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Abstract: For a vertex and edge weighted (VEW) graph G with a vertex weight function f¢ let
Was(G) = Euujevic[efo(w) x fa(o) + B(fa(u) + fa(2))lda(u,0) where, a,f € R and dg (u,0)
denotes the distance, the minimum sum of edge weights across all the paths connecting u,v € V(G).
Assume T is a VEW tree, and e € E(T) fails. If we reconnect the two components of T — e with
new edge € # e such that, W, g <T€\e =T—e+ (—:) is minimum, then € is called a best switch (BS) of
e wW.r.t. W,x,ﬁ. We define three notions: convexity, discrete derivative, and discrete integral for the
VEW graphs. As an application of the notions, we solve some BS problems for positively VEW trees.
For example, assume T is an n-vertex VEW tree. Then, for the inputse € E(T) and w,a, 8 € RT,
wereturn €, T, and W, g (TE\E) with the worst average time of O(logn) and the best time of O(1)
where € is a BS of e w.r.t. W, g and the weight of € is w.

Keywords: discrete derivative; discrete integral; best switch; convex graph; weighted total distance;
weighted tree

MSC: 05C12; 05C22; 68Q25; 05C05; 68W05

1. Introduction and Notations

Unlike Euclidean space, which is equipped with coordinate systems, we cannot stay at
a network node and visualize where we are and how to achieve our goal. On the other hand,
analyzing a network using local information can lower the cost of tasks [1-6]. Preprocessing
may help to establish a network coordinate for local tasks and reach the destination step
by step.

This paper defines discrete derivative, discrete integral, and convexity notions for
vertex and edge-weighted graphs, which will help with local tasks. To do that, we choose
the common definition of distance for edge-weighted graphs in the literature, which can
be generalized or modified to satisfy metric properties. Applying the notions above, we
design and solve some tree-related problems.

Unless otherwise stated, we assume a graph is weighted (vertices and edges) and
connected without loops or multiple edges. Then, by saying that a graph G is (fg, wg)-
weighted, the vertex weight function is f; and the edge weight function is wg. The
weight of a path Pg(v1,v,) = v102...0,in G is Z?;ll we(v;vi1). And dg(u, v) denotes the
distance between u,v € V(G), that is, the weight of the minimum weight paths across all
the paths connecting u and v. Note that the distance of a vertex with itself is zero, and the
distance between two vertices is infinite if they are not connected with a path. By saying
a graph is positively weighted, we mean both vertex and edge weights are positive. We
define the following numerical invariant for a (fg, wg)-weighted graph G,

Was(G) =Y, ycv(c) [@fc () x fo(0) + B(fo(u) + fo(v))ldc(u,v), B ER.
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And for A, BC V(G),and v € V(G), we define

fe(A) =Y fo(x), og(v) = Y, dg(v,x), he(v) = Y. fe(x)dg(v,x),

xeA xeV(G) xeV(G)

dG(A,B) = Z Z dc(ll,b).

a€AbeB
And for the given subgraphs H and K of G, let:
do(H,K)= ), ) dg(uv), fo(H) =} fol(a).
ueV(H)veV(K) acV(H)

Definition 1. For a tree T and uv € E(T), T — {uv} has two components. We name the
components TY and T withu € V(TY) and v € V(T}) . As an extension for the later notation to
subtrees, if xy € V(T?), [TY] % and [TY]  denotes the components of Ty — {xy} and so on. Also,
set nr(Ty) = [V(Ty)) | and nr(Ty) = |V(Ty)|-

By Definition 1 V(T) = V(TY) U V(T¥) and nr(TY) + nr(T}) = |V(T)|. We remind
the reader that N (x) denotes a vertex x’s neighbors.

Using the above notation for a tree T let, Ny = {(nT(Tfj),nT(Tg’))}weE(T) and
Fr = {(fr(Ti)), fr(T)) }yoer(r)- For more detail nr(T;/) and ny(Ty) are the number of
vertices in TY and T}, respectively. And fr(T7) and fr(T¥) are the total weight of vertices
in T and T}, respectively.

For ease and based on the definition of Wa,ﬁ, we define two more distance-based
numerical graph invariants for a (fg, wg)-weighted graph G as follows:

Wi (G) = Z{u,v}gV(G) [fo(u) x fo(v)ldg(u,v),

Wi (G) = Z{ll,v}gv((;) [fe(u) + fo(v)ldc(u,v).

Indeed, WL()(G) = Wy (G), W(),l(G> = W+(G) and th,ﬁ(G) =aWx(G) + ﬁW+(G)
Using the notations, the coordinate of T is shown and defined with

Qr = {Fr, N1, W (T), W (T)}

Assume T is a (fr, wr)-weighted tree and e € E(T). If e fails (removed from the edge
set), then we have T — e that has two components. If we reconnect the two components of
T — e with an edge, €, we have T + € — e. For ease, we will denote T +- € — e by T\ .. Thene

is called a switch of e and the tree T\, is called a switch. Moreover, if e 7 € and W, g (Te\g)

is minimum, € is called a best switch (BS) of e w.r.t. W, g. Note that Te\oisatree, e € E(T),
and € € E(T°).

Now suppose T is an n-vertex and positively weighted tree with coordinate Q7. We
are interested in solving the following problem. Get T, Qr, ¢ € E(T) and w,a, g € R=?

and return T\ ,, Qr,. € and W, g (Te\e> ,where e isa BS of e w.r.t. Wy g and w = wr,,, (€).

(by w,a,B € R0 we meanw > 0, a + B >0,a >0,and B > 0). We solve the problem
with the worst average time of O(log ) and the best average time of O(1). Clearly, using
the output of the problem, if we solve the problem with some complexities, we can keep

getting e; and w; 1, a; 1, Bi+1 € RZ? and solve the problem on ((Tel\el) with

e\e "’ ')e,- e;
the same complexities on T, i > 1. Changing edge weights within the positive ral\nge are
also supported in O(1)-time per change to update the coordinates Qr, . atany meaningful
stage. The mentioned problem is the primary example that will solve in the application
section as an application of our tools in the following section. The problem can be seen
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as a generalization of [7-9] that has found some applications [6,10-12]. For some relevant
optimization problems over spanning trees, see [13-19]. This paper uses extensive notation
for more precise interaction, which may take some time to get used to. But our solutions
are natural, utilizing some calculus intuition behind the notations.

We might be able to partially compare our solution for the above problem with top
tree methods [7-9] (see the final section). Generalizing the top tree method solves the
problem above for some specified edges and fixed «, f with the same average complexity
as our solution. However, by changing «, 8, in the top tree method, one needs to repeat the
preprocessing, which is expensive. We also compare our method to the swap edge problem
of spanning trees [20,21], which requires a conversion. See the last section for more details.

As the main topics of this paper, we have the following sections. We will define some
concepts and achieve some results. Applying the results, we find an efficient solution for
BS of positively weighted trees mentioned above. Our method is general, and we have
applied it to other problems [22].

2. Discrete Derivative and Integral

Discrete derivative, discrete integral, and convexity are three intuitive concepts for
weighted graphs that we define in this section. We have some results and general examples
specifically for trees.

Definition 2. Suppose G is a (fg, wg)-weighted graph. The discrete derivative of a vertex
a € V(G) toward x € N¢(v) is defined and denoted as follows:

fe(x)~fc(a)

f& (a_}c) = { G (x0) dg(x,a) # 0, 1)
fo(x) = fe(a) dg(x,a) =0.

We say f(. is consistent if dg(x,a) = 0 results in f[- (ﬂc) =0,ax € E(G).

Using Figure 1 as graph G, f(’;(a_a)c) = 53 = % where dg(x,a) = 3. And

£t (xa

Figure 1. A vertex and edge-weighted graph on 5 vertices.

Lemma 1. Assume f1 and f, are two vertex weight functions for a graph. If f = af1 + pfa, then
f' = af] + Bfs, where o, p € R. Moreover, if fi an f, are consistent, then f also is.

A path, v1vy ... vy, is called fg-decreasing if it is a path and

fo(viv1) < fo(vi), 0<i<n.

An increasing path is defined in the same sense. Clearly, if v1v; ... v, isa fg-decreasing
path and edge weights are positive, then f/. (vi£+l) <0,0<i<n.

Definition 3. Suppose G is a (fg, wg)-weighted graph. Then, v € V(G) is called fg-Root or
fc-Roof of G if fg(v) is minimum or maximum, respectively. Let A C V(G) is the set of fg-Roots
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(fG-Roofs) of G. Then we say G is fg-convex (concave) if and only if for every v € V(G) there is a
decreasing (increasing) path from v to some a € A.

Whenever there is no confusion, we may use Root instead of, f;-Roots, etc. Using the
above image, the vertex with weight 0 is a Root, and the vertex with weight 4 is a Roof in
the depicted graph.

To employ discrete derivatives as a tool, we first create some induced weight functions
using the current weight of the graph for the vertices of an (fg, wg)-weighted graph, G.
The first one is as follows:

og:V(G) =R S.t. = Y dg(vx), veV(G)
xeV(G)

Let T be a (o7, wr)-weighted tree (the vertex-weight function is, o). If ax € E(T) and
- .
we(ax) = 0, then o7, (ax) = 0, otherwise:

G R e e e e T
Because
or(x) —or(a) = w(ax)[nr(Ty) — nr(Ty)]. ®)

Another vertex-weight function for G is induced using the primary weight functions
as follows:

hg : V(G) —-R S.t. E fG dG Z) x) v e G.
xEV(G)

To help with the computation of /s for a (ht, wr)-weighted tree T, leta € V(T) and
xbeana’s neighbor. Thus,

hr(a) = Z fr(v)dr(a,v) + Z fr(v)[dr(x,0) +w(ax)],

veV(TY) veV(TY)
he(x)= Y. fr(o)[dr(a,0) +w(x)+ Y fr(v)dr(x,0). 4)
veV(TY) veV(T?)

Using the above equations, h(x) — hr(a) = w(ax)[fr(TY) — fr(T?)]. Therefore, if
wr(ax) = 0, then K’y (oﬁc) = 0, otherwise:

h%(ﬂc) _ hT(;T)(;,ig(a) _ w(”x)[fTZ(l};il)_ fr(Ty)] = fr(TY) = fr(T9). (5)

Using Equations (3) and (4), iy and o7 are consistent for any tree T.

Let Ny = {(nT(T ) nT( ))}uUGE (T) and Fr = {(fT(TZt})/ fT(T;l))}llUEE(T) . Using
Equations (2) and (5), Fr, and N7, one can compute ¢/ and h/, easily. If fr(v) = 1 for every
v € V(T), then (fr(TY), fr(TY)) = ((np(TY), nt(TY)) for every uv € E(T). The following
algorithm extracts Fr for a tree T, starts with the edges adjacent to a leaf and then deletes
the leaves at each step until the edge set is empty. It is linear regarding the number of
vertices and uses the fact that for every uv € E(T) (Algorithm 1):

Fr(T9) + fr(T8) = Fr(T), fr(TE) = Fr(0) + Lrenn oy fr(T0)-
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Algorithm 1 Computing Fr or Nt

Input: Adjacency list of an n-vertex, nontrivial (fr, wr)-weighted tree T and f7(T)
Output: Fr = {(fr(T3), fr(T3)) buver(r)
Initiate with S = {a € V(T) |deg(a) = 1}
while (E(T) # ¢)
Leaves < S
S=¢
for v € leaves
u < N(v)
(fr(Ti), fr(T3)) <« (fr(T) = fr(v), fr(v))
fru)+ = fr(v)
if deg(u) — 1 = 1. #Will be a leaf
S=SU{u}
T =T — {v} #Remove v from adj list

Corollary 1. For an n-vertex tree T, the sets, Nt and, Fr can be computed in O(n).

Corollary 2. Let T be a (fr, wr)-weighted tree with n vertices and gt = aor + Bhr for some,
a, B € R. One can compute and sort {g’T (Bc) ‘ X € NT(a)}for all a € V(G) with the time

complexity of O (ZUGV(T) deg(v)logdeg(v)) , that is on average O(n).
The following result gives us an important fact about the weighted trees.

Lemma 2. Suppose P = v1v,...v,, n > 2,is a path in a ( fr, wr)-weighted tree T. If wr > 0
and o, (UTZJQ) >0, then vy ... vy, is, or-increasing. If fr > 0, wr > 0, and h'y (vl_@) > 0, then
V) ...0u41 I8, hr-increasing. If g7 = aor + Bhr, (for a, B € R, a + B #0) fr > 0, wr >0,
and g’ (Urvz) >0, then vy ... vy is, gr-increasing.

Proof. Assume T is a (fr, wr)-weighted tree and xyz is a path in T. Without loss of
generality, we can prove the lemma for xyz. We know that V(T7) U V(T}) = V(T) and
V(TY)NV(TY) = @ for any uv € E(T). Thus, for some A C V(T),

V(Tyz) = V(T,V;) U{yua, ©)
And
v(r;f) - V(T;) — [y} — A. @)
Therefore,
V(T%) c V(Tj) and V(T;) > V(sz) )

We use Equations (2) and (5) for computing 07 and h/.. Then by the assumption

— —
or(xy) =nr T{) — nr(TF) > 0. Thus by Equation (8) or(yz) =np(T; ) —nr V) > 0.

(5) (1) () =0 () =ne() (1)

Since wr > 0, w(yz)oy (yz) > 0. That is, o7(z) > or(y) which completes the proof for
o7 case. Similarly, assume h’, (x?) = fT(Tz ) - fr (T;) > 0. If fr > 0, by Equation (8)
i (v2) = fr(Tg) = fr(T) > 0. 16, in addition wr > 0, then w(yz)I(yz) > 0. Thus, by
Definition 2, h(z) > hr(y). That completes the proof for kit case. The proof for the g case
is like 1/ case. This completes the proof. [J

Using Lemma 2, we attained the following result regarding the convexity of a tree.

Theorem 1. Any positively edge-weighted tree is o-convex, and any positively weighted tree is
(xo + Bh)-convex, for a, p € R=0.
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Proof. Let us have a positively edge-weighted tree with at least three vertices. Assume
a vertex, vy, is not a o-Root and v1v; ... v, is the shortest possible path (in terms of the
number of edges) between v; and a o-Root, v,. Assume toward a contradiction that
V107 ...y is not decreasing. Thus, suppose v;v; 1 is the first edge from v; toward vy,
such that 0(v;) < 0(v;41). Since the edge weights are positive, ¢’ (vivjurl) > 0. Then,
by Lemma 2, the path v;10;15...vy is increasing. Thatis, o(v;) < o(v,) and i < n. If
o(v;) = o(vn), v; also is a o-Root and v19; ... v; is shorter than v1v; ... v, while having
the same specification, which is a contradiction with v1v; ... v, being the shortest. And
if, o(v;) < o(vy), contradicts with, v, being a o-Root. Therefore, v1v; . .. v, is decreasing.
Since v; was arbitrary, the tree is o-convex. For the proof of ao + Bh case, use the same
strategy as for o, along with the positivity of the vertices” weight. [

Corollary 3. Assume that ¢ = ao + Bh, a, p € RZ0, a+ B # 0. Then, a positively weighted
tree has at most two g-Roots. If x and y are two g-Roots of a tree, then they are adjacent, and

g (x?) =g (ﬁ) = 0. Moreover, if c is a tree’s g-Root and v is a non-Root neighbor of c, then
14 (c—z;) > 0,and g’ (5&) < 0. Usefully, if P = v1vy ... vy is a decreasing path between vy and

a g-Root, vy, then g/(v?a) < Oifand only if a = v;1q, i < m. In addition, P is the longest

g-decreasing path starting from v1. Finally, a leaf is not a (ao + Bh)-Root of a positively weighted
tree with more than 2 vertices.

Definition 4. Suppose G is a (fg, wg)-weighted graph. Regarding f(. and dg, we define and
denote the discrete integral of f(, along a path, P = v1v; ... vy from vy to vy as follows:

—1
/Pf,GdG =Y fG (vi;i-&-l)dG(Uir Vit1)-

Ifa,b € V(G) and Pg(a, b) is an arbitrary path between a and b, we denote || Pe(ab) féde

by
b /
/ fede
a
By Definitions 2 and 4, we have:

Theorem 2. Suppose G is a connected (fc,wg)-weighted graph and a,b € V(G). If f( is
consistent, then for any path from a to b,

/gbfédc; = fc(b) — fc(a).

Using Figure 1 as graph G with the given weights and the above result or Definition 2.12,
one can see that,

fxy fédG = fP:xay fédG = fP:xaby fé}dG = fP:xﬂcby fédG = fP:xcby f(/EdG
= fP:xcay fédc = fP:xcahy f(/EdG = -2

3. Some Applications of Discrete Integral and Derivative and Convexity

In this section, we formally define three optimization problems on trees. As an
application of the results of the previous section, we will have efficient solutions to the
problems with some possible comparisons with existing solutions at the end. The compared
problems are not clearly defined in the same way we do. We try to convert them for some
partial comparison.
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The routing cost of G for a given set of sources S C V(G) and the total distance of G
are defined as follows, respectively:

1
RC(G,S) = ZUGV(G) ) esda(v,s), D(G) =3 ZUGV(G) ZveV(G) dg(v,s).

The Wiener index, W(G), of a simple graph G, (fg = 1,wg = 1) is equal to its total
distance [23,24]. By setting «, B, wg, and fg; Wa,ﬁ/ defined in the introduction, can produce
any of D, W, W,, Wy, or RC for a graph, G. So, W,X,ﬁ generalizes all the mentioned
graph invariants.

Definition 5. Let T be a weighted tree and T\, = T — e + €, where e € E(T) and € € E(T°).
1. Wesaye € E(TC) isaswitch of e € E(T), if T\, is a tree. Then T\, is called a switch.

2. Wesaye € E(T°) isa BSof e € E(T) wrt. Wypgif Wyp (Te\g) is minimum, i.e.,
W g (Te\e) = nin W (TS\E).
3. The coordinate of T is shown and defined with Qr = {Fr, Ny, W« (T), W.(T)}.

Based on the BS definition, we define three problems. The second and third problems
are created merely for comparison. Assume T is a weighted tree with E(T) = {¢;}!_; and
we have coordinated, Q.

Problem1:

Input:

1. T,

2. Qr,

3. e€E(T),

4. w,a,BeRD.
Output:

1. €€ E(T%), where € is a BS of e w.r.t. Wy g with wr, (€) = w.
2 Wop(Ta)s

3. T

4. QTe\f'

Problem2:

Input:

1. Twith E(T) = {e;}] 4
2. Qr,

3. {wi,zxi, ‘Bi S RZO}?:T
Output:

1. 7,

2. € € E(TY),

3. Tepe,

4 Qr,.,,

5. W, (Tene, )

where Wy, g, (Ter\er> = min{Wa“ﬁi <T€i\ei> }:;1 and €; is a BS of ¢; w.r.t. Wy, g, with

wi = wr,, (€;). (Overall best switch).

€,

Problem3:

Input:

1. Twith E(T) = {e;}14,
2. Qr,

3. {w,-, o, ,Bi S RZO}?:T
Output:

1. { (6,‘ € E(T°), thi,ﬁi <T€i\8i>) }7:1’

where €; is a BS of ¢; w.rt. Wy, 5. with w; = wr, (€;). (All best switches).
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Definition 6. For a numerical graph invariant, Wy, and a switch T\, let

w! (Ts\t ) =W, (Ts\t> — W, (T).

Lemma 3. Let T be a (fr, wr)-weighted tree, xy € E(T), and g7 = wor + Bhr for some
a, B € R. Using, Fr and Nt, we can calculate g’Ty on the path from x toward any vertex of Ty. A

similar argument holds for a path from y toward any vertex of T;;.

Proof. Let T be a (fr,wr)-weighted tree and xy € E(T) with T — {xy} = T/ U T; and
gt = aor + Bhr, o, B € R. Assume v1v; ... v, is a pathin TY, with vy = x. Using Equations
1), @), 5), and {Nr, Fr} = {(n7(T), nr(T3)), (fr(Ty), fr(T5)) }uper(r) we could extract,
o7 and h’,, and so ¢} = aol + Bh’ on v1v; ... v,. However, we need to get ng¥ through
103 ... 0. To do so, one can check for v1v; ... vy,

(ng ([T, nyw ([T2]5,)) = (”T (Tgf“) - nT(TJ), nT(TSif+l)), 0O<i<mn, (9

re ([T, fre ([T ) = (fT(Té'f“) —fT(T;), fT(Tz?;H)). 0<i<n. (10)

Uit1

Thus, using Equations (1), (2) and (5), along with (9) and (10):
U;",Z (WZH) = o7 (Uiv_i>+1) —nr (Tf) thf (UiU—ZJrI) = hr (W’?H) —fr (T;)
That is, using Fr and N1, we can compute g/Tg (vivjurl) as follows:
iy (0) = s () 0 o) ~an (1) - (),
Symmetrically, the argument holds for the T and y case. U

It is straightforward but involves some long computation to find out the following.

Lemma 4. Suppose T is a (fr, wr)-weighted tree with uv € E(T) and xy € E(T¢). If x € V(T)
and y € V(TY), then

x Y
Wz;,ﬁ (Txy\uv) = /u PldTZZ +/U q/dTé‘ + PNtx,ﬁ(”v) [wTW\w (xy) — wT(””)}r
where,

FNyp(uv) = [afr(T;) fr(Ty) + B(nr(Ty) fr(Ty) + fr(T))nr(Ty))]a, B € R

and
p(a) = [afr(Ty) + pnr(Ty)]hry (a) + Bfr(Ty)org(a), a € V(T)),

q(b) = [afr(Ty) + pnr(Ty)lhry (b) + Bfr(Ty)ory (b), b€ V(Ty).
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Proof. Assume T is a tree. If we remove uv € E(T) and connect, T;, and T} with xy € E(T¢),
where x € V(T7) and y € V(TY), then

sz,ﬂ (Txy\uv) = th,ﬁ(Tg) + th,ﬁ(Tg)
+ Y X [afr(a)fr(b) + B(fr(a) + fr(b))].[dr(x,a)

acV(TY) beV(TY)
+wr,, ., (xy) +dr (b, y)]

=Wap(T5)  +Wup(Ty) + [afr(Ty) + Brr(Ty)lhre (x) + [afr(T7) + prr(T) bt (v)
+B[fr(Ty )ors (x) + fr(T)oru (y)
+wr,,,, xy) e fr(Ty) fr(Ty)
+B(nr(T3) fr(Ty) + fr(TY) fr(T3))]

(11)

Using the fact that W (Tw\w) = W« (T) and the above formula,

Wr;,ﬁ (Txy\m)) = th,ﬁ (Txy\uv) - Wa,ﬁ(T)
= [p(x) = p(w)] + [9(y) — ()] + FNyp(w0) [wr,,,,, (xy)
—wr(uv)].

where FN, g(uv) = [afr(T) fr(Ty) + B(nr(Ti) fr(Tg) + fr(Ti)nr(Ty))] and

p(a) = [afr(Ts) + pnr(T)|hry (a) + Bfr(Ty)org (a), a € V(Ty),

q(b) = [afr(Ty) + pnr(Ty)lhry (b) + Bfr(Ty)ory(b), b € V(Ty).

Since T and T}, are connected, and p and g are consistent; by Lemma 1 and Theorem 2,
we have:

x Y
Wli,ﬁ (Txy\uv> = /u P/deI +/U q/dTé‘ + FNa,ﬂ(uv) [way\uv (xy) — wT(uv)} 0

The above lemma gives a clue between a BS of uv € V(T) w.rt W, 4 and the p-Roots
and g-Roots of T}] and T;'. Often, finding a BS is equivalent to finding some Roots.

Lemma 5. Suppose T is a positively weighted tree with at least three vertices and uv € E(T).
If a and b are a p-Root of T;] and a q-Root of Ty, respectively, then a BS of uv w.r.t W, g is xy

with x € Nr(a) U {a} and y € Nr(b) U {b}. More precisely, let the following be vertex weight
functions for the relevant vertices:

p(e) = [afr(Ty) + prr(T) Ik (c) + Bfr(Te)ory(c), c € V(Ty),

q(c) = [afr(Ty) + nr(Ty) gy (c) + Bfr(Ty)eru(c), ¢ € V(Ty).

Then a choice of xy as a BS of uv w.r.t W, g is as follows:
A If (u,v) = (p-Root of TY, g-Root of T}),

1. (x,y) = (u,z) where q(z) = e1I:r]zin( )q(c), or
c TZ1}¢ 0

2. (x,y) = (z,v) where p(z) = ceizz;in( )p(c).
A

If ¢/ (z?z) wr(vz) < p’ (sz) wr(uz), 1 gives a choice for xy; otherwise, 2.
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B If (u,v) # (p-Root of TZ, g-Root of TY), then (x,y) = (p-Root of T, g-Root of T¥).

Moreover, Fr = Fry,\,o and Ny = Nry,\,, except for the edges on Pr(u,x) and
Pr(v,y). More precisely, if Pro(u, x) = uqus ...ty is the path between u = uy and x = uy,,

(1t (7)1 (1)) = (o (1) = (2, (T, ) 0 (12,

(Froe (Te)s Frp(Tin)) = (Fr(Tirt) = fo(T8), fr(Td) + fr(Te) 0 < i< m.

And, if Pm(v,y) = 010y ...0y is a path between v = v; and y = vy,

(nTxy\w (T;’;’H), MT (ngﬂ)) = (nT (Té’iz‘ﬂ) - nT(Tf,’), nT(T;?“) + nT<T;’)),
(foy\uv<T5;+1), FTpue (Té),»i+1)> = (fT(T;’iz‘H) — fr (TZ{), fr (Tgfﬂ) +fr (T,’j)),o <i<n.

Proof. Assume we have the lemma assumptions. By Equation (11),
Wep(Tanuo) = p(s) +(t) +7, s € V(TY) and t € V(TY) (12)

where r is independent of the choice of s and t. And the values of p(s) and 4(t) are
independent of each other. By definition, if a € V(T}) and b € V(T}) minimize Equation
(12) and ab # uv, then ab is a BS of uv. One sees that by minimizing Equation (12)
inclusively, we do not exclude uv as a choice for ab, since:

- ' ¢ _ i W, s(T . 13
By POy O ey ep () 0D

Accordingly, (a,b) minimizes Equation (12) if and only if
(p(a),q(b)) = < min_p(s), min q(t)). That s, (a,b) = (p-Root of TY, g-Root of T¥).
seV(TY) teV(TY)
If case A happens, which is (u,v) = (p-Root of T7, g-Root of T!) and also
(x,y) = (p-Root of TZ, g-Root of T"), then we might have xy = uv. To exclude uv in the
minimization of Equation (12), we avoid the case that u and v appear concurrently by letting

(p(x),q(y)) is equal to either (Sevrg%;r)l\u p(s), tel%iT;}f) q(t)> or

min s), min t) |. By Theorem 1 and the assumptions T? and T* are con-
(Lmin p(s), _min q(1)). By ptions T3 and T
vex. That is,

. _ . d : £ = i ).
el P T seligt PO eyl 10 =l 10

As a result, either

1—(x,y) = (u, z)whereq(z) = hez\r]niizu) q(b),or
T

2—(x,y) = (z, v) wherep(z) = min p(a).

aENTg(u)

Per Lemma 4, in case 1_’W¢;,‘B(Txy\uv> —r = f“:x pldrs + fvy qdmy = fvy q'dry =

u

q (z7z> wr(vz) and in case Z—WD’Wg (Txy\lw) —r=p (L?Z) wr(uz). Thus, if p’ (sz) wr(uz) >
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’( )wT vz), then 1 gives the choice of (x,y). If p’(ﬁ)wT(uz) <q (z?z) wr(vz), then
(x,y) comes from 2. Otherwise, either 1 or 2 is the choice.

Now assume (u,v) # (p-Root of TY, g-Root of T} ). If (a,b) = (p-Root of T, g-Root of
T}), then (u,v) # (a,b). Moreover, (a,b) minimizes W, g in Equation (12). So (x,y) = (a,b)
is the right choice. This completes the proof of B.

To form Ty, ,, we remove uv € E(T) and reconnect the components of T — u using
x € V(Tj) and y € V(T), uv # xy. Thus, Fr # Fryy\,, and Ny # Nry,,, in gen-
eral. Precisely, (nT (Tf),nT(Tl’f)) + (nTxy\uv (Tb), Tepue (Tf)) or (fT(Té’),fT(Tg» #
(foy\w (Tf),fTIy\w (Tg)) happens if ab € Pr(u,x) or ab € Pr(v,y). By Definition 1
fT(Tf) + fr(Tf) = fr(T)and ny (Tf) +n7(Tf) = |V(T)|. And, by Lemma 3 Equations (9)
and (10), if PTg(u, X) = Ujiy ... Uy is the path between u = 1y and x = uy,,

(1t (T ) 11 (T ) ) = (o (T87) = n (T2), e (T ) (1),
(fTXy\uv(T _l+1) fTXy\uv(TIM)) (fT( l+1) fT( ) fT( ,H)JrfT(T”)),O<i<m.

And symmetrically, for Pru(v,y) = v103...v, witho = v and y = vy,

(11 (T, 1y (T8,)) = (nr (T50) =02 (T2), mr(T30, ) + e (T5)),

<foy\uv (ng‘iﬂ)' foy\uv (T?ZJ];H)) = (fT( Ul“) fr(Ty)), fr( vlﬂ) +fT(TU)), 0<i<n.
O

Lemma 6. For a (fr, wr)-weighted tree T,

Wo(T) =} [fr(T)fr(T)]wr(uo),

uveE(T)

and,

Wo(T)= Y [nr(T))fr(TY) + nr(Ty) fr(Ty)]wr (uo).
uveE(T)

Proof. We prove the first equation using the double-counting principle. Assume T’ is
a copy of T with the edge weights set to 0 at the start. Let u,v € V(T) and Pr(u,v) is
the path between u and v. For every ab € Pr(u,v) add the number w(uv) fr(a)fr(b) to
the corresponding edge of abin T'. Then Y. wp(uv) = [fr(u)fr(v)]dr(u,v). Thus,

uvePr(u,0)
suppose we repeat the above process for every pair u,v € V(T). If so, then

Y, wp(o)= Y [fr(u) x fr(v)ldr(u,0) = Wx(T).

uveE(T") {u,0}CV(T)

And on the other hand, one can see that wr (uv) = wr(uv);[fr(TY)fr(Ty)] for

uv € E(T/)' Thus, W (T) = ZuveE(T’) wT’(uv) = ZuveE(T) wT(uv)[fT(le;)fT(Tzlf)]' That
proves the formula of W (T). The proof for the W case is quite similar. [J
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Corollary 4. Assume T is a (fr, wr)-weighted n-vertex tree. We can compute W, (T) and
W, (T) in O(n)-time. Moreover, if by changing the weight of ab € E(T) to w, we get a tree
T’, then

W (T") = W (T) + (w — wr(ab)) fr(Ty) fr(Ty),

W (T") = Wi (T) + (w — wr(ab)) [n7(T3) fr(Ty) + nr(Ty) fr(T3)]

Remark 1. Here, we give a simple intuition behind an algorithm for problem 1 when the tree T is
positively weighted. Using Lemma 5, finding a BS for uv € E(T), we need to have the p-Roots
and q-Roots of T{ and T}!, respectively. By definition u € V(T{) and v € V(T}). By Corollary 3,
the longest decreasing path from u ends up with a p-Root of TS say x, and similarly, the longest
decreasing path from v ends up at a g-Root of Tjsay y . Moreover, by Corollary 3, those paths are
the only decreasing paths in their respective components. So, one can easily take some derivatives to
reach from u to x or from v to y since the paths are decreasing and unique. Then by Lemma 5, a BS
of uv is one of the following cases as detailed in the lemma.

1. xy,
2. anedge between x and a vertex of Nt(y),
3. an edge between y and a vertex of Nt (x).

Lemma 5 details how to choose among the above limited cases using derivatives. As we find
the unique and decreasing path between u and x and also v and y, one can update Qr as in Lemma
5. Having those paths also eases calculating Wy, Wy, and W, g from Lemma 4. The following
proposition details the mentioned intuition with proof of time complexity.

Proposition 1. Let T be an n-vertex positively weighted tree with a coordinate, Q. If we get
e € E(T) and w,a, B € R0, then we can compute e, Tever Qr,,r and Wy, (Te\e), with the

worst average time of O(logn) and the best average time of O(1), where € is a BS of e w.r.t Wy g
and wr,,, (€) = w. Updating, QT after edge-weight change to a positive number is supported in

O(1)-time per change.

Proof. Assume we have an n-vertex positively weighted tree T, Qr = {Fr, N7, Wy (T), W4 (T)}
and uv € E(G), n > 2. Let p and g be some induced vertex weight functions for Tj an T}
as follows,

Pap (¢) = [afr(Ty) + nr(Ty)lhry (c) + Bfr(To)ory(c), ¢ € V(Ty),

qup(c) = afr(Ty) + prr(Ty)hru(c) + Bfr(Ti)oru(c), ¢ € V(Ty).

Then with the results so far, we have the following:

1. Computing a p’ or g’ in O(1)-time. Using Fr and N, Lemma 3, and Definition 2,
computing p’ (r—s>) costs O(1)-time for any rs € Prg(u, x) where x € V(T;]) and we know
the direction. A similar argument holds for computing 4" on Pru (v, y).

2. Checking whether a vertex is a Root on average of O(1) -time. By Corollary 3,
if p’ (LBC) < 0 for only one x € Nz (u), then u is not a p-Root. The following can verify
whether a vertex is p or g-Root or not. (Let f = p or g)

# Takes a vertex and a f and says it is a f-Root or not

IS_Root(a, f)
Fors € N(a)

if f (E’s) <0
return False
return True
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The average degree in a tree is O(1). Thus, IS_Root run time is O(1) on average.

3. Finding a neighbor with a minimum p or 4 in O(1)-time on average. If
s € Npy(a), then by Theorem 2 and Definition 4, p(s) = p’ <£?S> w(as) + p(a). By 1- comput-
ing p(s) takes O(1)-time. Moreover, O(|Nt(a)|) = O(1) on average. Thus, finding x with

p(x) = 711]11'11( p(s) takes O(1)-time on average. Computing min g neighbor follows the
€ T2 a
same rules. One implements the mentioned idea as follows.

# Takes a vertex, 4, finds x € N(a) with min f and returns x and ax (f = p or q)
END_min(a, f)

min = oo
Fors € N(a)
f(s) = f'(a)w(as) + f(a)
if f(s) < min
min = f(s)
X< s

return x , ax

4. Finding, Pyv(u,x) or Pz (v,y) in O(logn) on average, where x and y are p and
g-Root. By Theorem 1, T is p-convex. Assume that P = ujuy...u, is the decreasing
path between u = u; and a p-Root, u;;. By Corollary 3, P is the longest decreasing path

beginning with u, and p’ (u?a) < Oifand only ifa = u; 1, a € N(v;),0 < i < m. So,
starting with i = 1, we can find u; 1 when we have u; and compute P as follows:

# Takes a vertex, 4, and returns c and P(a,c) wherecisa f (f = porq)
Root_Path(a, f)
P(a,c)=a1=a
Lable
f01’ a4 € N(ai)\a,-,l
if f’ <ﬂi2+1> <0.
P(a,c) =P(a,c)Uajq
aj = it
Break and Goto Lable
return a, P(a,c)

For finding u;;1 from u;, we can exclude u;_; and jump to u;;; as the process
Root_Path does. That reduces the average complexity. Moreover, when we are on the
vertex u;, i < m, one takes at most | N(u;)| derivatives to find u;, 1, since we know, u; 1 is
the only vertex with negative derivatives toward it. So, Root_Path(u, p) returns, Pro(u, x)
by taking some derivatives, at most, as many as the total degree of the vertices on Pry (1, x),
where x is a p-Root. By [25], the path length in a tree is O(logn) on average, where it
can be O(1) as well. In addition, the average degree in a tree is O(1), and taking each
derivative requires O(1)-time. Moreover, x is a p-Root (has min p) and T < T. Thus, the
worst average run time of Root_Path(u, p) is O(logn) and the best average time is O(1).
Similarly, RCE_Path(v, q) has the same run time to return Prx (v, y) where y is a g-Root.

5. Computing [ p'dre and [Y q'dp in O(|P(u,x)|)-time and O(|P(v,y)|)-time, re-
spectively. Per Definition 4, Theorem 2, and 1, if we have a path, P = a4, ...4a,, we can
compute the integral of P in O(m)-time as follows:

# Takes a path P and f and returns [, f' (f = p or q)
Integ (P =ayay...am, f)

u”l

fd =0

for0 <i<m
—
Jo' fld+=f <ﬂiﬂi+1>~w(afﬂi+1)
Am g/
return [ f'd
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6. Updating Fr to Fr,, ~and Nt to Nz, in O(|P(u,x)|)+O(|P(v,y)|) time. Per
Lemma 5, Up_FN(P(u, x), fr(T¥), n!(v)) and Up_FN(P(v,y), fr(T?),n%(u)) updates Fr
to PTxy\uv and Nt to NTXy\w, where Up_EN is a process as follows.

# Takes a path and updates Fr and Nt accordingly

Up_FN(P = v1vy...04,F,N)

forO<i<m
(n7(To™), n(Tgr,))  (n1(To™) = N, nr(Tgl,) + N)
(Fr(Te™), fr(Tl) = (Fr(Te™) = F fr(Tol,) +F)

Using the devised procedures in 1- to 6-, we can implement Lemma 4 and 5, which
finds us €, Te\er QTE\E' and W, g (Te\e>, for the inpute € E(T) and w,a,p € R=0, where
€isaBSofewrt W, pand wr,,, (¢) = w. The full detail is presented with the following
algorithm: BS algorithm (Algorithm 2). Each line’s average time complexity bound is
shown in the results.

Preprocessing-- - - ------------------
Compute Qr = {Fr, N7, W (T), W4 (T)} #O(n) Corollary 1 & Lemma 6

Algorithm 2. BS Algorithm

Input: Adj list of a (fr, wr)-weighted tree T, uv € E(T), Qr, w,a, f € RT

Output:xy, Ty 10, Wap (Txy\uv), Qr,,.,,» Where xy is a BS of uv w.rt. W, g and wr(xy) = w

y\uv

ifISRoot(u,p)andIS—ROOt(vf q) #O(l)
{
a, ua < FND_min(u,p) #0O(1)
b, vb < FND_min(v,q) #0(1)

ifg' <zﬁ7) wr(vb) < p’ (ﬁ)wT(ua) #0O(1)
{x,P(u,x) < u,u
y, P(v,y) < b,ob}
else
{x,P(u,x) < a,ua
¥, P(v,y) < v, v}
}

else
{x, P(u,x) < Root_Path(u,p) #O(logn) onave
Y, P(v,y) < Root_Path(v,q)} #O(logn) onave# O(logn) on ave

------- ComputingW,X//g,<Txy\uv>-——--—-(Lemma4)-——---——--——-—--——--

W;,ﬁ (Txy\uv> = Integ (P(u, x), p,x,ﬂ) + Integ(P(v, y), qa,/g> + FNa,/g(uv) [w — wr(uv)]
#0(| Prs (1, %)) + O(|Pra (0,)])

th,ﬁ(T) = aWx (T)+ WL (T) #0(1)
Wm,ﬁ (Txy\uv) = WD/L,,B <Txy\uv) + th,ﬂ(T) #O(l)
------- Qr + QTxy\w"""'uPdatingQT-------(Lemma5)-----__-______

Up_FN(P(u,x), fr(Ty), nr(Ty)) AUp_EN(P(v,y), fr(Ty), nr(Ty/))

#O(|Pry (u, x)|+ | Prs (v,y)])
W{,O (Txy\uv> = W; (Txy\uv)
— Integ(P(1,), prg) + Integ(P(0,4), 10) + FNyp(u2) o — wr (u0)]

#O(|Pry (u, x)|+ | P2 (v,y)])
Wé,l (Txy\uv> = W/+ (Txy\uv)
= Integ(P(u, x), po,1) + Integ(P(v,y),40,1) + FNo (u0)[w — wr (uv)]
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Algorithm 2. Cont.

#O(‘PTg(u,x)H— |PT#(U,]/)|)

Wi Txy\uv =W, Txy\uv = Wi (T) #0(1)
Wy Txy\uv = WQ— Txy\uv - W4 (T) #0(1)
"""" T+ Txy\uv__'___'

T+ T+xy—uv #0O(1)

Using 1 to 6 above, the average time complexity of every line of Algorithm 2. is
bounded by, max{O(|Prz (1, x)|, O(|Prx(v,y)| }. By [25], the average path length of T is
O(logn), which accounts for the worst average time complexity of the algorithm. The
best average complexity can be O(1) because max{O(|Prz (1, x)|, O(|Prx (v,y)| } and the
degrees on Prv(u,x) and Pru(v,y) can be O(1). Finally, assume T/ is a tree, and we have
the preprocessing, Qrr = {F/, Ny, Wy (T"), W4 (T') }. If we change the weight of one edge,
then Fr» and Ny remain unchanged, and by Corollary 4, we can update Wy and W, in
O(1)-time. This completes the proof. [J

The subsequent two propositions can be proved based on Proposition 1. They are
indeed a solution to Problems 2 and 3, respectively.

Proposition 2. Let T be an n-vertex positively weighted tree with E(T) = {e;}!_,. If we get

{wj, a;, B; € R=O }?:1, then we can find an r such that Wy, g, (Ter\ey) = min{Wai,ﬁi (Tei\e[) }n :
1=
and compute Wy, g, (Te,,\e,)/ in an average time of O(nlogn) and the best time of O(n) , where

€; with w; = w(e;) is a BS of ej w.r.t. Wy, 5,0 <i <.

Proposition 3. Let T be an n-vertex positively weighted tree with E(T) = {e;}!_ ;. If we get
{w;, a;, Bi € R}, then we can find a BS, €; with w; = w(e;) w.r.t. Wa, g, for all e; and compute

Wa. g (Te,-\e,-)/ 0 < i < n, in an average time of O(nlogn) and the best time of O(n).

For simplicity, we avoided adding some facts for better performance of the BS algo-
rithm. For example, by Corollary 3, a leaf is not a root of a tree with more than 2 vertices. In
the BS algorithm, we either require a root or a neighbor of a root. Thus, if T} or T} are not
trivial (single vertex), then the version of T without the leaves can be used. That improves
the actual performance of the BS algorithm.

Proposition 4. For a simple tree T, there are exactly W(T) distinct switches. More precisely,

‘{Te\g (€,) € E(TUT) X E(T) A T isa switch}’: W(T),
and if xy € E(T°UT) and uv € E(T),
HTW\L’ e € E(T) A Ty is aswitch H: dr(x,y),
{Tevwo | € € E(TOUT) A Ty is a switch | = nr(T2).nr (T5).

Proof. Let T be a simple tree. Using Definition 5, xy € E(T¢) UE(T) is a switchof e € E(T),

ifand only ife € Pr(x,y). Otherwise, T\, is disconnected, indicating that it is not a switch.
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Therefore, there are exactly dr(x,y) distinct switches regarding xy € E(T° U T). Thus, the
total number of distinct switches is as follows:

‘{Txy\g (xy,e) € E(TCUT) X E(T) A Ty, isaswitch}\
= Y drvy)= ¥ dr(xy) =W(T).
xy€E(TeUT). {x,y}ceVv(T)
And HTxy\e e € E(T) A T, is a switch }I:dT(x,y). In addition,
Touwo is a tree if and only if e is an edge between T; and Tj. Thus,

HTE\W € EE(TUT) A Tp\yp is a switch H: nt(TH).nt(TY). This completes the proof.
O

Foruv € E(T) of a simple tree T with n vertices by definition, n — 1 < np(T¥).np(TY) <

2 Also, by [26-28], (n — 1)* < W(T) < <” ;r 1).

4. Some Comparisons and Discussion

In this section, we compare our method with some existing methods. For brevity, we
mean average time complexity when we talk about complexity. The compared methods
are not solving the same problems that we did, but it is possible to convert them with
some effort.

The top tree method can find a positively weighted tree’s median(s). It is almost
equivalent to finding the Root of a tree in our method, disregarding « and . Thus, for
an n-vertex tree, T and uv € E(T), we somehow can convert the top tree methods [7-9]
to find a BS w.r.t. Wy—1 -0 in O(logn)-time for most cases. However, if uv connects a
Root of TY and a Root of T}, then the top tree method does not work. They also do not
compute W, g of the switches regularly, which does not let us solve problem 2 even for their
specific case of « = 1, B = 0. Generalizing the top tree method, we may be able to solve
problem 1 for a fixed &, f and compute W, g, which is overcomplicated intuitively. But, if
we renew the initial values of &, § to some a/, B/, then we have to repeat their O(n)-time
preprocessing, which is costly. As we have seen, our method in the BS algorithm solves
problem 1 in O(log n) for any a, 8 € R=?, computes W;lﬁs, and does not require a fresh
preprocessing for the change of &, 8. Our method updates the preprocessing, Qr in O(1)-
time after an edge-weight change, whereas using top trees, an edge weight update takes up
to O(log n)-time.

For another comparison, we borrow the solution of the best swap edge of multiple-
source routing tree algorithms [15,19-21,29,30] for problem 3. Suppose T is a span-
ning tree of a positively edge-weighted graph G with m edges and n vertices. Then,
in [15,19-21,29,30], researchers choose the BS from E(G) — E(T), whereas we choose from
E(T°). Therefore, by choosing G to be K, the mentioned algorithms can solve problem 3.
Also, they choose the BS w.r.t. as the routing cost rather than its generalization, W, g. Let
S C V(G) be a set of sources and |S| > 1. Setting f5(v) = 1forallv € S and f5(v) = 0 for
allv € V(G)\S, results in

Wi,-1(G) = RC(G, S).

That is, by specifying vertices weights as mentioned and letting a; = 1,5; = —1
for1 <i < n,and G = K, algorithms of [20,21] will solve problem 3. The mentioned
algorithms are expensive specifically for a single failed edge, and after updating the edge
weights or inserting a BS, their O(n?) preprocessing is not valid. They also do not compute
W, g's. More importantly, regarding the mentioned conversion, they solve problem 3 in

more than O (n2 log? n) -time and up to O (n3) depending on the number of sources, where
a; =1,B; = —1,1 < i < n and sources are specified. In the terminology of [20-22], we do
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not limit the number of sources and, «;, B; € R=% 1 <i < n,where we attain an average
time of O(n log 1) and the best time of O(n) for Problem 3.

As a general fact, note that choosing a brute-force strategy and distance matrix for
the positively edge-weighted graph, computing W, g(T) takes O(n®). Moreover, there are
between n — 1 to %2 switches regarding an edge. Therefore, using the bute-force strategy,
we will need between O (n*) to O(n°) time to compute a switch with the minimum W, g.
While our method executes that in O(log 1), with the same flexibility. This difference is
significant. Note that the existing discussed methods are comparable to ours with some
constraints, but they have much less flexibility.

Our tools are general and can be applied to similar optimization problems. For instance,
see [15], where we use our method for the best swap edge of spanning trees. Another inter-
esting problem can be solving the BS problems regarding D (T) = ¥ (woycv(r)(d (u,v))k
by considering the weight ¥or(v) = Yrev(T) d%.(v, x) for the vertices of a tree, T. See
Appendix A, where we have some computations related to the derivative and integral
of, 2o 7. Finding the minimum p-sources routing cost spanning tree is an N P-hard problem
for any p > 1 and is a polynomial problem for p = 1 [29-31].
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Appendix A

Let T be a tree and ax € E(T). Then, using the definition (‘o (v) = Yxev(T) dk (v, x),
ve V(T)):

2or(a)= Y di(@av)+ Y, [dF(x,0) + (w(ax))? + 2w(ax)dr(x, )],
veV(Ty) veV(Tx)

2or(x) = Y [d4(a,0) + (w(ax))? +2w(ax)dr(a,0)] + Y d3(x,0).
veV(T,) 0eV(Tx)

207 (x) —20p(a) _ (w(ax))* [n7(T3) — nr(T)|+2w(ax) [or (a) — o7 (x)]

wr (ax) B wr(ax)

= w(ax)or(ax) +2[ors(a) — opa (x)].

Also, one can use the same idea of Equation (11) and see that,

2D/<Txy\uv) =2D (TXV\“U) o (T)
=2[oqp (x)oqu (y) — org (u)oru (0)]
+nr(Ty).nr(Ty)[w(xy) — w(uv)]

n
+n1(Ty) [Porg(x) = 2o (w)] + np(T) [*oru(y) — 207 (0)]
+2n7(Ty) [UT”(x) — o (u)] +2n7(T}) (o3 (y) — o7 (y)].

We had that, (T’T is consistent, thus by Theorem 2,

X Y
/u Chydry = opy(x) —ory(w),  and /v Chudry = o7y (y) — o7 (0).
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Therefore,

D! (Typuo) =2/ (S ohyttry + oy () (JY Ohydzy + o7y (0)) = o7y (w)erry (0)]
+np(T4) [ [ 20 gdzs | + ne(TE) | [ 20y dry

+2n7(T) | [ Ohadtry | + 207 (T) | [ oyt
+nr(T))nr(Ty) [w(xy) — w(uov)].
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