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Abstract: Functional inequalities involving special functions are very useful in mathematical analysis,
and several interesting results have been obtained in this topic. Several methods have been used by
many authors in order to derive upper or lower bounds of certain special functions. In this paper,
we establish some general integral inequalities involving strictly monotone functions. Next, some
special cases are discussed. In particular, several estimates of trigonometric and hyperbolic functions
are deduced. For instance, we show that Mitrinovié-Adamovi¢ inequality, Lazarevic inequality, and
Cusa-Huygens inequality are special cases of our obtained results. Moreover, an application to
integral equations is provided.
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1. Introduction

The use of integral inequalities is very frequent in various branches of mathematics
such as differential and partial differential equations, numerical analysis, stability analysis
and measure theory. Due to this fact, the study of integral inequalities is of particular
importance.

Several results related to the development of integral inequalities involving monotone
functions have been published. One of the most useful inequalities in analysis is due to
Bellman [1]: Let s, 7,k € C([a,B]), &, € R, a < B, 1 > 0and 7,x > 0. If 1 is monotonic
nondecerasing, and

T(x) < u(x)+ /: k(s)t(s)ds

forall x € [a, B], then

X

T(x) < 1(x)exp (/tx K(s)ds)

for all x € [w, B]. Another important inequality is due to Chebyshev (see e.g., [2]). This
inequality can be stated as follows. Let w; € L!([a, 8]), i = 1,2, w; is decreasing for all i, or
wj is increasing for all i. Let ¢ € L!([a, f]) and ¢ > 0. Then

2

H( / ()9 () dx> < ( / f o) dx> ( / o1 (V)a(x)0(x) dx). (1)

i=1

An extension of the above inequality to higher dimensions have been derived in [3]. In [4-7],
reversed inequalities of Holder, Hardy and Poincaré type have been proved. Some results
related to integral inequalities for operator monotonic functions can be found in [8]. Other
integral inequalities involving monotone functions can be found in [9-13].

In [14], using inequality (1), Qi, Cui and Xu established several inequalities involving
trigonometric functions and other inequalities involving the integral of % Motivated by
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the above mentioned contribution and also by the importance of trigonometric inequalities
in real analysis, we establish in this paper new integral inequalities for strictly monotone
functions, which can be useful for obtaining several functional inequalities involving
trigonometric and hyperbolic functions.

Before stating our main results, let us fix some notations:

*  N: The set of positive integers.
e agbeR,a<hb.
e f€V([a,b]) means that f : [a,b] — Ris C!, f([a,b]) C [0, +oo] and

£'(la,b[) €0, +oo[ or f'(Ja,b[) C] — o0,0].
We present below our results.

Theorem 1. Let o € R\{0,—2}, f € V([a,b]), w € C([a,b|) and w(]a,b[) C]O,+oo[. Then,
for every n € N and x €|a, b|, it holds that

X 2 a 2 o+2 a X
/ (x—t)”lf”(t)<](é)—m>w(t)dt < M/ (x— 0" Yw()dt. (2)

Theorem 2. Let o € R\{0,—2}, f € V([a,b]), w € C(]a,b]) and w(]a,b[) C]O,+oo[. Then,
for every n € Nand x €|a, b|, it holds that

2 2 o+2
/xb(t 0 (féb) - m>w(t)dt < m /xb(t— O ot dt @)

Theorem 3. Let f € C'([a,b]). Assume that f'(]a,b]) C] — c0,0[. Then, for everyn € N, n > 2,
and x €la, b], it holds that

/x(x O dE > (- 1) /x(x O —a) f(b) dt. @)

In the case when f’(]a, b[) C]0, 00|, we have the following result.

Theorem 4. Let f € C'([a,b]). Assume that f'(]a,b[) C]0,+oo[. Then, for everyn € N, n > 2,
and x €]a, b], it holds that

/ax(x O dE < (n—1) /ax(x — 2t —a) f(1) dt.

Theorem 5. Let f € C!([a,b]). Assume that f'(]a,b[) C] — co,0[. Then, for everyn € N,n > 2,
and x €]a,b], it holds that

/h(t ) dE < (n—1) /h(t — )2 (b — £ (1) dt.

X

Theorem 6. Let f € C'([a,b]). Assume that f'(]a,b]) C]0, +oo[. Then, for everyn € N, n > 2,
and x €la, b], it holds that

b

/xb(t X)) dE > (n—1) / (t—x)"2(b— £) £ (t) dt

X

forall integer n > 2and a < x < b.

The proofs of The above theorems are given in Section 2. Next, some special cases are
discussed in Section 3. Finally, in Section 4, an application to integral equations is provided.



Mathematics 2023, 11, 1873 3of 14
2. The Proofs
Proof of Theorem 1. Let
FO) =~ (OfF ) () - Fa)
for all t €]a, b[. Due to the assumptions on f and f’, we have two possible cases:
fl(t) <0, 0< f(b) < f(t) < f(a), a<t<b
or
fi(t)>0,0< f(a) < f(t) < f(b), a<t<b.
Observe that in both cases, we have
f(la,b]) CJ0, +oo[, F(]a,b[) C] — eo,0].
Then, for all s €]a, b, it holds that
S
/ F(t)dt < 0,
a
which is equivalent to
S
[ (=rofF o+ L@ moFo)d <o, 5)
Ja

On the other hand, we have

/;(_f/(t)f(ﬂrl(t) +f2(a)f/(t)f‘771(t)) dt
_ |: f(7+2() f2( )fg(t>]s

oc+2 o _
A C) f2( )f(s) +f"“(a) _ f7(a)
oc+2 g oc+2 o
o (@) FPs) 2
=f (S)( o _(7—|—2) _a(a+2)f (a),

which implies by (5) that

2 2
f(r(s) (f (Ll) _ f (S)) < U.(U"Z_i_z)f0+2(a)'

o oc+2

Multiplying by w and integrating over |a, x|, where x|a, b], we obtainr

/ fos (f2 ii(r;) (s)ds < ﬁf”z(“) /ﬂx w(s) ds,

which shows that (2) holds for n = 1.
Let us now assume that (2) holds for some p € N, that is,

2 a 2 o+2 a




Mathematics 2023, 11, 1873

4 of 14

for ally €]a, b|. Integrating over |a, x[, where x €]a, b[, we obtain

[(fo-vreo(f2 - L) wwar) a
[ ([l mon)
On the other hand, by Fubini’s theorem, we have

[ ([ -0 1f”<>(f2(§”) L0 <>dt)dy
- [ro(E - £ s)e
=1 - )”f"()(fz 2 fj;)w(t)dt.

[ ([ w=ortowar)

_/ (/ —t”ldy)dt

- ?/a (x — )Pw(t) dt.

Thus, it follows from (6)—(8) that

Similarly, we have

o oc+2

x 2 a 2 o+2 a x
/ (x—t)”f”(t)(m - M)w(t)dt < i{;fz))/a (x — )Pw(t) dt,

(6)

@)

®)

which shows that (2) holds for p 4+ 1. Thus, by induction, (2) holds for everyn € N. [

Proof of Theorem 2. Let

G(t) = —f'(DfH D) - (1)

for all t €]a, b[. Due to the assumptions on f and f’, we have
f(Ja,b]) C]O, +oo[, G(]a,b]) C] —o0,0].
Then, for every s €]a, b|, there holds
4
/ G(t)dt <0,
JS

which is equivalent to

/b(,f’(t)f”_l(t)fz(b) +fl(t)ftf-&-l(t)) dt < 0.

S

On the other hand, we have

©)

2fa+2(b)

2 2
[ (rwmwpm+ roeo)a= oS8 - L) -

g

which implies by (9) that

2 2 o+2
o (£ - £6)) 270

, <s<b.
o c+2 o(oc+2) r=s

clc+2)’
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Multiplying the above inequality by w(s), we get

2 2(g o+2
P - L6 < 20

b.
o oc+2 0(0+2)w(s)’ asss

Integrating the above inequality over ]x, b, where 4 < x < b, we obtain

b (£2) _ fAs) 2f7+2(b) [P
/xf (s)(a—m>w(s)ds< m/}( w(s)ds,

which shows that (3) holds for n = 1.
The rest of the proof is similar to that of the previous theorem. [

Proof of Theorem 3. We provide two different proofs of Theorem 3. The second proof was
suggested by one of the referees of the paper.

Proof 1. Let
H(t) = —(t—a)f'(t)

for all t €]a, b[. Due to the assumption on f’, we have

H(]a,b]) C]0, +oo],

which implies that
/ﬂs H(t)dt > 0 (10)
for every s €]a, b[. Integrating by parts, we get
/aSH(t)dt _ as(t—a)f’(t)dt
= (1= afo- [ fo@)
= (- - [ r0a)

S

= —(s—a)f(s)+ [ f(t)at,

which implies by (10) that
/u F(t)dt > (s —a)f(s).

Integrating over |a, x[, where x €]a, b, we obtain

/ﬂx(/usf(t)dt> d5>/ax(s—a)f(s)ds. (11)

Furthermore, an integration by parts yields

/ax(./:f(t)dt) ds = [s/asf(t)dtI_a —(/axsf(s)ds

= x/axf(t)dt—/axsf(s)ds,

[ ([ roa)e- [o-ron

that is,
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which implies by (11) that

/x<x—f>f<f>df>/x<t—a>f<t>dt, a<x<b.

This shows that (4) holds for n = 2.
Let us now assume that (4) is satisfied for some p € N, p > 2, that is,

[ w=nrtpwar > -1 [Ty -2 - oo

a

for all y €]a, b|. Integrating over |a, x[, where x €]a, b[, we obtain

/a-x (/ay(yt)i’—lf(t) dt) dy > (pl)/ax</ay(yf)p_2(fﬂ)f(t) dt) day.

On the other hand, by Fubini’s theorem, we have

/ax </Hy(y — P () dt> dy
= [Fro ([ - orray) e

= [ —tprwa

‘E\H

and

[ ([ w-or2e-asa)a
= [e-aso( [ w-orra)a
::plltéﬂx—tﬁ%t—ay(ﬂdt

Thus, it follows form (12)—(14) that

[ a—orpwarsp [(a-nrte-afo,

(12)

(13)

(14)

which shows that (4) holds for p + 1. Hence, by induction, (4) holds foralln € N, n > 2.

Proof 2. Observe first that (4) is equivalent to
X
/ (x —1)"2(x —nt + (n —1)a) f(t) dt > 0.
On the other hand, we have
/Qx—ﬂ%%x—m+wn—n@ﬂnm
a
hta
_/ (x—1)"2(x — nt + (n — 1)a) f(t) dt
+/ “2(x — nt + (n — Da)f(£) dt.
1od +a

Observe that
X —a
x—nt+(n—-1)a>0, a<t<T+a

(15)

(16)
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and ‘—a
x—nt+(n—1)a <0, — o ta<t<x

Then, since f'(t) < 0foralla < t < b, we have

hta
/ (x — 8)"2(x — nt + (n — 1)) f(£) dt

.y (17)
> f(xn_“ +a> / T e~ )2 — b 4 (n— 1)a) dt
and .
Joa (=2t (0 = Da) (1) d
' X—a x (18)
>f( +a) /ﬂﬂ(x—t)”_z(x—nt—i—(n—l)a) dt.
Thus, (16)—(18) yield
/x(x 2 x— b+ (n— 1)a)f(t) dt
! (19)

>f<x—a +a> /ax(x— D" 2(x —nt+ (n—1)a)dt.

n

On the other hand, an integration by parts yields

/x(x — )" 2(x — nt 4 (n — 1)a) dt

:_nil[(x—nt—l—(n—l)a)(x—t)”’l};a—nil/:(x—t)”’ldt
_(x—a)" (x—a)" _
e i pU

Hence, by (19), we obtain (15). O

Proof of Theorem 4. Applying inequality (4) with —f instead of f, we obtain the re-
sult. O

Proof of Theorem 5. Introducing the function

I(t) = =(b—t)f'(¢)

for all ¢ e]a,b[, and proceeding as in the proof of Theorem 3, the desired inequality
follows. [

Proof of Theorem 6. Applying Theorem 5 with — f instead of f, we obtain the desired
inequality. [

3. Some Special Cases

Functional inequalities involving special functions are very useful in mathematical
analysis, and several interesting results have been obtained in this topic. See e.g., [2,15-25].

Here, some estimates involving trigonometric and hyperbolic functions are deduced
from our main results.

Corollary 1. Let ¢ € R\{0, -2}, w € C([0,5)) and w(t) > 0 for every t € |0, 5 [. Then, for
evryn € Nand x € |0, 5 [, it holds that

/Ox(x — )" cos? (1) (1 _ Cosz(t))w(t) dt <

—-= )/0 (x— )" Tw(t)d.  (20)

o(oc+2
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Proof. Let
f(t) = cost
forall t € [0,%]. It can be easily seen that f € V([a,b]) witha = 0 and b = . Then,

the functions f and w verify the assumptions of Theorem 1, and (2) holds for all n € N,
o € R\{0,—2} and 0 < x < 5. Namely, we have

x 2 2 o+2 x
/0 (x — 1)L cos? (1) <C°SU(0> - ng_(;))w(t)dt < w /0 (x — )" L (t) dt,

which yields (20). O

Taking w = 1 in the above result, we obtain the following

Corollary 2. Let ¢ € R\{0, —2}. Then, foralln € Nand 0 < x < %, we have

1 > nel . o 1 cos?(t) 2
ol O(x—t) cos (t)<a— U+2>dt<na(0+2)' (21)

The following inequality derived by Mitrinovi¢ and Adamovi¢ [15] is a special case of
Corollary 2.

Corollary 3. Forall 0 < x < %, we have

. 3
(smx) > COS X. (22)
x
Proof. Takingn =1land o = f% in (21), we obtain
1 > s 3 3cos’(t) 9
- 3 _ - _ -7\ __
x/OCOS (t)( 1 5 )dt< 7
that is,
X s 3 3cos?(t) 9x
/0 cos™3(t) (4 + 2) dt > T (23)
On the other hand, for all 0 < < x, we have
_4 3 3cos?(t)\ _4 3 5, 3 .,  3cos’(t)
cos 3(t)(4—|—2> = cos 3(t)(4cos b gsintt 4 ————=
= Zcos%(t) + Zcosfé(t) sin? t
1
= Z (cosg (1) + 3 cos 3 () sin? t)
4 gsintcos%l(t)
- dt\4 ’
which yields
x 2 _
/0 cos™ 3 (1) (i + 3co;(t)) dt = ZsinxcosTl(x). (24)

Finally, (22) follows from (23) and (24). O
Corollary 4. Let 0 € R\{0, -2} and w € C(R) be such that

w(t) >0
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forevery t > 0. Then, for all n € Nand x > 0, it holds that

x cosh? x
/O(x—t)”_lcosh‘r(t) ((17— Ui;t)>w(t)dt<a<02+2)/() (x =" lw(t)dt.  (25)

Proof. Letb > 0 and
f(t) = cosht

for every t € [0,b]. It can be easily seen that f € V([a,b]), where a = 0. Then, the
functions f and w verify the assumptions of Theorem 1, and (2) is satusfied for every n € N,
o € R\{0,—2} and x > 0 (since b > 0 is arbitrary chosen). Namely, we obtain

/O " — 1" L cosh (1) (COShZ(O) _ cosh®(t) > w(t)dt < 20h7(0) /0 = 0 Yt dt,

o c+2 o(o+2)
which yields (25). O
Taking w = 1 in the above result, we deduce the following inequality.

Corollary 5. Let 0 € R\{0, —2}. Then, for all n € N and x > 0, we have

X

2
(x — )" L cosh”(t) ((17 — C(:Ts:l_ ét)> dt < 11(7(02_'_2). (26)

The following result due to Lazarevic [16] is a special case of Corollary 5.

x" Jo

Corollary 6. We have

. 3
( sm; i ) > cosh x (27)
for every x # 0.

Proof. Without restriction of the generality, we may suppose that x > 0. Taking n = 1 and
o= —% in (26), we obtain

1 /% 4 3 3cosh?(t) 9

X

that is,

x _14 3 3cosh?(t) 9x
/0 cosh™ 3 (t) <4 + 2> dt > e (28)

On the other hand, for all 0 < < x, we have

cosh_%(t) (3 + 3COSh2(t)>

4 2

h?(t
cosh ™3 (1) (i cosh? t — % sinh? t + 3(:052()>

= —cosh3(t) — Z cosh™3 (t) sinh? ¢

= 1 (coshg (t) — % cosh™3 (t) sinh? t)

d/9 . =1
= dt<4smhtcosh3(t)),
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which yields
X 2 —
/ coshfg(t) <3 + 3COSh(t>> dt = gsinhxcoshT] (x). (29)
0 4 2 4
Finally, (27) follows from (28) and (29). O
From Theorem 3, we deduce the following inequality.
Corollary 7. Foralln € N,n > 2and 0 < x < 5, we have
X
/ (x —nt)(x — t)" 2 costdt > 0. (30)
0

Proof. Let
f(t) =cost, teR.

Leta =0and b = Z. One has
f'(t) = —sint <0, a<t<b.

Then, the function f satisfies the assumptions of Theorem 3. Hence, using (4), we ob-
tain (30). O

From Corollary 7, we deduce the following Cusa-Huygens inequality (see [2]).
Corollary 8. Forall 0 < x < 5, we have

sinx 24 cosx

. 3 (31)
Proof. Taking n = 3 in (30), we obtain that
X
/ (x — ) (x —3t) costdt > 0 (32)
0
forall0 < x < 7. A double integration by parts shows that
X 2 1

/0 (x —t)(x —3t) costdt = +§OSX—SIEX. (33)

Hence, (31) follows from (32) and (33). O

Similarly, taking f(t) = cosh(t), t > 0, in Theorem 4, we obtain the following result.

Corollary 9. Foralln € N, n > 2 and x > 0, we have
X
/ (x — nt)(x — £)" 2 cosh(t) dt < 0. (34)
0

Taking n = 3 in (34), we obtain the following hyperbolic version of inequality (31)
(see [16]).

Corollary 10. We have
sinhx 2+ coshx

< ,
X 3

x #0.

From Theorem 1, we deduce the following inequality.
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Corollary 11. We have
In(t 20 2 t
w> = — Zsec®x —secx anx_4/ O<x<z. (35)
X 3 3 2
Proof. Using Theorem 1 with f(t) = cost, w(t) = cos>t,a = 0,b = Z,0=3andn =1,
we obtain ,
x 1 cos“t 2 X
-2 -5
tHl = — dt < — tdt
/0 cos ( 3 = ) < 5 J cos (36)
forall 0 < x < 7. Moreover, we have
X 1  cos?t tanx x
-2
tH = — dt = - = 37
/o €08 (3 5 ) 3 5 57)

and

x sec4xsinx+3<% secx tan x + %In(tanx+secx))
/ cos 2 tdt = 7l . (38)
0

Using, (36)—(38), we obtain (35). O

4. An Application

Our aim is to investigate the the existence and uniqueness of solutions to

1 cosh?(t)
o c+2

u(x) = /Ox(x —)n1 cosh‘r(t)( >F(t,u(t)) dt, 0<x<h (39

whereh > 0,0 > 0,n € Nand F : [0,h] x R — R is a continuous function. Namely, using
Corollary 5, we shall establish the following result.

Theorem 7. Assume that there exists « > 0 such that
[F(t,y) — F(t,z)| < aly —z| (40)

forall0 <t <handy,z € R If

0 <h<min{ (W)n,cosh_l (\/14—(3) }, (41)

then (39) admits a unique solution u* € C([0, h]). Moreover, for any uy € C([0,h]), the Picard
sequence {u,} C C([0,h]) defined by

1 cosh?(t)
o oc+2

upy1(x) = /Ox(x — )" cosh?(t) ( )F(t,up(t)) dt, 0<x<h

converges uniformly to u*.
Proof. Let us equip C([0, h]) with the norm

= 7 /h .
Jull = max [u(x)], e C((0,H])

It is well-known that (C([0,%]), || - ||) is a Banach space. We introduce the mapping

T C([0,]) — C([0,1])
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defined by

X

_ 1 cosh?(t)
_ p\n—1 o -
(x — )" cosh! (t)<(7 )

(Tu)(x) = |

A >F(t,u(t))dt, 0<x<h, uecC([0,hn]).

Observe that u € C([0, h]) is a solution to (39) if and only if u is a fixed point of the mapping
T (i.e., Tu = u). On the other hand, for all u,v € C([0,4]) and 0 < x < h, we have

|(Tu) (x) — (To)(x)|
1 cosh?(t)

X
< _ n—1 a
_/0 (x = )" cosh (1) | — <2

|F(t,u(t)) — F(t,v(t))| dt.

On the other hand, by (41), we have
1 2
0 < h < cosh 1+ L

1 cosh?(t)

which implies that

>0, 0<t<h.
o oc+2

Hence, it holds that
|(Tu)(x) — (To)(x)|
X cosh?
g/o (x—t)”%osh”(t)(i— h (t)>|F(t,u(t))—F(t,v(t))|dt.

oc+2

Making use of (40), we obtain

|(Tu) (x) = (To)(x)]

X _ 1 cosh?(t)
< _ \n—1 o - _
<a [ (x=1)""cosh (t)(a = >u(t) ot)| dt
x _ 1 cosh?(t)
< _ _ p\n—1 o - .
< alu vH/O(x 1)1 cosh (t)(a = )dt
Furthermore, using Corollary 5, we get
20x"
_ < mly —
(M)~ (TR < o]
=]
no(o+2) '

Consequently, we deduce that
| Tu — To|| < k|lu—2|, u,veC([0h]),

where
_ 2ah"
- no(c+2)

On the other hand, due to (41), one has

na(a+z)>%,

h
0< << o
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which yields
0<k<l

Thus, from Banach contraction principle (see e.g., [26]), we deduce that T admits a unique
fixed point u* € C([0,4]), and the Picard sequence {u,} defined by u,,1 = Tu), converges
to u* with respect to the norm || - ||. This completes the proof of Theorem 7. [

5. Conclusions

Some integral inequalities involving strictly monotone functions are provided. We
shown that the obtained inequalities can be useful for deriving several functional inequal-
ities involving trigonometric and hyperbolic functions. For instance, Theorem 1 unifies
and generalizes Mitrinovi¢-Adamovi¢ [15] and Lazarevic [16] inequalities, and Theorem 3
generalizes Cusa-Huygens inequality [2]. By applying Theorem 1, we also obtained a new

inequality (see Corollary 11) that provides a lower bound of the function w.

x
Further inequalities can also be obtained by considering other functions f in Theorems 1-6. We
also shown that our obtained results are useful for studying the existence and uniqueness
of solutions to integral equations.
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