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Abstract: A new optimization approach is considered in the class of polynomial in-state optimal
control problems with constraints based on nonlocal control improvement conditions, which are
constructed in the form of special fixed-point problems in the control space. The proposed method
of successive approximations of control retains all constraints at each iteration and does not use
the operation of parametric variation of control at each iteration, in contrast to known gradient
methods. In addition, the initial approximation of the iterative process may not satisfy the con-
straints, which is a significant factor in increasing the efficiency of the approach. The comparative
efficiency of the proposed method of fixed points in the considered class of problems is illustrated in
a model example.
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1. Introduction

Polynomial optimal control problems arise in many topical applications. First, state-
polynomial systems of ordinary differential equations are traditionally used to describe
models of ecological-economic [1-3], biological [4-6] processes, including models of im-
munological processes with delays [7]. It should be noted that, in general, questions
about the adequacy of the introduction of controls and the choice of optimization crite-
ria when setting the corresponding optimal control problems, in particular, biomedical
and ecological-economic processes, still need further research. The state of affairs here is
such that the apparatus of optimal control methods at the present stage acts as a means
of studying models, showing their consistency and adequacy to real processes, testing
hypotheses, and solving controllability problems, i.e., transferring a process from one state
to another. Second, various classes of polynomial optimal control problems can be formed
by regularizing inverse problems of mathematical physics. In particular, in problems
of identification of parameters of systems of ordinary differential equations [8,9]. Third,
polynomial optimal control problems can be formed for polynomial approximation of the
right parts of controlled nonlinear systems for their approximate solution [10].

Polynomial systems of ordinary differential equations are also considered in the
problems of observability, controllability, stabilization, and regulation of controlled
systems [11-15]. Actual problems of the analysis of polynomial systems are the
issues of stability and qualitative analysis of solutions to systems [16-20]. To solve
polynomial systems of differential equations, special approaches and methods are
being developed [21,22].

In connection with the above, it seems relevant to develop specialized mathematical
and algorithmic support for the effective solution of classes of polynomial optimal control
problems. This software can serve as a tool for automating research and be the basis for

Mathematics 2023, 11, 1695. https:/ /doi.org/10.3390/math11071695

https://www.mdpi.com/journal /mathematics


https://doi.org/10.3390/math11071695
https://doi.org/10.3390/math11071695
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com
https://orcid.org/0000-0003-2052-9430
https://orcid.org/0000-0003-2431-973X
https://doi.org/10.3390/math11071695
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com/article/10.3390/math11071695?type=check_update&version=2

Mathematics 2023, 11, 1695

20f18

mobile expert automated decision-making systems with intelligent support that do not
require time-consuming experimental tuning of optimization methods for a specific task of
the class under consideration.

A well-known approach to solving some classes of polynomial optimal control prob-
lems is methods of partial discretization with respect to controlled variables with a reduc-
tion to problems of finite-dimensional quadratic programming [23,24]. Another specialized
approach focuses on the class of controllable linear in-state systems with a quadratic op-
timality criterion without constraints, for which nonlocal control improvement methods
were proposed in [25]. These methods are based on special formulas for the increment of
the objective functional that do not contain residual expansion terms. Control improvement
is achieved as a result of solving two Cauchy problems. This feature of the methods is an
essential factor for improving the efficiency of solving optimal control problems, which is
estimated by the total number of solved Cauchy problems. Another new approach was
developed for polynomial in state optimal control problems without constraints, for which
nonlocal control improvement methods generalizing the methods of [25] were constructed
in [26,27]. These methods are also based on non-standard increment formulas of the ob-
jective functional without residual expansion terms, for which special modifications of
the standard conjugate system were developed. Improvement of control is achieved as a
result of solving a boundary value problem, which is much simpler than the known bound-
ary value problem of the maximum principle. In the class of optimal control problems
linear in state, the solution of such a boundary value problem is reduced to solving two
Cauchy problems, and the considered methods become equivalent to the methods of [25].
In the general polynomial case, to solve the above boundary value problem for improv-
ing control, iterative algorithms were developed based on the well-known perturbation
method in mathematics.

In this paper, in the considered class of polynomial optimal control problems with
constraints, we construct conditions for improving control with the form of a special
fixed-point problem in the control space. To solve problems of the class under considera-
tion, iterative algorithms are proposed based on the well-known theory and methods of
fixed points.

2. Polynomial Optimal Control Problem

We consider a class of polynomial in-state and linear in-control problems of optimal
control with one terminal constraint:

x(t) = A(x(t), u(t) + b(x(t), ), x(to) = % u(t) € U,t € T = [to, 1], 1)
Po(u) = {¢,x(t1)) — inf, 2
®1(u) = x1(h) — 21 =0, 3)

where x = (x1(t),x2(t),...x,(t)) is the state vector, u = (uy(t),ua(t),...u,(t)) is the
control vector. The interval T is fixed. The initial state x € R", the value x% € R, the vector
¢ = (c1,¢2,...,cn) are given, while ¢; = 0. The matrix function A(x,t) and the vector
function b(x, t) are polynomial in x of degree I > 1 and continuous in ¢ on the set R x T.
The set of control values U C R" is compact and convex. The set of available controls V is
considered in the space of piecewise continuous functions PC(T) on the interval T:

V={uePC(T):u(t)eU,teT}

For the scalar product of vectors, the standard notation (-, -) is used.

Under the considered conditions for setting the problem (1)-(3), the local existence of
a unique solution to the Cauchy problem (1) is guaranteed for any available control. The
global existence of a solution to the Cauchy problem (1) over the entire considered time
interval is assumed by default. Sufficient conditions for the existence of a global solution
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for nonlinear Cauchy problems are known in the literature. In particular, such conditions
are given in [25].

For available control v € V we denote by x(t,v),t € T the solution of the Cauchy
problem (1) for u(t) = v(t), t € T. Denote the set of admissible controls:

W= {u eVixi(t,u)= x%}

Many polynomial optimal control problems with phase, terminal, and mixed con-
straints can be reduced to the form (1)—-(3) using standard methods of penalizing for
violation of constraints. In particular, the general polynomial in state and linear in control
optimal control problem with functional equality constraints, in which the functionals
specifying the goal and constraints are, respectively, of the form:

Dy(u) = inf, ®;(u) =0,i=1,...,8,5s>1,

Di(u) = ¢i(x(t)) + /T (di(x(£), £) + (gi(x(t), 1), u))dt,i = 0,...s.

In this problem, the functions ¢;(x),7 =0, ..., s are polynomials of degree /; > 1 on R", the
functions d;(x,t), gi(x,t),i =0, ...,s are polynomial in x of degree I; > 1 and continuous
intonR" xT.

For problem (1)—(3), the Pontryagin function has the form:

H(p,x,u,t) = Ho(p,x,t) + (H1(p, x, t),u),

where p € R" is the conjugate vector, Hy(p, x,t) = (p,b(x,t)), Hi(p, x,t) = A(x,t)Tp.
We introduce the regular Lagrange functional with the multiplier A € R:

L(u,A) = Do(u) + A®y (1) = (¢, x(t1)) + A(x1(t1) — x7).
Let us consider an auxiliary problem of optimal control without constraints:

L(u,A) — inf . (4)
ueVv

In accordance with [26,27] for controls u® € V, v € V, there is a formula for the
increment of the Lagrange functional without remainder terms of the expansions:

AoL(1%,A) = L(v,A) — L(®, A) = — /T (Hy(p(t,u®,0,1), x(t,0), 1), 0(t) — u®(£))dt. (5

In Formula (5), the function p(¢, 10 v, A),t € T is the solution of the modified conjugate system:

p(t) = —Hy — %(Hx,z)x _ = %(...<<Hx,z>x,z>x...,z>x, ©
p1(t1) = =A, pi(t) = —ci, i =2,m,

in which the partial derivatives with respect to x are calculated with the values of the
arguments x = x(t,u°), u = u°(t), z = x(t,v) — x(t, u’). For the partial derivatives of the
Pontryagin function with respect to x and u, the corresponding standard notation Hy and
H,, is used.

In a problem linear in state and control, the modified conjugate system (6) becomes
equivalent to the standard conjugate system:

P(t) = —Hy, P1(t1) = =M, ¢i(t) = —¢;, i = 2,n. )

Let ¢(t,u% A), t € T be the solution of the Cauchy problem (7) for x = x(t,u?), u = u°(t).
It’s obvious that p(t, u®,u®, A) = ¥(t,u% ), t € T.
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3. Conditions and Method for Improving Control

For the control u°

vector function:

€ V and the given parameter « > 0, consider the auxiliary

u*(p,x, t) = Pu<u0(t) +DcH1(p,x,t)>,p cR"xeRtcT,

where Py is the projection operator onto a set U in the Euclidean norm.
We will assume that the problem of projection onto the set U admits an analytical solution.
In accordance with the well-known property of the projection operator, we have
the inequality:

[t 0,0t =)= < [t - @iPa @

For the Euclidean norm of a vector, the standard notation || - || is used.

For the auxiliary problem (4), the known necessary optimality condition (Pontryagin’s
maximum principle) for control u € V using a function u* can be represented in the
following form:

u(t) =u*(p(t,u,A),x(t,u),t),t €T.

This condition is equivalent to the well-known condition of the maximum principle in
the non-degenerate problem (1)-(3) for control u € W with a certain multiplier A € R.
Controls that satisfy the condition of the maximum principle are called extremal controls
for convenience.

Let the control v € V be a solution of the following system of equations:

o(t) = u*(p(t,u®,0,A),x(t,0),t),t € T,A €R,
_ e 9)
D (v) = x1(t1,v) —x; = 0.

It is obvious that v € W. From inequality (8) and the increment formula (5), we obtain an
estimate for the increment of the Lagrange functional:

AL(u9, 1) < —%/THv(t) — (1), (10)

If u9 € W, then on the controls 1Y, v, the Lagrange functional coincides with the
objective functional. Then, by virtue of estimate (10), there is an improvement in the
objective functional @y with the estimate:

By @(1%) = Po(v) — Do (u’) < *% /T [lo(t) —u®(t)|dt. (11)

For extremal control u° € W in non-degenerate problem (1)—-(3), system (9) has an
obvious solution v = u’. Thus, if system (9) for an extremal control u° € W has a non-
unique solution, then the extremal control u° € W can be rigorously improved with
estimate (11).

Based on these properties, we obtain the following assertions.

Theorem 1 (maximum principle). Let the control u® € W be optimal in the non-degenerate
problem (1)—(3). Then u® € W is a solution to system (9) for some a > 0.

Theorem 2 (strengthened necessary optimality condition). Let the control u® € W be optimal
in the non-degenerate problem (1)—(3). Then for all « > 0, the control u® € W is the only solution
to system (9).
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Thus, system (9) allows us to formulate a new necessary optimality condition in
the non-degenerate problem (1)-(3), strengthened in comparison with the well-known
maximum principle.

Theorem 3. System (9) is equivalent to the following boundary value problem:

x(t) = A(x(t), Hu*(p(t), x(t),t) + b(x(t),t), x(tp) = X0, x1(h) = xi,
p(t) = —Hy — %(Hx,z>x S 117< (He Z)e,2)x )20

pi(t) = —=A,pi(t) = —c;, i = 2,1,

in which the partial derivatives with respect to x are calculated with the values of the arquments
x = x(t,u®), u=u(t), z = x(t) — x(t,u°).

Proof. If the control v € V with the corresponding multiplier A € R is a solution to
system (9), then the pair of functions (x(t,v), p(t,u’,v,A)), t € T with this multiplier is
the solution to the indicated boundary value problem. Conversely, if a pair of functions
(x(t), p(t)), t € T with the corresponding multiplier A € R is a solution to the indicated
boundary value problem, then the control v(t) = u®(p(t), x(t),t), t € T with this multiplier
is a solution to system (9). O

Consequence. For extremal control u°

ways solvable.

€ W, the boundary value problem is al-

Proof. The control v = 1Y is a solution to system (9) for some A € R. Then it follows from

Theorem 3 that the pair of functions (x(t,u?), (t,u’, 1)), t € T with this multiplier is a
solution to the indicated boundary value problem. [

Let us consider the sequence of controls u®* € V, s > 0, where the control u* € W
at s > 1 is the solution of the corresponding system (9), in which the control u*~1 is
considered instead of the control u°. The sequence ®g(u°) is a non-increasing sequence:
Oo(ust1) < Pp(uf). The value 6(u°) = Pg(u®) — Po(u¥+1) > 0 for s > 1 characterizes
the residual of the maximum principle on the control #° € W in the non-degenerate
problem (1)—(3). If 6(u°) = 0 for s > 1, then on the basis of estimate (11) we obtain that the
control u°(t), t € T satisfies the condition of the maximum principle in the non-degenerate
problem (1)—(3).

Thus, the following convergence assertion can be easily obtained.

Theorem 4. Let the functional ®q(u) in the non-degenerate problem (1)—(3) be bounded from
below on the set W. Then the sequence u® € V, s > 0 converges in the sense of the residual
maximum principle:

5(u®) =0, s — oo.

The system of control improvement conditions (9) is considered as a special operator
fixed-point problem with an additional algebraic equation in the space of available controls.

For a given & > 0 to solve system (9), the following iterative process is proposed for
k > 0 with initial control ?° € V for k = 0:

oF () = u®(p(t, u, o5, A), x(t,01),t),t € T,A € R,

@, (vk+1) — xl<tlrvk+l) _ x% —0. (12)

The initial control ?° € V may not be an admissible control. At each iteration of the
process, a special Cauchy problem is solved:

x(t) = A(x(t), t)u*(p(t, u® ok, A),x(0),8) +b(x(t),1),x(ty) = x0.
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Then an auxiliary control is constructed according to the rule:
() = u(p(t, u®, o5, A), x(t),1),t € T,A € R.

Using construction, we get:
x(t) = x(t, o5,

As a result, an auxiliary control is determined that satisfies the first equation of
system (12) and depends on A € R. Hence, system (12) reduces to an algebraic equation
with respect to the unknown Lagrange multiplier A € R. It is assumed that the solution to
this equation exists.

Thus, the main feature of the proposed iterative process is the satisfaction of the
constraints of the optimal control problem at each iteration for k > 1.

The convergence of process (12) is controlled by the choice of the projecting parameter
« > 0 and can be proven under certain conditions similarly to [26] for sufficiently small
« > 0 based on the well-known principle of contraction mappings.

The iterative process (12) is applied until the first improvement of the control u? € V.
Next, for the resulting control, a new fixed-point problem is constructed. The calculation of
successive fixed-point problems ends if there is no improvement in control over the objective
functional. Thus, an iterative method of fixed points is formed for constructing a relaxation
sequence of admissible controls, i.e., satisfying the constraints of the problem. Satisfaction
of the constraints of the problem at each iteration of successive approximations of the
control is achieved by choosing the Lagrange multiplier. This allows us to effectively solve
the fundamental problem of choosing the Lagrange multiplier and narrow the dimension
of the search space for improving controls to the space of admissible controls in optimal
control problems with constraints.

In optimal control problems, the convergence of relaxation sequences of controls in
terms of the residual of the maximum principle, which can be defined in different ways, is
often studied [25]. One of the ways to determine the residual of the maximum principle
was indicated above. Under certain conditions, it is possible to prove the convergence of
the relaxation sequence of admissible controls in terms of the residual of the maximum
principle in the non-degenerate problem (1)—(3), which is generated with the proposed
method of fixed points for a sufficiently small & > 0.

4. Examples

Example 1. The comparative efficiency of the proposed fixed-point method is illustrated in a model
example of the problem of optimal control of the immune process without delay. In accordance with
works [7,9], the model of a controlled system in a dimensionless form can be represented as:

X1 = hi1x1 — hox1x0 — uxl,u(t) S [0, umx],t eT = [O, tl],
Xo = hy(x3 — x2) — hgx1x2,
X3 = hax1x2 — hs(x3 — 1), (13)
Xy = hex1 — h7xy,
x1(0) =29 >0, x2(0) =1, x3(0) = 1, x4(0) = 0.

The variable x1 = x1(t) characterizes the infectious pathogen (virus), and the variables x, = x,(t),
x3 = x3(t) characterize the organism’s defenses (antibodies and plasma cells, respectively). The
variable x4 = x4(t) characterizes the degree of damage to the organism, h; > 0,1 = 1,8 are given
constant coefficients. The initial conditions simulate the situation of infection of the organism with a
small initial dose of the virus x{ at the initial moment t = 0. The control u(t),t € T characterizes
the intensity of the introduction of immunoglobulins that neutralize the virus.
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The control u(t) = 0,t € T corresponds to the case of no treatment using the intro-
duction of immunoglobulins. This model situation corresponds to an acute illness with
recovery at the following values of the coefficients [7]:

hy =2, hp =08, hy=10% hy=0.17, hs =0.5,

he =10, h; =0.12, hg =8, x9 =107°.

The unit of time corresponds to one day.

The purpose of the control is to minimize the value of the virus by the end of treatment
with the introduction of immunoglobulins with the condition of limiting the indicator of
damage to the organism at a given time interval:

CD()(M) = xl(tl) — inf,

/Tx4(t)dt <m,m > 0. (14)

The considered limitation (14) is important in modeling the acute form of a viral
disease when the consequences of damage to the organism cannot be neglected.

The value of the maximum intensity of the control action was set equal to u,5x = 0.5.
The time interval T was set to be equal to 20 days: t; = 20. The value of the maximum
damage to the organism was chosen to be equal to m = 0.1.

We introduce an additional variable according to the rule:

X5 = x4, x5(0) =0. (15)
Then the integral constraint (14) reduces to the terminal constraint:
x5(t1) < m,m> 0.

In numerical calculations of the problem with constraint (14), the validity of the activity
property of inequality (14) was established. As a result, the problem of the considered class
was studied:

<I>o(u) = xl(tl) — inf, (16)
P1(u) =x5(t1) —m =0, m>0. (17)

The Pontryagin function in problem (13), (15)-(17) is represented as:
H(p,x,u,t) = Ho(p, x,t) + Hi(p, x, t)u,
Ho(p, x,t) = p1(h1x1 — hax1x2) + p2(ha(x3 — x2) — hgx1x2)+
+p3(hax1xp — h5(x3 — 1)) + palhexs — h7x42) + psxs,

Hi(p,x,t) = —p1x1.

To solve problem (13), (15)—(17), we used the proposed method of fixed points (M2)
based on the iterative process (12) and the well-known method of penalty functionals (M1)
with the objective functional of the following form:

@ (u) = Py(u) + 75D (u) — inf, (18)

where 5 > 0, s > 0 is a given penalty parameter.

Auxiliary penalty problems (13), (15) and (18) were calculated using the well-known
conditional gradient method [28]. As a criterion for stopping the calculation of the penalty
problem for a fixed value of the penalty, parameter s > 0 condition was chosen:

DUkt — @ ()| < | (ub)], (19)
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where k > 0 is an iterative index of the conditional gradient method, &1 = 107°.
After reaching stopping criterion (19), the fulfillment of the terminal constraint was
checked:

|x5(t1,uk+l) —m| < ey, (20)

where e, = 10~4 is the specified accuracy.
If condition (20) was not satisfied, then a new penalty problem was calculated with
the penalty parameter:
Ts+1= Prs, p = 10.

The initial value of the penalty parameter o was set equal to 10~ 1°.

When calculating a new penalty problem using the conditional gradient method,
the resulting computational control in the previous penalty problem was chosen as the
initial approximation. The calculation using the M1 method ended with the simultaneous
fulfillment of conditions (19) and (20).

To implement the proposed method M2, we consider the auxiliary regular Lagrange
functional with a multiplier A € R:

L(u,A) = x1(t1) + A(xs(t1) — m).

The modified conjugate system (6) takes the form:

p1 = —hip1 +haxop1 + pru + hgxops — haxaps — h6p4 + L (hap1 + hspa — hap3)za,
p2 = hax1p1 + hapa + hgx1pa — hax1ps + 3 (hapr + hspa — haps)z1,
p3 = —hypa + h5P3,
pa = h7ps — ps,
ps =0,
pi(t1) = =1, pa(t1) = ps(t1) = pa(tr) =0, ps(t1) = —A.

For available controls u°, v, the function p(t, ul, v,A), t € T is the solution of the
modified conjugate system for u = u%(t), x; = x;(t,u°), z; = x;(t,0) — x;(t,u%),i =1,2.

Auxiliary vector function u*(p, x, t) based on the projecting operation is determined
with the formula:

uo(t) —apixy, 0 < uo(t) —ap1x1 < Umax,

Umax, uo(t) — AP1X1 > Umax,
(p,x,t)
0, u®(t) — apx; < 0.

The fixed-point problem (9) to improve the available control u° takes the form:

o(t) = u*(p(t,u®,0,A),x(t,0),t),t € T,A €R,

u-,o,
By (0) = x5(ty,0) — 1 = 0. 1)

For a given a > 0 iterative process (12) for k > 0 with an initial available control v° for
k = 0 has the form:

() = ut(p(t, 10,0
@1 (0F)

At each iteration of process (22), a special Cauchy problem is solved:

, 0K, A), x(t, 081, 1), t € T,A € R,

m,ﬂw—m:o (22)

q(4) = haxi (8) = haxa (£)xa () — u® (p(t,u®, 08, A), x(8), )21 (1),
Xo(t) = ha(x3(t) — x2(t)) — hsxq(£)x2(t),
X3(t) = haxy(t)xa(t) — hs(x3(t) — 1),
X4(t) = hex1(t) — hyxa(t),
X5(t) = x4(t),
x1(0) = %) >0, x2(0) =1, x3(0) =1, 24(0) =0, x5(0) =0,
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with the simultaneous calculation of the auxiliary control:
() = u(p(t, u®, o5, A), x(t),1),t € T,A € R.

The resulting control, which depends on the Lagrange multiplier, satisfies the first
equation of system (22).

To solve the corresponding algebraic equation of system (22) with respect to the
Lagrange multiplier, the dumpol procedure from the Fortran software package [29] was
used, which implemented the deformable polyhedron method. The accuracy of solving
the equation was chosen to be equal to 10~#, which corresponded to the accuracy of
criterion (20).

For a given a > 0 iterative process (22) was carried out until the first fulfillment of
the condition:

P (1) < Py (uh).

In this case, to improve the resulting control, a new problem (21) and algorithm (22) were
constructed. In this case, as an initial approximation of the control at k = 0 for iterative
process (22), the resulting computational control was chosen.

Thus, starting from the second computational improvement problem (21), the se-
quence of computational controls forms a relaxation sequence of controls that satisfy
constraint (17) with a given accuracy.

If a strict improvement of the control in the process of iterations (22) was not achieved,
then the numerical calculation of fixed-point problem (21) was carried out until the condition:

|Po (1) — @ (u) | < e3]0 ("),

where g3 = 107°. This was the end of the construction and calculation of sequential
fixed-point problems for improving control.

As a starting initial approximation in both methods M1 and M2, the control
u(t) =0,t € T was chosen.

The comparative results of calculations using the considered methods are shown
in Table 1 in which &y is the calculated value of the objective functional of the prob-
lem, |®q| is the modulus of the calculated value of the functional corresponding to
constraint (17), and N is the total number of solved Cauchy problems. The note for
the M1 method gives the value of the penalty parameter, which provided the specified
accuracy of the terminal constraint (20). For proposed method M2, the note indicates
the specified value of projection parameter « > 0, which ensures the convergence of the
iterative process (22).

Table 1. Quantitative indicators of calculations for methods M1 and M2.

Method ®d | @1 | N Note
M1 2.686698 x 10719 1.854861 x 10~° 464 10~°
M2 1.172261 x 1020 1534792 x 105 88 10%

The computational control in methods M1 and M2 is a piecewise-constant function
with an accuracy of up to a day with a switching point at the moment ¢t = 5 from the
maximum value #;,5x = 0.5 to the minimum value equal to zero with reverse switching at
moment ¢ = 14.

Figures 1-6 show approximate graphs of the computational control and the corre-
sponding phase variables with a time discretization step equal to 0.1.

According to the optimal strategy for the treatment of an acute disease, taking into
account the limitation of the severity of the disease, it is necessary to administer im-
munoglobulins with maximum intensity at the initial stage of the disease in order to reduce
the severity of the disease when the organism’s immune response is still weak. Then, as the
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organism’s defenses are formed, it is necessary to stop the administration of the drug so
that the immune response is formed in full force by the type of feedback on the pathogen.
At the last stage, corresponding to the recovery of the organism, immunoglobulins must
be administered again with maximum intensity in order to achieve a minimization of the
virus value by the end of the specified treatment interval. Previously, a similar strategy for
treating the disease using the exacerbation method was proposed and tested in the course
of the computational model experiments in [7]. The formulation of tasks for the optimal
management of the treatment of a disease makes it possible to substantiate and effectively
regulate the process of treatment using the exacerbation method.

05

0.4 7

0.3 7

0.2 7

0.1 7

-\

Figure 2. 1—trajectory 1g x; for u = 0; 2—computational trajectory Ig x;.
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Figure 5. 1—trajectory x4 for u = 0; 2—computational trajectory x4.
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Figure 6. 1—trajectory x5 for u = 0; 2—computational trajectory xs.

Within the framework of a model example, the proposed method of fixed points
provides a significant reduction in computational complexity compared to the standard
method of penalty functionals, which is estimated using the total number of Cauchy
computational problems.

Example 2. The comparative efficiency of the proposed fixed-point method is illustrated with
the example of the well-known model problem of satellite rotation stabilization [30,31], which is
considered in the following formulation:

X1 = 3x0x3+100u, t € T =[0,t1], 4 = 0.1,
X = —x1x3 + 25uy,
X3 = —x1x2 + 100us, (23)
x1(0) =200, x(0) = 30, x3(0) = 40,
1 (£)] < 40, |ua(£)| < 20, |us(f)] <40, t € T,

Po(u) = 5 (1) +B(t1)) — int, (1)
@1 (u) = x1(t) = 0. (25)

The equations of the system describe the dynamics of the rotation of a satellite
equipped with three jet engines. The controls characterize fuel consumption. The mini-
mized functional from the control reflects the goal of achieving a state characterized by the
absence of satellite rotation (stabilization).

The Pontryagin function in problem (23)—(25) is represented as:

H(p,x,u,t) = Ho(p,x,t) + Hi1(p, x, t)us + Hi2(p, x, t)up + Hiz(p, x, t)us,

1
Ho(p,x,t) = §P1X2x3 — P2X1X3 — p3X1X2,
Hi1(p, x,t) = 100p1, Hio(p, x,t) = 25p3, Hiz(p, x,t) = 100ps.

To solve problem (23)—(25), we used the proposed method of fixed points (M3) based
on the iterative process (12) and the known method of penalty functionals with the objective
functional in the following form:

D (u) = Po(u) + 7sP7(u) — inf, (26)

where 75 > 0, s > 0 is a given penalty parameter.
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Auxiliary penalty problems (23) and (26) were calculated using the well-known condi-
tional gradient method (M1) and gradient projection method (M2) [28]. As a criterion for
stopping the calculation of the penalty problem for a fixed value of the penalty parameter,
the following condition was chosen:

D) — ()] < er|@(u")], (27)

where k > 0 is an iterative index of conditional gradient and gradient projection methods,
g =102,
After reaching the stopping criterion (27), the fulfillment of the terminal constraint
was checked:
|x1 (1, )| < &3, (28)

where e = 107 is the specified accuracy.
If condition (28) was not satisfied, then a new penalty problem was calculated with
the penalty parameter:

Vs+1 = Bys, p = 10.

The initial value of the penalty parameter 7 was set equal to 0.5.

When calculating a new penalty problem using the M1 and M2 methods, the resulting
computational control in the previous penalty problem was chosen as the initial approxi-
mation. The calculation using methods M1 and M2 ended when conditions (27) and (28)
were simultaneously satisfied.

To implement the proposed M3 method, an auxiliary regular Lagrange functional with
the multiplier A € R was considered:

—_

L(u,A) = E(x%(tl) +x3(t)) + Axi (h).
First, problems (23)—(25) were reduced to forms (1)—(3) by introducing an auxiliary variable
x4(t) = (x3(t) + x3(t)). After compiling the modified conjugate system and excluding
the corresponding conjugate variable p4(t) from it, the modified conjugate system takes
the form:

. 1
p1 = pax3 + p3xp + E(Pazz + p2z3),

'—71x+ x+1(zf1 z3)
p2 = 3P13 p3x1 2P31 3}913,

9y — _1 + + 1( _ 1 )
p3 = 3P1x2 p2x1 5 pP2z21 3}9122 p
1 1
pi(t1) = —A, pa(t1) = —x2(t1) — EZZ(tl)rP3(t1) = —x3(t1) — Ezs(fl)-

For available controls u9%, v, the function p(t, u0, v,A), t € T is the solution of the
modified conjugate system for x; = x;(t,u®), z; = x;(t,0) — x;(t,u%),i=1,2,3.
Auxiliary vector function u*(p, x, t) based on the projecting operation is determined

with the formula:
uf(p,x,t)
u*(p,x,t) = us(p,x,t) |,

uz(p,x,t)
where
40, u%(t) + 100ap; > 40,
uf(p,x,t) =< u®(t) +100ap;, —40 < u®(t) + 100ap; < 40,
—40, u°(t) + 100ap; < —40,

20, u(t) + 25ap, > 20,
us(p,x,t) = ul(t) +25apy, —20 < ul(t) +25ap, < 20,
—20, u®(t) + 25ap, < —20,
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40, u°(t) + 100ap; > 40,
u§(p,x,t) = < u®(t) +100ap3, —40 < u®(t) + 100ap3 < 40,
—40, u®(t) + 100ap; < —40.

Fixed-point problem (9) to improve the available control u° takes the form:

o(t) = u*(p(t, 10, v, A),x(t,v),t),t € T,AER, (29)
®1(v) = x1(f,v) = 0.
For a given a > 0 iterative process (12) for k > 0 with an initial available control v° for

k = 0 has the form:

oK) = u*(p(t, u, o5, A), x(t,0*1),t),t € T,A €R,
k+1 k+1 (30)
D1 (0" ) = x1(h, ") = 0.

At each iteration of process (30), a special Cauchy problem is solved:

X1 = %xﬁCg +100ug (p(t, u®, vk, A, x,t), t€ T =10,4],
Xy = —x1x3 + 25uf (p(t,u, ok, 1), x, 1),
X3 = —x1x2 + 100u5 (p(t, ub, vk,/\),x, f),
x1(0) = 200, x(0) = 30, x3(0) = 40

with the simultaneous calculation of the auxiliary control:
() = u(p(t, u®, o5, A), x(t),1),t € T,A € R.

The received control, which depends on the Lagrange multiplier, satisfies the first
equation of system (30).

To solve the corresponding algebraic equation of system (30) with respect to the
Lagrange multiplier, the dumpol procedure from the Fortran software package [29] was
used, which implements the deformable polyhedron method. The accuracy of solving the
equation was chosen equal to 107, which corresponds to the accuracy of criterion (28).

For a given o > 0, iterative process (30) was carried out until the first fulfillment of
the condition:

Do (1) < Dy (uh).

In this case, to improve the resulting control, a new problem (29) and algorithm (30) were
constructed. In this case, as an initial approximation of the control at k = 0 for the iterative
process (30), the resulting computational control was chosen.

Thus, starting from the second computational improvement problem (29), the se-
quence of computational controls forms a relaxation sequence of controls that satisfy
constraint (25) with a given accuracy.

If a strict improvement of the control in the process of iterations (30) was not achieved, then
the numerical calculation of the fixed-point problem (29) was carried out until the condition:

| Do (uF ) — @ (uF)| < e3]@o(ub)],

where e3 = 107°. This was the end of the construction and calculation of sequential
fixed-point problems for improving control.

As a starting initial approximation in all methods, we chose the control u(t) = 0,t € T.

Comparative results of calculations using the considered methods are shown in Table 2
in which @ is the calculated value of the objective functional of the problem, |®4] is the
modulus of the calculated value of the functional corresponding to constraint (25), N is
the total number of solved Cauchy problems. The note for the M1 and M2 methods gives
the value of the penalty parameter, which provided the specified accuracy of the terminal
constraint (25). For proposed method M3, the note indicates the specified value of the
projection parameter & > 0, which ensures the convergence of the iterative process (30).
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Table 2. Quantitative indicators of calculations for methods M1, M2 and M3.

Method @ | @1 | N Note
M1 316428 x 10713 245074 x 107 8512 0.5
M2 1.48471 x 1013 3.13041 x 107 2642 0.5
M3 3.63122 x 10713 5.22914 x 108 1458 105

In the framework of Example 2 with multidimensional control, the proposed method
of fixed points provides a significant reduction in the computational complexity, which is
estimated by the total number of Cauchy computational problems compared to the known
gradient methods based on penalty functionals.

Example 3. The considered example illustrates the possibility of the rigorous improvement of a
non-optimal control that satisfies the maximum principle using the proposed fixed-point method.
Gradient methods do not have this capability.

x(t) =u(t), x(0) =0, |u(t)| <20, te T=[0, n],
7T
Do(u) = —/xzdt — inf,
0
D1 (u) = x(m) =0.
The Pontryagin function has the form:
H = pu+x% Hy=x% Hy = p.

For a control u” € V and a given parameter « > 0, an auxiliary vector function u*(p, x, t)
based on the projecting operation takes the form:

20, u%(t) +ap > 20,
u(p,x,t) =< ul(t) +ap, —20 < ul(t) + ap < 20,
—20, u%(t) +ap < —20.

A simple analysis of the problem, taking into account its reduction to the form (1)-(3)
shows that the problem under consideration is non-degenerate and the maximum prin-
ciple condition for control u € W for some A € R can be represented in the following
projection form:

u(t) = u*(P(t,u,A),x(t,u),t),

where the function ¢(t,u,A), t € T is the solution of the standard conjugate system:

p(t) = —2x(t), () = —A

for x(t) = x(t,u), t € T. The control u°(t) = 0, t € T, is a non-optimal extremal control.
Wherein x(t,u’) = 0,t € T, &y(u°) = 0.

The improvement problem for control u° € V based on the regular Lagrange functional
L(u,A) = ®g(u) + AP1(u) has the following form:

o(t) = u*(p(t,u®,v,A),x(t,0),t),t € T,A €R,

Oy (v) = x(7,0) = 0, (1)

where the function p(t,u%,v, 1), t € T is the solution of the modified conjugate system:

p(t) = —2x(t) —z(1), p(m) = —A
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for x(t) = x(t,u%), z(t) = x(t,v) — x(t,u’), t € T. From this we obtain that for the extremal
control u°(t) = 0, t € T the function p(t,u’,v,1), t € T is the solution of the modified
conjugate system:

p(t) = —=(t), p(rr) = —A

forz(t) = x(t,v), t € T.
System (31) for improving the extremal control u°(t) = 0, t € T is an equivalent
boundary value problem:

In accordance with Theorem 3, the pair of functions (¢, u’,A) = 0, x(t) = x(t,u’) = 0,
t € T with A = 0is an obvious solution to this boundary value problem.

A simple analysis shows that this boundary value problem for « = 1 has solutions of
the following form with A = C:

p(t) = Ccost, x(t) = Csint, |C| <20, t € T.
These solutions of the boundary value problem correspond to the solutions of system (31):
v(t) =Ccost, t€T

with the corresponding values of the objective functional ®((v) = —ZC2.
Thus, system (31) at & = 1 for extremal control #° = 0 has a non-unique solution,
and extremal control u° = 0 is strictly improved on other solutions of system (31) at
0 < |C|] <20.
Let us show the possibility of a rigorous improvement of the extremal control u® = 0
using the proposed fixed-point method with the parameter & = 1.
The iterative process for solving system (31) takes the form
oF () = u¥(p(t, u, o5, A), x(t,0*1),t),t € T,A €R,
&, (k1) = k+1y — (32)
1(0") = x(m, o) = 0.

As an initial approximation of the iterative process (32), we consider the available
control o’(t) = —6, t € T, which corresponds to the phase trajectory x(t,7°) = —6t,
t € T. In that case, the function p(t,u%,v°,t), t € T is the solution of the modified
conjugate equation:

p(t) =6t, p(m) = —A.

The solution to this equation is the function:
p(t, uo,vo,t) =32 - A—31% teT.

Let us assume that |p(t, u% 9% 1) < 20,t € T. Then the corresponding Cauchy
problem for the phase system takes the form:

% =3t — A =372, x(0) = 0.
The solution to this equation is the function:

x(t) =t — (A+37°)t, teT.

The condition x(n,vl) = 0 determines the value of the Lagrange multiplier A= —212
This gives us a function:

p(t, ud, vo,t) =32 —n% teT,

which satisfies the condition |p(t,u% v, A)| < 20,t € T.
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From here, we get the control:
ol(t) =3 —m?, teT.

This control corresponds to the phase trajectory x(t,v') = 2 — 7%t, t € T and the value of
the objective functional:

D (v!) = _ 8 7 ;30118 < Do(u’) = 0.
105
Thus, the fixed-point method already at the first iteration makes it possible to strictly
improve the non-optimal extremal control #° = 0. The possibility of a rigorous improvement
of the extremal control appears due to the available choice of the starting initial control
o € V, which differs from the extremal control. There is no such choice in gradient methods.

5. Conclusions

Let us single out the difference between the proposed fixed-point approach and the
well-known Lagrange approach in problems with constraints. The Lagrange method is
based on the necessary conditions for the optimality of control (Pontryagin’s maximum
principle) in problems with constraints, represented by the generalized Lagrange functional.
The proposed method of fixed points is based on the conditions for improving control,
represented by the regular Lagrange functional in the form of a fixed-point problem in
the control space. The developed conditions for improving control in the form of a fixed-
point problem make it possible to apply and modify the known theory and methods of
fixed points to find a solution to the considered polynomial optimal control problems
with constraints.

The proposed method of fixed points is characterized by the property of non-local
improvement of control; the possibility of rigorous improvement of non-optimal controls
that satisfy the maximum principle; the absence of a control variation procedure, which
is typical for gradient methods; precise fulfillment of constraints at each iteration of the
method; the presence of one main tuning projection parameter & > 0, which regulates
the speed, quality, and area of convergence of the iterative process. These properties are
important for improving the efficiency of solving polynomial optimal control problems
with constraints compared to known methods.

One of the main limitations of the application of the proposed method is the assump-
tion that at each iteration of the method, the corresponding algebraic equation is solvable
with respect to the Lagrange multiplier. In cases where, at some iterations of the proposed
method, the indicated algebraic equation is unsolvable, a generalized modification of the
method can be used, which consists in finding the Lagrange multiplier that minimizes the
modulus of the restriction functional.

The proposed optimization approach based on constructing control improvement
conditions in the form of fixed-point problems can be extended to other polynomial optimal
control problems, including those with delays, mixed control functions and parameters,
piecewise constant controls, and other features. In particular, it is planned to develop a
modification of the proposed fixed-point method for polynomial optimal control problems
with constant delays, which are typical for models of the immune process in diseases.
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