and magnetic curves
represent a generalization of geodesics. As we mentioned, some types of J-trajectories in
Solg are determined in [9] (Theorem 1). However, they are not classified and corresponding
geodesics are not easy to recognize. Thus, here we consider geodesics in Solg.

Let y(s) = (x(s),y(s),z(s), £(s)) be an arc length parameterized curve in Sol§. Then
its unit tangent vector field is expressed as

1(5) =) 35 +(5) 51+ 2(0) 51 +Ho) 5

=e ) x(s)ey + ety (s)ey + 2z (s)es + £(s)ey.
The arc length condition is
e Ox(s)2 e MO y(s)? + MO2(5)2 4 (5)2 = 1. ©
Using (5), we have

Vit = e 'O (x(s) = 22(s)i(s))er + e O (3i(s) — 29(s)E(s))eat
+ 20 (2(s) + 42(s)(s))es + ('t‘(s) 126 (x(s)z + y(s)2) - 2@4t(5>z(s)2)e4.

From geodesic equation V ;7 = 0, we obtain the following system

¥(s) —2x(s)i(s) = 0,

j(s) = 2y(s)i(s) = 0O,

Z(s)+4z(s)i(s) = 0O, (7)
i(s) +e 26 (x(s)2 +§(s)?) = 2e#0)x(s)2

By homogeneity, we can assume that the initial conditions are given by

(x(0),4(0),2(0),£(0)) = (0,0,0,0) and (x(0),5(0),2(0),£(0)) = («,8,7,6),  (8)

where «, 8,7,6 € R.

Next, we solve the system (7), with respect to (6) and (8).

We multiply the first and the second equation of the system (7) by y and (—x), respec-
tively, and then add them. It follows

£(s)j(s) — §(s)(s) = 0.
Hence,
x(s) =c1y(s), c1 €R. )
From the second equation of (7) and (8), we get
y(s) = p ). (10)

From (9) and (8), it follows
2(s) = a e, (11)



Mathematics 2023, 11, 1533 50f9
By integration, from the third equation of (7), it follows
2(s) =y e H0), (12)
Substituting (10)—(12) in the fourth equation of (7), we have
E(s) + (a2 + B2)e2 () — 29 2e~406) — (13)

Next, we consider the arc length condition (6). Substituting (10)—(12) in (6), we obtain
the differential equation

i(s)> + (a® + ﬁZ)EZt(S) + 9246 _ 1 =. (14)

If we differentiate (14), we get
26(5) (H(s) + (a2 + B)XO) — 29274 = 0.

Notice that this equation coincides with the Equation (13) when £(s) # 0. Hence, we only
need to consider (14).

After the separation of variables, the solution of this equation is given by the following
elliptic integral it

:t\/l — (a2 + B2)e2f — 24

Thus, the following theorem is proven.

=ds (15)

Theorem 1. The geodesics in Sol§ space, parameterized by the arc length and starting at the origin,
are given by the following equations

S S

x(s) = zx/ g, y(s) = ,B/eZt(”)dU,

dt
- +/1— (a2 + )2 — 2%

0
S

z(s) = 7/6_4t(‘7)dcr, ds
0

where a, B,7,6 = £(0) € R such that a*> + B> + 9> + 6> = 1.
Next, we consider geodesic lines in the characteristic hypersurfaces of Solg space.

3.1. Geodesics in Hypersurface t = const

A hypersurface M(1,2,3,ty) defined by M(1,2,3,ty) = {(x,,2,t9) € Solt : to € R}
and equipped by the metric

g = e 20 (dx? + dy?) + e*odz?

is isometric to the Euclidean 3-space. This submanifold is minimal and non-totally geodesic
in Solé (see [8]). From (7), geodesics are determined by the system

i(s) = 0, i(s) =0,
i(s) = 0,  x(s)* +y(s)* = 2e%0z(s)2.

Hence, geodesics in hypersurface t = t( parameterized by the arc length are given by

x(s) = was—+xo, y(s) = Bs + yo,
z(s) = i?e‘ztos +29,  t(s) =ty
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where &, B, X0, Yo, zo, to € R, and &? + B2 = 2 e*to,

3.2. Geodesics in Hypersurface z = const

A hypersurface M(1,2,z,4) defined by M(1,2,20,4) = {(x,y,20,t) € Sol% :zp € R}
and equipped by the metric

g = e (dx? +dy?) +df?,

is isometric to the hyperbolic 3-space of curvature —1. The hypersurface M(1,2,zo,4)
is totally geodesic in Sol§ and represents a leaf of the warped product representation
Solg = H3(—1) x,x E'. From (7), geodesics are determined by the system
¥(s) —2x(s)i(s) = 0,
§(s) =2y(s)i(s) = 0,
i(s) +e72C) (2(s)2 +§(s)?) = 0.

Hence, geodesics in hypersurface z = z parameterized by the arc length are given by

x(s) = «sinhs 4 (s) = Bsinhs
" coshs— (a2 + p2)sinhs | Y= oshs — (a2 + p2) sinhs

z(s) = =z, t(s) = — log<coshs — (a*+p?) sinhs) + to,

+ Yo,

where &, B, X0, Yo, zo, to € R, and (a? + p2)? +e 20 (a? + f2) =1

3.3. Geodesics in Hypersurface y = const
A hypersurface M(1,yo,3,4) defined by M(1,y,3,4) = {(x,0,2,t) € Sol§ : yo € R}
and equipped by the metric
g = e Hdx? + eMdz? + dr?,

although it looks similar, it is not isometric to the “standard” Sol 3-space. Namely, the
metric of the Sol 3-space, described in [11], is given by ¢ = e*2dx? + e~?2dy? + dz?. From (7),
geodesics are determined by the system

(s) — 2%(s)i(s) 0,
i(s) +4z(s)i(s) = 0O,
t(s) +e” 2(s )x(s)z Ze4t(s)z'(s)2.

Hence, geodesics in hypersurface y = yy parameterized by the arc length are given by

S

o) = a [&Odo, g6 =y
r dt
z(s) = 7/6‘4t(‘7)d0, ds = ,
+./1 — w2e2t — 723741‘
0

where a, 7,5 = £(0),y0 € R, t(0) = 0, and a® + 9% + 6% = 1.
More details on geodesic in three-dimensional Sol space can be found in [12].

Remark 2. Note that study of geodesics in hypersurfaces x = const is analog to the study of
geodesics in hypersurfaces y = const.
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4. Translation Curves in Solj
4.1. Translation Curves in Solg

As explained before, we are interested in such curves that for a given unit vector at
the origin, this unit vector after translation coincides with the tangent on the curve in each
point of this curve.

Hence, for a given starting unit vector (&, 8,7,6) = (%(0),3(0),2(0),£(0)) at the origin
(x(0),y(0),z(0),t(0)) = (0,0,0,0), we define its image in a point (x(s),y(s),z(s), t(s)) by
the translation T such that

et 0 0 0 x(s) o %(s)
0 e 0 0y || B v (s)
0 0 e 26) o z(s) vy | = z2(s) |. (16)
0 0 0 1 t(s) ) t(s)
0 0 0 0 1 0 0

This yields a curve starting at the origin, in direction («, B, , ), determined by the
following differential equations

i(s) = ael),

i(s) = pe',

i(s) = qe A0, (17)
t(s) J.

Solving this system is a much easier task than solving the system for geodesics. From
the fourth equation, we have f(s) = Js. Substituting f(s) = Js in remaining equations
of (17), after integration, we obtain the following result.

Theorem 2. Translation curves in Solg space, starting at the origin, are given by the following
equations

x(s) = %(655 — 1), y(s) = §<e‘ss - 1),
z(s) = —% <e‘2‘5s - 1), t(s) = ds, (18)

where w, B,y,6 # 0 € R, such that a? + ,32 +9r 402 =1

Remark 3. Observe that if § = 0, then t = const and we consider translation curves in Euclidean
3-space. From (17), it follows that translation curves are straight lines which coincide with geodesics.
If v = 0, then we consider translation curves in hyperbolic 3-space and translation curves coincide
with geodesics, too. If x = 0 or B = 0, then corresponding space is “similar” to the Sols space and
translation curves differ from geodesic. In this case, obtained translation curves are comparable with
translation curves described in [10].

4.2. Curvature Properties of Translation Curves

The definition of the Frenet curve of osculating order r in a Riemannian manifold
(e.g., see [13]) implies the following definition.

Definition 1. If ¢ is a curve in Sol§ space parameterized by arc length s, we say that c is a Frenet
curve of osculating order r (r = 1,...,4) if there exist orthonormal vector fields Eq, Ep, E3 and
Ey4 along c, such that

¢=Ey, V¢Ei=xE;, V E,=—«xE1+TE3, (19)
V¢E; = —TtEy +0Ey, V¢E4= —0E3,

where x, T, o are positive C* functions of s.
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Vector fields Eq, Ey, E3 and Ey4 are called the tangent, the normal, the binormal, and the
trinormal vector field of the curve c, respectively. Functions «(s), T(s) and o (s) are called the first,
the second, and the third curvature of c, respectively.

A geodesic is regarded as a Frenet curve of osculating order 1.

A helix of order 2 is a Frenet curve of osculating order 2 with constant curvature x, i.e.,
it is a circle.

A helix of order 3 is a Frenet curve of osculating order 3 with constant curvatures x and
T,1i.e., it is a circular helix.

A helix of order 4 is a Frenet curve of osculating order 4 such that all curvatures «, T, &
are constant.

Next we determine curvatures of translation curves.

We start with the unit velocity vector E; = ¢ = aej + Bep + yez + dey. Using (5),
we have

V:E] = —ade; — Bdey +29de3 + (a2 + B2 — 29%)ey.

From V:E; = xE,, we obtain
K2 = (0% + B2 — 292)2 + 82 (ocz + B+ 472). (20)
For easier reading, we introduce substitutions A = a2 + p2 —292,and B = a2 + 2 + 472

Thus, we have
k% = A% + §?B = const.

Notice that x can be zero in two cases. The first caseisifa = f =7 =0,ie,d =1

(vertical geodesics) and the second caseisifa = =y = @ and ¢ = 0 (geodesic line in
Euclidean 3D space). Next, we find

V:E, = % ( —aAe; — BAey + 2y Aes — 5364),
and then from V:E, = —xE; 4+ TE3, we have
_1 2 2 2 2
TE3 = p (zx(;c — A)el + ,B(K — A)ez + ’y(x +2A>33 + (5(K — B)e4 .
Hence, we obtain the second curvature
1 2 2 2 2
2 = = <zx2 (K2 — A) + ﬁ2 (K2 — A) + 92 (K2 + ZA) + 62 (K2 - B) ) = const. (21)
Although it is not obvious, it is not hard to prove that
> =B—«? ie, x>+7*>=B8. (22)
Next, we find
. 2 2 2 2
V¢E3z = KT(— zx(S(K - B>e1 — [35(1{ — B)ez —1—275(1( — B>e3 +A<K — B>€4 .
Finally, from V:E3 = —7E; + 0'E4, after long but straightforward computation, we obtain
oc=0. (23)
Therefore, we conclude with the following theorem.

Theorem 3. Translation curves in Sol§ space are helices of order 3, i.e., circular helices.
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4.3. Translation Spheres in Sol3

Let us assume that initial unit vector of translation curve (18) is given by
a =sindcospcosyp, B =sindcosgsiny, <y =sindsing, J=cosd.

Then, we can define the sphere of radius R centered at the origin. Namely, the unit
velocity translation curve ending in parameter R describes the translation sphere.

Proposition 1. Translation sphere of radius R in Sol§ space is given by the following equations
x(0,9,9) = tandcos (pCOSt/J((zRC(’S19 - 1),
y(%,¢,9) = tandcos (psinl,b(eRCOSl9 - 1), (24)
2(19 _ 1 . —2Rcos® __
Q) = tandsin | e 1),
2
(3, 9,9) = Rcosd,
where 8, ¢, € [0,27) and R € RT.
Funding: This research received no external funding.
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