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Abstract: The cutwidth of a graph G is the smallest integer k (k > 1) such that the vertices of G are
arranged in a linear layout [v1, vy, ..., vy], in such a way that for eachi = 1,2,...,n — 1, there are
at most k edges with one endpoint in {v1,v;,...,v;} and the other in {v;,1,...,v,}. The cutwidth
problem for G is to determine the cutwidth k of G. A graph G with cutwidth k is k-cutwidth critical if
every proper subgraph of G has a cutwidth less than k and G is homeomorphically minimal. In this
paper, except five irregular graphs, other 4-cutwidth critical graphs were resonably classified into
two classes, which are graph class with a central vertex vy, and graph class with a central cycle C, of
length g < 6, respectively, and any member of two graph classes can skillfuly achieve a subgraph
decomposition S with cardinality 2, 3 or 4, where each member of S is either a 2-cutwith graph or a
3-cutwidth graph.
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MSC: 05C75; 05C78; 90C27

1. Introduction

The graphs under consideration in this paper are finite, simple and connected, and
for the undefined graph-theoretic terminologies, we refer the reader to the book by Bondy
and Murty [1]. The cutwidth of a graph G is the smallest integer k (k > 1), such that
the vertices of G are arranged in a linear layout [v1,v,..., 0], in such a way that for
eachi = 1,2,...,n — 1, there are at most k edges with one endpoint in {v1,vy,...,v;}
and the other in {v;,1,...,v,}. The method used to compute the optimum cutwidth of
a graph G is usually referred to as the cutwidth minimization problem, and has received
an enormous amount of interest in graph theory literature [2] since the 1950s. From [3-6],
for a graph G and a nonnegative integer k, deciding whether the cutwidth value of graph
G is less than k is an NP-complete problem for general graphs except for trees, and it
remains to be NP-complete even though G is planar with a maximum vertex degree of
3, by [7]. Therefore, most of previous investigations of the cutwidth problem have been
mainly concentrated on polynomial time approximation algorithms for general graphs,
and on polynomial time algorithms for special graphs for solving their cutwidth [2,4,5].
Despite these theoretical algorithms of the cutwidth minimization problem, research on
studying the structural properties of the extreme (or critical) graph classes whose cutwidth
is a given integer value k > 1 have been paid little attention. As far as we know, the
2-cutwidth graph class has five forbidden subgraphs 11—75 [8] (see Figure 1 below), the
family of 3-cutwidth trees possesses 18 forbidden subtrees [9], and 50 forbidden subgraphs
of unicyclic graphs with cutwidth 3 were also found by [10]. As for the inner structures of
the critical graphs with cutwidth k, ref. [11] found that any critical tree with cutwidth value
k can be decomposed into three (k — 1)-cutwidth subtrees which are either edge-joint or
edge-disjoint. Recently, the decomposability of a class of special k-cutwidth critical graphs
with a central vertex vy and at least two cut edges vyv; and vgv, was also characterized
by [12]. However, for general critical graphs with cutwidth k > 4, their inner structural
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properties are unfortunately not yet known. The cutwidth minimization problem for
graphs has many significant applications. In the early 1970s, Adolphson and Hu used it to
model the number of channels in the optimum layout of a circuit [13]. Other applications of
this problem include VLSI circuits’ layout [14,15], automatic graph drawing [16], network
reliability [17], information retrieval [18], urban drainage network design [19] and others.
In particular, the cutwidth is closely connected to a basic parameter called the congestion,
in designing microchip circuits and micro communication element system [2,20,21]. Herein,
a graph G is considered to be a mathematical model of the wiring diagram of an electronic
circuit, in which the vertices of G mean components and the edges of G represent wires
connecting these vertices. When a circuit is embedded into a certain architecture (say,
a path P, or a cycle C,;), the largest number of overlapping wires is referred to as the
congestion, which is one of the key parameters determining the electronic performance.
These are of great interest to scholars investigating the cutwidth problem in graph theory
practically. Theoretically, the cutwidth problem is also closely bound up with other graph
parameters such as bandwidth, modified bandwidth, pathwidth and treewidth [2,22,23].
For example, this is the case for any graph G with vertices of a degree bound by an
integer r > 1, pw(G) < ¢(G) < r- pw(G), where ¢(G) and pw(G) are cutwidth value and
pathwidth value, respectively. In this paper, by virtue of classifying 4-cutwidth critical
graphs reasonably, we shall attempt to characterize the inner structural features of the
critical graphs with cutwidth-4 in detail.

LetS, = {1,2,--- ,n} for aninteger n > 0. The labeling of a graph G = (V(G), E(G))
with |V(G)| = nis a bijection 77 : V(G) — Sy, viewed as an embedding of G into a path P,
with vertices in S, where consecutive integers are the adjacent vertices. The cutwidth of G
with respect to 77 is

(G, ) = 1r£1]a<>§1 {uv € E(G) : t(u) < m < m(v)}], (1)

which is also the congestion of the embedding. The cutwidth of G is defined to be
c(G) = mgnc(G, 7T), (2)

where the minimum is taken over all labelings 7. If k = ¢(G, 1), then 7, as well as the
embedding induced by 7, is called a k-cutwidth embedding of G. A labeling 7 attaining
the minimum in (2) is an optimal labeling. For each i with 1 <i <, letu; = 7'(_1(1') and
Si = {uq,uz,- - ,uj}. Define V(S;) = {u;uy € E:i <j < h}, which is called the (edge)
cut at [f, j + 1] with respect to 7r. Using (2), we have

(G, ) = max |V(S;)|. ©)]

1<j<n

A rr-max-cut of G is V(S;), achieving the maximum in (3). For an optimal labeling
7 of G with a -max-cut V(Sj,), if vertex vg = 7171 (jo) and |V (S;)| < k — 2 for every
1<j<jo—1(orjo+1<j<n),then vy is called the small-cut vertex with respect to .

For graph G and integer i > 0, let D;(G) = {v € V(G) : dg(v) = i} in which
dg(v) is the degree of vertex v € V(G). Any vertex in D1 (G) is called a pendant vertex
in G. Any edge incident with a vertex in D;(G) is a pendant edge of G, and E,(G) =
{vivj : viv; € E(G) and v;v; is pendant} is a set of all pendant edges of G. For each
v e V(G),let Ng(v) = {u € V(G) : uv € E(G)}. If G possesses a vertex v € D,(G) with
Ng(v) = {v1,v2} and v1v; ¢ E(G), then G — v + v1vy, the graph obtained from G — v by
adding a new edge v17;, is called a series reduction of G. A graph H is a minor of G if H is
obtained by deleting vertices, edges or carrying out series reductions in G and ¢(H) = ¢(G).
If H, H' are subgraphs of G, and X C E(G), then, as in [1], G[X] is an edge subgraph of
G induced by X, HUH' = G[E(H) UE(H')] and HU X = G[E(H) U X]. Specifically, if
X = {e}, then we write G + ¢ instead of GU {e}. Let G and G’ be two disjoint graphs
with u € V(G),v € V(G'); then, to identify u and v, denoted as G ®,,, G, is to replace
u,v with a single vertex z (i.e.,u = v = z) incident to all the edges which were incident
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to u and v, where z is called the identified vertex. Clearly, if G' = K, with K = uguy,
then G @y, Ko = G @y, oty = G + 1y + upuy. If graph G is 2-connected, then any two
vertices of G lie on a common cycle. A subgraph decomposition § of G is a set of proper
connected subgraphs Hy, Hy, ..., H, of G whose union |J;_; H; is G, where H;, Hj e S are
not necessarily edge-disjoint. A graph G is homeomorphically minimal if G does not have
any series reductions. Two graphs G and H are homeomorphic if they can both be obtained
from the same graph G by inserting new vertices of degree two into its edges. A graph
G is said to be k-cutwidth critical if G is homeomorphically minimal with ¢(G) = k, such
that every proper subgraph H of G satisfies c(H) < k. From definition, three properties of
cutwidth below can be obtained immediately.

Lemma 1. For graphs G and H, each of the following holds.

(1)  If H is a subgraph of G, then c(H) < ¢(G).

(2)  If H is homeomorphic to G, then c(H) = ¢(G).

(3) ForacutedgeeinG,if V1, Vo are the vertex sets of two components of G — e, then there exists
an optimal labeling f*, such that the vertices in each of V1 and V; are labeled consecutively.

Lemma 2 ([8]). The unique 1-cutwidth critical graph is Ky. The only 2-cutwidth critical graphs
are K3 and K 3. All 3-cutwidth critical graphs are Ty, T2, 13, Ta and s in Figure 1.

up up X1
ug xq
P P X1 X2 Xy
y
Xy X X3 Xy X3
T w 3 T 5

Figure 1. Five 3-cutwidth critical graphs.

Lemma 3 ([11]). For k > 4, a tree T is k-cutwidth critical if and only if T can be decomposed into
three (k — 1)-cutwidth subtrees, each of which is either a (k — 1)-cutwidth critical tree or a sum of
a (k — 1)-cutwidth critical tree and a pendant edge.

Lemma 4 ([12]). Let G be a k-cutwidth graph with a central vertex vy of dg(vo) > 4 and at
least two cut edges vovy and vyvy. If G can be decomposed into three (k — 1)-cutwidth graphs
G1, Gy and G, then G is k-cutwidth critical if and only if each element of {G; : 1 < i < 3} is
(k — 1)-cutwidth critical.

The rest of this paper is organized as follows. Section 2 presents some preliminary
results. Section 3 is focused on investigating 4-cutwidth critical graphs with a central
vertex vg. The characterizations of 4-cutwidth critical graphs with a central cycle C; (g > 3)
are given in Section 4. Five 4-cutwidth critical graphs without a central vertex and a
central cycle are discussed in Section 5. Furthermore, we give short concluding remarks
in Section 6.

2. Preliminary Results

From [1], if S is a decomposition of a graph G, then E(H;) N E(H;) = @ for arbitrary
H;, H; € S (i # j), thatis to say H;, H; are edge-disjoint in G. In this article, for graph G and
aninteger r > 1,if G = J;_; H; and there are at least two subgraphs H;, Hj such that H;, H;
(i # j) are edge-joint, then {H; : 1 <i < r} isalso called a decomposition of G, also denoted
by S. For example, {ta[{x1x], x1x2, x1x3}], Ta[{ 2%}, x0x1, Xox3}], Ta[{x3%], x3x2, X321 }] }
is an edge-joint decomposition of 74, each of which is K;3 (see 74 in Figure 1). Let
P, = ujuy...u, be a path with n vertices, such that for 1 < i < n, u; and u;; are ad-
jacent vertices in P,. By [9], Ky o¢_1 is k-cutwidth critical, so we let dg(v) < 2k — 2 for
each v € V(G). For G and G’ which are homeomorphic, when no confusion occurs, if G is
k-cutwidth critical after the series reductions are carried out, then we shall say that G’ is
also k-cutwidth critical. The following is immediate from Lemma 1:
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ifv € V(G), then ¢(G — v) < ¢(G). 4)

Definition 1. (i)  For graph G and integer r > 0, let v € V(G) with dg(v) > r. For
v1,0y,...,0r € Ng(v), define G(v;v1,v, . ..,v,) to be the component of G — {vvy,vvy, . ..,
vv, } that contains v.

(ii) Let Gy, Gy be two disjoint graphs with u € V(Gy) and v € V(Gy). To identify u and v,
denoted as G1 @©y,,» Gy, is to replace u,v by a single vertex z (i.e.,u = v = z) incident to all
the edges which were incident to u and v, where z is called the identified vertex.

(iii) Let Gy, G and Gg be three disjoint graphs, D3(Ky 3) = {uo} and D1(Kq3) = {uq,up, uz},
vj € V(G;j) for each j € S3. Define K3 o (G, G, G3) as the graph obtained from the
disjoint union Gy, Gz, Gz and Ky 3 by identifying u; with v; (again denoted as v;) for each
j € S3 (see Figure 3d in Section 3.1 below).

(iv) Let G1, Gy and G3 be three disjoint graphs, P3 = ujupus with dp, (uz) = 2 and v; € V(G;)
for each j € S3. Define P3 o (Gy, Gy, G3) as the graph obtained from the disjoint union
G1, Ga, Gs and Pj by identifying u; with v; (again denoted as v;) for each j € S.

(v) Forie {1,2,...,t} witht > 3, let G; be a graph with D1(G;) # @ and z; € D1(G;).
Define G = @,(G1, Gy, . .., Gt) to be a graph obtained from disjoint union of Gy, Gy, ..., Gt
by identifying z1, zo, . . ., z¢ into a single vertex zy in G. As zg = z; in G;, z is viewed as the
vertex z; in G;.

(vi) If |V(G)| > 3, then define M(G) = {G —uv : uv € E(G) and uv is not a cut edge} U
{G —v:v € D1(G)} to be the family of all proper maximal subgraphs of G.

Definition 2. Suppose that vertex vy € V(G) with Ng(vg) = {v1,v2,- -+ ,vp}, vov1, o0 are
two cut edges of G, Gi = G(vo;v0,v3,---,0p) —vo, Gy = G(vo;v1,v2) and
G, = G(vo;v1,v3,- - ,vp) —vp. Fori € Sz, let m; : V(G]) — S‘V(G{)‘ be an optimal la-
beling of G/, and let the labeling 1t : V(G) — S, of G be as follows: for v € V(G),

71'1(7]) lf [ZAS V(Gi)/
7o) = { ma(o) + [V(G)) ifoc V(G ®
ma(o) + V(G + V(G| if v e V(G

Then, the labeling v is called a labeling by the order (711, 712, 713) or (V(GY), V(G3),V(G})).

Theorem 1 ([12]). For any v € D>3(G), if there always are two vertices v1,v, in Ng(v) such
that vvq, vvy are cut edges in G, then ¢(G) < k if and only if c(G(v;v1,v2)) < k —1.

Corollary 1. For graph G, if there is a vertex v € D>3(G) such that ¢(G(v;v;,v;)) > k — 1 holds
for any v, vj € Ng(v), then ¢(G) > k, where vv;, ovv; are both cut edges in G.

Lemma 5 ([10]). Let graph G be k-cutwidth critical and Ky = uguy. Then c(G @oyuy K2) = k
forvy € V(G).

Theorem 2 ([12]). With the notation of Definition 1(iii), let at least one of { Gy, Ga, G3}, say Ga,
be (k — 1)-cutwidth critical with D1(Gy) # @. Then c(Kq 30 (G1,Gz, G3)) = k.

Corollary 2 ([12]). With the notation of Definition 1(iii), for each j € S3, if G; is (k — 1)-cutwidth
critical with v; € D1(G;), then Ky 3 0 (G, Gy, G3) is k-cutwidth critical.

Theorem 3. With notation of Definition 1(iv), if ¢(G;) = k — 1 for each j € S3, then c(P3 o
(G1,G2,G3)) =k

Proof. Let G = P30 (G, Gy, G3). If dg(vj) = 2 for j = 1 or 3 then the series reductions
are first carried out without effecting ¢(G) = k. As G — {vpv1, vv3} has three components
G1, G and G3 with cutwidth k — 1, similar to that of (5), an optimal labeling 77 : V(G) — Sy
obtained by the order (V(G1), V(G,), V(Gs3)) satisfies ¢(G, r) < (k—1) + 1 = k. Therefore,
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¢(G) < k by (2). Additionally, it is not hard to verify that ¢(G) > k by Corollary 1;
this is because c¢(G(v2;v;,v;)) = k—1 for any v;,v; € Ng(v2). Hence ¢(G) = k, ie,
C(P3 o (Gl,Gz, Gg)) =k O

Corollary 3. With notation of Definition 1 (iv), if the following hold:

(1) G, Gz are 2-connected;

(2)  vj is a small-cut vertex corresponding to an optimal labeling 7t; of G; for each j € S3;

(3)  Gy,Gy, Gs are (k — 1)-cutwidth critical, then Ps o (G1, Gy, G3) is k-cutwidth critical, where
G1, Gy, G3 are not necessarily distinct.

Proof. Let G = P30 (Gy, Gy, G3). Since Ng(v2) = {v1,v3}, G(v1;02) = G, G(v2;v1,03) =
Gy and G(v3;v2) = Gs. First, ¢(G) = k by Theorem 3. Second, we show ¢(G') < k—1
for any G’ e M(G), that is, G is k-cutwidth critical. Because any G’ can be obtained by
deleting a pendant edge xy or an non-pendant edge xy € E(C¢) in G, xy ¢ {v2v1,v203},
where C; is a cycle with length t > 3. There are two cases to consider: (1) xy € E(G);
(2) xy € E(Gy) or E(Gs). For Case (1), since Gy is (k — 1)-cutwidth critical, there is an
optimal labeling 77; such that ¢(G; — xy, 7r5) < k — 2. Now, by Lemma 5, let 77; be a labeling
of G]- such that C(G]' Buj0; v]-vz) =k —1forj=1,3. Thus, a labeling 7w of G by the order
(7ry, 5, %) is obtained with ¢(G — xy, ) < k — 1 implying ¢(G — xy) < k — 1. For Case
(2), let xy € E(G3). By assumption, ¢(G3 — xy) < k — 2. Since v; is a small-cut vertex
corresponding to an optimal labeling 77; of G; for each j € S3, a labeling 7 of G by the order
(712, 73, 771 ) is obtained with ¢(G — xy, 1) < k — 1 implying ¢(G — xy) < k — 1. Likewise, if
xy € E(Gy) then ¢(G — xy) < k — 1 also. To sum up, G is k-cutwidth critical. [

Lemma 6. Each graph in Figure 2 is 4-cutwidth critical.

My M M3 My
° Y1 X1 Y3
X1
X2 X3 X2 X3
Y2
Ms M My Mg

Figure 2. Eight special 4-cutwidth critical graphs.

Proof. Two steps can be used to finish the proof. For each M; (1<i<8), Step 1 is used
to show c(M;) = 4. This can be accomplished by two operations: (1) c¢(M;, ) > 4 for
any labeling 7t of M;, which implies c(M;) > 4; (2) M; has an optimal labeling 77y with
c(M;, mp) = 4. In Step 2, for any M, € M(M;), c(M}) < 3 must be shown. Since operation
of each of the two steps is easy, we omitted it here.

Let v be a cut-vertex with dg(v) > 3 in G and Gy, Gy, ..., G, be g connected com-
ponents of G — v. Then, G[V(G;) U{v}] (1 < i < g), denoted by H;, is called the ith
v-component of G — v. A vertex vy € V(G) is called the central vertex of a k-cutwidth
graph G if vy is a cut-vertex in G, such that all vp-components of G — vy can form a decom-
position S of G in which each element has equal cutwidth p with p < k. For example, for
graph 7y in Figure 1, H; = K, (1 < i < 5) with edge vgv; is the ith vp-component of 71 — vp;
we can see that { H; U H, U H3, H; U Hy U Hy, H1 U Hp U Hs } is a decomposition of 7y, each
of which is a 2-cutwidth critical tree Kj 3, so v is the central vertex of 7;. Likewise, each of
{1, 13} has a decomposition of equal cutwidth-2 and a central vertex v also, respectively.

For a cycle C; = x1x2...x4x1 of G withg > 3and dg(x;) > 3for1 <i <gq,let V(Cy)
be a vertex-cut set of G. If E(C;) is also an edge-cut set of G and G; is the ith connected
component of G — E(C;) leading from x;, then G[E(G;) U E;], denoted by Hj, is called the
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ith Cy-component leading from x; of G — E(Cy), where E; C E(C;) and at least an E; # @.
A cycle C; with g > 3 is called a central cycle of a k-cutwidth graph G if E(C,) is an edge-cut
set, such that one of the following is a decomposition S of G, each element of which has
equal cutwidth p with p <k,

(1) {H;:1<i<g},or

(20 {H/ : 1 < i < g} in which H] may be one of {H; H;_; UH; UH;;} with

Hp = Hy, Hy1 = Hy, and there exists at least Hl( =# H;, or
(3 {H/ : 1 < i < g}, each of which is either H; or H; 1[E’| U H; U H;1[E"] with

Hy = Hy, Hy41 = Hy, and there exists at least H; # H;, where H;_[E'] C H;_; and

H;i1[E"] C Hiya.

For example, in Figure 1, 174 has a cycle C3 = x1x2x3%1, and 74 — E(C3) has three
components Gy, Gy, G3, each of which equals Ky. Let E; = {x1x2, x1x3}, Ex = {xx1, x0%3}
and Eg = {X3X1,X3X2}, and let Hi = G[E(Gi) U El] forl < i < 3. Then, {Hl, Hz, H3}
is a decomposition S of 14, in which each member is a 2-cutwidth critical subgraph
Ky 3, and Cs is the central cycle in 74. For Case (3), we take M5 with a central cycle
C3 = x1x2x3x7 in Figure 2 as an example. M5 — E(C3) also has three connected compo-
nents Gy, Gy, G3, which are Kj 3, K 3, C3 and three Cz-components H; = Gy + x1x3 + x1x3
with dg, (¥]) = dg,(x{) = 1, Hy = Gy + x2x1 + xpx3 with dg, (x5) = dg,(x) = 1 and
H3 = G3 + x3x1 + x3x2, respectively. Let E' = {x1x], x1x{}, E” = {x2x}, 2%}, then
H,[E'] C Hy, Hy[E"] C Hp and {H;, Hy, H1[E'| U H3 U Hy[E"]} is a decomposition of equal
cutwidth 3 of M5, each member of which is also 3-cutwidth critical.

In the case that G is 2-connected and E(C,) is not an edge-cut set of G, suppose
that G — V(C;) has g connected components Gy, Gy, ..., Gy, with V(G;) # O for each
1 <i<g,andlet G[V(G;) U{x;, xi11}] be the ith 2-connected subgraph that contains edge
xixip1 € E(Cy). If {G[V(Cq) UV(G;)] : 1 < i < g} is a subgraph decomposition of equal
cutwidth p < k — 1, then C; is also called the central cycle of G. For example, let G = Mg
with C3 = x1xpx3x7 in Figure 2. Clearly, G — {x1, x2, x3} has three components y1, y2, 3,
and {G[{x1,x2,x3,;}] : 1 <i <3} = {15, 15, 15} is an edge-joint subgraph decomposition
of equal cutwidth 3 of G. Hence, C3 = x1xpx3x7 is the central cycle of Mg. [

From Lemma 2, we have

Theorem 4. For a 2-cutwidth critical graph G € {Kj 3, C3}, one of the following holds:

(1) G has a central vertex vy, and vo-components of G — vg constitute a decomposition S with
|S|= 3, each of which is Ky with cutwidth 1;

(2) G isacycle C3, whose three edges constitute a decomposition S with |S|= 3, each element of
which is Ky with cutwidth 1.

Theorem 5. For a 3-cutwidth critical graph G € {7; : 1 < i < 5}, one of the following holds:

(1)  has a central vertex vg, and vo-components of G — vy constitute a decomposition S with
|S|= 3, each of which equals K 3 or C3 with cutwidth 2; or

(2) G has a central cycle C3 = x1xpx3x1 with dg(x;) = 3 for x; € V(C3), and Cz-components
of G — E(C3) constitute a decomposition S with |S|= 3, each member of which equals K 3
with cutwidth 2; or

(3) G equals Cy + x1x3 or Cq + xox4, where Cy = x1xpXx3X4X7 15 a cycle of length 4.

3. 4-Cutwidth Critical Graphs with a Central Vertex

In this section, we shall verify the decomposability of the 4-cutwidth critical graphs
with a central vertex. Since a k-cutwidth critical graph G is homeomorphically minimal, for
the central cycle C; (7 > 3) of G, we can let

dg(v;) > 3 for every v; € V(Cy). (6)



Mathematics 2023, 11, 1631

7 of 22

3.1. 4-Cutwidth Critical Trees with a Central Vertex
Definition 3. For a cut-vertex vy with Np(vg) = {v; : 1 <i < gand q > 4} inatreeT, let

H; be a vy-component of T — vy with c(Hy) > ¢(Hp) > ... > ¢ H g) and c(UL, H;) < k—
then define
Kior-3 ifi <3and H; = Ky 3,
T;=9 HiUWULH) ifi<3and H; # Ky 3, )

HsU(UL,H;) ifi=3.
Ifc(T;) =k —1for1 <i <3, then {Ty, T, Tz} is called a subtree decomposition of equal cutwidth
k—1ofT.

In Definition 3, for a decomposition { Ty, T, T3 } of equal cutwidth k — 1 of a k-cutwidth
critical tree T, E(T;,) N E(T;,) = E(U?=4 H;) (1 <iy #ip <3). If E(T;;) NE(T;,) # @, then
{Ty, Ty, T5 } is edge-joint; Otherwise {T1, Tp, T3} is edge-disjoint.

There are eighteen 4-cutwidth critical trees in total by [9], each of which can be
decomposed into three 3-cutwidth subtrees by Lemma 3. In fact, among these eighteen
4-cutwidth critical trees, each possesses one of the structures listed in Figure 3, in which
H; U (U?: 4 H;) is either one of 7y and 7, or homeomorphic to 7, for i = 1, 2,3 in Figure 3a.
H; U (U?:4 H;) is either » or homeomorphic to 1, for i = 2,3 in Figure 3b, H; U (U?:4 H;)
is either 7» or homeomorphic to 7, for i = 3 in Figure 3¢, either H; or H; — vyv; with
v; € Ny, (v9) is in {7, 12} for i = 1, 2,3 in Figure 3d. Thus, based on this, M; (see Figure 2)
is 4-cutwidth critical, and again we have the following:

Theorem 6. For a 4-cutwidth critical tree T, one of the following holds:

(1) T possesses a configuration K3 o (T, Tp, T3) which can be decomposed into three edge-
disjoint 3-cutwidth trees T, T and Tz (not necessarily distinct), and the 3-degree vertex of
Ky 3 is the central vertex of T, where T; is a vo-component of T — vy with either T; € {1y, T2 }
orT; — vy € {11, T} for each 1 < i < 3 (see Figure 3d); or

(2) T is a tree with a central vertex vy with dr(vy) > 4 and with an edge-joint decomposition
{Ty, Tz, Ts} of equal cutwidth 3, where Ty, T, and T5 (not necessarily distinct), which are
defined by (7), are either in {1y, T2} or homeomorphic to Ty, and at least one of them, say T3,
is not Ty (see Figure 3a—c, respectively).

Figure 3. Four structures of 4-cutwidth critical trees.

3.2. 4-Cutwidth Critical Nontrees with a Central Vertex

We shall focus primarily on the structures of 4-cutwidth critical non-trees with a central
vertex in this subsection.

Suppose now that G1, G, and Gz (not necessarily distinct) are mutually disjoint graphs,
and at least one of them is not a tree. Let K 3 o (G}, G}, G}) be a graph obtained from the
disjoint graphs G}, G, G} and Kj 3 by identifying u; with v; (again denoted as v;) fori € S3,
where
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G = { G ifv; ¢ V(Ep(G;i)) \ D1(Gy), ®
! Gi—v; ifv; € V(Ey(G;)) \ D1(G;) and v;0} € E(Ep(G;)).

u; is a pendant vertex of K; 3 and v; € V(G;) for 1 <i < 3. Obviously, if ¢(G1) = ¢(G2) =
¢(Gs) and D3(Kj3) = {up} then ug is the central vertex of Ky 3 0 (G}, G}, Gj).

Lemma 7. Suppose that G; is (k — 1)-cutwidth critical for 1 < i < 3, then Ky 3 0 (G}, G}, G}) is
a k-cutwidt critical graph, where Gy, G, G3 are not necessarily distinct.

Proof. Let G = Ky 30 (G}, G}, G}). If there exists at least a vertex v; € Ng (i) such that
dg(v;) = 2, then the series reductions can be implemented first. Two cases need to be
considered as follows.

Case 1. Fori € S3,v; ¢ V(Ep(Gl)) \ Dl(Gz)

By (8), G/ = G fori € S3. So c¢(G]) = ¢(Gj) = k—1 by assumption, and
¢(G) + ugvp) = k — 1 by Lemma 5. Now, let 711, 715, 713 be the labelings such that ¢(G}, 711) =
k—1,¢(Gh + ugva, M) = k—1and ¢(G}, 713) = k — 1, respectively. Then, a labeling 7z of G by
the order (711, 715, 713) is obtained, and ¢(G, 71) = max{c(G}, 711), ¢(G} + tgva, 712),¢(G5, 713) }
+1 = (k—1) +1 = k, implying ¢(G) < k. Since uyv1, ugv, and uyv; are cut-edges in G,
c(ug; vj, U]') >k —1forany v;,v; € {v1,v2,v3}, leading to ¢(G) > k by Corollary 1. Hence
c(G) =k.

On the other hand, any G’ € M|(G) can be obtained by deleting a vertex y with
degree one of a pendant edge xy ¢ E(C;) or a nonpendant edge xy € E(C;) in G, so
XYy # ugvy, ugvy or ugvs, where Cy = x1x2 ... x¢xq is a cycle with length t > 3 in G. Without
loss of generality, let xy € E(G)). If xy is pendant with y € D1(G), then by the criticality
of G, ¢(G) —y) < k — 2 with a labeling 77} such that ¢(G} —y, 7r5) < k — 2. Since G} and
G} are (k — 1)-cutwidth critical, by (6) in Lemma 5, two labelings 77}, 775 can be obtained
such that ¢(G] @y, 0, v1u, 1) = k — 1 with 71} (ug) = 1 and (G} Pus,0, v3tg, ) =k —1
with fi(ug) = |V(G})| + 1, respectively. Now, define 7 : V(G') — {1,2,...,|V(G')| -1}
to be a labeling of G’ by the order (7}, 7t5, 7i), then ¢(G', ) < (k—2)+1 =k —1, i.e,
c(G") < k — 1, meaning that G is k-cutwidth critical. Likewise, if xy is not pendant with
xy € E(Cy), then ¢(G) — xy) < k—2, and a labeling 7 : V(G') — {1,2,...,|V(G')|} by
the order (G} @, 0, V110, G5 — XY, G} Bus,0, U310 is also obtained, under which ¢(G/, 7r) <
(k—=2)+1=k—1,ie,¢c(G) < k—1, meaning that G is also k-cutwidth critical. The cases
of xy € E(Gj]) or E(G}) are the same as that of xy € E(G)}), omitted here.

Case 2. There are at least a v;,, such that v;, € V(E,(G;,)) \ D1(Gj,) (1 <ip < 3).

Three subcases need to be considered: (1) there is unique v; (say vz), such that
vy € V(E(G2)) \ D1(Gp); (2) there are two vs (say vq,v3), such that v; € V(E,(Gy)) \
Di(Gy) and v3 € V(Ep(G3z)) \ D1(G3); (3) v; € V(Ep(G;)) \ D1(G;) foreach 1 < i < 3. For
Subcase (1), since v, € V(Ep(Gz)) \ D1(G2), Gy = G — vp05 with v, € D1(Gy). In this
case, Gé DBuy,v, Ul = Gy, ie., G(Mo; U1, 03) = Gy, Gi = Gy and Gé = G3 by (9) Similarly,
for Subcase (2), G} Buy 0, U1ty = G1, Gf = Gy and Gf By, 0, Uustlp = Gs; for Subcase
(3), G} ®uy,0, 1ty = G, Gh Buy 0, ugtty = Gy and G} Py, 0, Ustlp = G3. The remaining
argument of any Subcase (j) (j = 1,2,3) is similar to that of Case 1, omitted here. To sum
up, G is k-cutwidth critical. [

Corollary 4. Suppose that G; € {1;: 1 <i <5} for1 <i <3, then Ky 30 (G}, G}, G}) is a 4-
cutwidt critical graph, where at least a G; € {13, 14, 5}, and Gy, Gy, G are not necessarily distinct.

Corollary 5. Suppose that G; € {7; : 1 < i < 4} for 1 < i < 3, then @,,(G1, Gy, G3) is a
4-cutwidt critical graph, where at least a G; € {13, 4}, and Gy, Gy, G3 are not necessarily distinct.

Lemma 8. Let P3 = uqupus, G; be 3-cutwidth critical with v; € V(G;) for 1 <i < 3 and satisfy
the following:

(i) each non cut-edge of Go may be subdivided once, and v, may possibly be the subdivision vertex;
(i) Gy #m;
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(iii) if Gy € {12, T3}, then vy is not either the central vertex or the pendant vertex of it;

(iv) Gi ¢ {Tz, Tg}fOT i=1or3 isz S {Tz, ’L'3}.

Then, P3 o (Gi, Go, Gé) is a 4-cutwidt critical graph, where G1, Gy, G3 are not necessarily distinct,
and at least one of them is not in {11, 7 }.

Proof. Let G = P30 (G}, Gy, G5). By assumption, for i = 1,3, G/ = G; with v; ¢
V(E,(Gi)) \ D1(G;) or G; — v} with v;v} € E(Ey(G;)) and v; € D1(G;). So, H; = G; or
Gj+vjvy fori = 1,3 and H; = G, for i = 2. Thus, with an argument similar to that of
Lemma 7, G is 4-cutwidth critical. [

Suppose that G; € {1, 173} with the central vertex u1(=vp) and two cut edge u1v1, u10;,
such that any u#1-component of G; — u1 is 2-cutwidth critical (see 71 — 75 in Figure 1). For any
3-cutwidth nontree graph G, € {13, 74, 75 } with cycle C3 = x1x,x3x1, if there is a vertex (say
x1) in C3 such that (1) x; # up; when G, = 13 with the central vertex uy(=v); or (2) if F is
a component of G, — E(C3) leading from x, then either F; = x1x] with dg, (x]) = 1 when
Gy = 14 or F; = x7 only when G, = 15; or (3) Gy and G; are not necessarily distinct; or (4) if
Gi1 = 13 and G, = 75, then d, (x1) = 2. Only then, by (8), do we have

Lemma 9. Graph Gy @y, x, G} is a 4-cutwidth critical graph.

Proof. LetG = Gy @y x, Gé with optimal labeling 7t, and 771 be a sublabeling of 7 restricted
on Gj. By assumption, G; — u; has three u;-components Hj, Hy and Hj, each of which is
either K 3 or C3 by Theorem 3. Suppose that 777 is obtained by the order (7}, 77}, 775 ) with
max{rtj(v) :v € V(H; —u1)} < mh(v) < min{7}(v) : v € V(Hz —u3)} for v € V(Hy) if
mt}, 15, 4 are optimal labelings of Hy — u1, Hy and Hj — uy, respectively. Without loss of
generality, let H} = Kj 3 with cutwidth 2. Since G, is 3-cuwidth critical and x; € V(C3) in
Ga, whether Gy = 13 or G, = 7; with i = 3,5, if V7(S;) is a 7r-max-cut of G, then j < 7(u1)
and |V(S;)| = 4. Hence, ¢(G) < 4. On the other hand, assuming that 110y, u1v; are cut
edges in G, 7t(u1;v1,v2) = Ky 3 Buy,x, Gy when G; = 1 or C3 By, x, G, when Gy = 13, s0
c(m(uy;v1,v2)) > 3, resulting in ¢(G) > 4 by Corollary 1. Thus, ¢(G) = 4.

We now verify that G is 4-cutwidth critical. For any edge e € E(G), e is in either
E(Gy) or E(Gp). Since Gy € {1, 13} which is 3-cutwidth critical, if e € E(G;) then we can
always find a labeling 77; of G; — e such that ¢(G; —e) = 3 and 71 (u1) = |V(Gy)|. For
Gy € {13, 14, 15}, we can always find an optimal labeling 77, of G} such that 7(x;) = 1.
Thus, a labeling 7T of G — e by the order (7, 7,) is obtained with ¢(G — e, 77) = 3 leading to
c(G —e) < 3. Similarly, if e € E(G,) then ¢(G — e) < 3 also. This completes the proof. []

From Lemma 9, we can see that if a critical non-tree G with cutwidth 4 can be de-
composed into two 3-cutwidth critical subgraphs G; € {m, 13} and G, € {13, 14, 75}, then
(1) G has a central vertex u; (2) u; is also the central vertex of at least one of G; and

Gy. For example, let KY% with a pendant vertex y) (1 < j < 4) be the copy of Ky 3

with a pendant vertex y, and /) be the copy of y, y(¥) be a vertex of a 3-cycle C5. Then,
graph @y, (Kglg), . .,K%),Cé), obtained by identifying y(©),y(1), ...,y into a vertex yo
(ie.,yo = y© = ... = y®), is a 4-cutwidth critical graph with the central vertex y,, and
this graph can be decomposed into two 3-cutwidth critical subgraphs @y, (Kg , K%) , K%))

(= 12) with the central vertex yo, and @y, (K%) , K%), C}) (= 13) with the central vertex yo;

(3) there are at least two cut edges 1101, u10;.

Lemma 10. Let G be a 4-cutwidth critical nontree graph with the central vertex vy and at least
two cut edges vov1 and vyvy. If G can be decomposed into two 3-cutwidth graphs G1, Gy (not
necessarily distinct), then the following hold:

(1) Gy, Gparein{t1;:2<i<5};

(2)  at least one of Gy and Gy, say G, is in {1, 13}, while Gy # T;
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(3)  wvg is the central vertex of Gy, but vy is only a vertex of any 3-cycle C3 of Go.

Proof. Since G is a non-tree graph, we do not consider the cases that G; and G are both 7
or Tp. We first show that G, G; are in {7; : 2 < i < 5} by contradiction. Suppose that there
is some G; (say G) such that c¢(G;) = 3 but G; is not 3-cutwidth critical, then there is at
least a pendant edge xy € E(G,) withy € D1(G) or a non-pendant edge xy € E(C;) such
that ¢(Gy — y) = 3 or ¢(Gy — xy) = 3, respectively, where C; = x1xp ... x;x7 is a cycle with
length t > 3. For the former, because ¢(Gp) = 3 by assumption, ¢(G — y) = 4 by Lemma 9.
Likewise, for the latter, ¢(G — xy) = 4 also by Lemma 9. All are contrary to the criticality of
G. Hence Gy, Gy arebothin {7; : 2 < i < 5}.

Next, by the assumption that vy is the central vertex and vyv; and vgv, are both cut
edges in G, we claim that at least one of G; and G (say G1) must be T, or 73. This is because
otherwise, there is at most a vertex v1 € Ng(vp) such that vgv; is a cut edge in G if Gy and
G are both in {1y, 75}, which is a contradiction. So (2) holds and G; € {m, 13}.

Third, assume that vy is neither the central vertex of G; nor a vertex of a 3-cycle Cs3
of Gy if G = 13. Without loss of generality, let G; = 1. Then G is either 73 or one of
{1, 55 }. For G, = 13, by assumption, vy is not also the central vertex of G,. Thus, except
three vertices of 3-cycle Cs of G, three cases need to be considered: (a) vy is not only a
subdivision vertex of some non-pendant edge in Gy but also a subdivision vertex of some
non-pendant cut edge in Gy; (b) vy is a subdivision vertex of some non-pendant edge in
G, but v is a nonpendent vertex of Gp; (c) vg is not only a non-pendant vertex of G; but
also a non-pendant vertex of G,. For any case of Cases (a)—(c), we can easily verify that
¢(G) = 3 by Lemma 1(3) and Theorem 5, contrary to the assumption of ¢(G) = 4. Likewise,
for G, € {1y, 15}, there are only two cases to consider: ()’ vy is a subdivision vertex of
some non-pendant edge in Gy, but vy is a arbitrary vertex of G; (b)’ vy is a nonpendant
vertex of Gy, but v is a arbitrary vertex of G,. Furthermore, in any case, c¢(G) =3,alsoa
contradiction. This completes the proof. [

For a cut-vertex vy € D>4(G) graph G and all vg-components H; = G[V(G;) U {vp}]
(1 <i<m)of G— vy, we define a decomposition {Gy, G, G3} each of which has cutwidth
3 below. Let Ej be an edge subset taken from G3 such that the cutwidth of the connected
subgraph H; U G[Ey] is 3 if ¢(H;) < 3, for 1 < i < 3. Then, we obtain the following:

Definition 4. For a cut-vertex vy € D>4(G) of G and the vo-component H; (1 < i < q) of
G —vp, min{c(H;) : 1 <i < 3} > max{c(H;) : 4 < i < q} and the cutwidth of U!_, H; is
three. For 1 <i < 3, define

H; lfl < 3and C(H,') =3,
Gi =14 H;UGIEy] ifi<3andc(H;) <3, 9)
Ul H; ifi = 3.

Ifc(G;) =3 fori=1,2, then {Gy, Gy, G3} is called a decomposition of equal cutwidth 3 of G, and
G is called a graph with a central vertex vy, where E is an edge subset taken from Gs such that
c(H; UGIEy]) =3 ifc(H;) <3fori=1,2

Lemma 11. Let G be a 4-cutwidth critical graph with the central vertex vy and at least two cut
edges vgvy and vgvy. If G can be decomposed into three 3-cutwidth graphs Gy, Gy and Gs, then G
is 4-cutwidth critical if and only if each of {G; : 1 < i < 3} is either a 3-cutwidth critical graph
or homeomorphic to a 3-cutwidth critical nontree graph, and vy is not the central vertex of G; if
Gi € {Tl, T2, Tg},

Proof. The proof is straightforward using Lemma 4, omitted here. [
Lemma 12. For a 4-cutwidth graph G with a central vertex vy € V(G), if G — vy has at least

three vg-component Hs and each H; is 2-connected in G, then G is 4-cutwidth critical if and only
if G = My (see My in Figure 2).
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Proof. Sufficiency: this is obvious using Lemma 6.

Necessity: By assumption, for any vertex v; € Ng(vp), v; € V(Cy,), where Cy, (t; > 3)
is a cycle of H; and V(Cy;) N V(Cy;) = {vo} for any i # j only. Since Cs is a minor of any
Cy; and ¢(G) = 4, M, with cutwidth 4 is a minor. Hence G = M by the criticality of G. [

Lemma 13. For a 4-cutwidth critical non-tree graph G with a central vertex vy € V(G), G has a
subgraph decomposition {Gy, Gy, G3}, in which G; is 2-cutwidth critical for i = 1, one of whose
pendant vertices is vy, and 3-cutwidth critical for i = 2,3 if and only if G is one of graphs Mo—M;;
in Figure 4, where Gy = Ky 3, G; € {13, T, 5} for i = 2,3 with ty = Hy + vox (see Figure 4).

H Hy Hy
X X X
ra— »—o — —
o—e¢ Y0 Te—e o—eo o—eo W
Hy Hj Hy Hj Hy Hj
Mo Mg My
Hy Hy Hy
X
ra—
o—¢ 00 00 &)
H2 H3 H2 H3 H2 H3
M M3 My
Hy Hy Hy
) ) )
H2 H3 H2 H3 H2 H3
Mis M M7

Figure 4. Nine special 4-cutwidth critical graphs.

Proof. Similar to that of Lemma 6, we can show that graphs M¢—M;y in Figure 4 are all
4-cutwidth critical.

Sufficiency: For graph My, let G; = K13, Gy = Hy +vox = 1gand G3 = Hz +vpx = 14,
{G1, Gy, G3} is the subgraph decomposition desired. Likewise, for graphs Mjg—Mj», let
G = Ky, Gy = Hy+ovpx =14, G3 = H3 € {13, 15} with drs(vo) = 2 and dTS(UO) =2
or 3, respectively; for graphs Mi3—-Mjy, let G = K13, G2 = Hp € {13, 15} with dr,(vg) =
d(vo) = 2, G3 = Hz € {13, 5} with dry(v9) = 2 and d (vg) = 2 or 3, respectively,
{G1, Gy, G3} is the subgraph decomposition desired.

Necessity: Suppose by contradiction that G ¢ {M; : 9 < i < 17}. By assumption,
G; € {K13,C3} fori = 1,and {7; : 1 < i < 5} fori = 2,3. Three cases, which are at
least a Gi =7 fori =23, Gz = G3 = 7» and Gz = G3 = 15 with dcz (vo) = dc3 (Uo) =3,
respectively, can be first excluded; this is because that G either is a tree or is not 4-cutwidth
critical in these cases, which is a contradiction. Thus, noting that 3-cutwidth critical
subgraphs G, G3 are symmetrical in G and ¢(G) = 4 is sufficient to verify two cases:

(1) Gi = Kjj3, one of whose three pendant vertices is vy, G, € {1, 13} and G3 €

{_T3/ T4, T5}; B B
(2) Gj = C3, one of whose three 2-degree vertices is vy, G € {12, 13} and G3 € {13, 74, 5}

By assumption, we do not consider the following five subcases contained in cases (1)
and (2), respectively:

(al) dg(vo) > 7 because of ¢(Ky7) = 4;
) M, is a subgraph of G because of ¢(M;) = 4;

(a@3) Gis a tree because G is a non-tree graph;
) {G1, Gy, Gs} is a decomposition of equal cutwidth 3;
) ¢(G) = 3 because G is 4-cutwidth critical.
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Based on this, for cases (1) and (2), we only consider vertices 1, x of T, vertices u, x, y of
T3, vertex x1 of 74 and vertices x1, x, of 75 (see Figure 1), respectively, which may be the central
vy of G. For convenience, let G, € {1,°, %, 5%, %, 5}, G € {3°, %, W, 7, ', 22},
where Tzu %, 7 are copies of T, corresponding to i, x of 1, T;O,Té‘, Ta,y are copies of 13
corresponding to 1, x,y of 13; T, is a copy of 14 corresponding to x1 of 7, and 72 ' and
752 are copies of T5 corresponding to x1, X, of T, respectively. In this case, we can see that
there are at least a {Gy, G, G3}, which is a decomposition of one of {M; : 9 < i < 17}
not considered here. For example, {Kj 3, Téj , Téj } is a decomposition of Mj5. So, by at
most 2 x C1 x C} — 1 direct operations and at most 2 x C} x C} — 1 computations without
considering G € {M; : 9 < i < 17} by assumption, we can see that G is not 4-cutwidth
critical, which is a contradiction. Hence, G € {M; : 9 <i <17}. O

From Lemmas 7-13, we have:

Theorem 7. For a 4-cutwidth non-tree graph G with a central vertex vy, G is 4-cutwidth critical if

and only if G has one of the following six configurations.

(1) For1l < i < 3,if Gjis some 7; (1 < i < 5) in Figure 1 and G/ corresponding to G;
is a graph defined in (8), then G = Ky3 o (G}, G}, G}), where G1, Gy and Gz are not
necessarily different;

(2) G =P30(G],Gy,G), where G; € {7;: 1 < i <5} withv; € V(G;) for1 < i < 3and
G/ corresponding to G; is a graph defined in (8), G; ¢ {1, 13} fori = 1,3 and G; # T for
i = 2 vy is not either the central vertex or the pendent vertex when G, € {1, 13} but vy is
possible to a subdivision vertex of a non cut-edge of Gy when Gy € {13, 4, T5};

(3) G = G Buy,x, Gh with the central vertex uq of dg(u1) < 7, where G € {1, 73} with the
central vertex uq (11 = vy of Ty or T3, respectively, see Figure 1), Gy € {13, T4, 75} with a
3-cycle C3 C Gy and x1 € V(C3) with dg, (u1) +dg,(x1) < 6, G} corresponding to Gy is a
graph defined in (8);

(4) G has a subgraph decomposition {Gy, G, G3} of equal cutwidth 3, defined in Definition
4, where G is a graph with a central vertex vy of dg(vy) > 4 and at least two cut edges
vov1, V02, G; is 3-cutwidth critical for 1 < i < 3;

(5) G has a subgraph decomposition {Cs, C;, C{'} of equal cutwidth 2, each of which is a vo-
component of G — vg, where vy is the central vertex vy of degree 6 of G, and C} and CY are
the copies of a 3-cycle Cs;

(6) G is one member of {M; : 9 < i < 17} with a central vertex vy (see Figure 4) and a
subgraph decomposition {Gy, Gp, Gs}, in which Gy = Kj 3, one of whose pendant vertices is
vo, G; € {13,714, T5} for i = 2,3, where G; satisfies:

(i) v is a 2-degree vertex y of C3 of G; for G; = T3;

(ii)  if the 3-degree vertex of G1(= Ky3) is x and G; = 14, then Ty = Hp + vox and vy is a
3-degree vertex of Gj;

(iii) vy is either a 2-degree vertex of G; or a 3-degree vertex of G; for G; = 15, but if G, = G3 = T3
and vy is a 3-degree vertex of Gy, then vy must not be a 3-degree vertex of Gs, and vice versa.

4. 4-Cutwidth Critical Graphs with a Central Cycle

In this section, we aim to investigate 4-cutwidth critical graphs with a central cycle
Cq =x1x2...x9x1 with g > 3.

Lemma 14. Assume that graph G is 4-cutwidth critical with a central cycle C, of length q, then
g<e.

Proof. Assume, contrary to that, that ¢ > 7 and G; is the ith connected component leading
from x; of G — E(C,). Without loss of generality, let ¢ = 7, i.e., C; = x1x2...x7x1 with
dg(x;) > 3for1 < i < 7 (see an example in Figure 5a), and let 7 : V(G) — Sj be an
optimal 4-cutwidth labeling with min{7(v) : v € V(G1)} = 7(x1) < 7t(x7) < m(xp) <
m(xg) < 71(x3) < 1(x5) < 7m(xg) = max{7t(v) : v € V(Gyq)}. By the criticality of G, we
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may always assume that G; € {Kj, Kj 3, C3}. By direct computations, there are at least three
Gls (say Gy, Gy and Gg) such that Gy # Ky, G4 # K; and Gg # Kj. Otherwise, ¢(G) = 3,
contrary to ¢(G) = 4. Since G is 4-cutwidth critical, we can let Gy, G4, G € {Ky3,C3}, say
G1 = Gz and G4 = Gy = Kj 3 (see Figure 5a). In this case, ¢(G) = 4 and ¢(G — x/) = 4 for
any G; = Ky = xl-x; with i = 2,3,5, contrary to the criticality of G. On the other hand, there
is at least a 4-cutwidth critical graph G with a central cycle C¢ = x1x2... xgX7 such that
G1 =G3 =G5 =Kj3, Gy =Gy = Gg = Ky and dg(x;) = 3for1 < i < 6 (see Figure 5b).
Hencegq <6. O

Figure 5. Examples of Lemma 14.

From Lemma 14, in the sequel, we shall characterize the 4-cutwidth critical graphs
with a central cycle of lengths 3-6, respectively.

4.1. Graphs with a Central Cycle of Length Three

Definition 5. Let C3 = x1xpx3x7 be the central cycle of G, G; (1 < i < 3) be the ith connected
component leading from x; of G — E(C3), and x1, x2, X3 be cut vertices in G. Then, for 1 < i < 3, define

ifc(G;) = 3but c((G; — xy) UGIE']) < 3for E' C E(C3) with xy € E(G;),
ifc(GiUG[E"]) < 3for E" C E(C3) with E" # @,

{UG[E"] ifc(GiUG[E™)) =3 for E" C E(C3) with E" # .

If, foreach 1 < i < 3, c¢(H;) = p with p = 2 or 3, then { Hy, Hp, H3 } is called a decomposition of
equal cutwidth p of G; if there are at least two Hs (say Hy, H3) such that c(Hy) = 2 and c(Hz) = 3,
then { Hy, Hp, H3 } is called a decomposition of nonequal cutwidth p with p = 2 or 3 of G, where E', E"
and E"'" are not necessarily distinct, and E' is not necessarily non-empty.

Lemma 15. With notation in Definition 5, let G be 4-cutwidth critical with the central cycle
Cs = x1xx3X1, X1, X2, x3 be cut vertices in G, and Cs has at least two vertices (say x», x3) such
that dg(xp) > 4 and dg(x3) > 4. If {Hy, Hy, H3} is a decomposition of nonequal cutwidth p with
p = 2 or 3, then H; is p-cutwidth critical for 1 < i < 3 except My in Figure 2.

Proof. Since {Hy, Hy, H3} is a decomposition of nonequal cutwidth p with p = 2 or 3, we
can assume that c¢(Hy) = ¢(H3) = 3, but ¢(H;) = 2, implying c(G; U G[E(C3)]) < 2. Since
G is 4-cutwidth critical with dg(x2) > 4 and dg(x3) > 4, Hy = Kyzor C3, H; # T, s
or 15 for i = 2,3 by Lemma 6, meaning to that H; = 7 or 13 for i = 2,3. Thus, for H
and Hs, there are three cases to consider: (i) Hy = Gy U G[{x2x3,x2x1}] = Ky5, H3 =
Gy U G[{X3XZ, x3x1}] = Kys; (ii) Hb = Gy U G[{X2X3, xel}] = Ky5 H3 = G3UGC3 = 135
(iii) Hp = Gy, UCs = 13, H3 = G3UCs = T3, where xp, x3 are the central vertices of
H, and Hj3, respectively (see Ms, Mg, M7 in Figures 2 and 6d,e below). In any of Cases
(i)-(iii), H; = G; = Kj3 with dg(x1) = 3 or C3 with dg(x;) = 4. Thus, we can see
that H; is 2-cutwidth critical for i = 1 and 3-cutwidth critical for i = 2,3. Now let
¢(H3) = 3butc(Hy) = ¢(Hy) = 2 with Hy = C3 and H, = Cs; then, we can conclude that
G = M, by the 4-cutwidth criticality of G, which has a decomposition {Kj 3, C3, C}, C§
of equal cutwidth two in which Cj and Cj are the copies of C3. This is because in this
case, if {K15,C}, CY} is a decomposition of nonequal cutwidth of 2 and 3 of G, then edge
x1x2 ¢ E(Ky5) UE(CS) UE(CY). As xpx3 ¢ E(H;) for each 1 < i < 3 in this case, this
decomposition of nonequal cutwidth does not hold. Thus, this case is not possible. The
proof is complete. [J
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Lemma 16. With notation in Definition 5, let {Hy, Hy, H3} be a decomposition of nonequal
cutwidth p with p = 2 or 3 of 4-cutwidth graph G with the central cycle C3 = x1xpx3x1. If H; is
p-cutwidth critical for 1 < i < 3, then G is 4-cutwidth critical, where x1, x3, x3 are all cut vertices,
and Cg has at least two vertices (say xy, x3) such that dg(x) > 4 and dg(x3) > 4.

Proof. Let 7 be an optimal labeling of G with 7(x1) < m(x) < 7(x3) and intervals
L =1[1,7n(xq)], b = (rt(x1), m(x3)), I3 = [m(x3),n] with n = |V(G)|, respectively. Then,
G; is embedded in I; with congestion 3, G, is embedded in I, with congestion 4, G3 is
embedded in I3 with congestion 3. Herein, G; and Gj3 are a star K; 3 with center x; or two
stars Kj 3 with an identifying leaf at x; (i = 1,3). Let H; denote G; combining with the
two edges in C3 incident with v;. Then H; € {7y, 3} fori = 1,3. As for G, embedded
in I, with congestion 4, since the central cycle C3 yields congestion 2 in I, we chose G,
as a 2-cutwidth critical tree, namely, a Kj 3, such that either dg(xp) = 3 or dg(x2) = 5.
For this construction, the maximum congestion is 4, i.e., ¢(G) = 4. Furthermore, for any
edgee € E(G), if e € {x1x2, x1x3, x2x3}, then the deletion of e reduces the congestion 2 of
cycle-edge in I, by one. Hence Hy embedded in I, has congestion 3, and so ¢(G —e) < 4.
If e ¢ {x1x2,x1x3,x2x3}, for Case (i) in Proof of Lemma 15, two subcases need to be
considered: (a) G; = Ky 3 withdg(x;) =5foreach1 <i < 3;(b) G; = Ky 3 withdg(x;) =5
fori =1,3,but Gy = C3 with dg(x2) = 4 for i = 1,3. Without loss of generality, we can let
e € E(Gy) with G3 = Kj 3. Since G — e = Kj 3 — e with congestion 1, we can embed G; in
L, Gy —ein (7t(v1), m(v3) — 1) and G3 in [71(v3) — 1,1 — 1], respectively, which results in
¢(G —e) = 3. So does the case of ¢ € E(Gy) (or E(G3)). Likewise, for Cases (ii) and (iii) in
Proof of Lemma 15, ¢(G — e) = 3 for any e € E(G) also. Therefore, G is 4-cutwidth critical.
The lemma holds. [

Lemma 17. With notation in Definition 5, let G be 4-cutwidth critical with the central cycle
Cs = x1xpx3X1, where x1, X3, x3 are all cut vertices in G, and C3 has at most one vertex (say
x1) such that dg(x1) > 4. If {Hy, Hy, H3} is a decomposition of equal cutwidth 3, then H; ( or
H; — x;x} with x} € Ng(x;) N V(G;)) is 3-cutwidth critical for 1 < i < 3.

Proof. We first give Claim 1 below.
Claim 1. There is at least H; (1 < i < 3) such that H; is one of G; U G[{x;x;_1, x;x;,1}] and
G; UG (say G; U G[{xix;_1,xix;1}]) with ¢(H;) = 3, where xg = x3 and x4 = x1.
Let H; = G; or G; + x;x; 1 with ¢(H;) = 3 foreach 1 < i < 3. As the arguments
are similar, we only consider two cases: (a) H; = Gy with dg(x1) > 4, H; = G; + x;x; 41
with dg(x;) = 3 fori = 2,3; (b) H; = G; + x;x;41 with dg(x;) = 3foreach1 < i < 3.
For Case (a), x;x;;1 is a pendent edge of H; for i = 2,3, dy,(x2) = 2 and dy,(x3) = 2.
So, Hy = G; + xpx7 also and ¢(G,) = ¢(G3) = 3 by a series reduction in H, and H3,
respectively. Thus, G — xpx3 = P3 0 (G, G1, G3) which results in that ¢(G — xpx3) = 4 by
Theorem 3, contrary to the criticality of G. For Case (b), dg(x;) = 3 and dpy,(x;) = 2 for
each 1 < i < 3,s0 every c(G;) = c(H;) = 3 by a series reduction in H; and dg, (x;) = 1.
Thus, there is an edge in C3, say x1x3, such that G — x1x3 = Kj3 0 (Gy, G2, G3). Hence
¢(G — x1x3) = 4 by Theorem 2, also a contradiction. Claim 1 holds.
From Claim 1 and assumption, there are nine cases to consider, as follows (see graphs
(a)—(c) in Figure 6 below):
1 Hi=GuU G[{X1X2, X1X3H with dc(xl) >4, Hy = Gy and H3 = Gg3;
(2) H; = GiUG[{x1x2, x1x3}] withd(x;) > 4, Hy = G2 U G[{x2x1, x2x3}] and H3 = G3;
() Hi = GiUG[{xixy, x1x3}] with dg(x1) = 4, Hy = G U G[{x2x1, x2x3}] and H3 =
Gs UG[{x3x1, x3x2}];
(4) Hp = GqUCs with dG(xl) >4, Hy = G and H3 = Gg;
(5) Hp = Gy UC3 with dG(xl) >4, Hy=GyU G[{x2x1,x2x3}] and H;z = Gs;
(6) Hi = GpUC; with dG(xl) > 4, Hh = Gy U G[{szl, XZX3}] and H; =
Gs UG[{x3x1, x3x2}];
7y Hi=GU G[{xlxz,xlx;),}}, Hy = G and Hz = Gg;
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(8) Hj = Gy UG[{x1x2,x1x3}], Hy = G2 U G[{x2x1, x2x3}] and H3 = Gg3;

9) Hi =G UG[{xixp, x1x3}], Ho = GoUG[{x2x1, xpx3}] and H3 = G3 U G[{x3x1, x3x2}],
where dg(x;) = 3 fori = 2,3 in Cases (1)-(6), and dg(x;) = 3 foreach1 < i < 3in
Cases (7)-(9). We consider Case (1) by contradiction. Assuming that there is at least
an edge xy € E(H;) such that ¢(H; — xy) = 3, i.e., H; is not 3-cutwidth critical. There
are three subcases to consider: (i) ¢(Hy — xy) = 3 with xy € E(Hy); (ii) c(H, — xy) = 3
with xy € E(Hy); (iii) ¢(Hs — xy) = 3 with xy € E(H3). For Subcase (i), by assumption
and Definition 3, fori = 2,3, dg(x2) = dg(x3) = 3, G; is 3-cutwidth critical, and ¢((G; —
x'y')UGIE']) < 3for X'y’ € E(G;) and E' C E(C3) with E' # @, so either G; € {1y, 14}
or G; = K, Uts. Thus, if xy € {x1x2,x1x3} (say xy = x1x3), then G — xy is changed to
@y, (H1 — xy, Gy, G3) with cutwidth 4 resulting in ¢(G — xy) = 4; if xy € {x1x2, x1x3}, Le.,
xy € E(Gp) then G — xy — xpx3 is changed to be &y, (H; — xy, Gy, G3) with cutwidth 4
resulting in ¢(G — xy) > ¢(G —xy —xpx3) = 4. Soc(G —xy) =4byc(G—xy) <c(G) =4
again, and contrary to that, G is 4-cutwidth critical. For Subcase (ii), we can conclude
that H; = Kj 5 and either G3 € {11, u} or G; = Ky U 15 with cutwidth 3. By Lemma 1(3),
an optimal labeling f* by the order (V(Hy) — xy), V(Hy + x2x3), V(H3)) of G — xy can
be obtained, and ¢(G — xy, f) = 4, implying ¢(G — xy) < 4. So, ¢(G — xy) = 4 by the
optimality of f*, also a contradiction. The argument of Subcase (iii) is the same as that
of Subcase (ii), omitted here. Thus, for Case (1), G; is 3-cutwidth critical for 1 < i < 3.
Similarly, for Cases (2)—(9), H; is also 3-cutwidth critical for 1 < i < 3. This completes
the proof. O

Lemma 18. With notation in Definition 5, let { Hy, Hp, H3 } be a decomposition of equal cutwidth
3 of graph G with the central cycle C3 = x1x2x3x1, where x1, X, x3 are all cut vertices of G, and
Cs has at most one vertex (say x1) such that dg(xq) > 4, and either {x1xp, x1x3} C E(Hy) or
E(C3) C E(Hy). If H; is 3-cutwidth critical or there are at least a H; = G; = x;x + 15 with
x} € Ng(x;) for 1 < i < 3, then G is 4-cutwidth critical.

Proof. By Lemmas 1(3), we can show ¢(G) = 4. By assumption again, H; € {7, 73} and
dg(x2) = dg(x3) = 3. There are nine cases (1)—(9) listed in Proof of Lemma 17 to consider.
For each case (i) (1 < i <9), via using an argument similar to that of Lemma 16, we can
show ¢(G') < 3 forany G’ € M(G), omitted here. [

Lemma 19. Let G be a 2-connected graph with a central cycle C3 = x1x2x3x1. Then G is 4-cutwidth
critical with a decomposition { Gy, Go, G3} of equal cutwidth 3 if and only if G = Mg (see Figure 2).

Proof. Sufficiency. Since G = Mg, G is 4-cutwidth critical by Lemma 6. Clearly, let
G; = G[{x1,x2,x3,y;}] for 1 <i < 3, then {Gy, Gy, G3} is a decomposition desired because
of G; = 15 foreach 1 < i < 3.

Necessity. In fact, since G is 2-connected with a central cycle C3 = x7xpx3x; and
a decomposition {Gy, G, G3} of equal cutwidth 3, the arbitrary two vertices x; and x; 1
(1 <i < 3)of C3 mustbe in acycle C; (t > 3) and C; # C3, where x4 = x1. That is to say,
by the criticality of G, there must be another vertex y; # x; in G such that y;x; € E(G) and
yixiy1 € E(G) foreach 1 < i < 3. In this case, G = Mg, induced by {x1, x2, x3, 1, Y2, y3}
Hence G = Mg. O

Lemma 20. Assume that G is a 4-cutwidth critical graph with a central cycle C3 = x1xX3x1,
then G has an edge-disjoint decomposition {Gy, Gy, G3,Cs} of equal cutwidth 2 if and only if
G € {M3, My, Ms, Mg, M7} (see Figure 2), where x; is a cut vertex and G; is the connected
component of G — E(C3) leading from x; for 1 <i < 3.

Proof. Sufficiency is obvious in Lemma 6, omitted here.
Necessity: Let 71 be an optimal labeling of G with m(x7) < 7m(xp) < m(x3) and
|[V(G)| =n. Then, the number set S, is divided into three intervals I; = [1,7(x7)],
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I, = (1t(x1), m(x2)) and I3 = [7t(x3),n] and Gy, Gy, G3 are embedded into I3, I, I3 in dif-
ferent manners, respectively. As G, Gy, G3 are all 2-cutwidth graphs and x; is a cut vertex in G
for1 <i < 3, Gy isembedded into I with congestion 2, G, is embedded into I, with congestion
4, and Gj3 is embedded into I3 with congestion 2. By the criticality of G and ¢(K7 3) = ¢(C3) =2,

G; is either a star K; 3 with the 3-degree vertex x; or a cycle C Q) , which is a copy of Cs for
i = 1,3. As for Gy embedded in I, with a congestion of 4, the central cycle C3 leads to a

congestion of 2 in I, so G, must be either a Kj 3 or a copy Céz) of C3 such thatdg(xy) = 3,4
or 5. Thus, G must be one member of { M3, My, Ms, Mg, M7}, each element of which has a
edge-disjoint decomposition { Gy, Gy, G3, C3} of equal cutwidth 2, where G; is either Kj 3 or C3
for1<i<3. O

Theorem 8. For a 4-cutwidth nontree graph G with a central cycle C3 = x1xpx3%1, G is 4-
cutwidth critical if and only if G has one of the following configurations.

(1) G has a decomposition {Hj, Hy, H3} of nonequal cutwidth p with p=2 or 3, each of which
is p-cutwidth critical, where x; is a cut vertex for each 1 < i < 3 and there are at least two
vertices (say Xz, x3) such that dg(xp) > 4 and dg(x3) > 4 (see Ms—My in Figure 2 and
Hllustration in Figure 6d,e);

(2) G has a decomposition {Hy, Hp, H3} of equal cutwidth 3 in which H; or H; — x;x} with
x} € Ng(x;) N V(G;) is 3-cutwidth critical, and at least a H; (say Hy) contains at least two
edges x1xp and x1x3 of C3, where x; is a cut vertex for each 1 < i < 3 and there is at most a
vertex (say x3) such that dg(x3) > 4 (see Illustration in Figure 6a—c);

(3) G is 2-connected and G = Mg (see Figure 2) with a decomposition {Hy, Hy, H3} of equal
cutwidth 3 in which H; = G[{x1,x2,x3,y;}] = w5 for1 <i < 3;

(4) G € {Ms, My, Ms, Mg, M7} with an edge-disjoint decomposition {G1, Gy, G3,C3} of equal
cutwidth 2, in which G; is either Ky 3 or a copy C} of C3 for 1 < i < 3 (see Mz—My
in Figure 2).

X3 X3
‘ ‘ a@
(a)

G3=K1,3 or Cé G3 K13 or C3
X1
X2 X3
(d)

Figure 6. Illustrations of Theorem 8.

In Figure 6a—c, fori = 1,2,3, G; = 1,13, Ts + x;x; with x] € V(15) or G; + x;x;_1 +
XiXi+1 = T2, T3 with xg = x3, but in Figure 6c, there is at least a G;, say G3, such that
G3 + x3x1 + x3x2 = T or 13. In Figure 6d,e, if G; = K1’3 then dG(xl) = 3,ie., xjisa
pendant vertex of Kj 3 in this case, C} is a copy of C.

4.2. Graphs with a Central Cycle of Length Four

For a graph G with a central cycle C4 = x1x2x3x4x7 with length 4, suppose that

G; (1 < i < 4) is the ith connected component leading from x; of G — E(Cy), ¢(Gy) >
c(Gy) > ¢(Gy) > ¢(G3) and dg(x1) > 4, and G — E(Cy) has no G;, such that ¢(G;) = 3 but
¢(G/U{xixi_1, x;xi11}) = 3 for any proper subgraph G/ C G;. Let G; = G; when¢(G;) =3
or G; UG[E'| with E' C E(C4) and E’ # @ when ¢(G1) < 3, Gy = Go UG3 U (Cq — x1x4 +
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{x1x}, x1x]}) and G4 = G4 U G3 U (Cy — x1x0 + {x1x], x1x]'}) for x{,x] € V(Gy) with
x] # x}, where x1, x2, x3, x4 are all cut vertices in G, and there is at least a vertex between
xp and x4 (say x4) such that dg(xp) > 4. Then, we have the following:

Lemma 21. For a graph G with the central cycle Cy = x1xpx3x4x1, if {G1, G, G4} is a decom-
position of equal cutwidth 3 of G and G; is 3-cutwidth critical for each i € {1,2,4}, then G is
4-cutwidth critical (see Illustrations in Figure 7).

Proof. By assumption, dg(xz) = dg(x3) = 3, and since G; is 3-cutwidth critical for i €
{1,2,4}, G1 € {T1,T3,T4,T5}, Gz = T with Gz = K1,3 and G4 = T with G2 = K1,3 or
73 with G3 = Cj3 resulting in G3 = K. Suppose that 7 : V(G) — S is a labeling of G
with 71(x1) < 7(x2) < 7(x3) < 7(xy4), then S, is partitioned into three intervals I; =
[1,7t(x1)], b = (7(x2), w(x4)] and I3 = (71(x4), n]. Now, we embed G; in I; with congestion
3, Go — {x1x], x1x] } in I, and connect x; x4 with congestion 4, G4 — x4 in I3 with congestion 2.
Thus, ¢(G, 1) = 4, implying ¢(G) < 4. On the other hand, c¢(G) > 4. Hence ¢(G) = 4.

The remaining is to show ¢(G —e) < 4 for any e € E(G). There are three cases to
consider: (1) e € E(Gy); (2) e € E(Cy); (3) e is a pendant edge of G; for i = 2,3,4. For
Case (1), ¢(G1 —e) < 2. Since dg(x2) = 3, by Lemma 1(3), if e = v1v; is a pendant edge
of Gy with dg(v;) = 1, then we can find an optimal labeling 7’ : V(G —vy) — S,-1
with ¢(G — vy, ') = 3, under which G, — x; is embedded in interval [1, min{7(v) : v €
V(Gy —v2)}) with congestion 3. If e € E(C3) (note that G; = 14 or Ts in this subcase), then we
can find an optimal labeling 77"’ : V(G —¢) — S, with¢(G —e, ©”") = 3, under which G, — x
is embedded in interval [1, min{7(v) : v € V(Gy)}] with congestion 3. So ¢(G —e¢) = 3.
Similarly, for Cases (2) and (3), ¢(G — e) = 3 also. Hence, G is 4-cutwidth critical. [

Lemma 22. Let G be a 4-cutwidth critical graph with the central cycle Cy = x1xpx3x4x1. If
G has a decomposition {Gy, Gy, G4} of equal cutwidth 3, then G; is 3-cutwidth critical for each
i € {1,2,4} (see lllustrations in Figure 7).

Proof. By contradiction, suppose that there is at least a G; (say G) such that G; is not 3-
cutwidth critical, then there exists an edge e € E(G;) such that ¢(G, — e) = 3 also. Two cases
need to be considered: (1) e = vv’ is a pendant edge with dg(v') = 1in Gy; (2) e € E(C') if
G, contains a cycle C’ which does not equal the central cycle Cy. Using an argument similar
to that of Lemma 21, for Case (1), we can find a labeling 77 : V(G —v') — S,_1 with
c(G — ') = 4, thereby contradicting that G is 4-cutwidth critical. Furthermore, likewise, for
Case (2), we can find a labeling 77 : V(G —¢) — S, with ¢(G — e) = 4, also contradicting
that G is 4-cutwidth critical. Similarly, if e € E(G;) for i = 1 or 4 then we can also find
a contradiction to the assertion that G is 4-cutwidth critical. Therefore, G; is 3-cutwidth
critical for each i € {1,2,4}. O

From Lemmas 21 and 22, the structure of a 4-cutwidth critical graph G with a central
cycle C4 = x1x2x3x4X1 can be obtained below.

Theorem 9. Assume that G is a 4-cutwidth graph with a central cycle Cq = x1x2Xx3X4x1, and x;

is a cut vertex for 1 < i < 4, then G is 4-cutwidth critical if and only if G has a decomposition

{Gy, Gy, G4} of equal cutwidth 3, each of which is 3-cutwidth critical, where Gy, Gy, Gy are one of

the following:

(1) Gy = Ky 5 with the central vertex x1 of dg(x1) = 5 or s with dg(x1) = 4, and G, and Gy are
both in {1y, 13}, but G, and Gy do not equal T3 simultaneously (see lllustration in Figure 7a);

(2) Gy is homeomorphic to T3 with the central vertex x1 of dg(x1) = 4 and Cy C Gy, Gy and Gy
are both in {1y, 13 }. Gy, Gy are not necessarily different (see Illustration in Figure 7b).
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K1,3 or C3
K1,3 or C3 X4 X3 X4 X3
X1 X2 X1 2
K1,3 or Ts K1,3 or C3 Kl 3 or CS

(a) (b)
Figure 7. Illustrations of Theorem 9.

4.3. Graphs with a Central Cycle of Length at Least Five

Suppose that G is a graph with the central cycle C5 = xxx3x4x5%1, and for 1 <

i <5, G — E(Cs) has no component G; leading from x;, such that ¢(G;) = 3, but ¢(G; U

{xixj_1,xix;41}) = 3 for any proper subgraph G; C G;, Cs has at most two x/s with

dg(x;) > 4, where xg = x5, X = x1. Let one of the following hold:

1 G =G UG UGsU (Cs — x3x4), G; = G, or G; + x3xy4 if c(G;) =3or G;+xix;_1 +
XXy if C(G,‘) < 3fori = 3,4 with dG(X3) = dG(X4) =3;

(2) G_l =GIUGUGsU (C5 — X3.’)C4), G_3 =Gz U (C5 — X1X5 + XQ.’)CIZ + x4xf1), G4 =Gy U
(C5 — x1x2 + x3x% + x5x5) with dg(x3) = dg(xg) = 4and ¢(G3) = ¢(Gy) = 2, x} €
Ng(x;) N V(G; —x;) for2 <i <5

(3) Gj is homeomorphic to subgraph (Gy + x1x2 + x1x5) U G, U Gs, G3 = G3 U (C5 —
x1X5 + X% + x4%} ), G4 = G4 U (Cs5 — x1x0 + x3x% + x5x5) with ¢(G3) = ¢(Gy) = 2,
where Cs has at most two 4-degree vertices (say, x; and x4) which are nonadjacent.

Then, we have the following:

Lemma 23. For a graph G with the central cycle Cs = x1x2x3x4x5x1, if G is 4-cutwidth critical
and {Gy, G3, G4} is a subgraph decomposition of equal cutwidth 3 of G, then G; (or G; — x;) is
3-cutwidth critical for i € {1,3,4} (see Illustrations in Figure 8).

Proof. By contradiction, we first consider Case (1) above. Suppose that there exists some G;,
say Gi first, such that G; is not 3-cutwidth critical. There are two subcases to consider: (i) G
contains no cycle; (ii) G; contains at least a cycle. For (i), G; has at least a pendant vertex
v such that ¢(Gy; — v) = 3. By dg(x3) = dg(x4) = 3, let x3x}, x4x be cut edges in G with
x5 € V(G —x3) N Ng(x3) and x) € V(Gg —x4) N NG (x4). Thendg_,(x3) = dg_o(x4) =3,
and x3x%, x4x} are both cut edges in G — v clearly. So, by Lemma 1(3), G — v has an optimal
labeling 7t such that the vertices in each of V(G3 — x3), V(G; — v + x3x4) and V(G4 — x4)
are labeled consecutively. Without loss of generality, let max{7(v) : v € V(G3 —x3)} <
min{7t(v) : v € V(G; — v+ x3x4) } and max{7t(v) : v € V(G; — v+ x3x4) } < min{7n(v) :
v € V(Gg — x4)}. Then ¢(G — v, 1) = ¢(Gy —v) + 1 = 4. Since 7t is optimal, ¢(G — v) =
c(G — v, ) = 4, contradicting that G is 4-cutwidth critical. For (ii), two subcases need
to be considered: (a) G; has at least a pendant vertex v such that ¢(G; — v) = 3; (b) G;
has at least a non-pendant edge e such that ¢(G; — e) = 3. Subcase (a) is the same as
case (i), omitted here; For subcase (b), using a similar method to that of case (i), we can
show ¢(G — e) = 4, also a contradiction. Now, we consider G3 or G4, and without loss
of generality; let c(G3 — x3x5) = ¢(G3 — x3x3) = 3 with x§ € Ng(x3) N V(Gs — x3) and
G4 = Gy + x4x3 + X4X5. Assume that there is an edge e such that ¢(G3 — x3x5 —e) =3, 1ie,
Gz — x3x4 — e is not 3-cutwidth critical. Similar to Case (i), dg_.(x3) = dg_.(x4) = 3, and
x3x%, x4xy are both cut edges in G — e. By Lemma 1(3), G — ¢ has an optimal labeling 7’
such that the vertices in each of V(Gy + x3x4), V(G3 — x3 — ¢) and V(G4 — x4) are labeled
consecutively with max{7'(v) : v € V(Gy + x3x4)} < min{7'(v) : v € V(G3 —x3 —e)}
and max{7'(v) : v € V(G3 —x3 —e)} < min{7t'(v) : v € V(Gg — x4)}. Thus ¢(G —
e) =c(G—e ') = c(Gs — x3x5 —e) + 1 = 4, contradicting that G is 4-cutwidth critical.
Likewise, let G3 and G4 be one of the followings, and one of {G3, G4} be not 3-cutwidth
critical: (A1) each G; = G; with ¢(G; — x;x!) = ¢(G; — x;x}) = 3 fori = 3,4

(A2) each G; = G; + xjx;_1 + x;x;,1 with ¢(G;) < 3 fori = 3,4;
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(A3) G3 = Gz with ¢(G3) = 3butc(Gs — x3x5) < 3, G4 = Gy + x4x3 + x4x5 with ¢(Gy) < 3;
(A4) Gg = Gz with C(G3) =3, G4 = G4 with C(G4) = 3 but C(G4 - X4XA,1) < 3.
Then we can also obtain a contradiction to the assertion that G is 4-cutwidth critical. Hence,
each G; (or G; — x;) is 3-cutwidth critical.

Similarly, for Cases (2) and (3) above, G; (or G; — x;) is also 3-cutwidth critical for
i € {1,3,4}. This completes the proof. []

Lemma 24. For a 4-cutwidth graph G with the central cycle Cs = x1xx3%4x5%x1, if {Gy, G3, G4 }
is a decomposition of equal cutwidth 3 of G, G; (or G; — x;) is 3-cutwidth critical for i € {1,3,4},
then G is 4-cutwidth critical.

Proof. Three cases similar to those of Lemma 23 need to be considered. We first consider
Case (1) by contradiction. Suppose that G is not 4-cutwidth critical, i.e., there exists a pendant
vertex v (or a non-pendant edge ¢) such that ¢(G —v) = 4 (or ¢(G —¢) = 4). There are
three subcases to consider: (i) v € V(Gy) (ore € E(Gy)); (ii) v € V(Gy) (or e € E(Gy));
(iii) v € V(G3) (or e € E(G3)). For Case (i), by assumption, ¢(G; —v) < 3 (or ¢(Gy —e) < 3).
Since dg(x3) = dg(x4) = 3, using a similar method to that of Lemma 22, we can verify that
c(G—v) <4(orc(G—e) < 4)contrary to c(G —v) =4 (or c(G —e) = 4). So, G is 4-cutwidth
critical. Likewise, for Subcases (ii) and (iii), G is 4-cutwidth critical also.

Similarly, for Cases (2) and (3), G is 4-cutwidth critical also. This proof is completed. [

From Lemmas 23 and 24:

Theorem 10. Assume that G is a 4-cutwidth graph with a central cycle C4 = x1X2X3X4X5x1, and

x; is a cut vertex for 1 <i <5, then G is 4-cutwidth critical if and only if G has a decomposition

{G1,G3,Gs} (or {GLG; + X3Xy, Gs}, {G1,G3, Gy + x4x3}, {G1, G + x3x4, Gy + x4%3}) of

equal cutwidth 3, where Gy, G3, G4 are one of the following:

(1) Gy € {1, 13} with the central vertex x; of degree three or four, fori = 3,4, G; (or G; — x;)
isoneof {7; : 1 < i <5} and x; satisfies: (i) dg(x;) = 3, (ii) x; is not the central vertex of
G, when G; € {11, T, 13}, and (iii) x;x;_1,X;x; 11 are the pendant edges of G; when G; is T
or 13 (see Illustration in Figure 8a);

(2) Gy is homeomorphic to T, with the central vertex x1 of degree three, for i = 3,4, G; is
homeomorphic to T, or 13 with G; € {Ky3,C3}, where Gz, G4 are not necessarily different
(see Illustration in Figure 8b);

(3) Gy is homeomorphic to T3 with the central vertex xy of degree four, for i = 3,4, G; is
homeomorphic to Ty or 13 with G; € {Ky3,C3}, but if G = Cs, then G4 # Cs and vice
versa (see [llustration in Figure 8b).

G1€{K13,Cs} Q G1€{K13,C3} Q
X2 X5

X2

Gs Gy G3€{K13,C3} G4€{K13,C3}
(a) (b)

Figure 8. Illustrations of Theorem 10.
In Figure 8a, G; is either G; which is 7y or 14 or 75 + x;x, with x] € V(1) or G; +

xiXj_1 + X;xjy1 which is in {1, 73} for i = 3,4; Additionally, if G; = Kj 3 then G3, G4 can
be 3-cycle C3 simultaneously.

Lemma 25. For a graph G with a central cycle Cq = x1X0X3X4X5x6X1, G is 4-cutwidth critical if
and only if G € { Mg, M9, My} in Figure 9.
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x X X
X2 ! 6 X5 X2 M 6 X5 X1 6 X4
X371 X4 ) X5 X3
Mg M

Figure 9. Three 4-cutwidth critical graphs with a Cs.

Proof. Sufficiency. For any G € {M;jg, M9, My}, G can be easily shown to be 4-cutwidth
critical by proving two conclusions: (1) ¢(G) = 4; (2) ¢(G') = 3 for any G’ € M(G),
omitted here.

Necessity. Let G be a 4-cutwidth critical graph with the central cycle Cy = x1x2x3x4%
5X6X1.-

Observation. For any 18 < i < 20, M; has a decomposition {Gy, G3, G5} of equal
cutwidth 3, where G; = H;_1 UH; U H;,1 = T or 13 with H; = G; + x;x;_1 + x;x;4 for
l e {1,3,5}, Hy = Hg and Hy = Hj.

By observation, suppose by contradiction that G ¢ {Mig, M19, My}, then two cases
need to be considered as follows.

Case 1. G has a decomposition {Gy, G3, Gs} of equal cutwidth 3, but there is at least an
element in {Gy, G3, G5}, say G3(= Hp U H3 U Hy), such that Gz does not equal 1 (or 73). In
this case, G — E(C,) has at least a connected component G; leading from x;, say G3, such
that Gz D Kj 3 (or K3); this is because the connected component leading from x3 in Mg
is Ky 3 (or in any of {Mjg9, My} is K3. Without loss of generality, let G3 be a minimum
graph such that Ky 3 C G3 (or K3 C G3), i.e., |[E(G3) \ E(Ky3)| =1 (or |[E(G3) \ E(K3)| = 1).
Then, by direct computations, ¢(G) = 4 and ¢(G3) = 3, but G is not 4-cutwidth critical.
Similarly, if G, # K, or G4 # K3 in Gz then G is not 4-cutwidth critical also. So this case is
not possible.

Case 2. G has not a decomposition {Gy, G3, G5} of equal cutwidth 3. In this case, there are
at least an element in {Gy, G3, G5}, say G, such that ¢(Gy) is either at most 2 or at least 4,
i.e., either ¢(Gy) < 2 or ¢(Gy) > 4. Since G is 4-cutwidth critical, the subcase of ¢(Gy) > 4
is impossible. For the subcase of ¢(Gy) < 2, we claim that G; must be a path P, with length
2 in which either dg, (x2) = 1 or dg, (x2) = 2. By direct computations, we can easily show
that ¢(G) = 3, contrary to ¢(G) = 4. Therefore, this case is also impossible. The proof
is complete. O

By Lemma 25, we have

Theorem 11. Let G be a 4-cutwidth graph with a central cycle Co = x1X2x3x4X5%6x1. Then G is
4-cutwidth critical if and only if G is one of { M1s, M9, Mpo} in Figure 9, which has a subgraph
decomposition {Gy, Gs, Gs} of equal cutwidth 3, in which G; = T, or T3 with central vertex x; for
i € {1,3,5} and there is at least a G;, such that G;, = T, with iy € {1,3,5}.

5. 4-Cutwidth Critical Graphs without a Central Vertex and Central Cycle

We now consider the 4-cutwidth critical graphs with neither a central vertex nor a
central cycle (see five graphs Mj;—Mp>s in Figure 10).

My My, Mps My M>s

Figure 10. 4-cutwidth critical graphs without a central vertex and central cycle.

Theorem 12. A graph G is 4-cutwidth critical with neither a central vertex nor a central cycle if
and only if G € {Mp1, My, Mp3, Moy, Mps }.
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Proof. Sufficiency. For any G € {My1, My, Mp3, Moy, Mps}, G is needed to show
(1) ¢(G) = 4 (2) ¢(G") = 3 for any G’ € M(G). These can be done easily, omit-
ted here. On the other hand, we can see that G has neither the central vertex nor the
central cycle.

Necessity. Suppose that G is a 4-cutwidth critical graph without central vertex and
central cycle, then G has at least two cycles Cs, sharing a common edge. This is because
otherwise, G can be thought of as having either a central vertex or a central cycle. So,
we have the following;:

Claim 2. 75 in Figure 1 is an edge-induced proper subgraph with cutwidth 3 of G.

By Claim 2, we have
Claim 3. Suppose that H is a 1-connected and minimum 3-cutwidth graph with 75 C H,
dy(x1) < 4and dy(x3) < 4, in which dg(x;) is maximum for each x; € V(15), then H is
graph (a) in Figure 11.

Claim 4. Suppose that H is a 2-connected and minimum noncritical 3-cutwidth graph with
75 C H, then H is graph (b) in Figure 11.

X1
X4
X2 X3

X3

(@) ®)

Figure 11. Two 3-cutwidth graphs containing Ts.

By Claims 3 and 4 and the minimality of G, if G is 1-connected, then G must be one of
{Mp3, M4, M5} by direct computations and comparisons. Now, we consider the case that
G is 2-connected. Since 4-cutwidth critical graph Mg can be thought of as having a central
cycle C3, we can exclude Mg here. Thus, by direct computations and comparisons, G must
be one member of {M2], Mzz}. SO, G e {le, Mzz, M23, M24, M25}. ]

6. Concluding Remarks

In this paper, we have completely characterized the structural properties of 4-cutwidth
critical graphs, from which we can see that except for a handful of irregular critical graphs
Mp1—Mps in Figure 10, the other 4-cutwidth critical graphs can be classified into two
classes: graph class with a central vertex vy, and graph class with a central cycle C; of
length g < 6. By means of some ingenious combination, any member of two classes
can achieve a subgraph decomposition {H;, Hy, H3} (or {Gy, G, G3}), in which H; (or
G;) is either a 2-cutwith graph or a 3-cutwidth graph for each 1 < i < 3, or a sub-
graph decomposition {Hj, Hp, H3, Hy} of equal cutwidth 2. For a given integer k > 4,
although it seems difficult to characterize the detailed structures of k-cutwidth critical
graphs, some structural properties of some special graph classes can be found. For instance,
using [11], any k-cutwidth critical tree with a central vertex vy has a subtree decomposition
{Ty, Tp, T3} of equal cutwidth k — 1, where, for 1 <i < 3, T; (or T; — vp) is either a (k — 1)-
cutwidth critical tree or homeomorphic to a (k — 1)-cutwidth critical tree. Similarly, a
k-cutwidth critical non-tree graph G = @,(G1, Gz, G3) also has a subgraph decomposition
{G1, Gy, G3} of equal cutwidth k — 1, and Gy, Gy, G3 are all (k — 1)-cutwidth critical. In the
k-cutwidth critical graphs G with a central cycle C; of length g > 3, the structural properties
are not yet known. Additionally, for a fixed integer kg > 4, finding all the ko-cutwidth
critical graph Gs with neither a central vertex nor a central cycle is also a difficult task. All
of these are the further objectives to investigate in future works.
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