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Abstract: In the frame of fractional calculus, the term convexity is primarily utilized to address
several challenges in both pure and applied research. The main focus and objective of this review
paper is to present Hermite-Hadamard (H-H)-type inequalities involving a variety of classes of
convexities pertaining to fractional integral operators. Included in the various classes of convex-
ities are classical convex functions, m-convex functions, r-convex functions, (&, m)-convex func-
tions, (&, m)-geometrically convex functions, harmonically convex functions, harmonically symmet-
ric functions, harmonically (6, m)-convex functions, m-harmonic harmonically convex functions,
(s,r)-convex functions, arithmetic—geometric convex functions, logarithmically convex functions,
(«, m)-logarithmically convex functions, geometric-arithmetically s-convex functions, s-convex func-
tions, Godunova-Levin-convex functions, differentiable ¢-convex functions, MT-convex functions,
(s, m)-convex functions, p-convex functions, h-convex functions, o-convex functions, exponential-
convex functions, exponential-type convex functions, refined exponential-type convex functions,
n-polynomial convex functions, ¢, s-convex functions, modified (p, h)-convex functions, co-ordinated-
convex functions, relative-convex functions, quasi-convex functions, (¢, 1 — m) — p-convex functions,
and preinvex functions. Included in the fractional integral operators are Riemann-Liouville (R-L)
fractional integral, Katugampola fractional integral, k-R-L fractional integral, (k, s)-R-L fractional
integral, Caputo-Fabrizio (C-F) fractional integral, R-L fractional integrals of a function with respect
to another function, Hadamard fractional integral, and Raina fractional integral operator.

Keywords: Hermite-Hadamard inequality; convex function; Riemann-Liouville fractional integral;
Katugampola fractional integral; Hadamard fractional integral
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1. Introduction

The term convex functions has been intensively propagated in the renowned book
Inequalities, which was written by Hardy, Littlewood, and Polya [1]. During the last century,
the notion of convexity and its generalizations have emerged as an interesting field of
pure and applied mathematics. Several mathematicians have offered their insight into
this field, presenting new versions of different types of inequalities with convex sets and
convex functions. The term convexity, with help from the concept of optimization, has a
magnificent impact on many fields of applied sciences including finance [2], estimation
and signal processing [3], control systems [4], engineering [5], data analysis and computer
science [0], statistics [7], and mathematical optimization for modeling [8,9]. The combined
study of convex analysis and integral inequalities presents a captivating and engrossing
field of research within the area of mathematical interpretation. Because of their widespread
perspectives and applications, the tactics and literature of convex analysis and integral
inequalities have recently become the subject of intensive research in both contemporary
and historical times.
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Among all the inequalities, the most extensively used are the Hermite-Hadamard-
type and Fejér-type inequalities. These inequalities involving convex functions play a
consequential and fundamental role in applied mathematics. Thus, convex analysis and
inequalities have been referred to as an absorbing field for mathematicians due to their
wide applications in numerous branches of science. Integral inequalities have effective ap-
plications in information technology, probability, optimization theory, stochastic processes,
statistics, integral operator theory, and numerical integration.

In the current decade, many mathematicians have been merging new ideas with
fractional analysis to bring new dimensions with different features to the field of math-
ematical analysis. Fractional analysis has numerous applications in modeling [10], epi-
demiology [11], fluid flow [12], nanotechnology [13], mathematical biology [14], control
system [15], and transform theory [16]. Due to these widespread views and their applica-
tions, fractional analysis has become an attractive field for scholars. Thus, the concept of
fractional integral inequalities has many applications in applied sciences.

Mathematical inequalities play important roles in the study of mathematics as well
as in other areas of mathematics because of their wide applications in mathematics and
physics. One of the most significant functions used to study many interesting inequalities
is the convex function, which is defined as follows:

LetI C R be a non-empty interval. The function IT: I — R is called convex if

TI(Ax1 + (1= A)xa) < ALI(x1) + (1 — A)TI(x2)

holds for every xq,x, € Tand A € [0,1].

Currently, many researchers have been fascinated by the field of convex functions and,
particularly, one of the well-known inequalities for convex functions known as the H-H
inequality, which is defined as follows:

X1+ X2 1 *2 H(xl) + I1(xy)
H( . )sz—xl/xl M(x)dy < =002 (1)

Inequality (1) was introduced by C. Hermite [17] and investigated by J. Hadamard [18]
in 1893.
The following result is connected with the right-hand part of the inequality (1).

Theorem 1 ([19]). Assume that x1,x, € I°, the interior of an interval 1, with x; < xp and
IT:1° C Ris a differentiable function on 1°. If |IT'| is a convex function on 1°, then

Mo G 1 e < 200 () + ). @

In view of the increasing interest in fractional integral operators and the applications
of H-H-type inequalities, in recent years many papers have been devoted to the gener-
alizations of H-H inequality involving fractional integrals. A thorough literature review
dealing with fractional H-H inequalities can be found in the book [20] and the paper [21].
This book [20] is devoted to H-H-type inequalities involving R-L and fractional integrals of
Hadamard type by using different concepts of convexities. In [21] are presented H-H-type
inequalities of a-type real-valued convex functions, along with various classes of convexity
through differentiable mapping of fractional integrals.

Our objective in this paper is to present a comprehensive and up-to-date review on
H-H-type inequalities for different kinds of convexities and different kinds of fractional
integral operators. In each section and subsection, we first introduce the basic definitions
of different kinds of convexities and fractional integral operators and then include the
results on H-H-type inequalities. We believe that the collection of almost all existing in
the literature H-H-type inequalities in one file will help new researchers in the field learn
about the available work on the topic before developing new results. We present the
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results without proof but instead provide a complete reference for the details of each result
elaborated in this survey for the convenience of the reader.

The construction of this review paper is as follows. In Section 2, we introduce the
reader to the basic concepts of R-L fractional integrals. In Sections 2.2-2.33, we summa-
rize fractional H-H-type inequalities for various classes of convexities, including classical
convex functions, m-convex functions, r-convex functions, («, m)-convex functions, (&, m)-
geometrically convex unctions, harmonically convex functions, harmonically symmetric
functions, harmonically (6, m)-convex functions, m-harmonic harmonically convex func-
tions, (s, r)-convex functions, arithmetic—geometric convex functions, logarithmically con-
vex functions, (&, m)-logarithmically convex functions, geometric-arithmetically s-convex
functions, s-convex functions, Godunova-Levin-convex functions, differentiable ¢-convex
functions, MT-convex functions, (s, m)-convex functions, p-convex functions, h-convex
functions, o-convex functions, exponential-convex functions, exponential-type convex
functions, refined exponential-type convex functions, n-polynomial convex functions,
o, s-convex functions, modified (p, h)-convex functions, co-ordinated-convex functions,
relative-convex functions, quasi-convex functions, («,h — m) — p-convex functions and
preinvex functions. In Section 3, H-H-type inequalities via Katugampola fractional inte-
gral are discussed, while, in Section 4, H-H-type inequalities via k-R-L fractional integral
are included. In Section 5, H-H-type inequalities via (k,s)-R-L fractional integral are
given, in Section 6, H-H-type inequalities via C-F fractional integral are included, while in
Section 7, H-H-Mercer-type inequalities via R-L fractional integrals are presented. H-H-
type inequalities via R-L fractional integrals of a function with respect to another function
are given in Section 8, fractional H-H inequalities via weighted symmetric function in
Section 9, H-H-type inequalities via Hadamard fractional integral in Section 10, and, finally,
H-H-type inequalities via proportional fractional integrals and H-H-type inequalities via
Raina integral operator are in Sections 11 and 12, respectively.

Note that the main motivation of this review paper is to clarify the state of knowledge,
explain apparent contradictions, identify needed research, and even create a consensus
where none previously existed. The purpose of this review paper is to succinctly review
recent progress in a particular topic, namely convex analysis in the frame of fractional
calculus. Overall, this review paper summarizes the current state of knowledge on the
topic of convexity. It creates an understanding of the topic for the reader by discussing
the findings presented in recent research papers. Our goal here is a more complete and
comprehensive review and, as such, the choice is made to include as many results as
possible to illustrate the progress on the matter. Any proofs (which are rather long) are
omitted; for this matter, the reader is accordingly referred to the relevant article.

2. H-H-Type Inequalities via R-L Fractional Integrals
We start by giving the definitions of left and right R-L fractional integrals.

Definition 1 ([22]). Assume that TT € Ly[x1, x3|. Then, the left and right R-L integrals J§ | TT
and ];'C‘Z_H, « > 0, x1 > 0are stated by

X

JE  Ti(x) = r(l) [ o, x>,

1

and
1

I(a)

respectively. Here T («) represent the Euler Gamma function and ]9, T1(x) = J§, _TI(x) = I1(x).

JE _TI(x) = /:Z(t ~ ) I, x < 1,

2.1. Fractional H-H-Type Inequalities for Convex Functions

H-H inequalities were represented in a fractional integral in [23].
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Theorem 2 ([23]). Assume that 0 < x1 < xp, I1: I = [xq,x2] — R is a positive function and
IT € Ly[xq, x2]. If 11 is a convex function on I, then

IT(x1) +T1(x)

, 0.
5 o>

H(x1 —i—xz) < 21"(0(4—1)

2 (t2—x1)° T8 T(x2) + J&, TI(x7)] <

Theorem 3 ([23]). Assume that x1,x, € R with x; < xpand I1 : T = [xq,x] — Risa
differentiable mapping on (x1,x2), such that II" € Ly [xy, xp]. If |IT'| is a convex function on I, then

X2 — X1

2 (1 ) )+ )

New fractional H-H integral inequalities related of right-hand inequalities for some
convex functions are given in the next theorems.

Theorem 4 ([24]). Assume that 11 is as in Theorem 3. If |IT'|7 is a convex function on 1, and
p > 1, then

R = RIS

X2 — X1 (IH’(xl)l" + IH'(Xz)\q)%

< T >
2(ap+1)7

wherel—t—}:l.
p 4

Theorem 5 ([24]). Assume that 11 is as in Theorem 3. If |IT'|7 is a convex function on 1, and
g > 1, then

() 1) 2552“311))« 8, T(2) + 3 _TT(x)]

< %O_;)(IH’(xl)l";H’<x2>|q)$'

The H-H inequalities for left and right R-L fractional integrals are given in the next
theorems.

Theorem 6 ([25]). Assume that x1,x; € R with x1 < xp and I1 : [xq,x] — R is a convex
function. If T € Ly[xq, x|, then R-L fractional integral inequalities are given as

alT(x1) + IT(xp)
a+1

(acx1+x2)< Ta+1) Caso.

a+1 / — (xz—xl)”‘]?ﬁn(xZ) =

Theorem 7 ([26]). Assume that I1is as in Theorem 6. Then R-L fractional integral inequalities
are given as

all(xq) + T1(xp)

o , o >0.

H<x1 +0cx2> < I(a+1)

a+1 /7~ (xz—xl)"‘]f‘ézfn(xl) =

New refinement of fractional H-H inequalities are included in the next theorems.
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H(xl + x2

2

Theorem 8 ([27]). Assume that x1 < xp and IT: T = [xq, x2] — Ris a positive function such that
IT € Li[x1,x7). If 11 is a convex function on I, then WH is a convex function and monotonically
increasing on [0, 1] and

) = WH(0) < WH(t) < WH(1) = m V8,2 T1(0) + I3 _T(x)|, &> 0,
where
WH(t) = ﬁ /: H(tx +(1-n2 erx2> (2 = x)* T4 (x — x7)* 1)d.

Theorem 9 ([27]). Assume that 11is as in Theorem 8. If 11 is a convex function on I, then WP is
monotonically non-decreasing and convex on [0, 1] and

ooy ) 4 15 )] = WP() < WP
Xy — X1

< WP(l) — w, a >0,
where

) = L I (9 ()
() (e (59 (52
(22

New weighted versions of H-H inequality for R-L fractional integrals are established
in the following theorems.

Theorem 10 ([28]). Assume that x1,x; € R with x1 < xp and I1 : [x1,x] — R is a con-

vex function such that 11 € Ly[x1,x2]. In addition, we suppose that w : [x1,x2] — R is

X1+ X
2

continuous and %[w(s) +w(x; +x2—3)] = w(
X1+ X2 X1+ X2
( > ,w( 5 )) Then

H(w(xl -;XZ)) < Z(I;C(zaj—xll))a {]féﬁﬂ(w(m)) + ];‘Z,H(w(xl))},

), i.e., symmetric about the point

and

F'(a+1)
2(xp — x1)"

(w(x2))

, >0,

8, M) + 12, T(w(x))] < 1)+
if w is monotonic on [x1, x2].

Theorem 11 ([28]). Assume that I1is as in Theorem 10. Then WH,, is a convex function and
monotonically increasing on [0,1] and

H(w(x1 erxz)) = WHu(0) < WHe(t) < WH(1)

F(a+1)
2(xp — x1)"

3 11w () + T8, T(w(x))], a >0,

where
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) = s [+ 15 (252)) (o -

Theorem 12 ([29]). Assume that x1,x3 € Rwith0 < xqy < xpand I1: 1 = [x1,x] — Risa
positive function such that I1 € Ly [xq, x2]. If 1 is a convex function on I, then

a—1
(%772) < 2 T g 09) # Py M) < FE I, o

Theorem 13 ([29]). Assume that I1is as in Theorem 12. If |IT'|1 is convex on I for g > 1, then
fractional integral inequality is given as:

2210w+ 1) 1, i
T a (o) 1102+ g 1] =1

{(<a+1>n'<x1>|q + (@ +3)|IT (x2)]7)

}_

Theorem 14 ([30]). Assume |IT'| is a convex function on [x1, x3]. Then

xl—;—x2>|

=
==

4x(21x_+x11) ( 2 (ocl—f— 2 )

ey

(a4 3) [T (1) |7 + (e + 1[I (x2)]7)

[(x —x1)* + (2 — 2)*]TT(x) | (x —x1)*TI(x1) + (x2 — x)*TI(x2)

+
Xo — X1 X2 — X1
2°T(a+1) 7, X+ x N x+x N X+ x N X+ x
 x-x [IX*H( 2 )J“]"l*H( 2 )Jr]xrn( 2 )+IX+H( 2 )
(x = x)" ! I )| + V(x| (32 = ) IT(0)| + [T (x)]
X2 — X1 2(x+1) Xy — X1 2(a+1) ’
Theorem 15 ([30]). Assume |I1'|7 is a convex function on [x1,xp] for some fixed ¢ > 1,
1 + - =1.Then
p g
[(x = x7)* + (x2 — x)*]T1(x) n (x —2x1)*TI(x1) + (x2 — x)*TI(x2)
X — X1 Xy — X1
2°T(a+1) 1y (*tx W (Eh! B (AR o (¥
o —x {IX* ( 2 )+IX1+ ( 2 )+]’f2* ( 2 >+]x+ ( 2 )}

< ()" (o) {2 (@@ e+ (@)

_ 4\l 1 ;
+(xiz_xi: [(BITY ()7 11 (x1)|7) T + (X ()17 + BT (x0)[) 7] }.

H-H-type inequalities for fractional integrals depending on a parameter are now given.

Theorem 16 ([31]). Assume that 0 < x1 < xp and I1 : I = [x1,x] — R is a function
differentiable on (x1,x3). If |T1'|9, g > 1 is a convex function on 1, then we have the fractional

integral inequality:

IT(Ax + (1= A)xg) +TT(Axp + (1 = A)xg) F(a+1)
(1 — 2/\)()(2 — xl) (1 — 2/\)”‘+1 (Xz — xl)"‘+1
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% {]E‘sz+(1—A)X1)+H()‘x1 (1= 2)22) + Jae, 4 (1- ) 4 TTAx2 + (1 = )L)xl)} ‘

< 2 (1_l)[|H’(/\x1+(1—)\)xz)\q+|H/()\x2+(1—)\)x1)|q}%
- a+1 2% 2 !

where A € [0,1]\ {1/2} and a > 0.

Theorem 17 ([31]). Assume that I1is as in Theorem 16. If |I'|1, g > 1 is a convex function on I,
then fractional integral inequality is given as:

[T(Ax; + (1 = A)xg) + (A + (1 = A)x1) F(a+1)
(1 — Z)L)(Xz — xl) (1 — 2/\)”‘+1 (X2 — Xl)‘x""l

% []E(Mﬁ(l*)\)xlﬂn()‘xl (1= 2)22) + Jaey 4 (1- )y 4 T1AX2 + (1 = A)xl)} '

[pa2—|— . (1 B 2%)} ’ [\H/()\xl + (1= A)xp)| 42' T (Axp 4 (1 — )\)x1)|q} %

where:)+‘11 =1,A1€[0,1]\ {1/2} and a > 0.

New fractional H-H-type inequalities are obtained in the following theorems.

Theorem 18 ([32]). Assume that x1,x, € R with x; < xp and I1 : T = [x1,x] — Risa
differentiable function on (x1,x7). If |IT'|7 is a convex function on 1 for some fixed q > 1, then
fractional integral inequality is given as:

T [ ¢ g, TG

204 (g 1) — (a +2)
(a+1)(a+2)

IN

[T (x1) |7 +

Xy —xq (2% —1\1=5 2%t — (a 4+ 2)

2i+1+}j<zx—|—1) {[(oc+1)(1x+2)
2 (w4 1) — (a +2)
[ (a+1)(a+2)

\n’<xz>|qﬁ

1

22— (w+2) 7
STk (xl)‘q] }

[TT (1) |7 +

Theorem 19 ([32]). Assume that I1is as in Theorem 18. If |[IU'|1, g > 1 is a convex function on I,
then fractional integral inequality is given as:

M) + 0z) z(r;; _+x11>)a (754 T1(x2) + T3 T1(x1)|
926;—2_96;1 (i“;;;)p{ [3\H (x1)|q: |11 (xz)l”] T4 {|H (x1)1 4;3\H (x2)|q} ﬁ},

wherel—F}:l.
p 9

Theorem 20 ([33]). Assume that I1is as in Theorem 18. If |[IT'|1, g > 1 is a convex function on I,

1
» + 7 =1, then fractional integral inequality for 0 < & < 1 is given as:

‘H(lerxz)  Ta+1)

2 2(xp — x1)* []ffﬁl_[(xz) + ];(zfn(xl)} ’
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Xy — X1

1
20+ (ap4+1)r

<
- 4 4

(Al + |H’<xz>|q)% 4 (Gl +3|H’(X2)|q)ﬂ‘

Theorem 21 ([33]). Assume that I1 is as in Theorem 18. If |I1'| is a convex function on 1, then for
0 < a <1 we have

M(%32) - Ha=ar

< gy (] + T Ge2)).

V2, T(x2) + I3, T1(x0)|

1 1
Theorem 22 ([33]). Assume that I1is as in Theorem 18. If [IT'|1, q > 1 with » +-=1,isa

convex function on I, then fractional integral inequality for & > 0 is given as:

‘H<x1 +xz) B zr(oc +1) []§1+H(x2) + ];‘27H(x1)} ’

2 (x2 — x1)"
Xy — X1 ((06+1)|H’(x2)|’7+(“+3)\H'(x1)|q)%
2041 (g 4 1) 2(a+2)
(a+ DT (1) ]9+ (& +3)[IT' (x2) |7\ 7
+( 12(0c+2) =) ]

Theorem 23 ([33]). Assume that I1is as in Theorem 18. If [I1'|9, q > 1 is a convex function on I

and — 4+ — =1, then fractional integral inequality for « > 0 is given as:

n(f) et

< () I () |

Theorem 24 ([34]). Assume that I1is as in Theorem 18. If |IT'|1, g > 1 is a convex function on I,
then for all x € [x1, x2] fractional integral inequality is given as:

% 1) + 18, TGy |

I(a+1) - Cam
=) [(x —x)! Je,—TI(x1 +x2 — x) + (x2 — x)! Je 4+ T1(x1 + 22 — x)}
—TT(x7 + x2 — x)
1 ap \p [T (x2) |7 + |TT (31 + x2 — %) |9
< oo () e ()
n [(x2 _ x)2(|H'(x1)|q + \H'z(ﬁ + X3 — x)I")%}’

wherel—klzl.
p 4

In the next we present some weighted fractional inequalities for differentiable map-
pings whose derivatives in absolute value are convex.
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Theorem 25 ([35]). Assume that x1,x, € R with x1 < xp and I1 : I — R is a differentiable
function on 1° such that I1' € Lq[xq,xp] and g : [x1, x2] — R is continuous. If |I1'| is a convex
function on I, then fractional integral inequality is given as:

() [y 5000 g st

[y 900 + ) (1)) ‘

(22 = x1)* 18]l
208 (p + 1) (e + 1)

[T ()| + [IT'(x2) ],

where ||g]lo = sup{|g(#)],t € [x1, 2]}

Theorem 26 ([35]). Assume that I1is as in Theorem 25 and g : [x1,x] — R is continuous. If
[IT'|7, q > 11is a convex function on I, then fractional integral inequality is given as:

) g 0+ )

B {]0{@)7(H8)(x1) + ]zw)+(ng)(x2)} ’

(x2 = x1)** gl o0
2
PG (ap + 1)VPT(a + 1)

1 1
x [ (3ITT (r0) 7+ [T (x2)17) "+ (ITV (1) 7+ B[ (x2)7) ],
where 1 + 1 =1.
P 9

In the next theorem, we establish above and below bounds for the left- and right-hand
sides of fractional H-H inequalities.

Theorem 27 ([36]). Assume that x1,x, € R with x1 < xp and I1: [xq, xp] — R is positive, twice
differentiable mapping, and I1 € Lq[xq, x). If I1" is bounded, i.e., m < T1"(t) < M, t € [x1,x2],
m, M € R, then fractional integral inequalities are given as:

m(xy — x1)? 27T (w+1) 1, N X1+ x
Mot 00D S Gaong Vg 102+ Tpupmy 1G] -11(252)
M(xp — x1)?
4(a+1)(a+2)

and

m(xy —x1)?w(a+3) _ T(x1) +I1(x2)

<

8(a+1)(a+2) 2
2 @A, .
(xp —x7)* {](@)Jrn(xz) +](@)_H(xl)}

M(xy — x1)%a(a +3)
- 8(a+1)(a+2)
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Theorem 28 ([36]). Assume that I1is as in Theorem 27. If IT'(xq + xp — x) > IT'(x) for all

xe |:x1/ ! B 2 :| ’ then ﬁllCtiOnﬂl integml inequalities are given as:
II X1 X2 206—1| (9‘ + 1) o X I I(Xl) H()CZ)
( 2 ) (xZ_x])’X [](L ;xz) II(XZ) ](@) H(xl)}

Now, we present fractional H-H inequalities for functions whose |I1”| or |[I1”|7 is a
convex function .

Theorem 29 ([37]). Assume that x1,x; € R with x; < xy and I1: 1T C [0,00) — R is a twice
differentiable function on I° of an interval I such that T1" € Lq[xq, xp]. If |IT"|9, g > 1 is a convex
function on [x1, x3], then fractional integral inequality is given as:

xp — x)*H — (x — xq)2t! X —x1)%+ (xp — x)®
(1_)\){( 2 ):z_il 1)+ }H/(x)—i-(l—l-a—)\){( 1) +( 2 ) }H(x)

(x —x9)*TI(xg) + (x2 — x)*I1(x2)  T(a+2) [
X2 — X1 Xy — X1

1-2 [M{Az(zx, AT (x) ]9 + Asz(a, /\)|H”(x1)|q}

< A
1 Xy — X1

Ji_TI(x1) + J54 T1(x2) ]

+A

Q=

(x2 _ x)vc+2

S A DI+ A DI ()7},
X2 — X1

forany x = txy + (1 —t)xp, t € [0,1], A € [0,1] and & > 0, where

aAE L1 A
Al = Tom Ty
3 (a+3)A +20A1+3
Aa(a,A) = ( 3(¢x)+3) ’
1 A o 2 2.1
Ag(,A) = — A (CE A+ (1— Zaq).
(@A) TERICEE) ot () i (-30)

1 1
Theorem 30 ([37]). Assume that I1is as in Theorem 29. If |I1"]9, g > 1, » + 7 =1, on [x1, x7)

then fractional integral inequality is given as:

xp — x)*H — (x — xq)2tL x—x1)* Xy —x)*
(1—/\){<2 ):z_il D" }H’(x)+(1+oc—)\){( )"+ (x2 )}H(x)

(x —x)*TI(x1) + (x2 — x)*I1(x2)  T(a+2) [

« o
+A X — 11 X, — 11 ]x,H(x1)+]x+H(x2)]
v (x = x)* 2 ¢ [T ()| + 117 (x1) |7 7
< P
< B (N’A’p){ Xy — X1 { 2 }
Llxe - X)”Z{ [T ()] 4+ 117 (x2) |7 }5}
Xy — X1 2 !

forany x € [x1,x2], A € [0,1], &« > 0 and

Bi(aw, A p) = Alzjm {ra +P)T(1+f++“) 2R (L1+p24p+ Lj—Tp,l)

#1114 p B,
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1
where B(.,.) is Euler Beta function B(xq,x3) = / #1711 — )27t x,x, > 0and B(.,.,.)
0

X
is the incomplete Beta function B(x, x1,x;) = / 111 — 127 dt, x € [0,1], x1, %0 > 0.
0

Theorem 31 ([38]). Assume that x1,x, € 1° with x; < xp and Il : I — R is a twice differentiable
function on I°. If IT" € Lq[x1, x2] and |I1”| is a convex function, then fractional integral inequality
is given as:

270 +2) 1,
(x2 —x1)" {](

_ 2
< B (1) + I ().

gz J102) + T ) Tl | = (@ DI (Z

x1+x2)‘

Theorem 32 ([38]). Assume that I1is as in Theorem 31. IfT11" € Ly[x1, xp| and |I1"]9, g > 11is
a convex function on [x1, xp|, then fractional integral inequality is given as:

27T (a+2) 1,
(x2 —x7)" {](

(XZ_X1)2(< 2 )P )| 4+ 300 )l )+ (BIET )+ 1))

s a+1)p+1

gz T102) + Ty ) Tl = (@ DI (Z

X1 +x2)‘

<=

]

wherel—O—l:l.
P 4

Theorem 33 ([38]). Assume that I1is as in Theorem 31. IfT1" € Ly[x1, xp] and 1179, g > 11is
a convex function on [x1, X3, then fractional integral inequality is given as:

2 (a+2) 1, .
W [](@FH(XZ) +I(@)7H(xl)} — (a+ 1)H<

Xy — x1)2 *% " i
< = 8 . (zx—ll—Z)l [<.2(oc1+3)|n (x1)|q+(al+2_2(vcl+3>|n (x2)1)

2

x1+x2)’

==

(g~ ) I+ g TGl

Theorem 34 ([39]). Assume that I1is as in Theorem 31. If |T1"| is a convex function on [x1, x3),
then for each h € (0,1), « > 0, fractional integral inequality is given as:

2%~1T(a + 2)

(62— x1)" []5)+H(x2) + ]ZLH(M)} +27 1 — x1) {(1 —h)*tt — h"‘“}H’(w)

—2% 1 (a + DT (w)

(x2 — 961)2

<
- 2 (a4+2)(x+3
(1= )2 (1) + B2 (),

) [(@+2){ (1= B2 + B2 LI ()

where w = hx1 + (1 — h)x,.
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Theorem 35 ([39]). Assume that I1is as in Theorem 31. If [T1"|9, q > 1 is a convex function on
[x1, 2], then for each h € (0,1), & > 0, fractional integral inequalities are given as:

2717 (w4 2)

(2 — x1)" [13;+H(x2) + ]fufﬂ(xﬂ} + 287 Hxy — xq) {(1 et ha—i—l}nl(w)

—2% L (a + DT (w)

= (xzzl_jl)z ((zx + 11);7 + 1>% [(1 - h)“”(m”(w)'q ; ‘Hﬂ(xlw)%
+hu+z<|H”(W)|"ﬂ; \H”(Xz)lq)%}
< (x222—_§1)2 ((“ . 11)p - 1)? [(1 ) R2([TT () + 11 (1))

R (I () + [T (x2)])],
1 1
where w = hx1 + (1 — h)x; and » + p =1

The next theorems concern fractional H-H-type inequalities for three times differen-
tiable functions.

Theorem 36 ([40]). Let IT: 1 — R be three times differentiable mapping on 1°. If 11" € Lq[x1, x7]
and |I1"| is a convex function, then

227 +1) 1, .
e V) TG0 + T T

 (o-x)? )H//(xl +xz) _H<x1+xz)|

4(a+1)(a+2 2 2
(x2 —x )3 " 1"
ST 1) 23y [0l I )

1 1
Theorem 37 ([40]). Assume that I1 is as in Theorem 36 with the conditions » + p =1pq>1
Then

22T (a+1) 7, )
T {ngs) 1100 g 112

e () —n( )

<=

(g —x1)° 1
— 16(a+1)(a+2) <p(oc+2) +1)
< (Gl + S ) 1)+ (S G145 T (x)1) .

Theorem 38 ([40]). Assume that I1 is as in Theorem 36 with the condition g > 1. Then
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22 AT (a+1) 1,
- N 7 H (4 H

(22 —x1)* {](L?Z)* (x1)+](@)+ (xz)}

(x2 — x1)° n( X1+ X2 X1+ X

I1 —1II
ey O 1)
(x2 —x1)*(a +3)

294 (a4 1) (e +2) (e + 3) (a + 4)

w45 q m q% 1 gL XS q%
< [(Sm I )+ I ()| )+ (1117 G+ S 11 ) 7).

2.2. Fractional H-H-Type Inequalities for m-Convex Functions

Definition 2 ([41]). A function IT : [0,x] — R, xp > 0, is said to be m-convex, where
m € [0,1], if
I(tx +m(1 —t)y) < tII(x) +m(1 —t)I1(y),

forall x,y € [0,x3],t € [0,1].

Fractional H-H inequalities for twice differentiable m-convex functions are given in
the next theorems.

Theorem 39 ([42]). Assume that IT: [0, x3] — R is a twice differentiable function with x3 > 0. If
|19, g > 1 is measurable and m-convex on {xl, x—nﬂ, 0 < x1 < xpandm € (0,1] with 32 < x3,

then fractional integral inequality is given as:

‘H(Jﬂ) —;H(xz) _ Z(F("‘_—'— 1) —[J5,+ 11(x2) + ]gzn(xl)}‘
X2 — X1)
w(a sy [ GO |1 (2[5
2(w+1)(a+2) 5

1 1
Theorem 40 ([42]). Assume that 11 is as in Theorem 39 with the condition ; + 6 = 1. Then

fractional integral inequality is given as:

|H(x1) +1I(x2)  T(a+1) [J¢  TI(x2) 4 J2 _H(x1)]’

2 2(X2*x1)“
M@_ 2 )31l|H"(X1)Iq+m‘H”(’2)‘q]$
2(a+1) P CES ES : .

Theorem 41 ([43]). Assume that I1is as in t Theorem 39 with the condition v > 0. Then fractional
integral inequality is given as:

‘H(}q) + I1(xp) 2 (Xl + XZ) B I(a+1)

r(r+1) r+1 2 (xz—xl)“[fzﬁn(xz) +]§2H(x1)]’

" 1
< (x _x1)2<r(1x+1)(06+2) + 4(r+1))

q
11 ()| + |11 (22 V
. .
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1 1
Theorem 42 ([43]). Assume that Il is as in Theorem 39 with the conditionsr > 0and — + — = 1.

Then fractional integral inequality is given as:

|H(x1)+H(x2) 2 H(x1+x2)_ F'(a+1)
r

r(r+1) r+1 2 (xz—961)“[];)“1#_[(962> +]§’§2_H(x1)]|

q_1
(x2—x1)2( B 2 )% |H”(x1)\‘7+m‘fl”<%)’ !
r(e+1) pla+1)+1 2 '

2.3. Fractional H-H-Type Inequalities for r-Convex Functions

Definition 3 ([44]). A function I1: [0,x;] — R is said to be r-convex, where r > 0 and xp > 0,
if for every x,y € [0,x2] and t € [0, 1], we have

[t(1(x))" + (1 = ()], v #0,
t

H(tx + (l - t)]/) < {[H(X)] [H(y)](l—t)l r=20.

Fractional H-H inequalities for r-convex functions are given in the next theorems.

Theorem 43 ([45]). Assume that I1 : [0, x;] — R is a differentiable function with x, > 0. If |TT'|
is measurable and r-convex on [xq,x;] for 0 < r < oo, 0 < x1 < xp, then fractional integral
inequality is given as:

IT(x1) +IT(x2) _ I'(a+1) . U;‘lJrH(xz) + ]§27H(x1)]‘ <K,

2 2(x2 — x1)
where o
P e () T ), 0<r s,
Y, 12"
27 (e = ) (0 () [+ T () ), 7> 1,
(x2 — 1) [T (x2)| & [ (Ink)* 1 (Ink)2i—2 N
’ 2 1; [ (& +1)y; ( )+ (@ +1)2i1 ( + 20¢+2173)}’

and k = :gg;;: and (a); =a(a+1)---(a+i—1).

Theorem 44 ([45]). Assume that I1is as in Theorem 43. If [T1'|9, q > 1 is measurable and r-convex
on [x1,xp] for 0 < r < oo, 0 < xq < xp, then fractional integral inequality is given as:

‘H(xl) +11(x7) _ [(a+1) _ UffﬁH(xZ) 4 ]J"C‘Z_H(xl)]’ <K,

2 2(3(2—3(1)
where
1-2r /1 — 27 P&\ 1/p 1T q I 7)11/q
(xp—x1)2 @ ( - ) {7(| (x1) |7+ [TT"(x2) | )} C0<r<i,
K, — + pa r+1
4 X — X1 (1 —Z*P“)l/p[r(\n’(xl)yi + |H’(x2)|‘7)}1/‘i o1
21_1/p 1+p0{ r+1 ’ 7
Xp —x1 /1 —27P*\1/p ITT (x1)|7 — |TT (x2) |7 1/q , .
Ky — o (Tioe ) gmimoa) gy ¢ T TG
T ) xp—xp 1 =27 NP , o
i (ra) L 1T (1) = [T (x)],
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and1+1=
p 4

Theorem 45 ([46]). Assume that 11 is as in Theorem 43. If |I1"| is integrable and r-convex on
[x1, x2] for 0 < r < oo, then fractional integral inequality is given as:

Tla+1) [/, T1(x2) + J2,_T1(x)| = (1+ A)w — =y

X1+ XQ)
(x2 —x9)* 2

where

1 I (xq)| + 11" (x0)| [ 7 r
2 -1 2 | 1 _
(x2 —x1) { w41 [r+1 ar+2r+1

(G a2 el () [ O
Il 3y (27 41) + 255 (5) ], 0<rs

o 11 (xy)| + [TT" (xp) [ 1 7 r 1
_ _ B(Yi1ai2
(x2 xl){ Xt 1 [r+1 arf2r+1 B(r+ ot )}

() - ()]
|

1
’ <z,1+1>+27:1<;>“1},
p (Infk])™

k| — )i~
Al 1n|k| — IK] Z (@+2);
—1

~

1—-A
+T\H”(x )

Ky = 1—A
+T\H”(X )

+ = o=

(2 = 1)1 (2) |{ =

© (n - _ Lo —7ln|k|
Z la‘fz 1} 14/\|k22( o )

i=1 i=1

1= A [[f]— [k s G )
1 B - g g =

I x
where k = () and B the incomplete Beta function By(x1,x3) = / 11— )21y,
H”(Xz) 0

x €10,1],x1,x > 0.

2.4. Fractional H-H-Type Inequalities for («, m)-Convex Functions

Definition 4 ([47]). A function IT : [0,x] — R is said to be (x,m)-convex, where
(o, m) € [0,1)2, if for every x,y € [0, xp] and t € [0,1] one has

IT(tx +m(1 —t)y) < t*II(x) +m(1 — t*)I1(y).
Inequalities of fractional H-H-type for («, m)-convex derivative are now presented.

Theorem 46 ([48]). Assume that IT: [0,00) — R is differentiable on [0,00) and IT" € Lq[x1, x7]
for0 < x1 < xpand a > 0.If |TT'|7 is (ay, m)-convex on [O }for some (a1, m) € (0,1] x (0,1]
and q > 1, then fractional integral inequality is given as:

%{H(Xl) ;H(xz) H(xl erxzﬂ B ‘til;(f;rl)lz

x{]fc‘ﬁl_[(%l:xz)+]%W)+H<x1;x2)+f%n;h)+n(3xl4m)

o]
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1966?0:4:61) [(al + 1)(03+ a1 + 1)P

x K(oc—i—l)(txl + DI (x0) |7 + may (aq +1)‘H/(W)‘q>;
x12;x2)“7)% |

R Ibk

3x1+x2
4

—HX((D{-FD‘H/( )’q+ma1(oc1+oc+2)’H’(

X1+ X7
2

+oc((zx + 1)‘11/(%3’(2) ’q + maq (g + & —1—2)’“/(%) ‘q)%}

(o 1) (e + 1)1 )|+ man e + 1)1 (

Theorem 47 ([49]). Assume that x1,x, € 1, x1 < xp and I1 : I — R is differentiable on I°
such that IT' € Lq[xq, xa]. If |IT'| is (a*, m)-convex on [x1, x2], for (a*,m) € [0,1] x (0,1, then
fractional integral inequality is given as:

m {]‘E‘wﬁﬂ(m) +]"(L¥),H(xl)} _ H(xl erxz)‘
< x2;x1 { [|H/(x1)| —m‘n’(%) H {M +2k+13<%,k+1,a* +1)
e Gl

where B(., .,.) is the incomplete Beta function.

Theorem 48 ([49]). ] Assume that T1 is as in Theorem 47. If |IT'|7 is (a*, m)-convex on [x1, x2),
for (a*,m) € [0,1] x (0,1], then fractional integral inequality is given as:

20 (a+1) 7,
(22 — x1) {](

2 e { Gty I G- )
a1~ e (e = G T mf (3)1)},

wherel+1:1.
p 9

wwﬂ(m) +]‘Ew)_n(x1)} 7H(x1 ;—xz)‘

IN

2.5. Fractional H-H-Type Inequalities for («, m)-Geometrically Convex Functions
Definition 5 ([50]). Let IT: [0, xp] — R be a positive function and («,m) € (0,1] x (0,1]. If

I(x'y™ (1) < [I1(0)]" [T (y)]" )

holds for all x,y € [0,xy] and t € [0, 1], then we say that the function I1is («x, m)-geometrically
convex on [0, b].

We give in the next fractional H-H inequalities for («, m)-geometrically convex functions.

Theorem 49 ([50]). Assume that x1,x2 € I, x1 < xp and I1 : I — R is a differentiable function
on I° such that TI" € Ly[xq, xp]. If |IT'|7,q > 1 is non-increasing and («, m)-geometrically convex
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on [min{1,x1},x), for xa > 1, and for (a,m) € (0,1]?, then fractional integral inequality is
given as:

(x —x9)*TI(x1) + (%2 —x)*II(xp) T(a+1) []fc‘,ﬂ(xl) + ]J"(‘JFH(xz)} ‘

X2 — X1 Xy — X1
T(1+P)r(l+%> 7 (x —x )“+1|H’(x)|m L [T (x7) | \901—#) 1
< r(1+p+1) ) | Py (/o <W) )
Xo — X a+1 77/ x5 )| 1 "(x o %
L (x2 J)CZ\LI( 2)| (/O (mrll(iz))m)q dt) ]

Theorem 50 ([50]). Assume that 11 is as in Theorem 49. Then fractional integral inequality is
given as:

(x = x1)*g(x1) + (%2 = %)*TI(xz) _ T(x+1) 8- TI(x1) + T3, T(x2) ‘

2o X — X1
® 7% x — x1) T () |™ ) ” » %
() R o)™
Xy — )T (x5 | i(x . %
+( 2 i;_'E( 2)| (/()1(1_ta)(|r|lfll(iz))||n1)q dt) }

2.6. Fractional H-H-Type Inequalities for Harmonically Convex Functions

Definition 6 ([51]). Assume that I C R\ {0} is a real interval. A function IT : T — R is
harmonically convex, if

(ﬁ) < HTI(y) + (1 - HII(x)

forall x,y € Land t € [0,1].

Fractional H-H inequalities for harmonic convex functions are represented in the
following theorems.

Theorem 51 ([52]). Assume that x1,x, € I° with x; < xp and IT: 1 C (0,00) — R is a function
such that I1 € Ly[xy, x2]. If I1 is harmonically convex function on 1, then fractional integral
inequalities are given as:

H( inx2 ) < F(zx2+ 1)( X1X2
X1 X2 Xy — X1
[1(x1) +T1(x2)

2 7

) I (Mo g)(1/22) + iy (Mo ) (1/21)}

<
with o > 0and g(x) = %,x € [l, l}

Theorem 52 ([52]). Assume that I1is as in Theorem 51. If |IT'|7 is harmonically convex function
on L, for g > 1, then fractional integral inequalities are given as:

[(x1) +1I(x2) T(ax+1) ( X1X2
2 2 Xy — X1

x1x2(x0 — x7) 1-1 i
S %Cl q(a;x1,xz)(Cz(a;xl,xz)lﬂ’(xz)lq+C3(vc;x1,xz)|H’(x1)l”’)q,

) Ty (Mo g)(1/22) 4 2, (Mo g)(1/3)
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where
Cr(x1,00) = “x:l[za(zlwz 1= 4R (e 11— 2],
Cawx1,%2) = axizz[“ilza(zz“w 1= 2 4R (et 20+ 1—;2)],

and (\F.)(a,b; c; z) the hypergeometric function and g(x) = %,x € [xlz' xll} .

Theorem 53 ([52]). Assume that I1is as in Theorem 51. If [I1'|9, q > 1 is a harmonically convex
function on I, then fractional integral inequality is given as:

I1(x1) 4 IT(x7) F(tx—i-l)( X1X
x

2 - 2 27x1)a{]{‘/x1 (Hog)(l/x2)+]]/x +(HO )(1/3(1)‘

==

8
X1X2(Xp — x 1-1
122 = x1) q(ﬁ}X11x2>(C2(‘X xy, 22)|TT (22)|7 + Ca(a; x1, 22) [ TT' (31 |q)

< 5 )

where

Ci(ax1, %) = x+21[2F1(20<+1 o+ 2; 1—;2)725(2,1;%2;1—%)}
+2F1(2,1;a+2;%<1—%))},

Co(a;x1,%0) = ax122[21:1(2,a+2;a+3;12)w}rlzpl(z,z;a+3;12)
+2(D(1+1)2F1(2,2;a+3;;(1—2>)],

Cy(a;x1, %) = “xf_rzz[“ilza(zaﬂ a+31—x—2>—2F1(2,1;tx+3;1—%>
)

and0<a§1andg(x):%,xe{xlz,xll}.

Theorem 54 ([52]). Assume that I1is as in Theorem 51. If |TT'|7, q > 1 is a harmonically convex
function on I, then fractional integral inequality is given as:

I IT r 1 x
‘ (Xl)z—; (XZ)_ (a2+ )<x;1—xil) {]llx/mf(nog)(l/xZ)+Hé/xz+(nog)(1/x1)

a(xzzx—le) (alerl)pOH (x2)|q72L|H (x1)|q)ﬁ

{ZF" (2 vap+21- —) +oF] (2p,0¢p+1;0¢p+2;1 - %)}

1 1 1 1
where ;+6 =1land g(x) = X € [—,—}.
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Theorem 55 ([53]). Assume that x1,x, € 1° with x; < xpand I1T : T C (0,00) — R is
a harmonically convex function such that 11 € Li[x1,x2]. Then right R-L fractional integral
inequality is given as:

(. +1)xqx2 X1X2 \* 4 1 alT(x1) +I1(xp)
H( X1+ axp )Sr(“—'_l)()@—xl) ]1 (HOh)(.’)(?) = a+1 !

x2

1 1 1
where h(x) = =,x € [—, —} and « > 0.
x xp” X1

Theorem 56 ([53]). Assume that 11 is as in Theorem 55. IfI1 € Lq[x1, x3], then we have:

(e +1)xqx2 X1X2 \% . 1 IT(x1) + all(xz)
— ) < - i I ek St At St VA
H( ax1 + x2 )‘r<a+1)<x2—x1) %Jr(HOh)(xz)_ a+1

7

where h(x) = l,x € [i, l} and a > 0.
X X2 X1

Theorem 57 ([53]). Assume that 11 is as in Theorem 55. If 11 € Lq[x1, x3]. Then we have:

(a+1)xqx (a+1)xqx
n( W;zz)zn( ) D [y aem (L) e @on(L)]
H(X1)+H(XZ)
S T

1 1 1
where h(x) = =,x € [—, —} and a > 0.
x x2" xq

Theorem 58 ([54]). Let IT: I = [x1,x2] C (0,00) — R be a function such that IT € Ly[xq, x3]
with 0 < x1 < x2. If I1is a harmonically convex function on I, then:

1
H( )
1 1 Xty
W w T Ty

< H(x1)+n(x2)F(“2+1)(m)«{ §+(Hoh)(i>+f‘i‘(l‘[oh)(;>}
< H@Q+Iﬂm)ﬂ(jf;)
and
=)
< M)+ () - T 1)(x?y)“{]”(‘xll+é;) (o) (5 + 4 - )

1 1 1
< Sl 4—F— +H<>]
1 1 1 1 1 1
2[<n+@) whn Ty

< (xg) +T(x2) -
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Theorem 59 ([55]). Assume that 11 : [x1,x;] C (0,00) — R is a positive, twice differentiable
function with x1 < xp and IT € Lq[x1, xp| and harmonically convex. If ®" is bounded in [x1, x7],

where O(x) =11 (%), then:

X1+xp

2(X2niax1)“ /x1 2 <X1 —; = - x)z [(x B xl)‘x_l + (xz - x)“—l]dx

F(UC+1) X1X2 ® " ) 2x1x2
- 2 <x2_x1) {]l/xli(nog)(l/xz)+]1/x2+(nog)(1/x1)}_H(x1+X2)
M JX1tx n ) N -
- ﬁ/ T (P ) () T (- 0 Y,
and
-M *ix
ﬁ x 2 (x —x1)(x2 = ) [(x = x1)* "+ (x2 — x)* ] dx
Tlat1) @2 \* . x 2x1%7
< 2 (xz—x1> [h/xlf(nog)(l/XZ)+]1/x2+(Hog)(1/x1)} _H(m>
o )
< gt [T e 0 [ w0

2(xp — x1)* Jxy

. 1 1 1
where 1 = infic g, ) @' (1), M = Supyefy, i @ (1) and g(x) = x € [, -],

Theorem 60 ([55]). Assume that I1is as in Theorem 59. If ®'(xq + xp — x) > ®'(x) for all

M} , where ®(x) = H(xle), then:

xe[x, —=
1 2 X

H( 2x1X7 ) < I(a+1) ( X1Xp
X1+ X 2 X2 — X1
I(x1) + I(x2)

) {8y (o g)(1/32) 4 iy (o ) (1/21) )

<
a > 0and g(x) = %,xe [l,l}

2.7. Fractional H-H-Type Inequalities for Harmonically Symmetric Functions
Definition 7 ([56]). A function g : [x1,x2] € R\ {0} is said to be harmonic symmetric with
2x1xp .
if
X1+ X3

respect to

holds for all x € [x1, x2].

Fractional H-H inequalities for harmonically symmetric functions are included in the
following theorems.

Theorem 61 ([57]). Assume that x1,xy € Lwith x1 < xp and 11 : [xq,x2] — R is a harmonic

convex function and 11 € Lq[x1,x2]. If g : [x1,x2] — R is harmonic symmetric with respect to
2x1x2

PO integrable and non-negative then fractional integral inequalities are given as:
1+ x2

() e () + 1 eon ()]

A
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< [ 1+(goh)<)cll) +I‘§1(80h)(x12)]
< W[]2+(g0h)<;) +]i‘11(goh)(;2)]/

with « > 0and h(x) = %,x € [l, l}

Theorem 62 ([57]). Assume that I1 is as in Theorem 61. If |IT'| is harmonic convex on [x1, x7]

. . S 2 .

and g : [x1,x2] — R is harmonically symmetric with respect to . xj_xi and continuous, then
1+ X2

fractional integral inequalities are given as:

|HmHJWﬂ_m+@wm1%H2@”%1ﬂ

2 X2 xl x2

D meen(2) e

< slomralio —x1) 22— XY e, () 11y | + oI ()],

I'(a+1) X1X2
where
Ci(a) = X" 2F1(21'(x+3'1x1)xz_zzF1<21x+1'ac+3'1xl)
a+2 T ! Xy (a+1)(a+2) g ’ ! X
2(x1 +x) 72 X2 — X1
—— 2 _LF(2, 1; 3; ,
e e R GRSy
_2 -2
X X1 xz X1
C = — 2  _LR(22%a+31-2) — F(2a+2a+31—=
2(a) (rx+1)(rx+2)21( “t xz) a+221< at st xz)
X1 +x\"2 1 Xo — X1
EF (2 1; 2;
+( 2 ) Dé—l—lz 1( At Lt 'x1+x2)
2(x1 +xp) 72 Xy — X1
- (2 1; 3; ,
m+¢xa+22]( et latd o)
1 1 1
with0 < a < land h(x) = —,x € [—,—}.
x X x

2.8. Fractional H-H-Type Inequalities for Harmonically (0, m)-Convex Functions
Definition 8 ([58]). A function IT: (0,x2] — R, xo > 0, is harmonically (6, m)-convex, if

() < 1) + (1 - 1)

forall x,y € (0,x3] and t € [0,1].

Fractional H-H-type inequalities for harmonically (6, m)-convex functions are given
in the next theorems.

Theorem 63 ([59]). Assume that x1, % € I° withxq < xp,m € (0,1) and IT: T C (0,00) — R
is a differentiable on 1° such that II' € Li[x1, x]. If |IU'|1 is harmonically (6, m)-convex on
[xl, ’%} forq > 1, with a € [0,1], then

‘H(x1) erH(xz) B F(oc2+ 1) (x;clgc;)“[]z(nog)(;) +]‘;‘12+(Hog)<;1)}
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— 1-1
< Wcl ”(oc;xl,Xz)[Cz(a;();x1,xz)ll'l'(x1)|q
1
X M3
+MC3(&;9;X1,X2)‘H/(E2)‘ } q,
where
-2
.X
Clax,n) = 2o [2F1<2 a+ T+ 2 1_7) T 21?1(2 La+2; 1—;2)},
a+1,0+1
Cz(oc;G;xl,xz) = {% 2F1<2,oc+1;oc+9+2;1—x—2)
2
-2
X2 . 1%
+“+9+1 zpl((z,l,a+9+2,1 xz)},
C3(w;0;x1,x0) = Ci(a;x1,x2) — Co(a; 05 x1, x2).

2.9. Fractional H-H-Type Inequalities for M-Harmonic Harmonically Convex Functions

Definition 9 ([60]). A function IT: 1 C (0,00) — (0, c0) is m-harmonic harmonically convex
(briefly m-HH convex) function on 1, if forall x,y € I, t € [0, 1]

1 1
ety 1) < G (T B

where m € (0,1].

Theorem 64 ([60]). Let IT:1 C (0,00) — (0,00) be a differentiable and I1" € Lq[xq, xp]. If |IT'|1
is m-HH convex and monotonically non-increasing on [mxq, xp] with 0 < x1 < xp for m € (0,1],
g > land |IT'(x)| < M, then

(x—xl)“+(x2—x)“1_[(x) F(a+1)
Xy — X1 X2 — X1

[Ixf (x1) + ]@H(xz)} ‘

1
(oc—li-l) m(ofv—ll—l)

|
.

x— xl)a+l N (x2 _ x)a+1}

2H(1,1x+1,zx—|—2,1—%)[( - e

Theorem 65 ([60]). Assume that I1is as in Theorem 64. If |I1'|7 is m-HH convex and monotoni-
cally non-increasing on [mxy, x3] with 0 < x1 < xp form € (0,1], and q > 1, then

(x —x1)*+ (22 — x)”‘H(x) T(a+1)
Xy — X1 Xy — X1

|:]x— (x1) + ]§+H(x2)} ’

_ _1 X — xq1)2t1 1
(im0

_ a\at1
n (x2 —x)
X — X1

[HI(Y (1)), 110 ()],

dt
to= 14+ m(1—t)u-1

1
where H1(u,v) = /
0

2.10. Fractional H-H-Type Inequalities for (S, R)-Convex Functions

Definition 10 ([61]). A function IT: I C [0,00) — R is said to be (s, r)-convex in the second
sense, if we have

[ (x) + (1= £ f7(y)]7, r#0,
[(tx + (1 - t)y) < {[H(x)}ts[(H(y)](lt)S, o

holds, for every fixed s € (0,1], x,y € Land t € [0,1].
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In the next theorems, we give fractional H-H-type inequalities for (s, r)-convex functions.
Theorem 66 ([61]). Assume that 11 : [x1,xp] — (0,00) is a function twice differentiable with
x1 < xp, such that 11" € Ly[xy, xp]. If |T1”| is (s, r)-convex function in the second sense for some

fixed s € (0,1], then fractional integral inequality is given as:

M) +10x2) - T@HD e ooy e )| < T,

2 2(xg — x1)*
where

C(V)(xz—xl)z[ r(a+1)

2(a+1) (s+7r)(s+r(a+2))

—B(3+1a+2) | (07 (x)] + [1"(x2)]), r>0,
(x2 — x1)? 1 [T (x1)[* — [TT"(x)|°
(at1) L) s|n~(x2)|<1nyn~(x1>|—1n|n~(x2)|)
. l—I//(x )‘ sy i—1
T=y & (|7 ])
= (06 +2)1' :
I (x)| 7\
H// X s 00 i In I (x,)
- [T £ 1 - fz)‘,) , = 0 and [T1(x1)] # |11 (1),
i=1 t
2

K(Xy» — X

e NG r =0 and |11 (x))| = |11"(x,)],
in which
1, r=1,
o) = {211, 0<r<1,
11" (x2) 7, T1" (x1) ], 117 (x2)| < 1,
E(x1, 10,5) = 11" (x2)], 17 (x1)| <1 < [IT7(x2)],
o JI17 () ' [1Y" (x2) 5, [T17 (22) | < 1 < [T17 (1),
17 () P51 (x2) ], [T (), (1Y (22)| > 1,
N(xa,s) = " (x2) 5, [TT"(x1)| = [TT"(x2)| < 1,
' 17 () P75, 117 (x1)| = 11" (x2)] > 1,
i—1
and (a+2); = [ J(a +2+7).
j=1

Theorem 67 ([61]). Assume that 11 is as in Theorem 66. If |I1"|7 for g > 1 is (s, r)-convex
function in the second sense for some fixed s € (0, 1], then fractional integral inequality is given as
forr > 0anda > 0O:

H(xl) +H(XZ) 1—'(0(4-1)

2 T 2 )t 2 I1(x2) + ];’C‘Z,H(xl)]’ <1,

where
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e (2 —x)? [ &\ !
i (arz) (Gl + G
r?(a+1) $ i
(s+r)(s+r(a+2))_B(?H"Hz) , r>0,
xo—x1)%/ a \1-% 1
(2§oc+3 (oc+2> "(E(x, x2,5,4))"
[TT7 (x1) |9 — [T (x0) |°
gsIn [I17(x1)[ — gsIn [I1" (x|
1" sy i—1
o (In H,,(x1)| q)
i qs ( 1" (x2)
| (XZ)‘ g (0{+2)1
o A (11’1 II_—II,/,/((x]))l S)Z 1 %
— [T (x) 7y (-1 (oc—|—22)- ] , r=0and |II"(x1)| # [11"(x2)],
i=1 !
_a(rp—x)? ! _ PPN
ot Da+2) N F2sa) r=0and [I"(x;)| = [I1"(x)],
in which
[TT" (x2)| %, T (x1) |, [TT"(x2)| < 1,
E(x1,x2,5,q) = T (x2) |1, T (x1)| <1< [T1"(x2)],
Y T (xp ) [10 79 TT" (x2) 95, |11 (22)| < 1 < 11" (x1)],
T () [T [T () 19, 1T (1), [T1 (32) | > 1
N(x,s) = TT" (x2) |99, T (x1)| = [TT"(x2)| < 1,
' T (x2)[1279), 11" (x1)| = |T1"(x2)] > 1.

and c(r), (« + 2); as in Theorem 66.

1 1
Theorem 68 ([61]). Assume that 11 is as in Theorem 66. If |I1"]7, ¢ > 1 and p +-=1,

is (s, r)-convex function in the second sense for some fixed s € (0,1], then fractional integral
inequality is given as with a > 0:

o) 2 T) PO D e ) + 1, TG < T

1

;(xle)z(p(a+1)1)p
2(zx+11) pla+1)+1 1
< ()" (MG + ) 7)), >0,
(2= x1)? (pla+1) 1} s
a1 (pagna) ECms)
11" (x1) |7 — 11" (x2) |7
I 17 (x0)] — gsTn 11" (x3)
(x2—x1)? (pla+ 1)~ 1y} .
2?&+i) (p(a+1)+1) (N(b,s,9))7,

1
q

i IH”(xz)Iﬂ ;v =0and [I1"(x1)| # [T1"(x2)]

r=0and [IT" (x1)| = [TT"(x2)|,

in which ¢(r), E(x1,x2,s,q) and N(xy,s,q) are defined in Theorem 67.
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~ T(a+1)

(x2 — x1)

2.11. Fractional H-H-Type Inequalities for Arithmetic—Geometric Convex (Or
AG(log)-Convex) Functions

Now, we give H-H-type inequalities for AG(log)-convex functions.

Definition 11 ([62]). A function I1:1 C R™ — R™ is said to be arithmetic—geometric convex
(or AG(log)-convex), if for every u,v € Land t € [0, 1], we have

TT((1 — t)u + to) < IT(u)'TI(v).

Theorem 69 ([62]). Let IT : [x1,x3] — R be a differentiable on (x1,x3) with x1 < xp. If
IIT'| € Ly[xy, xp] and |IT'| is AG(log)-convex function, |IT'(x1)| > 0, [IT'(x1)| # |[IT(x2)|,
then forany0 <a <1,0<A <1, p>14g9>1, ; + ; =1, the fractional integral inequality is

given as:

(1+ A1 — a))II(x2) + (1 — Aa)[I(x1) + A(2a — DIT((1 — ) xp + )

[]x1+H(x2 + ]xzf

< (xp—

){1n|1_[’(x2 —In|IT'(x1)]

g
(e

A1 — ) [TT' (x1) | (\H’ x

+ln ITT (x,

(1— (3)

ap 1 /
ot )”{H(lﬁ/ =)'

Aa|TT (xq1)| {
2)|
1)l

)| = In |TT (x1)| \|TT (x

e “{(IE/ o 1)
/ q / % %
{q (In [T xl;l| i11)r|1|H’ D ((:E/EE;I) -]}

Theorem 70 ([62]). Assume that I1is as in Theorem 69. If [I1'| is a convex function, then for any
0 <a<1,0< A <1, the fractional integral inequality is given as:
Case 1: % <ua<l.

(T4+ A1 —a)II(x) + (1 — Aa)TT(x1) + A2 — DIT((1 — ) xp + axq)

_(zi"‘fxl)) (2, T1(x2) + J2, T (1) ‘
< (xp— xl){|H’(x2)| (%(1 —a)(3—2a) + %—i-l _ %—Fz(%)aﬂ)

+|H’(x1)|(%(1 — )20+ 1) + %H@ - (%)“)}

Case2: 0 < a < %

(1+A(1—a)II(x) + (1 — Aa)TT(x1) + A2 — DIT((1 — ) xp + axq)

~ T(a+1)
(%2 —x1)*

< - (M@ (- (3)) + ot + S - 06— )

13 _ —u a2 o
- (%) ) + izx—i—(ll)(vc)—l-z) + %(1—&)(1—1—204))}.

(72 T(x2) + J8, T(x)]

) (5
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Theorem 71 ([62]). Assume that I1 is as in Theorem 69. If |IT'| € Ly[xy,x3] and |I1'| is an
s-convex function, then for any 0 < a < 1,0 < A <1, the fractional integral inequality is given as:

(T4+A(1 —a)II(x2) + (1 — Aa)TT(x1) + A2 — IT((1 — ) xp + axq)

Ta+1) 14 "
—W {]xﬁH(XZ) + ]xz—H(xl)} ‘
< (- x1>{x2 T ITI((1 — a)x2 +axq)| + )Hm(@) — (1 — a)xz + axy )|

(B i+ 3]+ [+ o]

wherel—O—}:l.
P 4

2.12. H-H-Type Inequalities for Logarithmically Convex Functions
Definition 12 ([63]). A positive function I1: I — R is said to be logarithmically convex if

T(tx + (1 - t)y) < [T1(x)][T1(y)] "
forall x,y € Land t € [0,1].

In the next, we present H-H-type inequalities for functions whose n-th derivatives are
logarithmically convex via R-L integral operators.

Theorem 72 ([64]). Let IT: [xq,x2] C [0,00) — R be an n times dzﬁ‘erentmble on (x1,xp) where
n is a positive integer such that T € Ly[xy, x2] with TI" (x,) # 0. If |11 | is logarithmically
convex, then fractional integral inequalities are given as:

— _ k
or = e 1052 = I I Z e =l 0 ) 4 (<111 ()
by = 1)1 ()(XZN neven, A =1
x+n ! ’ ’
<x2 _ xl)”(Z“Jr”*l _ l)ln(n)(XZ)l 4
(tx+n)2"‘+”_1 4 ’ ’
(x2 = x1)" 1T ()| ¢ & (InA) ! ® (—InA)!
< 2 () (l; (lX-l-n)i A;(Oé-fl-n)l>ll 1’16061’1,/\7&1/
S ) (2= x)" W ()] (& (InA) VA & (3InA)
2 \f<z§1 (& +mn); 2‘”7% (a+n);
X (—InvVA) X (—InA)—
AL L
( ln\f)l 1 \f ) (%ln/\)i_l
_ /\; wr; 2”"”‘1; T nodd, A #1,
where A = ‘M‘ and (a); = ﬁ(a—I— ).
H(”)(Xz ! _]:O J

Theorem 73 ([64]). Assume that 11 is as in Theorem 72. If [T, g > 1 is logarithmically
convex, then fractional integral inequalities are given as:
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a+n LT (a4 ) (x0 — xp)F
( (2 — x1))a []x1+H(x2) — ]J”C‘Z_H(xl)] - Z (Zr(oé )+( k2+ 1)1) [H(k)(xl) + (_1)kH(k)(x2)]
k=0
— x)"|II(™)
(x2 xllx)JlI;lI (xZ)‘, neven, A =1,
e\ (atn—1 _ (n)
ey =)@~ DI )| nodd, A =1,
() )] 2 ) D7y
xp — x1)"ITV (xp InA) —InAT)i=1\ 7
. — (Z(chrn Z uc+n) >q, neven, A #1,
20(a+mn) 4 i=1 =1
< (xp — x1)"[TT n)(XZ)‘ ( patn—1_ 1 1—% i (In A7)i-1
2 (zx+n2“+”2 = (a+n);
1 o (1 i—1 1
A2 (3In A7) (—InAd)i- (—InA7)i-t
— — /\2
2“+"l; (a+n)< l; (oc—i—n A ; (v +n);
q
g & ln)\z A2 ln)ﬂ i-1
/\2; @tn) 2’”"1.: @), > nodd, A #1,
n)
where A = ‘ (x1) ‘
" (x2)
Theorem 74 ([64]). Assume that I1 is as in Theorem 72. If [T1I)|7, g > 1 is logarithmically
convex, then fractional integral inequalities are given as:
T(a+n LT (a4 ) (x0 — xp)F
S (k) — I, ()] - by o S 6 ) o (1) )
7 (%o — xq )| TT()
27 (xp — xq)" |11 (xf)|/ neven, A =1,
(pla+n—-1)4+1)r X
_ e\ (oplatn)=1 _ 1\7 IT7(")
(x2 — x1)"(2 DA )l g, A =1,
< ) (pa+n—1)+1)r2"""7
- P (xy — x1)"|TT(D 7-1\3
27 (x2 = x1)"|I1 (xf”(/\l ;)q, neven, A # 1,
(pla+n—1)+1)r 90

1
@) )i (- 3y (M—l)% nodd, A #1
(p(a+n—1)+1)p2a+n glnA
(1)
where/\:‘n (xl)‘andl—i—l:l.
10" (x2) P4

2.13. Fractional H-H-Type Inequalities for («, m)-Logarithmically Convex Functions

Definition 13 ([65]). A functionI1: [0,x;] — R is said to be (x, m)-logarithmically convex if
for every x,y € [0,x3], (&, m) € (0,1]2, and t € [0, 1], we have

114

< (I(x))" + (T1(y))

Theorem 75 ([66]). Let IT : [0, xp] — R be a differentiable mapping. If |IT'| is measurable and
(a, m)-logarithmically convex on [x1, xp] for some fixed & € (0,1],0 < x1 < mxp < xp, then
fractional integral inequality is given as:

[(tx + (1 —t)y) m(1-t),
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Fa+1) |, N X1 + mxy
Tl B R |
Sy — e e T10m02) + iy TG)) = T2 ) < 1,
where
) lnk)iflaifl (kziuﬂrlﬂx _ k2f”‘)
l 1—-
(mxy — x1)|IT'(x7) |m 1+2 “ l; [ l‘_1]2ia+2foc
00 lnk i—1 z 1(k2 « kzilx)
I — o H m ( , k 1[
k + (mxg — x1)[TT'(x1)| 1; [o; 127 #
mxy — x1) |1 () "™ (@281 4201 41 — o
k=1
(a+1)2¢ ’ -
Ir . . .
and k = m/(mw ;0] =1, [a;i] = («+1)(2a+1)--- (in+1), i € N.

Theorem 76 ([66]). Assume that 11 is as in Theorem 75. If |I1'|7 is measurable and («, m)-
logarithmically convex, then fractional integral inequality is given as:

F(a+1) ., .
WUXHH(W) + 8y TI(x1)] — n(T

where

(mqIn I (x,)] — g1n |IV (x;) )i~ T 1] 7

(maxy = x) |1 (x)| [

Iy = 2¢(pa+1 ,
(maxy — x1)|TT'(x2) |
2%(pa+1) ’

I

[(x)|7 11
andk = ————4—, —+ - =1

()™ p g
Theorem 77 ([67]). Assume that 11 is as in Theorem 75. If |I1'| is measurable and («, m)-
logarithmically convex, then fractional integral inequality is given as:

IT(mxy) + IT(x Ia+1 " "
( 2)2 ( 1) - Z(m(xz _ x)l)a leJrH(mXZ) + Imxzfn(xl)] < I,
where
(mxg —x1)[T7 (22) " & | (= Ink)" 1o K"
a 1; l [; 1] (k_ i )
I — W (—Ink)=1 K2 K> k L1
+ [a;i— 1] (Zm+1 + Din—a+2 §) ’ 71,
|TT' (x2) ™ (mx — x1) (2% — 1) k=1
(a+1)2% ’ -
and k = M, ;0] =1, [w;i] = (a+1)2a+1)---(ia+1), ieN.
[T (xz) |

Theorem 78 ([67]). Assume that 11 is as in Theorem 75. If |IT'|1 is measurable and («,m)-
logarithmically convex, then fractional integral inequality is given as:

[I(mxp) +T(x1)  T(ax+1)
2 2(mxy — x1)%

T3, + T (mx2) + T, —TL(x1)]| < I,
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where

(mxg — x1) [T (x1)| (1 -2 ”“)% i (mqIn |TI7 (x2)| — g In [IT (x1) )"’ k£1

I = 2;0‘}] pa+1 = [a;1—1] ! !
(x3 — x1) |17 (x2 |m(1—2 V"‘)% F—1

¥ pa+ 1 o

I (x)7 1 1
andk = ——57—,—+- =1
T (x2)[™" p ~ q

Now we present H-H-type inequalities for twice differentiable (a, m)-logarithmically
convex functions.

Theorem 79 ([67]). Let IT : [0,x3] — R be differentiable mapping. If |I1"| is measurable and
(a, m)-logarithmically convex on [x1, xp] for some fixed « € (0,1],0 < x; < mb < xp, then
fractional integral inequality is given as:

[I(mxp) +TI(x1)  T(ax+1)

)a []zl—l—n(me) + ]zzxz—n(xl)] < L,

2 2(mxy — x1
where
11" (x1)| (mxy — x1)%(2% — 1) i (maIn 11" (25)| — aIn [T (1) [ )" kA1
. 21 (a +1) - ;i —1] ' '
C7 O — 2 ()" (-2 ) A
2(a+1) pa+p+1/ 7 ’
_ 7 (x)|

Theorem 80 ([67]). Assume that 11 is as in Theorem 79. If |I1"|7 is measurable and (x, m)-
logarithmically convex, then fractional integral inequality is given as:

|H(mx2)+n(x1) C TR e ) 4, ()] < L

2 2(mx; — x1)*

where

ITT" (x1)| (mxy — x1)? (1 B %)% i (mqaIn |TT'(x;) | - qaIn |H/(xl)‘)i_1, k#1,
A T G M P i)
(mxy — x1)?[TT" (x2)|™ (1 _ i) %/ k=1,
2(a+1) pu
" q
g MO0 11

[T (x2)|[™" p ~ q

2.14. Fractional H-H-Type Inequalities for Geometric—Arithmetically s-Convex Functions
(GA-s-Convex Functions)

In this subsection we present fractional H-H-type inequalities for GA-s-convex functions.

Definition 14 ([68]). The function IT1: 1 C Rt — R is said to be GA-s-convex on L, if, for every
x,y € Land t € [0,1] we have

I(x' +y'™") < F(II(x)) + (1 - 1) T1(y).
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Theorem 81 ([69]). Let IT: [0, x2] — R be a differentiable mapping. If |I1'| is measurable and
|TT'| is decreasing and GA-s-convex on [0, x3] for some fixed « > 0,s € (0,1],0 < x1 < xp, then
fractional integral inequality is given as:

‘ T1(x1) er (x2) Z(Fx(zwxll))a I3+ T1(x2) + J5,_T1(x1))] ‘
(x2 — x7) (2SI (x2) | — [T (x1) [ — [IT' (x2) |

- (a+s+1)20+s+1
+(x2 — x1)|TT(x1)|[0.5B(s + 1,a + 1) — Bys(a + 1,5+ 1)]

+(xp — x1)|TT'(x2)][0.5B(s + 1, & + 1) — 0.5B(s + 1,a + 1)],

1 0.5
(1 —t)*dt and Bos(s +1,a+1) = / (1 — t)4dt.

where B(s + 1,0 +1) = /
0

0

Theorem 82 ([69]). Assume that 11 is as in Theorem 81. If |I1'|7 is measurable and |I1'|7 is
decreasing and GA-s-convex on [0, x|, then fractional integral inequality is given as:

IT(x1) 4 II(xp) B I(a+1) [J L TT(xp) + J% _H(xl)}‘

2 2(xp — x7)®

< R2-n (IH’(xl)Iq + IH’(Xz)W)% (2 - 21*’”‘)%
- 2 s+1 pa+1 /7

wherel—&—l:l.
P 4

Theorem 83 ([69]). Assume that I1is as in Theorem 81. If |I1'| is measurable and |IT'| is non-
increasing and GA-s-convex on [0, x3], then fractional integral inequality is given as:

T'la+1 N . n
M[Ixﬁﬂ(xz) + 5, T(xy)] — n(xl : x2)
< 0.5(x2 — x1) (JTT (x1) | + 1T (x2) )
—a—1
X(BO.S((X—'—LS—'—U_B0'5(5+1’a+1)+0(2—|—5—|—1+S_i1_1)'

Theorem 84 ([69]). Assume that 11 is as in Theorem 81. If |IT'|7 is measurable and |IT'|7 is
non-increasing and GA-s-convex on [0, x3], then fractional integral inequality is given as:

I(a+1)

Ufc(ﬁn(xz) + ]ﬁz,n(xl)] — H(xl + xz)

2(xy — x7)% 5
xp — x1 (|TT (1) |7 + |TT (x2) |7 i (14210 2p(1— 2P !
< —_—
< max{ 2 ( s+1 )( 5 a1 ),
T (21) |7 4 [TT (x2) |1 i p—1 2P (1 —2-pa-l 1
(=) st1 )'(2 W) 2

wherel—O—}:l.
P 4

Theorem 85 ([69]). Assume that I1is as in Theorem 81. If |IT'| is measurable and |I1'| is non-
increasing and GA-s-convex on [0, x|, then fractional integral inequality is given as:
F'(a+1)

(x_x)lx_'—(x _x)lx o o
1x2 ! x12 I(x) — m[lx_ﬂ(xl) + J%, T1(xy)]
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(x — x7)" 4 (xp — x)* "1 [ T (x1)|
- Xy — X1 a+s+1

+ |H’(x2)|B(1x+1,s+1)},

1
where B(s+1,o¢+1):/ (1 —t)*dt.
0

Theorem 86 ([69]). Assume that I1 is as in Theorem 81. If |IT'|1 is measurable and |IT'|7 is
non-increasing and GA-s-convex on [0, x3], then fractional integral inequality is given as:

(=) + (30 = )" et1) .
1x2 - x12 IT(x) — m[]x_n(xl) + 2 TI(x)]
X2 — X (IH’(xl)lq + IH’(xz)W)%
2(pa+1) s+1 :

Theorem 87 ([70]). Let IT: [0, x2] — R be a differentiable mapping. If |I1"| is measurable and
|T1"| is decreasing and GA-s-convex on [0, x| for some fixed & > 0,s € (0,1],0 < x1 < xp, then
fractional integral inequality is given as:

IT(x1) 4 II(x7) Fe+1) |, X
‘ 1 5 2) _ 22 —1)" []x1+H(X2) + IXZ,H(xl)}‘

< (xz—x1)2(|n"(x1)|+|H"(x2)|)( 1 1 )
= 2(a+1) s+1 a+s+2

Theorem 88 ([70]). Assume that 11 is as in Theorem 87. If |T1"|1 is measurable and |11"|1 is
non-increasing and GA-s-convex on [0, x3], then fractional integral inequality is given as:

M) +10(x)  Da+D) LT1(xg) + ¢ JI(xl)]’

2 2(3(72—3(1)
< lommPmax{l -2 27 1) Gl )l g
- 2(a+1) s+1 '

Theorem 89 ([70]). Assume that 11 is as in Theorem 87. If |I1"| is measurable and |I1"| is
non-increasing and GA-s-convex on [0, x,], then fractional integral inequality is given as:

Ma+1 N
(2 —xq)2 I (xp) | fa —a2 51 =251 a1 1
- 2 La+2)+———
) 2e+ 1) [ s+1 sy2 2B+ Ladt >+a+s+2]
(Xzfx1)2|H”(x2)‘ w251 4 o1 1
2(a+1) [ s+1 +a+5+2+2B(lx+2ls+1):|,

1
whereB(s+1,o¢+2):/ tS(l_t)aHdt_
0

Theorem 90 ([70]). Assume that I1is as in Theorem 87. If |I1"| is measurable and 1 < q < co. If
|T1"|7 is non-increasing and GA-s-convex on [0, xp|, then fractional integral inequality is given as:

e i) + g, i) - 11 (22|

(32— x1)2 (el + |H”<xz>|ﬂ)% (e 12771 4 (a +05)PH — apt] )%
- 2(a+1) s+1 p+1 ’

wherel+1:1.
p 9
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2.15. Fractional H-H-Type Inequalities for s-Convex Functions

Fractional H-H-type inequalities for s-convex functions are presented in this subsection.
Definition 15 ([71]). A function I1: [0,00) — R is said to be s-convex in the second sense if
I(tx+ (1 —t)y) < £TI(x) + (1 — t)°TI(y),
forall x,y € [0,00), t € [0,1] and for some fixed s € (0,1].
Theorem 91 ([72]). Let IT : [x1,xp] — R be a positive function with 0 < x1 < x, and

IT € Lq[x1, x2]. If IL is a s-convex mapping in the second sense on [x1, x3], then fractional integral
inequalities are given as

T 1
rn(M12) < TN g )+ g TG
< [aiS+B(uc,s+1)}w, €)

withw > 0and s € (0,1) and B represents the Euler Beta function.

Theorem 92 ([72]). Let IT: [x1, x3] C [0,00) — R be a differentiable mapping on (x1, x,) with
x1 < xp such that 11" € Lq[xq, xp). If |T1|7 is a s-convex in the second sense on [x1, x3], for some
fixed s € (0,1) and g > 1, then fractional integral inequality is given as:

Hl) £ M) Tt )

s = e Ve TI0) + T 1)

¢ 2Pl )] st (e

2a+s_1 / q / q %
+W <|H (x1)[7 4 |11 (x2)|) .

Theorem 93 ([73]). Assume that 11 is as in Theorem 92. If |IT'|1 is an s-convex function on
[x1, x2], then fractional integral inequality is given as:

(1 _ ,‘I/l) [(X — X1))CZ i‘ J(jlfz — X)“}H(x) n ‘u{(x — xl)véH(x;Cz i_ 3(;1(2 _ x)"‘H(xz)}

F'(a+1)

X2 — X1

Ux-—TT(x1) + Je4 (x2)]

=

< Aié(a,ﬂ){w (|H’(x)|"Az(tx, w,8) + [T (x1)[7 A (a, V'S))

Xy — X a+1 0
+(iz_il (I ()17 A2, ) + [TV (x2) |7 As (w, 1)) }
where
- 2ay1+% +1
M) = =g m
14541
Aol 15) 2ap +s+1 H

(s+1)(a+s+1) s+1
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1 —2(1 —y%)SH
s+1

+B(zx+1,s+1)—2B(y%,a+1,s+1).

end o]

Theorem 94 ([74]). Let IT: [x1, x3] C [0,00) — R be a differentiable mapping on (x1, x,) with
x1 < xp such that |T1'| € Lq[xq, xp] and |I1'| is an s-convex function. Then for some 0 < a < 1
and 0 < A < 1, then fractional integral inequality is given as:

‘H(xl)(l —a1=A) + M)A+ a =) Tt D) gu oy ge )

2 2(x — x1)
Xy — X , 1 a(l—A) T(s+1)I'(a+1)
= 22 1[|H(x2)|<w+s+1+ s+1  T(a+s+2) )
, I(s+1(a+1) a(l—A7) 1
+|H(x1)|( I(a+s+2) s+1 _tx+s+1> '

Theorem 95 ([74]). Assume that I1is as in Theorem 94. If [IU'|1 € Lq[xq, x2] and [IT'|7 (g > 1)
is an s-convex function, then fractional integral inequality is given as:

‘H(xl)(l—oc(l—)\))+1_[(x2)(1+oc(1—)\)_ I'(a+1) []§+H(xz)+]§,n(x1)]‘

2 2(xp — x1)*
X2 — X LoNg ) TG+ T (32) ] 7
< (a0 () ) (e

1 1
where — + — = 1.
p 9

Theorem 96 ([75]). Let IT : T C [0,00) — R be a differentiable function on I° such that
IT € Ly[x1, x2], where x1,xy € Lwith x; < xp. If [I1'| is an s-convex on [x1, x3| for some fixed
s € (0,1 and x € [x1, x|, then fractional integral inequality is given with « > 0 as:

(x —x)"TI(x) + (12 = 0)TI(x)) T+ D)7, .
= x}lcz_le‘Z S xz“—xl {]x,n(x1)+]x+ﬂ(x2)}

o (x_x )a+l+(x _x)aJrl ,

: (s+1)(0¢+s+1){ 1 xz—x12 NH(JC)'
1 Tla+DI(s+ 1)} {(x — x) "M (o) | + (2 — x)”‘“IH’(xz)I]

s+1 F(DC—FS—FZ) Xy — X1 ’

+|

Theorem 97 ([76]). Assume that 11 is as in Theorem 96. If |IT'| is an s-convex on [x1, x|, then
fractional integral inequality is given as:

’“(xl 2 ) agm) 800+ Tagay 562

- [V(‘@)_(Hg)(xl) + fﬂ(‘@%(l—[g)(xz)} ‘

1
205t (w45 +1)

(22 — x1)* gl o
- I'(a+1)

{Biala+1s+1)+ HILY ()| 4 17 (2]
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Theorem 98 ([76]). Assume that I1is as in Theorem 96 and g : [x1, x2] — R is continuous. If
|TT'|7 is an s-convex on [x1, x3), then fractional integral inequality is given as:

‘”(“ 7 ) gy 562+ fjagny 50

'_{]?nyz)_(ITg)(xl)+-I%x@32)+(11g)(xzﬂ|

(2 — xl)“+1||g”oo
a+1)(a+2)4 m+s+m5(a+n

IN

2a+1+%(
{ (@45 4+ 1)+ 3T (1) + 2@+ 1) (a + 2) 1T m|Q%
+(21- S<a+1><a+z>|n'<x1>w+<a+s+1><«+3>|n'<xz>w)%}
Theorem 99 ([77]). Let IT : T C (0,00) — R be twice differentiable function on 1° such that
I1" € Ly[xq,x3], where x1,x3 € T with x; < xp. If [I1"]9,q > 1 is an s-convex function on

[x1, x| for some fixed s € (0,1], then for x € [x1,x2], A € [0,1], « > 0, and fractional integral
inequality is given as:

(1-1) {(x _ xliz i— 9((31(2 —x)" } TI(x) + A [ (x — xl)an(x;i i— 9((?2 — X)“H(xz)}

N R R (R A N E R

X2 — X1 X2 — X1

D []x_ (x1) + ]§+H(x2)} |

==

< 0w { B () ey, ) + () a1
< ¢ "(a, ( X 2(&, A8 X1 3(a, ,S))

a+1)(x2 — x1)
{ (xz _ x)a+2
(

- a+1)(x2 —x1)

(T (1 Cala, 1,5) + [T (1)[1Cs (1, 1,5)) 1,

wherel—O—1 = 1and
P 4

af(a+DAE (a+1DA 1 < L
= a+2 2 a+2 - T a4l
Gi(a ) (a+1)A 1
- ’ S/\_l/
2 x+2 a+1
2@@+1mf””_(a+mA+ 1 0y < ]
Co(a,A,s) = a+2)(a+s+2) s+2 a+s+2" 7 T a4+l
a+1)A 1 1
N , <A<,
s+2 x+s+2 x+1

Bla+2,s+1)— (a+1)Axp(2,5+1)
+2(a + DAB([(a + 1)A]5,2,5 + 1)

Cs(a,Ays) = —2B([(o¢+1)/\]%,tx~l—2,s+1), OS)\Sa_lH,
(¢ +1)AB(2,s4+1) —B(a+2,5+1), %S/\<1.
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Theorem 100 ([77]). Assume that I11is as in Theorem 99. Then fractional integral inequality is

given as:

x—x1)*+ (x2 — x)"‘}n(x) n /\[(x — xl)"‘H(x;) + J(sz - x)“H(xz)}
2 — X1

a-n[t

Xy — X1

+(% B A) {(xz - x)tx+1 —(x— x1)a+1]1_[,(x) T( 1) []x_ (x1) + ];’C‘JFH(xz)} |

Xy — X1 Xy — X1

i CRE N s C R (EATAT
< G O )
Co— 02 (VG + I ()l
(a+1)(xg —x7) s+1 ’

+

wherel+1 = 1and
p 9

T e
[(a +1)A]WB<1+p/1+p>
Glaap) = §+1 &Jﬁ;\]pﬂ
xzpl(l—lﬂ l'p+2;l—(oc+1))\), OSASWL'
C +1>)‘]MHB( Lt agy), —o<a<t
® (a+1)A7 L

Theorem 101 ([78]). For n € Nand x1,x; € [0,00) with x1 < xp, let 1 : [0 o) — R bean
n-times differentiable function on [0,00) such that TI") € Ly[x1,xo]. If [T10)|9 is an s-convex

1 1
function on [x1, x3] for g > 1, » + p = 1 and some fixed s € (0,1], then

I'(a+n)

m {]x1+n(x2) + ]xz— (x 1)}

k

- 2 0;;;1;22;13;1) ]H(k)(xl) + (—1)kH(k)(x2)}|
1

(xZ_x1> (n) q
7{[B(S+1,a+n)|H (X1)| +m

2w +mn) 7

1 1
(n) q (n) q|f
s MO )l 4 BGs + L m) 110 ()]

where o > 0 and B is the classical Beta function.

Theorem 102 ([78]). Assume that 11 is as in Theorem 101, then

I'(a+n)

W[Ifﬁﬁﬂ(xz) + T3, T1(x1)]

= x+n)(x)—x k
_kg) F(le_(“)—lfk:_ 1)1) [H(k)(xl) + (—1)kH(k)(x2)]
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==

(xp —x1)" q—1 T—

< 5 [q(oc—f—n)—r—l {{B(s+1,r+1)n(n)(xl)q

1 1 1
1) () 7| T | (110 () |7 (1) (01
o T ()] } + [r+s+1|H (x)|7+ B(s + 1,7+ n) [T (xp)| }

=

wherew > 0and 0 <r < g(a +n—1).

2.16. Fractional H-H-Type Inequalities for Godunova—Levin-Convex Functions
Definition 16 ([79]). A function I1 : [x1, x2] — R is said to be Godunova—Levin (G-L) function if

I(tx+ (1 —t)y) < ng) + ?(_yi

forall x,y € [x1,xp] and t € [0,1].

Definition 17 ([80]). A function IT : [x1,x] — R is said to be s-G-L function of the first kind,
where s € (0,1], if

11 II
I(tx+ (1 —t)y) < t(sx) + 1 _(yt)s,
forall x,y € [xq, x| and t € [0,1].

Definition 18 ([80]). A function I1: [x1,x;] — R is said to be s-G-L function of the second kind,
where s € (0,1, if

(tx+ (1 —-t)y) < Ht(sx) + (1H—(yt))5’

forall x,y € [x1,x2] and t € [0,1].

Theorem 103 ([80]). Let IT : [x1,x2] — R be a twice differentiable mapping on (x1,xp) with

x1 < xpand 11" € Ly[xy, x]. If [T1"| is an s-G-L function of first kind, then fractional integral
inequality is given as:

IT(xq) + I1(xp) T(a+1) [, .
(xg — x )2 1 1 I(x+2)T(1—5) "
ZEIHi) <1—s_a—s+2_ T(a—s+3) )'H (1)l

s+2 1 sI'(s)I'(a+2) 2(a+2) +s "
+<5+17“+27 T(a+s+3) (a+2)(a+s+2))|n (x2)|]'

Theorem 104 ([80]). Assume that I1is as in Theorem 103. If |I1"| is an s-G-L function of second
kind, then fractional integral inequality is given as:

’H<x1) erH(xz) - z(l;(zaj;))a {]fc‘ﬁl‘[(xz) +]f§2_1‘1(x1)}|
(xp —x1)%/ 1 1 I'(a+2)I(1—5s) 9 9
< 22 l (1—s_o<—s+2_ I'(a—s+3) )“H (x1)[ + 11 (xZ)l]'

Theorem 105 ([81]). Let IT : [x1,x,] € R — R be differentiable function such that
[T € Ly[xq,x] and n € N*, a > 0. If |IT'| is an s-G-L function where 0 < s < 1, then:

n ; 1 {(x —x1)" 4 (22— x)aH(x) n (x — x1)*TI(x1) + (%2 — x)*TI(x2)

Xy — X1

X2 — X1
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(n+1)* T (a+1)7, n 1 N 1 n
2(xp — x1) {]xfn(n+lx+ n—i—lxl) +I"1+H<n+1x+ n—i—lxl)

1 " 1 n
H’“*H( Tt n+1x2) +]xZ,H(n+1x+ n—i—lxl)]‘
(n+1)°(A+B)

2(xp — x1)

[ = 2) I () + (2 = )" I (),

where

- 1
T(1—3$T(1 n SZF] s,1+wa,24+a, —+
Q-9ra+e o "2 il

A:
r2—s+a«a) 1+«

Theorem 106 ([81]). Assume that the I1 is as in Theorem 105. If [IT'|, ¢ > 1 is an s-G-L
function, then

(x = x1)"TI(x1) + (x2 — x)*TI(x2)

n+1r(x—xq)" Xy — x)%

+ |:( 1) +( 2 ) H(x)+

2 X2 — X1 Xy — X1
()T (a4 1)

n 1 " 1 n
2(xp — x1) {I"_H(n—l—lx—i_n—l—lxl)+]’(1+H<n+1x+n—|—1xl)
" n 1 1 n

(e ) (e )|

1 % 1 -5 / ! 1
z(&j—ll)(aﬂ) q{<x—x1>““{<3|“<x>|”+A|H<x1>|q>”
(AT ()7 4+ BITT (10) )7} + (2 — ) { (BT ()7 + AJTY (x)|7)
(AT (0] + BT () |1) 7},

IN

where A and B are given in the previous theorem.
Theorem 107 ([82]). Let IT : [x1, x2] — R be a differentiable mapping on (x1, x) with x1 < x3

if |IT| € Lq[x1, x2] and |IT'| is an s-convex function. Then for any 0 < a« < land a < x < b, the
fractional integral inequality is given as:

(x —x1)] (21 + 0)IT(x) — xIT(xq)] + (22 — x)[(x + 22)TT(x) — xT1(x7)]

(x2 — x1)?
_(zia——i_XBZ(x—xl) — J5 TI(x )+m_x79§w]§+n(x2))
: ((32__}21))22[(06 +x51+1 +s+1)|H/( )l + (xlr&c::zzr(sgl) S+1>\H’(X1)I}
+((,22__,Z))22 [<xzrlg?ca++12r+(sz;r1) + S+1)|H’ x2)| + («x+?+1 + Sil)yn'(x)@.

Theorem 108 ([82]). Assume that I1is as in Theorem 107. If |[IT'| € Ly[x1, x3] and |IV'| is an
s-G-L function, then fractional integral inequality is given as:

(x — x1) [(v1 + )IT(x) — xT1(xq)] + (2 — x) [(x + x2)IT(x) — xT1(x2)]
(x2 — X1)2

X2

_x)a_l]j'c‘+n(x2))’

X2

~ T(a+1) ( X

(x2 —x1)2 \x — x1)a_1]f§,H(x1) *
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x—x1)2 X x . T a s X /
((xz —xll))2 [(oc—sl+1 1 _S>|I‘I )]+ ( 1r1("(oc+—121112) L 1 _S>\H (x1>|]

T R L1403 B (.ot [y

Theorem 109 ([82]). Assume that ITis as in Theorem 107. If |TT'|7 € Ly [x1, xp] and [IT'|7,q > 1,
is an s-convex function, then fractional integral inequality is given as:

(o — x0) [(x1 4+ )TT(x) — xTT(x1)] + (x2 — ) [(x + x2)T1(x) — *TT(x)]
(x2 — x1)?

X2
xp — x)~1

- T(a+1) ( X1 () +

(2 —x1)% \x —x7)

8 1(x)) ‘

_ 2 p—1,P 1 ! ! 1
< L=xm) (2 xl+2P71xp>p<lﬂ(X1)|"+|H(X)|‘7>q

(xp—x1)2\pa+1 s+1
(2 =3 (F gy )b (G T
(xp—x1)2 \pa+1 s+1 '

Theorem 110 ([82]). Assume that I1is as in Theorem 107. If |[IT'|7 € Lq[x1, x3] and |[T1'|9, q > 1,
is an s-G-L function, then the fractional integral inequality is given as:

(o — x0) [(x1 + )TT(x) — xTT(x1)] + (x2 — 2) [(x + x2) (%) — *TT(x)]

(x2 = x1)?
s (e )+ R ) ‘
(x—x1)? ¢ Ny I T (k)73
(xz—xll)z(ptx—li—l) ( 1-5 + 1—15 )
(a—x)? X \p/IT(x)f  [IT(x)]7y7
(xzz—xl)Z(paj—1> ( 1—25 + 1-s ) '

Theorem 111 ([83]). Let IT : I C [0,00) — R be a three times differentiable function on the
interior I° of I such that ITT"" € Lq[xq, x3], where xq, x; € 1° with x1 < xy. If |[I1"'| is an s-convex
function in the first sense on [x1, 3], then fractional integral inequality is given as:

m[nl(xﬁ —1IT'(x2)] + IT(x1) ;H(xz) _ Za(zwjxll))“ i+ (x2) + J5, - T1(x1)]
)3
m {|Hm(x1)| (S Jlr = a+1+3 —B(s+ 1,uc—|—3))

zx+1_ 1 _ 1
a+3 s+1 a+s+3

+|H”’(xz)|( —B(s+1,1x+3))]

Theorem 112 ([83]). Assume that I1is as in Theorem 111. If I |7 is an s-convex function in
the first sense on [x1, x|, then fractional integral inequality is given as:

F'(a+1)
2(1+a)

2 x) (Mt Ay () ol
2@+ 1) (a+2) \p(a+2)+1 s+1 '

e = I NCS RSO
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Theorem 113 ([83]). Assume that I1is as in Theorem 111. If |IT"| is an s-convex function in the
second sense on [x1, x7), then fractional integral inequality is given as:

I'a+1 II(xq1) +I1(xp I'a+1
I Gn) = 10 a4 T2 FOER e 1) 4, 11
(2 — x1)? m m 1 1
< —|I1 IT — —B 1 .
- 2(0(4—1)(0(—{—2)H ()l + (xz)H(s—l—l a+s+3 (s+ ,a+3))
Theorem 114 ([83]). Assume that I1is as in Theorem 111. If |[IT"'|1 is an s-convex in the second
sense on [x1, x3] for a fixed q > 1, then fractional integral inequality is given as:
F'(a+1) IT(x1) +I1(x2) F(a+1)
m[nl(ﬁ) — 1T (x2)] + ) T ) U5+ 11(x2) + J5,_T1(x1)]
(2 — x1)° v+1 17% " m
< IT T4+11 q
S ity rz) G+ ()l
1 1 i
X(s+1 TN Te13 —B(s+1,oc+3)) .
Theorem 115 ([83]). Assume that I1is as in Theorem 111. If |IT"'| is an s-G-L function of the
irst kind on |x1, xo|, then fractional integral inequality is given as:
fi gral inequality is g
I'ae+1 II(xq) + II(x2 I'(ae+1
T () — ()] OO FOH D e ) g, o)
(x2 — x1)3 " 1 1
< __\e M _ _ _
- 2(04—1—1)(0&4—2)‘1—1 (xl)l(l—s x—s+3 Bla+31 S)>
+2 1 2(a+3) +s
T (xy) | (= — = —B(s+1 .
) (- s @3 rsta BOTF a+3))
Theorem 116 ([83]). Assume that I1is as in Theorem 111. If |IT"|7 is an s-G-L function of first
1 1
kind on [x1, x| for a fixed g > 1 with v + p = 1, then fractional integral inequality is given as:
Fla+1) / I1(x1) +I1(x2) Ta+1) w
m[n (x1) =TT (x2)] + > 2(x2 — )" s+ (x2) + J5, _TT(x1)]
(x2 —x1)° pla+1)—1 =51 m s+2 i
< I 9574 7\
- 2(0c+1)(1x+2)<p(1x+2)+1) (1—5| ()| +s—}—1| (x2)|)
Theorem 117 ([83]). Assume that I1is as in Theorem 111. If |[T1"'| is an s-G-L function of second
nd on |x1, Xp|, then fractional integral inequality is given as:
kind on [x1, x2], then fractional integral inequality is gi
Fla+1) / I1(xq1) +I1(x2) Ta+1) w
m[n (x1) =TT (x2)] + 5 2(x2 — x1)" [IX]+H(x2) + ]xzfn(xl)]
(x2 — xl)s m m 1 1
< 27 ) - - .
S saanary e+ (g~ gy~ B+ La+3)
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Theorem 118 ([84]). Let IT: I C R — [0, 00) be a differentiable mapping on I, x1,x, € L and
x1 < xp. If |I17 is s-G-L-type function, then for « € [0, 1], the fractional integral inequality is
given as:

X2 — X1
1

2ap +1)7(1—s)7

<

(1T (x0) 7 + [T () 7] ¥,

wherel—O—l:l.
P 4

2.17. Fractional H-H-Type Inequalities for Differentiable ¢p-Convex Functions
Definition 19 ([85]). Let ¢ : [x1,x2] C R — [x1,x2]. A function I1 : [x1,x3] — R is said to be
¢-convex on [x1, x2] if, for every x,y € [x1,x2] and A € [0,1], the following inequality holds:

H(Ap(x) + (1 =)o (y)) < ALL(¢(x)) + (1 = MIT(¢(y))-

H-H inequality in fractional integral forms for ¢-convex functions is given in the next
theorem.

Theorem 119 ([85]). Let | be an interval x1,xy € J with x1 < xp and ¢ : | — R a continuous
increasing function. Let IT : T C R — R be a ¢-convex function on I = [x1, x|, then fractional
integral inequalities are given as:

(0 TEE) < ot gt Vo G2 + Ty TG00

_ TH(g(x1)) +T((x2)
- 2

2.18. Fractional H-H-Type Inequalities for Symmetric Functions

Definition 20 ([86]). A function I1 : [x1,xp] — [0, 00) is said to be symmetric with respect to
X1+ X2

if
2
II(x1 + xp — k) =11(k), forall k € [xq,x2].
Theorem 120 ([87]). Let IT: [x1, x2] — R be convex function with xq < xp and IT € Lq[x1, x3].

. o . ox1+x .
If ¢ = [x1,x2] — R is non-negative, integrable and symmetric to 1t 2, then the fractional

integral inequalities are given as:
T(F22) 13, g(x) + 18, g(en)] <[54 (T1g) (x0) + 5, (1Tg) (1))
I(x1) 4 T1(x2)

< 2 g(x) + Ty g(x)], w0

Theorem 121 ([87]). Let IT: I C R — R be a differentiable mapping on I° and IT" € L [x1, x7]

with x1 < xp. If [IT'| is a convex function on [x1, x| and g : [x1,x2] — R is continuous and
X1+ X2

symmetric to , then the fractional integral inequality is given as:

’ (R IR [ ) + 1] — [ (1) () + 1y (TTg) (1) ‘

(2 = x1)" " Iglleo
(a+ 1)I(a+1)

(1- zl) (1G] + I ()], a0,
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Theorem 122 ([88]). Let IT: [x1, x2] — R be a positive, differentiable function with x1 < x and
IT € Ly[xy, x2). IfF IT' (x1 + xp — x) > IT(x) forall x € [xl, nt xz}, then

I1(xq) +T1(x2)
2

2+ 1 (x2) + J, - T1(x1)] <

H(x1+x2)§21"(0c+1) Caso.

2 (x2 —x1)

Theorem 123 ([88]). Let IT : [x1, x2] — R be a positive, twice differentiable function with x; < xp
and I1 € Lq[xq, x3]. If I1" is bounded in [x1, x7), then we have

mu 7 X1+ X2 2 . _
m/’;l ( 2 —x) [(X—xl) Ly (g —x) 1},13{
Ta+1) ., . 1+ 2
S 3= e U ) I, M) = T1(22)
Mu el T 2 o .
: m/xl ( 2 —x) [(X—xl) + (x2 — x) }dx,
and
2(362%" xi (x —21)(x2 — %) [(x —xp) (- x)“—l} dx
T(Dé—l-l) ® & H(xl)+n(x2)
S Sy P TI0) 8y TH()) = 5
—ma TR

s [ 9 o -0t

with a > 0, where m = infye(y, 1, T1"(t), M = supyp,, o 117 (£).

2.19. Fractional H-H-Type Inequalities for M T-Convex Functions

Definition 21 ([89] ). A function IT1 : I C R — R is said to be a M T-convex function, If I1 is
non-negative function and for all x,y € Land t € (0,1) we have

t v1—t
(tx+ (1 - t)y) < Vi .
21—t 2Vt
Theorem 124 ([90]). Let I1 : I € R — R be a differentiable function on 1° such that

I € Li[xy,xp] where x1,x, € T with x; < xp. If |IT'| is MT-convex on [x1,x;] and
ITT'(x)| < M, x € [x1, x|, then the fractional integral inequality with « > 0 is given as:

(x —x1)"I(x1) + (2 —x)*I1(x2) T(a+1)

R CARS R E]

X2 — Xq X2 — X1
M{(x—xl)’”l—i-(xz—x)““] T(a+1T(3)
= 2% —x1) l”_ Tt ]

Theorem 125 ([90]). Assume that I1is as in Theorem 124. If |IT'|7 is MT-convex on [x1,x3],
1 1
q>1,and v + p =1, then the fractional integral inequality with « > 0 is given as:

(x = 1) Tl(x) + (2 = ) M) Tt D, :
l Jlfz—xlz = - P []x_H(x1)+]x+H(x2)]
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B M{(x—xﬂ““—i—(xz—x)““] 1 1"(1—|—p)1"<%) P
hS 2(x2—x1) 2 <“F(1+p+i>> .

Theorem 126 ([90]). Assume that I1is as in Theorem 124. If |IT'|7 is MT-convex on [x1,X3],
q > 1, then the fractional integral inequality with « > 0 is given as:

b)) + (o — 9FMG)_ TOE D) gy 4 g 11| ‘

X2 — Xq X2 — X1
R S RGO
- (x2 —x7) a+1 2 2l (a+1)

Theorem 127 ([91]). Suppose that I C [0, 00) is an interval, IT : I — R is twice differentiable
on1°, x1,xp € I° with x1 < xp and I1" € Lq[xy1, x]. If |T1"| is MT-convex on [x1, x| such that
ITT"(x)| < K forall x € [x1, x2], then the fractional integral inequality is given as:

1

T e [0 = 3™ = (=) )+ (o o) (3 — )"

F'(a+1)

+ (@ + DI(xz) (x2 — x)“} TS

%, () + 2, 1) ‘

< K[(x — x1)*2 + (xp — x)**2] [ B F(oc+3/2)1"(1/2)}
- 2(a+1)(x2 —x1) [(a+2) '
o " 1 1 .
Theorem 128 ([91]). Assume that 11 is as in Theorem 127. If |[I1"|1, g > 1, and v + p =1,is
MT-convex on [x1, Xp], then the fractional integral inequality is given as:

1

T e [0 =)™ = (=) )+ (o ) o) (3 — )

F(a+1)

+ (& + DIT(x2) (x2 — x)a} Cn-x

2, () + )2, ()| ‘

<

K[(x — x1)**2 + (x — x)**2] (ﬂ) i (( F(1+p)T(1/(a+1) )%

(e +1)(x2 — x7) 2 a+I(1+p+1/(a+1)

2.20. Fractional H-H-Type Inequalities for (s, m)-Convex Functions

Definition 22 ([92]). A mapping I1: 1 C R™ — Ris said to be (s, m)-convex in the second sense
on 1 if the inequality

II(tx + (1 —t)y) < £TI(x) +m(1 — £*)I1(y)
holds for all x,y € 1 and for some fixed (s, m) € (0,12

Theorem 129 ([93]). LetI1: 1 — R be defined on 1 and differentiable on the interior I° of I, such
that x1,xy € Twith x1 < x, [ € Lq[x1, xp]. If |IT'| is (s, m)-convex in the second sense on
[x1, x2] for (s,m) € (0,1]?, then the fractional integral inequality is given as:

(x1 E xzy_l]%ﬁ;)(z)JrH(xl)

X1+ X2 F(oc+l)
‘H( 2 )+x2—x1




Mathematics 2023, 11, 1953 43 of 106

‘(mEMYAW@ﬁw”“J‘
2 ) st () ()

4
where B is the Euler Beta function.

<

Theorem 130 ([93]). Assume that I1is as in Theorem 129. If |IT'| is m-convex function in the
second sense on [x1, xp] for m € (0,1], then the fractional integral inequality is given as:

x1 + X2 I(a+1)
‘H( 2 >+ X2 — X1

(575) " Ty T10)

X1 — X2

() gy )|

X2 — X1
2(“12) (lnl(xl)| + |H/(XZ)‘) + m (’H/(%)‘ + ’H/(%) D‘| .

X2 — X1
- 4

Theorem 131 ([93]). Assume that I1is as in Theorem 129. If |IT'|7 is (s, m)-convex function in
the second sense on [x1,x;] and if ¢ > 1, ¢ > r > 0, then the fractional integral inequality is
given as:

X1+ X2 I'(a+1)
‘H( 2 >+ X2 — X1

(575) " Traagy 1)

X1 — X2 2

_<x2 E X )“_11?“3”%11(362)] ‘
_ _ L1 L
< xz4x1 Lx(q—qr)—iq—l} q[z(ﬁy‘w(n;xz)‘

miB(ar+1,5+1)7 (‘H’(%) |+ ‘H’(%) M .

2.21. Fractional H-H-Type Inequalities via Green Functions
Theorem 132 ([94]). Let « > 0, x1,x2 € R with x; < xp and T1(x) = TI(x1) + (x —

* X1 —H, X S S)\
)T (x2) + [32 G (x, )T ()i, G(A, i) = 1= W XIS W

" Then, we have:
x1—A, A<u<x.

H(X1) + OCH(JQ)
a+1 '

H(xl +ocx2) < (F(tx—i— 1)a ]fc‘z_H(xl) <

a+1 Xy — X1)

Theorem 133 ([94]). Let « > 0, x1,xo € R with x; < xp and I1 € C?([x1, xp]) as in previous
theorem. If |I1"| is a convex function , then:

‘H(Jq —Hxxz) B (F(zx+1)

a+1 xz—xl)"‘lgzn(xl)‘

(x2 — x7)?
(1+a)¥t3(a+2)

(B v

max{|l—1//(x1)|,

X1+ txe)

emax {11 (555

T ()12 "‘W"‘)].
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Theorem 134 ([94]). Assume that 11 is as in Theorem 133. Then, we have:

II(xq) + all(x) B T(a+1)
a+1 (x2 —x1)

X a(xp — x1)? a+5
T < by

= 3(1+a)(a+3) I Ge)| + [T )

Theorem 135 ([95]). Let IT € C?([x1, x2]) be a convex function such that TI(x) = T1(x;) + (x —

X))V (x2) + [7 G(x, )1V (u)dp, G(A, ) =

following fractional integral inequalities hold:

- K < < )\r
S e v forany a > 0, the
x1—A, A<u<x.

1(*157%2) = g e i < FO

Theorem 136 ([95]). Let IT € C?([x1,x2]) be a convex function as in previous theorem. Then
we have:

(i) If |11"| is an increasing function, then

[T1” (x2) & (32 — x1)?
2(a +1)(a +2)

H(xl erxz) < 2{;2ajxll))a [];‘1+H(XQ) +]§2_H(x1)} <

(ii) If |11"| is a decreasing function, then

11" (o1) o (22 — x1)?
2(a+1)(x+2)

() G )

(iii) If |T1"| is a convex function, then

H(x1+x2) < M[];‘ﬁﬂ(xz)Jr]ﬁz,H(m)}

2 2(xp — x1)*
max{ [I1"(x1)], [T1" (xp) [ }a(x2 — 21)?
= 2(a+1)(x+2) '

Theorem 137 ([96]). Let « > 0, x1,x2 € R with x; < xp and TI(x) = TI(x1) + (x —

— <u<
x1)IT (x2) + fxxlz G(x, )11 (p)du, G(A, p) = {x1 BomsSpsh Then, we have:

x1—A, A<u<x.

all(xq) + T(xp)
x+1 ’

(ocx1 +x2) < F(oc—l—l)a]féﬁn(m) <

at+1l /7 (x2—x)

Theorem 138 ([96]). Let IT € C?([x1,x2]) be a twice differentiable function as in the previous
theorem. Then we have:

(i) If |11"| is an increasing function, then

T (x2) | (x2 — x1)?
20+ 1)(a 12)

all(xy) +11(xp) T(a+1)
x+1 ; (xz—xl)“]x1+H(XZ)| :

(ii) If |I1"| is a decreasing function, then

aT1” (xp)| (2 — x1)?
2(a +1)(a +2)

all(v) + () Tla+D) +H(xz)| <

a+1 (x2 — x1)




Mathematics 2023, 11, 1953

45 of 106

(iii) If |11"| is a convex function, then

all(xy) +I1(xp) T(a+1)
a+1 B (xz—xl)"‘]x1+n(x2) =

a(xp — x1)? max{ |11 (x1) |, 11" (x2) [}
21+ a)(a+2) '

Theorem 139 ([96]). Let IT € C?([x1, x]) be a twice differentiable function as in the previous
theorem. Then we have:

(i) If |11"| is an increasing function, then

‘H(Ml + xz) _ (F(zx +1)

a+1 X2 — X )]x1+H( )‘

(x2 — x71)? HH//(“xl + xz) ’ (zx[(w + 1) - 206““})

H// a+2 .
(a+1)73(x+2) a+1 2 (x2) o ]

(it) If |I1"| is a decreasing function, then

‘H((xxl +x2) B (F(a+1)

a+1 xz—xl)”‘]’%ﬁn(xZ)

X — x1)? 9 al(a atl _ppatl ,(0X1+ X
ot (e (S ()

lxachZ] )

(iii) If |11"| is a convex function, then

‘H(xl +vcx2) B (l"(vc +1)

(x2 —x1)2
0‘_1_1 x5 ) ]x1+H( )

(o +1)”‘+3(tx+2)
[ {00 [ (2122 ) (<l D=2

a+1
+max{‘l_["((xxl +x2)

HI/ a+2
a+1 ‘ |}1x }
2.22. H-H-Type Inequalities for p-Convex Functions

Definition 23 ([97]). A functionI1:1 C (0,00) — R is said to be p-convex, if

N[t + (1= )y]7) < H1(x) + (1= OIL(),
forall x,y € Land t € [0,1].

Theorem 140 ([98]). Assume that IT1 : T C (0,00) — R is a p-convex function, p € R\ {0}

a > 0and x1,xp € Twith x; < xp. IfI1 € Ly[x1, x|, then the fractional integral inequalities are
given as:

X +xb1s Tla+1) . .
H([ ' 2 2]p21—zx(xg—xf)tx)[IWJF(HOg)(xg)_'—]W(Hog)(xf)}

IT(xq) ern(xz)’ >0,

with g(x )—xl’ x € [x},xb], and

(52 g g i, o0 g o)
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< H(xl)ﬂ;n(xz), p <0,

. 1
with g(x) = x7, x € [x},xF].
Theorem 141 ([98]). Assume that IT : I C (0,00) — R is a function differentiable on 1° with
IT € Ly[x1,x2], x1, x2 € Lwith x1 < xp. If |IT'| is p-convex function on [x1, x|, for p € R\ {0},
« > 0, then the fractional integral inequalities are given as:

14 p_1

X1 +x375 I(a+1) N . ,
H([ 2 } _21—“(x§xlp)"‘){]Xfyﬁ+(nog)(x2)+1x? (Hog)(xl)}’
xh —

< 21_0(1 [Cia, p) IT (x1) | + Co(a, p) T (x2) ] p >0,

with g(x )—xP x € [x},x}], and

(52 - sy s, oad g o012 |

14 14
Xy — X1

< S [~ Glap) T (x)] = Co(a p) [T (x2)]], p <0,

with g(x) = xl’ x € [xb, xV], where

12 Lot 1 (1—u)*u

C ’ = d 7

) = pluxf + (1 - u)x5]1=0/p) +/1/2p[uxi’+<1—u>x§]1<“”> '
12 u(1 — ) 1 (1 —u)rtt

Colap) — du.

00 = | R G G g

Definition 24 ([99]). Let p € R\ {0}. A function IT : [x1,x2] C (0,00) — R is said to be
' +xbq
2

2}pl-f

p-symmetric with respect to [

II(x) = H([xf +xh — x”]%),
holds for all x € [x1, x7].

Theorem 142 ([99]). Assume that IT1 : T C (0,00) — R is a p-convex function, p € R\ {0},
a > 0and xq1,x, € Lwith x1 < xp. IfIT € Ly[x1,x2] and w : [x1, x2] — R is non-negative,

p p_1
. . . Xy +x . . . i
integrable and p-symmetric with respect to { 1 > 2 ] P, then the fractional integral inequalities

are given as:

n([TE2]) [, o)) + 7y (wo )]

x
< [y, o) () + 15y (Twog)(x])]

< HeOAT) e (wog)(xd) +1%_(wog)()], p >0,
with g(x) = xP, x € [x},xb], and

quf;x?} %) 1%, (o g)(<h) + Iy _(wog)()]
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< 1y, Mwog) ) + 1% (Mwog)(xh)]

T1(x1) +TT(x2)

< 1ty (o)) + T _(wog)(xh)], <,

with = g P oxl
g(x) =7, x € [xh, ]

Definition 25 ([100]). A mapping I1 : R — R is called uniformly p-convex function with
modulus ¢ : [0,00) — [0, 00) if ¢ is increasing, ¥ vanishes only at 0, and

(tx + (1= Hy) + (1 = Hy([x —y[) < T(x) +(y),
for each x,y € [0,00) and t € [0,1].

Theorem 143 ([101]). Assume that I1 : [x1,x3] — R is uniformly p-convex function with
modulus . Then for each o > 0 the fractional integral inequalities are given as:

X1+ X2 T(a+1)
H( 2 ) 2“+2(XZ—xl)“]?xl_x2)+l/](|xl _x2|)
T(a+1)

W []§1+H(x2) + ]ﬁz,n(xl)}

< 2(TI(xq) +TI(x2)) — 2aB(a + 1,2)T1(]x1 — x2]).
Theorem 144 ([101]). Assume that I1:1° C R — R is a twice differentiable function on I° and
let x1,xp € 1° with x1 < xy. If |T1"| is a convex function on [x1, x;], then:

all(x1) +T(xp)  T(a+1)
jX+ 1 = - (XQ — Xl)“]xﬁ_n(xz)

a(xy — x7)2
Smﬁfn@ﬁmUHWmﬂ+m%nM.

Theorem 145 ([101]). Assume that I1is as in Theorem 144. If |[I1"|1, q > 1 is a convex function
on [x1, xp), then the fractional integral inequality is given as:

all(x1) +11(xp) T(a4+1)
a+1 - (xz—xl)“]x1+n(x2)

(;Cia_ﬁiz [B(p +1 . 1))% [IH”(X1)| er IH”(xz)I} %,

wherel—O—}:l.
P 4

2.23. Fractional H-H-Type Inequalities for h-Convex Functions

Definition 26 ([102]). Let h : I — R be a non-negative function. We say that I1 : T — R is an
h-convex function, If I is non-negative and for all x,y € I, A € (0,1) we have

TI(Ax + (1= A)y) < h(A)TI(x) + h(1 — A)II(y).

Theorem 146 ([103]). Assume that 11 : 1 — R is three times differentiable function on the interior
I° of I. IFIT" € Ly[xy, x3] and |I1"'| is h-convex function, then

(n+1)* T (a+1)
(2 —x1)%

0ty T+ M(x)]

1
n+1 x1+n+1 xz) +

e )2 3 n( N 1 1" n
(xg—x1)°(n+1) (zx—i—l)(zx—i—Z)[H <n+1x1+n+1x2)+ﬂ (n+1x1+n+1x2)}
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e fiﬁéii 0 (g n—ll—lxz) +H/(n—1i-1x1 tor)|

s ) (g )]

(x2 —xp)? 1 1 /1 a+2 n+t 1t
< IT IT 1—t h h dt.
S GrDiat D@y M+ T G)] fr (-6 1 Grr) )
Theorem 147 ([103]). Assume that I1 is as in Theorem 146. If |I1"'| is h-convex function with
1 1
g>1,—+—-=1,then
P q
(n+1)*T(a+1)7,
IT + IT
(X2_x1)0¢ {](%ﬂx1+%ﬂx2) (X1) ](11+1x1+n+1x2) * :|
e )2 3 7 1" n
(x2 — x1)2(n + 1) (oc+1)(uc+2)[n (n+ )+H ( — 1+n+1x2)}
X2 — X1 / n 1 / 1
Jr(n+1)2(oc+1)[ <n+1x1+n—|—1 )+H< I R | )}
1 n 1 1 n
n+1[H(n+1xl+n+lx2)+H(n+lx1+n—0—1x2>}‘
< (x2 —x1)? ( 1 )1‘%
- (m+1D*a+1)(a+2)\a+3

.

><[(/01(1—t)“*z{h(ZIi)\H’”( )|‘7+h(n+i)|H’”(x2)W}dt)
+(/01(1_t),x+2{h<i>|1—[///( )|q+h<l’l+t>|l—[m( )|q}dt)q

n+1 n+1

Theorem 148 ([104]). Assume that I1 : T — R is h-convex function on [xq,xz], x1,x2 € [,
x1 < xp and IT € Lq[xq, x|. Then we have:
I'(a)

T )+ T)] <€ [MGe) + )] [ R (L ar
(x2 —x1) Jo

Z[H(xl)—i—n(xZ)} h(t th
T ([ owyyar)”,

\m»—-

IN

wherel—ﬁ—l:l.
p 9

Theorem 149 ([104]). Assume that I1is as in Theorem 148. If |IT'| is an h-convex mapping on
[x1, x2], then the fractional integral inequality is given as:

‘H(xl) —;—H(xz) B 2(1;(206_"5‘;3)“ []§1+H(x2) + ];'{‘Z_H(xl)} |

B , ’ a+1 _ 1 ,
< (r—x)(O (’261)| + [T (x2)] [(2,;51;,&:1)) - (2”’"“(1W+1)) ”]

X {(/Ol/z(h(t))th)‘17 + (/112<h(t)){4dt)}li|,

1 1
whereuc>0,p>1and%+§:1.
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2.24. H-H-Type Inequalities for Modified (p, h)-Convex Functions

Definition 27 ([105]). Assume that h: J C R — R is a non-negative and nonzero function. A
function IT: T — R, where 1 is p-convex set in R is called modified (p, h)-convex function, if I1 is
non-negative and

TI([” + (1= )s7]7) < h(OTI(r) + (1= h()TI(s)
fort € (0,1) and for all r,s € I, where p > 0.

In the following theorem, we present fractional H-H-type inequality via modified
(p, h)-convex functions.

Theorem 150 ([105]). Assume that 11 is modified (p, h)-convex function and I1 € Li[x1, x2],
with x1 < xp. Then

(257 < O [0 e a3 ]

27N

@) [ IT(x1) +11(x2)

———— |11 “ 11 < ——
(xf — x])e [ o 1102) (xl)] - «

2.25. Fractional H-H-Type Inequalities for o-Convex Functions

Definition 28 ([106]). A set Q C R is said to be o-convex set with respect to strictly monotonic
continuous function o if

c 1 (1= t)o(x) +to(x) €Q, Vx,y € Q, t€[0,1].

Definition 29 ([106]). A function I1 : Q C R is said to be o-convex function with respect to
strictly monotonic continuous function o if

(o~ ((1 - Ho(x) + to(x)) < (1 HII(x) + 1(y), Y,y € Q, t € [0,1].

Theorem 151 ([107]). Let IT : [x1,x3] € R — R be an integrable o-convex function and
IT € Ly(x1, x2) with 0 < xq < xp. If the function o is increasing and positive on [x1, x2| and o’ is
continuous on (x1, x3), the for « > 0

X1+

H<U—1(M)) < 2(U(F(tx +1) [Itx,p I1(x2) + Iﬁ;ﬂl—l(xz)} < w

2 X2) = 0(x1))* 2

Theorem 152 ([107]). Assume that I1 is as in above Theorem 151. Then we have

e )

2717 (a4 1) {M,
(0(x2) —o(xy))® L (o1 (Ca2fel2)) ) o
() +IT(xz)

< 5 :

II(xo) + I
o

( 1(‘7("1);‘7@2)))_

H(xz)]

2.26. Fractional H-H-Type Inequalities for Exponential-Convex Functions
Definition 30 ([108]). A function IT : [x1,x2] C R — R is said to be exponential-convex

function, if

eH(ter(lft)y) S ten(x) + (1 _ t)en(y)/

forallt € [0,1) and all x,y € [x1, x7].
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Definition 31 ([109]). The logarithmic-exponential mean of a given function IT on [x1, x| is
defined as
e(x) +eH(x1+x2—x)

2

LE(x) =In [ }, X € [x1,x2].

Theorem 153 ([109]). For a > 0, If IT is an exp-convex function and continuous on [x1, x|, then
the fractional integral inequalities are given as:

H<x1+x2) < I'(a+1)

T(x1) 4 pT(x2)
2 T (x2—x)" } '

1% ,LE(x;) < In {e .

Theorem 154 ([109]). For « > 0, let IT be differentiable on [x1, xp] and | LE’| be convex, then

o (—m) [T (x)e1¥2) — TT' (a7 ) ! 131) |
- (0(—1— 1)(31—[(11) —|—3H(9‘2))

el101)  oll(x2) T(a+1)
ln[ }f(

I¥ | LE
2 Xy — xl)a X1+ (xz)

2.27. Fractional H-H-Type Inequalities for Refined Exponential-Type Convex Functions

Definition 32 ([110]). A function I : T — R is said to be refined exponential-type convex function
if for every x,y € Land t € (0,1)

(tx + (1= t)y) < (¢ =1 (e~ = DII(x) + ().
Theorem 155 ([110]). Let Iy , f and 1§ _ f be R-L fractional operator. In addition, suppose

IT: [x1,x2] — Ris a mapping with 0 < x1 < xp and IT € Ly [x1, x2]. If I1is a refined exponential-
type convex function then the following inequality holds:

)
<2

[H(xl) + H(Xz)”e — 1F1(0€,IX + 1,1) — 1F1(1,0€ + 1,1) + 1]. (4)

Theorem 156 ([110]). Assume that I1 : [x1,x2] — R is a differentiable mapping with
0 < x; < xpand 1§ [ T1, 1§ _T1 be R-L fractional operators. If [IT'| is a refined exponential-

type convex function then the following inequality holds:

(x1) +11(xp)  T(a+1) 1, T1(xp) + 14, _TT(x7)]

2 2(3(2 —xl)"‘
o a—x) [N ()| + [T (x)[] [le—ahi(a+1a+21) — B (La+11) +1]
B 2 a+1 '

Theorem 157 ([110]). Assume that I1 : [x1,x2] — R is a differentiable mapping with
0 < x; < xpand 1§ [ TT, 1§ _TI be R-L fractional operators. For q > 1, if [T1'|1 is a refined
exponential-type convex function then the following inequality holds:
IT(x1) +I1(x2) F'(a+1)
2 - 2(x2 _ xl)lx [I§1+H(x2) + Iizfl—'[(xl)}
1 (3=l + I ()l
plap+1) q

< (xp—x1)

2.28. Fractional H-H-Type Inequalities for o — s-Convex Functions
Definition 33 ([111]). A function IT: [x1,x;] — R is said to be o — s-convex function iff

H(Uﬁl(ta(xl) + (1 —=t)o(xp)) < £T1(xq) + (1 — £)°T1(xp),

holds for some fixed s € (0,1) and o is a strictly monotone and continuous function and t € [0,1].
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Theorem 158 ([111]). Assume that I1 : [x1, xp] — R is an integrable o — s-convex function and
IT € Lq(x1,x2) with 0 < xq < xp. If the function o is increasing and positive on [x1, x3] and o’ is
continuous on (x1,x3), then for & > 0

() < I )

a[TT(x1) +TT(x2)] [ 1
23 s+ u

< + B(a,s+ 1)] .

Theorem 159 ([111]). Assume that I1: [x1,x2] — R is an integrable o — s-convex function and
IT € Lq(x1,x2) with 0 < xq < xp. If the function o is increasing and positive on [x1,x3] and o’ is
continuous on (x1,x3), then for & > 0 we have:

O )

2T 4 1) [ ap e
(U’(XZ) — U’(xl))“ |:I((7_1 (g(xl);ru(xz)))+n(x2) + I(U_l (g(xl);ru(xz)))in(xl):l
a[IT(x1) +T1(x2)] { 1

= % (s + a)

‘|‘2aB1/2(01,S + 1):|

2.29. Fractional H-H-Type Inequalities for Co-Ordinated-Convex Functions

Definition 34 ([112]). A function IT : A = [x1,x2] X [y1,y2] — R will be called co-ordinated
convex on A, for all t,s € [0,1] and (x,y), (u,w) € A, if the following inequality holds:

II(tx + (1 —t)y,su+ (1 —s)w)
< #sTI(x, u) +s(1 — )Ty, u) + £(1 — s)II(x, w) + (1 —£)(1 — s)I1(y, w).

Definition 35 ([113]). Assume that IT € Ly([x1,x2] X [y1,y2]). The R-L integrals ];‘ﬂ’yﬁﬂ,

]x1+]/2_ ]x2 11 and IXZ v, L1 of order a, p > 0 with a,c > 0 are defined by

1
]x1+y1 (x,y) = )T () /x/y —s)PII(s, t)dsdt, x > x1,y > yy,
1 1
1 v2 B B
]x1+y2_ (xy) = T/x/ (x — )" (s — y)P (s, t)dsdt, x > x1,y < ya,
1
1 X2
];éﬁ,yﬁl—[(x,y) = zx)l" / /y )ﬁ (s, t)dsdt, x < x3,y > y1,
1
If L, Mxy) = L/”/W(t— )& (s — y)PUI(s, f)dsdt, x < xa,y <
x—yp— W Y) = F(DC)F(IB) x Jy X s—Y s,t)asdat, x < X2,y <Yz,

respectively. In addition, we introduce the following fractional integrals:

]f@jl(x,%) = 1,(106)/x(x—t)"‘_1ﬂ<t,y1;y2)dt, x> X1,
X1

Jy, 1 (x,y1+y2) = (1)/xz(t—x)"‘_lfl(t,%;m)dt, x < X,

Iyz_ (X1+x2,y) = 1,1/y /3 lH( ;xz,s)ds, y < Yo
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Theorem 160 ([113]). Assume that I1: A C R? — R is a co-ordinated convex on A = [x1, x2] X
Y1, y2] with0 < x1 < x2,0 < y3 < ypand IT € Ly(A). Then one has the inequalities:

H<x1—|—x2 Y1 —|—y2)

2 72
3oy = s e 110 1572 ) 1 11 (0, 5752 |
L(B+1) 1.8 X1+ X2 8 X1+ %o
+W[%H< 2 ,]/2) +]y2,1‘[( 2 u‘/l)]
T(a+DT(B+1) o
S 4(xZ — x1>a(y2 _ ]/1) []xl-i- Y1+ (x2/]/2) + ]xﬁ_,yz_fl(xz,yl)
Il e 2) + 1, T, )|
G 1) 4 @ s o
< 4(x(2—x1)”‘ {]xﬁn(xz,]/l) + I3+ 11(x2, y2) + J3,~T1(x1, y1) + Jx,~T1(x1, ¥2)
r(ﬁ+ 1) B 8 P ;
w []ywn(xb]/z) + ]},ﬁH(xz,yz) + ]yZ,H(xl,yl) + ]yz—H(xz/yl)

< IT(xq,y1) + 11(x1, y2) + I1(x2, y1) + (22, y2)
—_ 4 .

Theorem 161 ([114]). Assume that IT : A — R is a co-ordinated convex function such that

IT € Li(A). If g : A — R is non-negative, integrable and symmetric with respect to
f1t le N —Zky 2 on the co-ordinates, then for any «, 3 > 0 with x1,y7 > 0, the following

integral inequalities holds:

X1+ x + , , ,
( 1 2 2’ yl yz) |:IX1+ y1+g(x2ry2) + ];ﬁ-,yz—g(xZ/yl) + ];CZ‘B—,}/l—Q-g(xl/yz) + ]gz‘ls—,yz—g(xl’yl)}

I1

1 « «

1 |:]x1 o+ T18) (x2, y2) + ]x1r+,y27 (I1g) (x2,y1) + ]x;li,y1+ (I1g) (x1,y2) + ]x;’i,yr (Ig) (xl,yl)}
I

X1, X1, +1—I X2, +H X2, ’
(x1,y1) +11(x1, y2) ; (x2,1) (x2,y2) []x1+y1+g(x2,yz) +ff:ﬁr,yrg(x2/3/1)

+I§2"B_,y1+g(xl/ ]/2) + ];Z‘B_,yz_g(xll ]/l)} .

Definition 36 ([115]). A function I1: A — R} (Ry is the family of all positive intervals of I) is
said to be interval-valued co-ordinated convex function, if the following inequality holds:

M(tx+ (1 —t)y,su+ (1 —s)w)
D tsII(x,u) +s(1— )(y,u) + (1 — s)II(x,w) + (1 —t)(1 — s)II(y, w),
forall (x,y),(u,w) € Aand t,s € [0,1].

The H-H integral inequalities for interval-valued co-ordinated convex functions are
given in the following theorem.

Theorem 162 ([116]). Let IT: A — ]R;r be an interval co-ordinated convex function on A such
that TI(t) = [E(t), F(t)], then the following inequalities hold:

(g )

l‘l(x(z“j xl)) 72,11 (0, ;W) T 11 (e, 2 ;yz)}
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+m []51+H<X1 42-xZ,y2> + Ifz—H(xl erxz,]h)”

Ta+1I(B+1)
4(xz —x1)"(y2 — 1
+fo PIRRRICINEY +]x2 /Z—H(xl/]/l)}
T(a+1
s<(—+)> 2, Lz, ) + J% T2, y2) + 1% T, y1) + 8, 11, 2) |
LB+ 8
+4(y2—3/1)ﬂ

IT(xq,y1) +11(x1, y2) + 11(x2, y1) +11(x2,y2)
N .

V)

) |:]x1+ Y1+ (xZ’ yZ) + ];({'lilyZ,H(XZ, yl)

V)

|:]y1+H(x1/ yZ) + ]y1+H(x2/ yZ) + ]yzfn(xll yl) + ]yﬁsz(xZ/yl)}

2

2.30. Fractional H-H-Type Inequalities for Relative-Convex Functions

Definition 37 ([117]). (i) A set Ky is said to be relative convex with respect to an arbitrary
function g : R — R such that

(1—t)xg +tg(x2) € Kg, Vx1,x0 €R, x1,8(x2) € K¢, t € [0,1].

(ii) A function IT : K¢ — R is said to be relative convex, if there exists an arbitrary function
g : R — R such that

IT((1 = t)xg +tg(x2)) < (1 —H)II(xq) +HTI(g(x2)), Vx1,x0 €R, xq,8(x2) € K¢, t € [0,1].

(iii) A function IT : Ky — (0, 00) is said to be relative logarithmic convex, if there exists an
arbitrary function g : R — R such that

TT((1—t)x; +tg(x2)) < [T1(x) 7 [IT(g(x2))])", Va1, x2 €R, x1,8(x2) € K¢, t € [0,1].

(iv) A function IT : K¢ — R is said to be relative quasi convex, if there exists an arbitrary function
g : R — Rsuch that

IT((1 — t)xq + tg(x2)) < max{II(xq),I1(g(x2))}, Vx1,x €R, x1,8(x2) € K¢, t € [0,1].

Theorem 163 ([117]). Let IT be positive and relative convex function and I1 € Li[x1,8(x2)].
Then we have:

(0 < i (o)) + I iG] < SR,

Theorem 164 ([117]). Assume that 11 : Ky — R is a differentiable function on Kg and
IT" € Ly[x1,8(x2)]. If [IT'| is relative convex on Ky, then:

() +TM(g()  Te+1) [, a
‘ T 2(g(x2) —x1)* 8, T1(g(x2)) + T2, _T1(x1) | ‘
m@ - zla) [ITT (x1) | + 11 (g(x2))|]-

Theorem 165 ([117]). Assume that I1is as in Theorem 164. If [I1" | is relative convex on Ky, then:

[T(x1) + T1(g(x2)) Tw+1) ., )
| s : _Z(g(xz)xl)a{]xl—&-H(g(xZ))-l-]xZ_H(xl)}’

a(g(x2) —x1) [\H’(M)I + H’(g(Xz))l}
2(a+1)(a+2) 2 ’
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2.31. Fractional H-H-Type Inequalities for Quasi-Convex Functions
Definition 38 ([118]). A function I1: 1 — R is said to be quasi convex, if

I(tx + (1 = t)y) < max{II(x),I1(y)},
forallx,y € Land t € [0,1].
In the following we give fractional H-H-type inequalities for quasi-convex functions.
Theorem 166 ([118]). Assume that I1 : [x1,x2] — R is a differentiable mapping on (x1, x3) with

x1 < xp. If [IT'| is quasi-convex on [x1, x| and a > 0, then the following inequality for fractional
integrals holds:

I1(x7) —;H(XZ) _ I+ 1)a UzlJrH(xZ) + ];’C‘ZH(xl)]‘

(x2 —x1)

x —_
< 2— X1
- a+1

(1= ¢ ) max{[IT (x) | [T (x2)1).

Theorem 167 ([118]). Assume that I1is as in Theorem 166. If |IT'|1, q > 1 is quasi-convex on
[x1, x7], then:

Xy — X1

S i
2(ap+1)7

(ma{ I (o) 1,17 ()}

1 1
where — + — = land x > 0.
p 9

Theorem 168 ([119]). Assume that 11 is as in Theorem 166. If [IU'|1, q > 1 is quasi-convex
function on [x1, x3], then we have:

E[H(Jﬁ) + I1(x7) H<x1 +x2)] AT (a+1)

2 2 2 (xp — x7)%
3x1 +x X1 +x
XWﬁ”( 14 2)+]IEL1;X2)+H( 12 2)
3x1+ x2

o) ) o, 0

a2 () )

3
Xo — X1 [ (max{\H’(xl)H, ‘H,(#)

16 x+1
(eI ()L () )
e ([ () L))

Theorem 169 ([119]). Assume that I1 is as in Theorem 166. If |IT'|1, q > 1 is quasi-convex

. 1 1
function on [x1, x3], and 5 + a =1, then we have:

) () e
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<[ () gy ()
Hfapy T(Z2) + ongm) 02

2 () (ma (i e (3122 )
n) ()|’

(Rt en) (max ()
|

Definition 39 ([120]). A function IT : I C (0,00) — [0, c0) is said to be harmonically quasi-
convex, if

IN

7

+max{‘H’(

q

("))

=

X1 + 3x2>

s (2

"I ()17} )

H(Mﬁ) < max{I1(x,I1(y)},

forallx,y € Land t € [0,1].

Theorem 170 ([121]). Assume that I1: 1 C (0,00) — R is a differentiable function on I° such
that TI' € Ly[x1, x2], where x1, xp € Tand x1 < xp. If |IT'| is harmonically quasi-convex function

. . . L 2x1x
on [x1,x2], g : [x1,x2] — R is continuous and harmonically symmetric with respect to ———2

X1+ x”
then the following inequality for fractional integrals holds:

‘W{Ii&ﬁ(goh)(;) +1_(gon ()]

*2

- {]L(ngoh)(xll) +]2(Hgoh)(;ﬂ‘

l|8llcox122 (2 — X1) (22 — X1 \* , , 2 X
< I (xp) |, |11 F(2,1,a+21- =L
< S (B sup I (eI ()} [ 27 R (21w 42,1 - )

X, X1 4(xq + x7) X — X1
— F(2 1 2,1—— —=  HSF(2 1 2,1— —
“+121(/“+ A2 x2)+ a+1 21(,zx+ P02 xl—l—xz)}'

with0 < a < land h(x) = l,x € {l,l}
X2 X1
Theorem 171 ([121]). Assume that I1 is as in Theorem 170. If [IT'|1,q > 1 is harmonically

quasi-convex function on [x1,x3|, g : [x1, x2] — R is continuous and harmonically symmetric with

x1x§ , then the following inequality for fractional integrals holds:
2

respect to
P X

‘H(Xl) +11(x2) 1
X

£ 1 g (L) 1))

_[ ’;‘12+(Hgoh)(xll) +I”X&1(H8°h)(x12)]|

|l cox12 (X2 — x7) (xz — X1
1
20T (a+1) a

<[(5 xz)_sz(aler ny2h (2p,ap +10p 421 -

)a sup{ [T’ (x1) |, [IT'(x2) |7}

xz—xl)
X1+ X2
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+x 22p(vcpl+l) o (zp,1,zxp+2,%(1— %))}
with0 < o < 1and h(x) = %,x e {l,l

2.32. Fractional H-H-Type Inequalities for (6, h — m) — p-Convex Functions

Definition 40 ([122]). Let ] C R be an interval containing (0,1) and let h : | — R be a non-
negative function. Let I C (0, 00) be an interval and p € R\ {0}. A function IT : I — R is said to
be (0, h — m) — p-convex, if

H((txl +m(1—t)xh)? ) < W()T1(x1) + mh(1 — £)T1(xy),

holds, provided (tx} +m(1 — t)xé’)% €lforte[0,1]and (§,m) € [0,1)%

Theorem 172 ([122]). Let IT : I — R be a positive (6,h — m) — p-convex function with

1
(txh + m(1 —t)(x/m))? € L m # 0, x] < mxb. Then, the following inequality for frac-
tional integral operators holds:

H(<x1 +mxz>%)

a{(h<219)n<xl>+mh( S [
oo ) [ - v 0
Theorem 173 ([122]). Assume that 11 as in Theorem 172. Then, the following inequalities hold:
n(())

“"‘“)(W;z_q)“(h(zle)“?x ? o 294110 ) ()

xP
sn(Z ) 0 10 ()
< a{(h(zle)mxl)+mh(29—1)n<x2>) /Oltaflh((g)g)dt
(g ) + (Y () [Metn((2) Ve, e =,

2.33. Fractional H-H-Type Inequalities for Preinvex Functions

Definition 41 ([123]). A set K C R" is said an invex with respect to the bifunction 7 : K x K —
R", if for all x,y € K, we have

IN

IN

A

x+ty(y,x) € K
Definition 42 ([123]). A function I1: K — R is said to be preinvex with respect to 1 if
T(x + 5 (y, %)) < (1= HII(x) + HI(y),

forallx,y € K,and all t € [0,1].
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Definition 43 ([124]). A non-negative function I1: K C (0, c0) — R is said to be s-preinvex in
the second sense with respect to 11 for some s € (0,1], if

I(x +t(y,x)) < (1= #)’TI(x) + £T1(y),
forall x,y € K,and all t € [0,1].
Theorem 174 ([125]). Let IT : [x1,x1 + 1(x2,x1)] € R — R be a positive function on

[x1, %1 + 17(x2, x1)] with 5(x,x1) > 0and I1 € Ly[xq,x1 + n(x2, x1)]. If |T1'| is an s-preinvex
function, where s € (0,1], then fractional integral inequality is given as:

2 V3 r 1 04 o
’H( x1 +17(x2 xl)) 3 (a+1) {](x1+17(x2,X1))—H(x1) + T+ T1(x1 +77(x2,x1))}‘

2 1(x2,x1))"
+s
W(xZ/xl) 1 1- (%)a - ! /
< BB (g + 2 = By(at Ls+ D) +By(s+ La+1)) 11 (x)| + 1T ()],

where B ! (-, -) is the incomplete Beta function.

Theorem 175 ([125]). Assume that 11 is as in Theorem 174. If |IT'|7 ,q > 1 is an s-preinvex
1 1
function, and ; + 6 =1, then we have:

2x1 + , T'(a+1 " o
’H( . 772(x2 x1)> - 2(778;, xli)tx {](ler??(xZ,xl))fH(xl) + Jx 4 Hx 4+ (x2, xl))} |

L)Y\ T (1 W) I )l + () )l
o () <1+ l( )
a 2 (ocp+1)% s+1
(3T )1 4+ (1= (3 ) 7 5
+( s+1 ) 1

Theorem 176 ([126]). Let K C R be an open invex subset with respect to y and x1,x, € K
with x1 < x1 +1n(x2,x1). If I1 : K — R is a differentiable function such that IT' € Lq[x1, x1 +
1(x2, x1)] and |IT'| is a preinvex function on [x1, x1 + 17(x2, x1)], then fractional integral inequality
with & > 0 is given as:

IT(xq) + IT(x1 + 17(x2, x1)) Ta+1) 1, «
‘ 2 T 207(x0, x1))" [ CORD e (CRIEEN]] ‘

< IR (1 ) [ )+ T ).

Theorem 177 ([126]). Assume that 11 is as in Theorem 176 with the condition g > 1. Then
fractional integral inequality with « > 0 is given as:

() +(xa +700,x) T+l 1, :
| 2 = Sy, ot -G + 8T iz )| |
%

A

17(x2,x1) [|H/(x1)|q+|nl(x2)|q} ,
2(x+1)7 2

wherel+1 =1landa € [0,1].
P 9
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Definition 44 ([127]). A function IT: K — R is said to be s-preinvex of first kind with respect to
the bifunction 1 (-, -), if

[(x1 + t(x,x1)) < (1= £)11(xq) + £°T1(x2), x1,x € K, t €[0,1], s € [0,1].

Theorem 178 ([127]). Let IT : K — R be a twice differentiable function on (x1,x) such that
1" € Ly[x1,x1 + 17(x2, x1)] and |I1"| is an s-preinvex function of first kind. Then:

‘H(Xl) + 000 +y(xa,x)  Tla+1) []z(’cx]+ﬂ(x2/xl))7ﬂ(x1) I8 LTI + (2o, xl))} ‘

2 2(17(x2, x1))*
2
72(x2,%1) T\ o 1 1 I'(a+2)T(s+1)
< 4 \Terrl) _
- 2(x+1) {|H(l)|(¢x+2 s—b—lJrs—i—oc—i—Z+ I'(s+a+3) )
, - 1 T(a+2)T(s+1)
+’H(x2>|(s+1 s+a+2 I'(s+a+3) )]
Theorem 179 ([127]). Assume that I1is as in Theorem 178. If |11"|7 for ¢ > 1, and ;19 + ; =1
is an s-preinvex function of first kind. Then
II(xq) + IT(x1 +17(x2, x1)) T(a+1)
‘ 2 ~ 2(n(xg, x7))* []l(xler’I(Xz,xl))*H(xl) +Jay+ 1100 + (2 xl))}
< Tlmn) pld ) - 1ys ol @)l eI
— 2(a+1) \pla+1)+1 s+1 '
Theorem 180 ([127]). Assume that I1is as in Theorem 178. If |IT'|1 for g > 1, and ;17 + 111 =1is
an s-preinvex function of second kind. Then:
IT(x1) + II(x1 + 17(x2, x1)) I'(a+1)
‘ 2 T 2((x,11))" sy - T100) T TG+ (2, 1)
N [CE2Y) ( 1 )%(IH”(M)I‘7 + \H”(Xz)l")%
— 2(+1) \pa+1 s+1 '
Theorem 181 ([127]). Assume that I1is as in Theorem 178. If |I1"| is an s-preinvex function of
second kind, then:
I(xq) + IT(x3 +77(x2,x1)) T(a+1)
’ 2 = Ty ) ey TICE0) T TG a2
2(xp, x a+1)—(s+1)(s+a+2)B(s+1La+2
< n ( 2 1>[|H”(x1)|+\1_["(x2)|]( ) ( )( ) ( )

2 (a+1)(s+1)(s+a+2)

Definition 45 ([128]). Let K C R" be an invex set with respect ton : K x K — R". A function
IT: K — R is said to be (s, m)-preinvex with respect to n for every x,y € K, t € [0,1] and
m € (0,1], if
x
TT(x1 + t7(x2,x1)) < m(1— t)sn(i) + £T1(xy).

Theorem 182 ([128]). Let K C R" be an open invex subset with respect ton : K x K — R and
x1, %2 € Kwith xq < x1 + 1(x2, x1) where (x2,x1) # 0. Suppose I1 : K — R is a differentiable
mapping on K° such that I1' € Ly[x1,x1 + 5(x2, x1)]. If w = [x1,x1 + 57(x2,x1)] — [0, 00) is
a continuous mapping and symmetric to x1 + 317(x2, x1), and I1' is (s, m)-preinvex on K, then
fractional integral inequality is given as:
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1 /x1+'7(x2rx1)
X

x1+17(x2,x1)
’77(962,961) M(x)w(x)dx - I x1+1’7(x2/x1))/xl e w(x)dx

1 11(x2,x1) ( 2 )
el [ () 0 )] (- k)

Theorem 183 ([128]). Assume that I1is as in Theorem 182 and |IT'|1,q > 1 is (s, m)-preinvex
on K, then fractional integral inequality is given as:

‘M '/:1+7](X2/X1) IT(x)w(x)dx — mﬂ (x1 + %n(xz, xl)) '/:H](xzm) w(x)dx
< "“L“>Qnu;m»2A?%MQM)thxd“x—ﬂﬂwWﬂdﬂé

[ () e T )’

(o (5) ‘q2+2(15—|—2) * H/<x2>|qzs+§s(:2+_1§(;iz));}'

wherel+1:1.
p 9

Definition 46 ([129]). Let K C R" be an open m-invex set with respect ton : K x K x (0,1] —
R". For I1 : K — R and some fixed o, m € (0,1], if

II(mx + ty(y,x,m)) < m(1 — t*)I1(x) + t*TI(y) (5)

is valid Vx,y € K, t € [0,1], then we say that I1 is a generalized («, m)-preinvex function with
respect to 1.

H-H-type inequalities via generalized («, m)-preinvex functions via the R-L fractional
integral are presented in the following theorems.

Theorem 184 ([129]). Let A C R be an open m-invex subset with respectton : A x A x (0,1] —
R for some fixed m € (0,1] and let x1,x, € A, x1 < xp with n(xp,x1,m) > 0. Assume that
IT: A — Risa twice differentiable function, |I1"| is a generalized («, m)-preinvex function on A
for some fixed o, m € (0,1] and x € [mxq, mxq + n(xp, x1,m)], then for 0 < a < 1 we have:

[ty T1(mary 4+ 13z, 1), m)

[T(mxy) + T(mxy +y(x2,x1),m))  T(a+1)
2 2% (xp, x1,m)

+ ]t H(mxl)}

(mxy+a(x,x1),m))—

< 172(x2,x1,m){ ( 202 + o —2
- (

2(w+1) a+2)(2a+2) +B(“+1’“+2)>|H”(X1)|

_|_

<M1+2 —B(a+1a+ 2)> IH”(xz)l]-
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Theorem 185 ([129]). Let I1 be defined as in Theorem 184. If |11"| is a generalized (&, m)-preinvex
function on A for some fixed o, m € (0,1] and x € [mxy, mxy +1(x2,x1),m)], then for 0 < a <1
we have:

’H(mxl) +II(mxy +n(xp,x1),m))  T(a+1) [];an TT(may + 5(x2,%1),m))

2 2n*(x2, x1,m)
+ ]E(mlerr](xz,x]),m))H(mxl)}‘
< nzz(zc;,fll@ { [(Dﬁ;?qill) - +21) 7+ Blat Lgla+ 1) + 1) T (x) 7
+[w+1ﬂﬁ%)—Bw+Lwa+n+an%nw}?

Theorem 186 ([129]). Let IT be defined as in Theorem 184 with }17 + 111 =149 >1 IfI1"]

is a generalized («, m)-preinvex function on A for some fixed «,m € (0,1] and x € [x1,x1 +
17(x2,x1),m)], then for 0 < a < 1 we have:

‘H(maq)+H(mx1+77(x2/x1)rm))_ T(a+1) {];;‘1+H(mx1+17(x2,x1)rm))

2 277“(352/ X1, m)

+ ff‘mxﬁn(xz,xl),m))—n(mxl)} |

1

1

2 1 1
n-(xp,x1,m) (pa+p—1\7? [ ma " 1 ,, q
< [ 74 ——|I1 7).
- 2(x+1) (pvc+p+1> <a+1| (x1)] oc+1| (x2)]

Theorem 187 ([129]). Suppose all the assumptions of Theorem 185 are satisfied. Then the following
inequality for the R-L fractional integral with 0 < a < 1 holds:

_ «
2 277“(362,361,711) []maJrH(mxl +77(x2/x1)rm))

‘H(ml) + I (mxy + 1(x2,x1),m)) I(a+1)

mxy+1(x2,%1),1m)) =

+§ H(mxﬂ] |

7% (x2, x1,m) « -5 202+ —2 ,
= 2(;+11) (vc—l—Z) [m<(,x+2)(2a+2)+3(“+1r“+2)>ﬂ (x1)]

1
q

n (thl—i—Z —Bla+1,a +2)) |H”(x2)|‘7]

3. H-H-Type Inequalities via Katugampola Fractional Integral

Definition 47 ([130]). Let [x1,x2] C R be a finite interval. Then, the left- and right-side Katugam-
pola fractional integral of order o > 0 of IT € X (1, x2) are defined by

oy pl—® ¥ ! d d P pl™% 1 d
100 = S5 [ Gyt and P18, 1) = S [P eyt

with x1 < x < xp and p > 0, if the integrals exist. Here Xf(xl,xz), ceR 1< p <o
denote the space of those complex-valued Lebesque measurable functions IT on [x1, x| for which

1/p
Iflxe < oo where fly = (SZIETIOPE) T < 0 for1 < p < oo and

Ifllxp = esssupy, <<, [FILLE)]], i p = oo.
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We present H-H-type inequalities for convex functions via Katugampola fractional
integral in the following theorems.

Theorem 188 ([131]). Assume that I1 : [x{,x5] — R is a convex function on [x{,x5] with

e X! (xl, x5). Then fractional integral inequality is given as:

ocH(x’lj) —O—H(xg)

<0¢x“17 —i—xg) < p*T(a+1)
x+1

a1 /7 ()

plalJrH( )

7

where —co < x| < x5 < 0o, wand p > 0.

Theorem 189 ([131]). Assume that I is as in Theorem 188. Then fractional integral inequality is
given as:
I1(x) +all(x5)

T §)< a+1

7

(xf—i-ocxg) < p*T(a+1) o
at+1 /7 () =) T

where—oo<x’1) <x§ < oo, wand p > 0.

Theorem 190 ([131]). Assume that I1 is as in Theorem 188. Then fractional integral inequalities
are given as:

1 x4 x4 axd p"T(a+1)
- il SOV ' 1% Oy 1 p e 0
2[11( a+1 )+H< a+1 ) 20 — e {Ixrn(x1)+ IXZ,H(xl)}
I1(x)) + all(xh)
i 2 7

where—oo<x’17<x§<oo,zxandp>0.

Theorem 191 ([132]). Let IT : [x, x5] — R be a function with p > 0and 0 < x§ < xb, and
IT € XF(x, x8). If T is a convex function on [x, x5), then for any a > 0 and any & € [x1, x2],

1 x4+ Q P°T(a+1) (P15 TI(x5)  PIZ TI(x)
(uc—f—l 12 : rx+1§p> s 2 [( ey + (Px‘i)a}
1 [H( )—i—H(xz)
a+1 2

+aT1(&")]-

Theorem 192 ([132]). Assume that 11 is as in Theorem 191 and differentiable. If IT' is a convex
function on [x{,x5), then for any a > 0 and any & € [x1, x2],

II(x}) + I1(x5) P T(a+1) {Plfgﬁn(xg) PI;’C‘Z_H(xg’)}
2 2 (xf —ge)r (&P —ad)e

ey @ IE@ DTG+ @+ 108 - DI E)

+(e+3) (< — &) ()]

Theorem 193 ([132]). Assume that I1is as in Theorem 191 and differentiable. If |IU'|,q > lisa
convex function on [x!, 5], then for any a > 0 and any & € [x1, x3),

T(x)) +TI(x5)  p*T(a+1) {Plggﬁn(xg) N PI;’C‘ZH(xf)}
2 2 (g —gp) (5P —af)
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= =

{3(267*1 (pfl)(qfr)ﬂifl)}%

< P /
q—1 pa(q—1)

20417% [(or—r+1)(p(r+1)—r+ 1)]%
X{(Cp — ) [(or —r + DI (E°)|7 + p|TT ()11

+(xy = ¢7)[(or — r+ V)| (7)1 + p[IT (x5)|7]

==

=

} 0<r<qy.

Theorem 194 ([133]). Let « > 0and p > 0 and F(x) = II(x) +II(x; + xp —x). IfITisa
convex function on [xq, xp|, then:

X1+ x P T(a+1) r,04 o TT(x1) +T1(x3)
H( 2 ) = 4(x§—xf)“[ By Flaa) + I"Z*F(xl)} = 2 :

Theorem 195 ([133]). Let « > O and p > 0 and F(x) = II(x) 4+ II(xq + xp — x). If
IT € CY(xq,x) and |IT'| is convex on [x1, x2], then:

II(x) +1I(x2)  p"T(a+1)
2 4(xf) — xf)a
Ig(xl,xz)
T4 — ) (x — x1)

PLF(x2) +P L F(x)) ’

(10 G+ 17 (),

where

Ig(x]/x2> = ﬁlX(Pr X2, x2) + ElX(Pr X1,x2) - ‘Clx(pr x2/xl) - ‘Clx(pr X1, X])

and
Xl‘zsz xz
L 0xy) = [T x—ully = [ x—ully — P, p >0, %y € [,
—7r

X1

Theorem 196 ([134]). Let « > 0and p > 0. Let I1: [xl, xz} — R be a positive convex function
with [}, x8] and TT € X[ (x{, x5). Then fractional integral inequalities are given as:

TT(x) + I(x5)
=)

P % «
x; +x r 1
H( 1 2) S 4 (Oé+ ) |:Io¢1+1—[(x2>+pltx

I(x"| <
2 2(x‘27—x’13) Y2 <x1)} =

Theorem 197 ([134]). Assume that I1 is as in Theorem 196. If I1 is differentiable on (xf, x5),
then fractional integral inequalities are given as:

() +T1(x5)  p*T(a+1)
2 2(xf) — xff)a

(xh —«f)?
2+ 1)(x +2)

REC: >+Plfzzn<x§’>]‘
1
(¢4 5) swp I1"(@)]:
ée[xyxz]

Theorem 198 ([134]). Assume that 11 is as in Theorem 196. If |IT'| is a convex function on
[xf ,xb], then fractional integral inequalities are given as:

H(x‘l’) + I1(x5) _ pT(a+1)
2 2(xh — )

(xy — )

2(a+1)

{1 LTI() 9 12, H(xg’)]|

[T () + 1 () ]
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Theorem 199 ([134]). Assume that I1is as in Theorem 196 and F(x) = IT(x) + IT(x1 + xp — x).
Then 11 is integrable and the following inequalities hold:

I1(x1) +T1(x2)
—

X1+ X2 e*T(a+1)
< Pl pIa <
H( 2 ) - Z(xg—x’f)“{ Ly Flx2) + I"Z‘F(xl)} =

witha > 0and p > 0.

Next, we present H-H inequalities for quasi-convex functions via Katugampola frac-
tional integrals.

Theorem 200 ([135]). Leta,p > 0and IT: [xf,xg] — R be a positive function with 0 < x1 < x;.

If 11 is quasi-convex on [xf ,xb], then fractional integral inequality is given as:

m P18 1) 40 12, T1()] < max {[11(¥)], 11(5)  }.

Theorem 201 ([135]). Assume that 1 is as in Theorem 200. If I1 is differentiable and |I1'| is

quasi-convex on [xf , xg], then fractional integral inequality is given as:

-y

TI(x%) + TI(x5)  wp*T(a +1
‘ ) P I0)_ apTedt D foge 11(ag) 4 12, 11(6)

P oy
(:%tx +x1; (1 B ZP(i+l)) max{|H/(xf)|, |H/<x§)|}'

Definition 48 ([136]). A function I1: 1 — R s said to be strongly convex function in the classical
sense with modulus y > 0, if

II(tx + (1 —t)y) < HI(x) + (1 = OHIL(y) — pt(1 —t)(y —x)%, VYx,yel, tc0,1].

In the following theorem, we present the fractional H-H inequality via strongly convex
functions.

Theorem 202 ([137]). Let I : [xq,x2] — R be a strongly convex function with 0 < x1 < xp and
IT € Lq[x1, x2]. Then R-L fractional integral inequality is given as:

H(xl—i-xz)_i_ﬁ(( 2+a%—a ))(xz_xl)z

2 A\t D)(w+2
Tla+1) 7 0
< W []lerH(xz) +]x2—H(xl)]
IT(xq) + IT(xp) «
= : 2 - ((a+1)(a+2))(x2_x1)2'

We now give a more generalized refinement of fractional H-H inequality involving
Katugampola fractional integrals.

Theorem 203 ([137]). Assume that 11 is as in Theorem 202. Then fractional integral inequality is
given as:

Xl + 20% + a?p? — ap?
(2 2 B 4P 4 0 P _ P2
( 2 ) ((ocp+p)(ucp+2p)>(x2 *)

4

per<‘x 1) o % i1 o
I TI(xh) +P Iy, _TI(x

= 2(xg—x€)“{ X1+ ( 2) X2 ( ]):|
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H(x’f) + H(xg

) ap
= 2 7”((D¢p+l)(u¢p+2p))(xg 7x§)2’

where the fractional integrals are considered for the function I1(xP) and evaluated at x1 and x;,
respectively.

Theorem 204 ([137]). Assume that I1is as in Theorem 202. If 11 is differentiable and |I1'| is a
strongly convex function on [xf , xb], then fractional integral inequality is given as:

P % o
X+ % _‘xpr(“""l) o7 Py L p g P
|H( . ) AT [ I8 L TI(x8) + IXZ_H(xl)]

= 4P 1—2—% , / 2_1_“(224_0‘_0‘_4)
< 25 [(p(wrl))[lﬂ (x1)|+H(x2)‘} 7ﬂ<x§7x§)2( pla+2)(a+3) )]

H-H inequalities for harmonically convex functions can be represented in Katugam-
pola fractional integral forms as follows:

Theorem 205 ([138]). Let « and p > 0. Let IT : I C (0,00) — R be a function such that
ITe Xf(x’l), xg), where x’l), xg € Twith x1 < xy. If I1 is harmonically convex function on [x1, x3],
then fractional integral inequalities are given as:

2x§x§ p*T(a+1) xfxg arp 1 1
< o . P T —
H(xgﬂg) 2 (xg_xg) [Il/a*(nog)(xZ)‘L Il/b+(n°g)(x1)
TI(xf) + ()
— 2 7
1 1 1
where g(x) = o Y€ [x—z,x—l}

4. H-H-Type Inequalities via k-R-L Fractional Integral

Definition 49 ([139]). Let IT € Li[x1,x2], a > 0, and k > 0. The k-R-L fractional integrals
I Iland IT 11 of order a > O for a real-valued function I1 are defined by
17T/ X2—,

X

1 t «
I3 1 l11(E) = 7/}( (t—s)E~'TI(s)ds, t > xy,

krk("‘) 1
and
8 TI(t) = 1 /b(s — ) F M I(s)ds, t<x
xp—,k - kl"k(a) ; ’ 2/
0 s
respectively, where T is the k-Gamma function Gammay(t) = / st le T ds.
0

We give in the following theorems H-H-type inequalities for GA-s-convex functions
via k-R-L fractional integrals.

Theorem 206 ([140]). Assume that I1 : [x1,x3] — R is a differentiable function. If |I1"] is
measurable and |11"| is decreasing and GA-s-convex on [x1, x| for some fixed « > 0, s € (0,1],
0 < x1 < xo, then fractional integral inequality is given as:

[(x1) +(xp)  Txla+k) |:]u¢
2 2(xy — x7)k

alT(x2) + 18T ‘
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(x2 = x0)2 [IT1" (1) + 11" (x2) ( 1 1 )

< _
2(%+1> s+1 §4+s+2
Theorem 207 ([140]). Assume that I1 is as in Theorem 206, then fractional integral inequality is
given as:
T1(x1) +H(XQ) T'(a+k)
2 203 — 11 )%[ x1+kH(x2)+]x kH(xl)]‘
o Gamxyma1-2 62t 1) G+ )
a 2(% + 1) s+1

H-H-type inequalities for convex functions via k-R-L fractional integrals are given now.

Theorem 208 ([141]). Assume that I1 : [x1,x2] — R is a positive mapping with 0 < x1 < x,
IT € Ly[xq, x2]. If 1 is a convex function on [x1,x3), then

T(x1) + T(x2)
5 :

X1+ X2 Fk(lX + k) " o
I < I8 TI(x) + 12 (T (xy)| <
Theorem 209 ([141]). Assume that I1is as in Theorem 208 and differentiable on (x1,x2) x1 < x3.
If |TT'| is a convex function on [x1, xy|, then

|nuﬁ+nug_ Te(a + k)

2 2(.X2 - xl)“ [lelJr kH<x2> + IIX ,kH<x1>} |

2281 ) e ).

Theorem 210 ([141]). Assume that k > 0, and IT : [x1,xp] — R is a positive mapping with
0 < x7 < xp,IT € Ly[xq, xp]. If IL is a convex function on [x1, xp], then

« I1(xq) + I1(xp)
{I(y1;x2)+,kH(XQ) + I(%)—,knﬂxlﬂ < %2

H<x1+x2) 2%~ 11"k(0c+k)
2 /7 (p-a)h

Theorem 211 ([141]). Assume that I1is as in Theorem 210 and differentiable. If |I'|9, g > 1isa
convex function on [x1, x3|, then:

2%71Fk(l¥—|—k) I o B X1+ X2
W [ (x1+x2) I(x2) + I(@)akn(xl)} H( > ) ‘

< (57 () G ) [(Gromree Gesjmrer)

+((F+3) )l + (% +1) I (x2)17) ]

Next we present H-H-type inequalities for (%, m)-convex functions via k-R-L fractional
integrals.

.

(L
k

= (=

=1

Definition 50 ([142]). Let h : I — R be a non-negative function. We say that I1: I — Risa
(h, m)-convex function, If I1 is non-negative and for all x,y € I, m € (0,1) and A € (0,1) we have
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II(Ax +m(1—A)y) < h(a)I1(x) + mh(1 — A)I1(y).

Theorem 212 ([143]). Assume that I1: [x1, xp] — Ris (h, m)-convex function with0 < x1 < xp,
m € (0,1]. IfIT € Lq[xq, x2], then we have:

1
IO

X1+ mxy Z%Fk(l’é + k) o E4+17a X1
) = (mxy — Xl)% |:I(x1+2mx2)+,kn(mx2) o I(Xﬁzmxz)*,kn(g)}

mH(xz) —;mzn(;llz)] /01 S%flh(22;5>ds,

o e o] syt

Theorem 213 ([143]). Assume that IT : T — R is a twice differentiable mapping on 1°, where
x1,x € I°with 0 < x1 < xp and 11" € Ly[xq, xp]. IFT1" is (h, m)-convex function, then we have:

I(x) +(xa)  Ti(a+k) [, )
‘ 2 2(mxy — xp) [I"ﬁ'kn(mm) - Ime—H(xl)} ‘

T () | /01 [1- (=)t = st R - s)ds}.

Theorem 214 ([143]). Assume that I1 : I — R is a twice differentiable mapping on 1°, where
x1,% € I°with0 < x1 < xp and 11" € Ly[xy, xp]. If [T1"]9, p,q > 1, ? +§ = 1is (h,m)-

convex function, then we have:

‘H(xl) +I1(xp) Tp(a+k) {Ia +kn(mx2) + I 7H(X1)} ‘

2 - 2(mxy — x1) %
k(mx - X )2 2k % " ! " ! %
Z(of+k)1 (1- p(zx—i—k)—i—k) {im ("1)”/0 h(s)ds + 1T (Wz)l"/O h(1—s)ds)".

Now we give H-H-type inequalities for p-convex functions via k-R-L fractional integrals.

Theorem 215 ([144]). Assume thatI1: S C R — Risa functionand x1,x, € S, I € Lq[x1, x7]
forallxy <u < v < xpanda,k > 0.IfI1" is p-convex on [u, v|, then fractional integral inequality

is given as:

N | &5 e 1) + 12 01(0)]| < 252 [0+ 17(0)]]

v—1u (v— u)k
H-H-type inequalities for quasi-convex functions via k-R-L fractional integrals con-

cerns the following theorems.

Theorem 216 ([145]). Assume that I1 : I — R be a differentiable mapping on 1° and
[T € Lq[x1,x0) with x1 < xp and ¢ : [x1,x2] — R is continuous. If |IT'|7 is quasi-convex

on [x1,x7], q > 1, then k-fractional integral inequality is given as:

) g0+ a5

- [f?m)_,kmg)(xl) + ]"(‘w)ﬁk(ng)(xz)} |

2
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o b m) il e, )]
25 ($+1)T(a+ k)

o
here — .
werek>0

Theorem 217 ([145]). Assume that 11 is as in Theorem 216. Then k-fractional integral inequality

is given as:

W[ Xp—, kg(xl) + ]x1+rkg<x2)} o { ﬁz*,k(ng)(xl) + ]§1+fk(ng)<x2)} |

2(xp — x1) F|g ]l L Y o F T (e 9 (LT (4
(%+1>rk(0€+k) ( 2%) {| (x1)| /| (XZ)‘ }/

o
where T > 0.

We give in the next, H-H-type inequalities for h-convex functions via k-R-L fractional
integrals.

Theorem 218 ([146]). Let a function IT : [x1,x2] — R be h-convex with 0 < x1 < xp. If
IT € Lq[x1, x2), then fractional integral inequalities are given as:

e amite) + 1ty ] < SEEEEER R 4 o
XQ—X
el k)pplm )](pa_;m)é[(/Ol(h(l_s)yds)i+(/Olh<s>rds)}]

wherel—ﬁ—l:l.
P 4

Theorem 219 ([146]). Assume that IT : T — R is a differentiable function on I°, where xq, 32 € I°
with0 < x1 <2,0<m<1andI1" € [xy, m} If |T1"| is an h-convex function, then fractional
integral inequality is given as:

‘H(Jq) + H(%) Ty (a + k) [Izﬁ’kn(%) + If%i,kﬂ(xl)} ‘

2 2(%—a)’
k(x—z—a % .
ek H" (x1 |/ 1— - sEH}h(s)ds

+‘H" % ‘/0 1—(1—5)%“—S%H}h(l—s)ds}.

Now we present H-H-type inequalities for exponential-type convex functions for
k-fractional integral operators.

Definition 51 ([147]). A non-negative function I1 : I — R is called exponential-type convex
function if, for every x,y € Land t € [0,1],

II(tx + (1 —t)y) < (e — DIT(x) + (e ~F = DII(y).
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Definition 52 ([148]). The non-negative function I1 : I — R, is said to be a modified exponential-
type convex if

1 (Ex + m(1 = t)y) < (¢ = DI(x) +m(e' ™ = )II(y),
holds for all x,y € I, m € [0,1], and t € [0,1].

Theorem 220 ([148]). Assume that 0 < w < 1,and I1: (0, 35| — R is a differentiable function

on (0, %) wzth 0 < x1 < xp. If |[IT'|7 is a modified exponential-type convex function on (0, 22 |

7 mw / mw

forg >1 and —+ 1_ 1, then for some fixed m € (0,1] the following inequality for k—fractional

integral holds true:

H(mwxy) + §11(x2) — Ti(a+k)  jo0 mwx
‘ i+l (x2 — mwxl)% Rt K
< (W)[ul(l’é kp) + Ua(a,k, )7 [(e=2) (m|f (wx)| " + | £ (x2)| ") |7,

where

Ur(a b, p) = /V% +1)Qi)pde,

1
Up(a, k,p) = / . ((k—i-l)gi—l)pdg
J(y

Theorem 221 ([148]). Assume that 0 < w < 1,and I1: (0, 32| — R is a differentiable function
on (0,2) with 0 < x; < xp. If |[IT'|7 is an modified exponentzal type convex function on (0, 32|

forg > 1and :) + 1_ 1, then for some fixed m € (0,1] the following inequality for k—fractional

integral holds true:

‘H(mwxl) +I1(xp) _ Te(a+k)
w+1 (w+1)(xp — mwxy

¥ {kfffﬁn(xz) + k];'fzﬂ(mwxl)}‘

2(xy — mwxy)

< 2 (G5) e a(mimanr  eal)]

Theorem 222 ([149]). Assume that 11 : Ky — R is a differentiable function on Kg and
IT" € Li[x1,8(x2)], where Ky is defined in Definition 37. Then the following inequalities for
k-fractional integrals hold:

x1 +g(x2) Te(a+1) [ « (1) +I1(g(x2))
H( l 2 : ) = Z(g(l;z) _xl)% [ x1+,kn(3(x2)) +]x2,,kn(x1)} < 1 5 2 ,

with o, k > 0.

Theorem 223 ([149]). Assume that I1is as in Theorem 164. If [I1'| is relative convex on Ky, then:

IT(xq) +T1(g(x2)) Tp(a+1) . )
‘ ! > 2)) _ Z(g(l;z) T [ k(g (x2)) +]x2_,kn(x1)] ‘
g(x2) —x 1 ) /

S (1 5 I Gl + 17 g

Now we present H-H inequalities for k-fractional operators using the Green function.
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all(xy) +kII(xp)  Tp(a+k)

Theorem 224 ([150]). Let IT € C?([x1, x2]) be a convex twice differentiable function on (x1,x7)
such that

x—u, x1Susy,
x1—x, x<u<x.

X

IT(x) = IT(x1) 4 (x — x9)IT (x2) +/ ’ G(x, )IT" (w)du, G(x,u) = {
Xy

Then fractional integral inequalities are given as:

[T(x1) + I1(x2)
—

X1+ X2 Te(a+k) [, .

< <

H( 2 ) T 2(xp — xl)% {le-ﬂ-,kn(xz) + IxZ—,kH(xl)} <
with o,k > 0.

Theorem 225 ([150]). Let IT € C?([x1,x2]) and a, k > 0. If |[T1"| is a convex function on [x1, x3],
then fractional integral inequality is given as:

2{9];2(“—4;1())% {I§1+ WII(x2) + Iffr,kH(xl)] - H(#) ‘
(XQ—x1)2<(%)2_%+2) 7 7
DI GOl )l

Theorem 226 ([151]). Let IT € C?([x1, x2]) be a twice differentiable function as in the previous
theorem. Then we have:

(i) If |11"| is an increasing function, then
all(xq) + kIT(x7) (o +k)

— T T (x)] <
a+k (xz—xl)%]xﬁ'k (2)‘_

ak|TT" (22) | (2 — x1)*
2(a+ k) (a + 2k)

(ii) If |11"| is a decreasing function, then

all(xy) +kII(xa)  Tila+k) , (1) ak|TT (x1) | (x2 — x1)?
otk (x2 — xp) £ 0 FR 20 = 0 (k) (a + 2K)

(iii) If |I1"| is a convex function, then

a+k T

o max{|T1"(xy)|, |TT"(x2) [}ak(x2 — x1)*

_ [I(x)| < 2(a 4 k) (a + 2Kk)

Theorem 227 ([151]). Let I1 € C2?([x1,x3]) be a twice differentiable function such that

X1 —H, X S S)\/
() = T(xy) + (= 2) 1 (2) + [2 Gl )TV (g, G(A, o) = {xi N A eaen

Then for any a, k > 0, the fractional integral inequalities are given as:

H(zxu—l-kb) < I‘k(oc—i—k)g * L TI(x) < all(xq) —l—kH(xz).
a+k (xz—xl)k a+k

5. H-H-Type Inequalities via (k, s)-R-L Fractional Integral

Definition 53 ([152]). For a real valued continuous function I1, the (k, s)-R-L fractional integral
)%, 11 of order o > O is defined as

(s+1)'"F

) = S

x &
/x (xs-i-l _ ts“)%‘ltsH(t)dt,
1
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J(s,x,y) := /x

wherek > 0and s € R\ {—1}.

Theorem 228 ([153]). Let o,k > 0ands € R\ {—1} and F(x) = IT(x) + I1(xq + xp — x). If
I1 is a convex function on [x1, X3, then we have:

b8 Pl + 8, Fa)] < MO0 2 T1G2)

H<x1+x2) < (s 4+ 1) kT (a + k)
2 - 4(x§“—xi“)%

Theorem 229 ([153]). Assume that I1is as in Theorem 228. If 11 is a differentiable function on I1°
such that TU' € Lq[xq, xp] with x1 < xp and |IT'| is a convex function on [x1, x7], then:

II(x) +11(x2) (s +D)FTh(a+k) [y 4 -
| : 2 Tttt [k]x1+F(X2)+k]xZ_F(x1)}‘
D(s,a,x1,x2)

4(xy™ = 2 E (= xp)

(I Ge)| + 110 (x2)1 ),

where O(s,a, x1,x2) = T (s5,%2,%2) + T (s,x1,%2) — T (5,%2,%1) — T (5, %1, %1) and

.'X]+X2 x2
= ully™ = R = [ =l - e B, xy € [ )
1 —z

6. H-H-Type Inequalities via C-F Fractional Integral

Definition 54 ([154]). Let IT € H'(x,x0) = {y € L%(x1, %) : y € L2(x1,x0)}, x1 < X2,
« € [0,1], then the definition of the left fractional integral in the sense of C-F becomes

1—n
TR = gy

the right fractional integral

1—a a b
CFa
L II(t) = TI(t IT(x)dx,
S0 = oy 10 + gy [ )
where B(a) > 0 is a normalization function satisfying B(0) = B(1) = 1.
Now we give H-H-type inequalities for convex functions via C-F fractional integrals.

Theorem 230 ([155]). Assume that I1: [x1,x2] C R — R is a convex function on [x1, x| and
IT € Lq[x1, x2]. If € [0,1], then the following double inequality holds:

2(1—a)

IT(x1) + IT(x2)
B(a)

2

(M572) < o [P + P -

2 Xy — X1) H(k)} =

Theorem 231 ([155]). Assume that I1is as in Theorem 230 and differentiable. If TT" € Lq[x1, xp]
and « € [0,1], then fractional integral inequality is given as:

IT(x1) 4 II(x7) 4 2(1—a)

2 a(xy — x1)

(2 — x1) [T (xq) | + [T (x2) ]

< 3 .

B(w)

w(xp —x1)

T1(k) — (S8 TI(k) + F 1 1K)
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Theorem 232 ([156]). Assume that I is as in Theorem 230. If |IT'| is a convex function, then for
« € [0,1], then fractional integral inequality is given as:

a(xy —xq 2

B(«) ){CFIWXZ T(x,) + CFIX1+X2+H(X2)}_H(X1+xz)‘

xz—xl{\l'[’(xl)|+|H’(x2)|}+ 1-a

- 4 2 a(xy —xq) [H(xl) + H(XZ)]'

Theorem 233 ([156]). Assume that I1is as in Theorem 230. If |IT'|9, q > 1 is a convex function,
1 1 . . . L
then for « € [0,1], and v + p =1, the fractional integral inequality is given as:

o (€ i)+ €T TCe)] 11 (2 2)
—“(;2‘_";1) [M1(x1) + T(x2) |
- xz4x1{(Pil>é[<|H’(:1)l‘7+3|H’in)lq)$+(3H’ELX1)|"+ |H’(:2)|q)37}}'

Theorem 234 ([156]). Assume that I1: 1 — R is a convex function on I such that xq,x, € Land
IT € Ly[xq, x2]. Then, for « € [0,1] and B(«) as the normalizaton function, we have:

Ll i)
— 2 :

Theorem 235 ([156]). Assume that I1: I = [x1, x3] — R is a differentiable function on 1 such
that x1,xp € Twith x1 < xp and IT € Ly[x1, x3]. If [IT'| is a convex function, then, for a € [0,1]
and B(w) as the normalization function, we have:

B(a)
a(xz —x1)
xp — x1 [IT(xq) + 1T (x2) 1—a
- 24 1[ : 2 Z}Jroc(xz—xl)

X1+ X2
|:CFIx1+1'2 H(xl) CFIx1+Y2+H(x2) - H( 2 ) ’

[TT(x1) + I1(x2)].

Theorem 236 ([156]). Assume that I1 : I = [xq,x3] — R is a differentiable function on I such

that x1,xp € Twith x1 < xp and IT € Ly[xy, x2]. If [IT'|7, q > 1 is a convex function, then, for

1 1
a € [0,1], v + p = 1 and B(w) as the normalization function, we have:

S [Py TICn) Ry THGe) 11 (F52)
_(1—_lx[ﬂ(x1)+n(x2)]‘
a(x2 xl)

. xixl{(pil);[(m'(f)w Al >|@)$+(3H'Zx1>w+|H'<:z>|q>;}}'
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H-H-type inequalities for s-convex functions via C-F fractional integrals are presented
in the following.

Theorem 237 ([157]). Let IT : [x1,x2] — R be s-convex on [x1,x3] for s € (0,1) and
IT € Lq[x1,x2]. If 0 < & < 1, then fractional integral inequality is given as:

zon(M5) < O[S me+ ©rme - 2 )]
I[T(x1) +T1(x2)
¢ M) i),

where k € [x1,x3] and B(a) > 0 is a normalization function.

Theorem 238 ([157]). Assume that I1 : [xq,x2] — R is a positive differentiable mapping on
(x1,x2) and |IT'| is an s-convex function on [x1,x3] for s € (0,1) and IT" € Ly[xy, xp]. If
0 <« <1, then fractional integral inequality is given as:

PR S [ + i -

2(1 —w)
B(a) m(k) |

xz—xl( 27545
- 2 (s+1)(s+2)

)T ()] + |17 ()1,
where k € [x1,xp| and B(«) > 0 is a normalization function.

H-H-type inequality for n-polynomial s-type convex function via C-F integral operator
is given now.

Definition 55 ([158]). A function f: T — R is said to be n-polynomial s-type convex function
forn € N, if for x1,x, € Twith £,s € [0,1], the following inequality holds
1 & 1 &
II(lx1+ (1= £)xy) < p ) {1 —(s(1— é))ﬁ’} IT(x1) + p ) [1 - (56)5’} IT(x).

p=1 p=1

Theorem 239 ([159]). Assume that I1: T — R is n-polynomial s-type convex function on T with
x1 < xp and x1,xp € T. If I1is Lebesgue integrable function on [x1, x| then,

n

L-G)

p=1

< )| n(B52) < S O )+ ) - 2]

IT(x1) 4 IT(x7) i p+1—sP
n p+1

IN

7

p=1
where « € [0,1],s € [0,1],7 € [0,1] and B(«) > 0 is a normalization function.
The following H-H-type inequalities concern preinvex functions.

Theorem 240 ([160]). Assume that IT : [x1,x1 + 17(x2,x1)] — (0, 00) be a preinvex function on
(x1, %1 +17(x2,x1)) and IT € Ly[x1, x1 + 17(x2, x1)]. If « € [0, 1], then we have:

2x1 + 17 (x2, 1) B(a) [crpw CFa 2(1 —a)
1 . ) < m(xbxl)[ I T0(k) + CFI8 o TI(K) — (k)]

IT(x1) +T1(x7)
<
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where k € [x1,x1 + 17(x2,x1)] and B(«) is a normalization function.

Theorem 241 ([160]). Assume that I1 : I = [x1,x1 + 1(x2,x1)] — (0, 00) is a differentiable
mapping on I° and |IT'| be a preinvex function on [x1,x1 + n(x2,x1)]. If
IT € Ly[xq, x1 + 17(x2, x1)] where x1, x5 € [ with x1 < x1 + 17(x2, x1), then we have:

I(x1) +I(x1 +77(x2,x1)  2(1—«)
‘_ 1 21 2,%1) 5 (k)
om(Byc(:,)xl) [CFIfc‘lH(k) + CFIEVXIM(XZ/xl)H(k)} ‘
< M0 x) ([T (x1)| + [T (x2)])

— 8 7
where k € [x1,x1 + 11(x2, x1)] and B(w) is a normalizaton function.
Theorem 242 ([160]). Assume that I1 : I = [xq1,x1 4+ n(x2,x1)] — (0,00) is a differentiable
1
function on I° and |I1'| is a preinvex function on [x1,x1 + 17(x2, x1)], wherep > 1, = + = = 1. If

[T € Ly[xq, x1 + 17(xp, x1)] where x1, x5 € [ with x1 < x1 + 17(x2, x1), then we have:

2 ~ B(a) [I(k)

‘ C TI(x) +TT(xq 4 7(x2,x1) — 2(1—w)
B(a)

ar (x2, x1)

77(x22/x1) (pil)p ((IH (x1)]7 er 11 (xz)l"))a/

CF CF
{ L I1(k) + 1’("x1+,7(x2,xl)H(k)}

where k € [x1,x1 + 1(x2,x1)] and B(«) is a normalization function.

H-H-type inequalities for (s, m)-convex functions via C-F fractional integrals are given
in the next theorems.

Theorem 243 ([161]). Assume that I1 : [x1,x] — Ris (s, m)-convex function and integrable on

[x1, x2]. Then
() o PO ([ m + (T, )

2 _
(€018 )+ (Frym )] - 20 = )

< (Moo 00 )

where & > 0 and B(a) is a normalization function.

Theorem 244 ([161]). Assume that I1: [x1, mx;] — R is a differentiable function on (x1, mxy).
If T is an (s, m)-convex function and integrable on [x1, mxy)|, then

I1(xq) + II(mx,) B(a)
2 ~ a(mxy — x1)

< Il (xp) — 1T (x1)

2(1—a)
(X(WZXQ — X])

(PRI () + (L, T ()| + I1(x)

(s+1)(s+2)
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Theorem 245 ([161]). Assume that I1 : [x1,mx3] — R is a twice differentiable function on
(x1,mxy). If 11" is an (s, m)-convex function and integrable on [xq, mxy]|, then

) Mlomz) B [(erge iy ) 4 (Ff I(3)] + 20— ()
2 a(mxy — x1) 1 2 a(mxy — x1)
(mxy — x1)? [I1"(x1) + mIT" (x2)]
- 2 (s+3)(s+2)

7. H-H-Mercer (H-H-M)-Type Inequalities via R-L Fractional Integrals

In the next theorems, we give H-H-M-type inequalities for convex functions via R-L
fractional integrals.

Theorem 246 ([162]). Assume that I1 : I — R is a function such that T1 € Li[x1, xp], where
x1, X € Twith x1 < xp. If I1is a convex function on [x1, x| then the fractional integral inequalities
are given as:

s 5155

T(a+1) 1., )
= W [](x1+x2—y)+n(xl T x) + ](x1+xz—x)—n(x1 +x2— ]/)
1
< E[H(xl +xp —x) +TI(x1 + x2 — y)]

< H&0+Iumy_591;EQQ

forall x,y € [x1,x2] with x < y and a > 0.

Theorem 247 ([162]). Assume that 11 is as in Theorem 246. Then the fractional integral inequali-
ties are given as:

(s 222 5)

< zr(g/“jxl))a {]l(xlerxz*y)JrH(xl + xy — X) + ]Exx1+x2—x)7n(x1 +xp — y)}
< II(x) +(x) — zr((;jxl)),x []‘y‘,H(x) + Lﬁﬂ(}/)}
< H&0+Ium)_fﬁﬁgllﬂ,

forall x,y € [x1,x2] with x < y and a > 0.

In the next theorem, we give H-H-M-type inequalities for strongly convex functions
via R-L fractional integrals.

Theorem 248 ([163]). Assume that I1 : [x1, x| — R is a strongly convex function with modulus
c. Then, for all x,z € [xq, x| with x < z, x1 > 0and « > 0, we have:

H(xl + Xy — x_ZFZ)
< I(x1) +1I(x2) — m []ferH(z) + ]?-H(x)} —c(x1 — x2)?[(A1 — A7) + (A2 — A)]
c(a? —a+2)
*qa+1xa+zﬂ2*xy
< T(n) + () —T1(555) = e —1)2[(h = A3) + (A~ A3)]

2
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c(a®> —a+2) (2 x)?
Ha+1)(@+2) :

We now give H-H-M-type inequalities for convex functions via R-L fractional integrals

Theorem 249 ([163]). Assume that I1is as in Theorem 248 and differentiable such that |IT| is a

convex function on [x1, x3). Then, for any x,z € [x1,x2],x < z, fractional integral inequality is
given as:

‘H(m +x2 — x) ‘2|‘H(x1 +x2—z) ;(i“jxl)zc []Exxﬁxz%HH(xl +x—x)
+](’Xx1+x27x)—n(x1 +x2 — Z)} - m(z —x)?
z—x 1 , , ITT (x1)| + [TT' (x2)] 2%c(z — x)

= a+1<1—27)[\ﬂ(x1)|+|H(x2)|— 1 2 : (2“—1)(04—1—2)]

Theorem 250 ([164]). Assume that I1 : [x1,x3] — R is a convex function. Then fractional
integral inequalities are given as:

x+y Zaflr(ﬂé—i-l) " Xty
H(X1 LR T) < W |:](x1+x27x)7n(x1 + xp — T)
o xX+y
+](x1+x2—y)+n(x1 +x2— T)}
< M)+ () - T
e tr*5) ) 00— 1) 4 ()
< TH(x) + () — L&) @)

2 7
forall x,y € [x1,x2] and a > 0.

Theorem 251 ([164]). Suppose that I1 : [x1, xp] — R is a differentiable function on (x1, x3) with

0 < x1 < xgand IT € Ly[xy, xp). If |IT'| is a convex function on [x1,x3], then R-L fractional
integral inequality is given as:

’H(xl +x—x)+ (1 +x—y) 2T(a+1) {]

« x+y
, o Uiyl 2= 757)

2
+]l(xx1+>czf>c)fn(x1 Tx - Lﬂﬂ

2
(y — x)?
2(a+1)

|:|Hl(x1)| + |Hl(x2)| _ |H/(x>| —; |H/(y)|:|,

forall x,y € [x1,x2] and a > 0.

Theorem 252 ([164]). Assume that 11 is as in Theorem 251. If |I1"| is a convex function on
[x1, x2], then R-L fractional integral inequality is given as:

(14

22717 (e + 1) .
S (o inprp) IO R =) 0y Ttz )|

(z=x)*
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e

V) " "
4(0‘(11)(32+2) [|H”(x1)| I (x0)] — 11" (x)]| ‘2|’ 11 (y)l},

forall x,y € [x1,x2] and a > 0.

Theorem 253 ([165]). For a convex function IT : [x1,x2] C R — Rwith x,y € [x1, x2], we have:

(n = 5Y) < )+ 1) - 00 )+ 1)
R

and

H(xl + xp — ﬂ)

2
I'(a+1)
< gy = g8 Dm0 432220 4 Ty T 02 =)

I(x) +11(y)
2

IT(x1 +x2 — x) + (%1 + x2 — v)

<
- 2

< II(x1) + I(x2) —

Theorem 254 ([165]). Assume that I1 is as in Theorem 253. Then, we have:

40 77)

21T (a4 1) o )
TRy Mg IO 04 gy T2
< M)+ (xy) - HOZIW)

Theorem 255 ([165]). Assume that I1is as in Theorem 251. If |T1'| is a convex function on [x1, x2],
then fractional integral inequality is given as:

H(X1+x2—x)+ﬂ(x1+x2_y) 1—‘(“+1)
’ 2 B Z(y — x)ﬂé {](xﬁ-xz—y)-&-n(xl +x2 — X)

+]“x1+x27x)—n(x1 +x2— y)}
< Y- (1_7> (10 )+ 11 () — IH’(x)|+|H’(y)|],

a+1 2% 2

forall x,y € [x1,x2] and « > 0.

Theorem 256 ([165]). Assume that I1is as in Theorem 251. If |IT'| is a convex function on [x1, x3),
then fractional integral inequality is given as:

2717 (e +1) .

W{ (s +x2—ﬂ)+n(xl +xp —x) + ](x1+x2_#)_n(x1 +xp — y)}
+

_H(xl Tt y)‘

y—x
2(a+1)

IN

|:|H,(X1)| 4 |H/(JC2)‘ _ |H/(x)| + |H/(]/)|],

2
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forall x,y € [x1,x2] and a > 0.

Theorem 257 ([165]). Assume that 11 is as in Theorem 251. If |IT'|7 is a convex function on
[x1,X2], ¢ > 1, then fractional integral inequality is given as:

%4na+n[a
(=2 Ulnrm-"3)+

TI(x1 4+ x — x) + ]”(‘xﬁxr#)iﬂ(xl +xp — y)}

a3

< IZE () 4+ ()t - AT
4(ap+1) 4

(I (o) 407 e — STy o]

==

forall x,y € [x1,x2] and & > 0, where 1 + 1 =1.
Theorem 258 ([166]). Assume that I1 is as in Theorem 253. Then, we have:
x+y 24710 (w 4+ 1) 1, x+y
H(X] + x7 — T) < W |:](x1+x27y)+n(xl + x7 — T)
x+y
g T3 +32 = 57|
I1(x1) +I1(x2)

< H(x1) + H(xz) — >

Theorem 259 ([166]). Assume that I1is as in Theorem 251. If |IT'| is a convex function on [x1, x7]
with x1 < xp and x,y € [x1, x|, then, we have:

2042;1"_(0;;1) []z*x1+x2_y)+n<x1 4 xp — XT_H/) + ]‘("x1+x2_x)_H<x1 +xy — xzﬂ)}

e T3

< 22/1;3;) [|H’(x1)| + ‘H/(.X'z)| _ |H/(x1)| —; |H/(x2)|i|

We present the next H-H-M inequalities via k-fractional integral.

Theorem 260 ([167]). Assume that I1 : [x1,x] € R — R is a convex function with
X,y € [x1,x] and % > 0. Then fractional integral inequalities are given as:

()

rk(tX + 1) " .
= W [I(xl+x2—x)+,kn(xl +x2 — x) + I(X1+X2—y)—,kn(x1 —+ X9 — y):|
< Hotx =0 flltn—y) () +T1(y)

< I(xp) +(x2) —

2 2
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Theorem 261 ([167]). Assume that I1is as in Theorem 260. Then fractional integral inequalities
are given as:

o 1)

2k Fk((x + 1) ” ”

T {I(xﬁxrﬂ)%kﬂ(xl Yy —x)+ I(x1+x27#)7,kn(xl oy — y)}
< H(x1 +X2—X>+ (X1+X2—y)

= 2

< () + T1(xy) - T,

Theorem 262 ([167]). Assume that I1: [x1, x2] — R is a differentiable function on (x1, x2) with
x1 < xp. If |IT'| is a convex function on [x1, x3], then k-fractional integral inequality is given as:

H(X1+XQ—X)+H(X1+JC2—]/) l"k(vc+1)
‘ 2 (-t sy alla 42— 3)

+] X]+XQ x) kl_[(xl +x2_y):|

< %(k_;%) “H,(xl)‘ﬂnl(xzﬂ B IH’(x)IﬂzL\H’(y)I},

forall x,y € [x1,x5] and § > 0.

We present H-H-M-type inequalities for convex functions via C-F fractional integrals.
Theorem 263 ([168]). Assume that IT: [xq,x2] — R is a convex function on [x1, x| such that

X,y € [xq1,x2] and I1 € Lyi[x1,xp]. Then, for a € [0,1] and B(a) as the normalization function,
then the fractional integral inequalities are given as:

(X1+X2 — ﬂ)

2
B(a) [cr CF
— |~ IT — 14 IT —
> D((]/ — .X') [ (x1+x2_%)_ (X1 + x2 y) + (x g x+y)+ (X1 + X7 X)
1—«a

B [TT(xq + 22 — x) + I1(x1 + x2 —]/)H

< T(x) + T(x) — w

Theorem 264 ([168]). Assume that I1is as in Theorem 263 and differentiable. If |IT'| is a convex
function, then fractional integral inequalities are given as:

B(a) . )
aly —x) [CFI(XI‘HCZ_m) M+ =y)+ CFI(x +xZ_m)+H(x1 +x - x)}
_H(x1 +xp — x;y) B a(ly_“x) [TT(x1 + x2 — x) + IT(x1 + x50 — )] ‘
< L (0 ()] 4 11 () - LI,

H-H-Mercer inequalities via Katugampola fractional integral operator are presented
in the next theorems.
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Theorem 265 ([169]). Let a,p > 0, x1, x5 € [0,00) with x1 < xp and I1 : [xf, xg] — (0,00) bea
positive convex function such that TT € X (xf, xg) Then fractional integral inequality is given as:

H<x§) +xg _ xP ery”) < H(x,tf) +H(x ) p{(“+1>) {pla H(yp) +PI;‘7H(xP)}
< II(af) + TI(xf) — H(xp_;yp),
and

0 L yP
H(xp—i—xp—x +y) < M["I“ (2 + xf — x°)

17T B = 2(yp —xP)x L Gyt
P P
+ I?x 0P IT(x 4 x5 —yp)}
< H(x1 + x2 — xP) —I—H(x’f —b—xg —yP)
- 2
p p X +yP
< T+ 1) - (),

forall x,y € [x1,x2].

Theorem 266 ([169]). Assume that 11 is as in Theorem 265 and differentiable such that
Il € L, [xl, xz] Then fractional integral inequality is given as:

I(xf + x5 —xP) +TI(3h +25 — ) pl(a+1) .
— P
‘ 2 Z(yp—xp)[ (x1+x yP)+H(x1+x2 x)
P AP

+ I?xl-&-x ) — H(x1+x2_]/p)}|

PP ) /

NN (o Ly ] (P 1y [T+ [T (0]
< T -0-5)" e (e red) I,

forall x,y € [x1,x5] if [T1' is a convex function on [x, x5].

Theorem 267 ([170]). Let IT : [x1,x2] — R be a convex function and x,y € [xq,x2] such that

x <y.Then
ax +y Fa+1) ,
H(x1 + X — P ) < II(xqp) +TI(x2) — WI}H—H( y)
+
S H(xl) +H(XZ) — H(D;x_i_ 1]/)/
and
ax +y Ia+1) ,
(n+n-T77) € gl +x=y)
< alI(xq +xp —x) +I1(xg +x2 — y)
- a+1
IT + 11
< () +T(x) —H(%).

Theorem 268 ([170]). Assume that I1 is as in Theorem 267. Then

all(xy +xp —x) +11(xy +x2 —y) T(a+1) ,
wH - (y —x)" ](X1+er)+n(x1 +x—y)
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a[2+(¢x+1)ﬂ

y—x 20 , , ,

w+1ha+n1;0“‘“”+“l“”0zm+axa+mﬁ”””'
a[4la+2)(@+1)s 7 = (a+1)3] .

- RS ' (y)l].

8. H-H-Type Inequalities via R-L Fractional Integrals of a Function with Respect to
Another Function

Definition 56 ([22,171]). Let (x1,x) (—o0 < x1 < xp < o) be a finite or infinite interval of
the real line R and « > 0. In addition, let {(x) be an increasing and positive monotone function
on (x1,xp], having a continuous derivative ' (x) on (x1,x3). The left- and right-sided TT-R-L
fractional integrals of a function g with respect to another function ITon [x1, xp) are defined by

w R S L a—
BAs0) = gy L ¥ OWE) () g0,

o _ 1 2 / K—
e = moy [V O@0O ) s

respectively.

We present H-H-type inequalities for s-convex functions via R-L fractional integrals of
a function with respect to another function.

Theorem 269 ([172]). Assume that ¢ : [x1,x2] — R is an increasing and positive monotone
function on (x1, x2], having a continuous derivative on (x1,xz) and let & > 0. If 1 is an s-convex
in the second sense on [x1, x| for some fixed s € (0,1], then fractional integral inequalities are

given as:
5— X1+ x
2 ln(sz)
= 2[H(Iz(;(jr1[)(xl)]a % (139 [0 () + T0(x2)] + LY [T1(x7) + T1(x2)]]
¢ Hn)+1lm) (- ) 1[/1 "+ (1= t)°]9/ (1= H)x1 + o)
) 2 ) ~ T2 Lo [p(x) = (1= D+ i)

LB+ (1= 9/(1 = Ox + £xa)
* )y W0 = v

Theorem 270 ([172]). Let i be as the above. If I1 € C'(x1, x2) and |IT'| is an s-convex function
in the second sense on [x1, x3] for s € (0,1], then fractional integral inequality is given as:

I1(xq) + II(xp) T(a+1) a, o
T ETiG) — Tige  Ga) + TGe)  EY [T + T (2)]]

[T (x1) [+ [TV(x2)[] s
4p(x2) —play)]* ¥

where

(xlr xZ)/

Iy (x1,%2) = Ly (x2, x2) + Ly (x1, x2) + L™ (32, 21) + Ly (31, 1)

and

X1+xp

Lo = [ 7 b ullgl) = gl = [0 = uPlyt) = 9l xy € o,z
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Now we present H-H-type inequalities for convex functions via R-L fractional integrals
of a function with respect to another function.

Theorem 271 ([173]). Let 0 < x1 < xp, IT : [x1,x2] — R be a positive function and
IT € Lq[x1,x2]. In addition, suppose that 11 is a convex function on [x1,x3), ¢ is an increas-
ing and positive monotone function on (x1, x|, having a continuous derivative ¢’ on (x1, xp) and
« € (0,1). Then the fractional integral inequalities are given as:

H(xl + xz) < Tle+1) [1177;’#71(M)+<H o) (v (x2)) + I;;,lpl(xZ)f(H ° lP)(¢*1(x1)>}

2 Z(Xz — xl)"‘
I1(x1) +T1(x2)
< > .

Theorem 272 ([173]). Assume that 11 is as in Theorem 271 and suppose that |IT'| is a convex
function on [x1, x3]. Then fractional integral inequality is given as:

‘H(xl) +11(x2) I(a+1) [Illz;il)] (x1)+(n ) (l[)il (x2)) + I:‘]?il’] (xz)i(n o ¢)(¢71(X1))} ‘

2 2(xp — x1)"
X2 —X1 1 / /
< Z£ (=
< st (30 MG+ (o)l
Theorem 273 ([173]). Assume that I1is as in Theorem 271. Then the fractional integral inequality
is given as:
A D T o) ) + 1 o)y (n))] — 1 (222)
2(xp — xp)% L)+ 2T 1 (xg) - ! 2

< ) EH(M) + 2x(2a_+x11) (1 ) [T Gl + I )]

Theorem 274 ([174]). Let IT: [x1,x2] € R — R be a differentiable function and IT" € Lq[x1, xp]
with 0 < x1 < xp. Suppose that |IT'|7 is a convex function on [x1,x3], ¥ is an increasing and
positive monotone function on (x1,x3] and its derivative ' is continuous on (xq,x,). Then for
« € (0,1) and g > 1, we have

2“*11“(0( —+ 1) |:le;l[1
(xg —x1)® Ly

(1g2), TN (2 + 17, (@)_mow)(w(xl))]

n(24E)

0(+1 ’ a+3 / %
Kz(a oy )+ 550 (02)I")

g T el + s I e .

X2 — X1
4(a+1)

Theorem 275 ([174]). Assume that I1is as in Theorem 274. Then for « € (0,1) we have

21T (w 4-1) { wip
(xg —x1)® Lyt

(1) TP E) T LY, gy (TTop)(7! ()]

(=)
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IN

X . X (“ler 1)% [(IH’(xl)lq Z3|H’(Xz)|")% N (3\H’(x1)|”7: IH’(xz)Iq)%}

xzle ((xp1+1>

whereq>1and1+1:1.
P9

IN
==

(I () [+ |1 (),

Theorem 276 ([175]). Let a > 0, IT be a convex function on [x1, x3] and F(x) = IT(x) + IT(x1 +
Xy — x). Then

H(x1+x2)< I'(a+1)

[T(x1) + IT(x2)
2 = A(p(x2) — P(x1))" ‘

[0 F(xa) + 12 Fn)| < 5

Theorem 277 ([175]). Let« > 0.IfTT € C'(xq, xo) and |TT| is a convex function on [x1, x|, then

‘H(xl) ;H(xz) B 4(¢(£2()“+1;()x1))a [0 P(x2) + 1 F(x1) |
Q%(XL Xz) , .
900) — o)) (5 =) (1T (1) + 11 ()1,
where
QY (x1,%2) = L (x2,%2) + Lij(x1,%2) — L3 (x2, x1) — L (x1,%1)
and

X1 +X2

Lyxy) = [ 7 - ullp) - prdu— [ 1x = ullg(y) - 9()l*du, xy € [x, 3],

1

Theorem 278 ([176]). Assume that I1: [x1, x2] — R is a positive function and I1 € Ly [x1, x2],
where 0 < x1 < xp. In addition, suppose that  is an increasing and positive monotone function on

(x1, x2), having a continuous derivative ' on (x1,x2), and a > 0. If IT is a convex function on
[x1, x2], then

T (x1 +x = 1Y) < T(0) +T1(x) Latl) (1% ) (o) (7 (x2)

2(xp — xq)® LV Hx)+
(1 ) o) (" (1)

< M(n)+ M) -1(52),

20-11 D1, N
(i +n - 58 < TR0 L o) (4 x—x)

Iy ) T ) (p (a1 32— y)|

T(x) +TI(y)

< H(xl) + H(Xz) — 5 ’

forall x,y € [x1,x2].

Theorem 279 ([176]). Assume that 11 is as in Theorem 278. Then

2T (w+1) ) 4 _
(x+0- 5 8) < T L e o+ y)
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+(IMI] (x1+x2—ﬂ) )(H o l/J)(llfl(xl + xp — x))}

¥
O
forall x,y € [x1,x2].

Theorem 280 ([176]). Assume that I1is as in Theorem 278. If |IT'| is a convex function on [x1, x3),

then
bt et ) Oy 5
(L) sy )T+ 22 y)} '
< 2IA (G D) I )+ | - PO,

forall x,y € [x1,x2].

Condition C. [177] Let A C R" be an invex subset with respect toyj : A x A — R". We say
that the function 1 satisfies the condition C if for any x,y € Aand t € [0,1],

.y +t(xy) =—tnxy), nxy+tn(xy))=1-t)n(xy).

Theorem 281 ([177]). Let K C R be an open invex subset with respect to : K x K — R
and xq,xy € Kwith x1 < x1 4+ 17(x2,x1). Suppose that I1 : [x1,x1 + 17(x2,x1)] — (0,00) isa
preinvex function, IT € Ly[x1,x1 + (X2, x1)] and n satisfies Condition C. In addition, suppose
that 1 is an increasing and positive monotone function on (x1,x1 + 1(x2, x1)), having a continuous
derivative ' on (x1,x1 + 17(x2,x1)) and a € (0,1). Then,

M[I;’%(MH(HM/JW (x1,x1 +17(x2,%1))
+]:;,lp (x1,x14+1(x2,x1)) ( o lP)l[J ( )}
I1(x1) + I(x1, x1 + 17(x2, x1)) n(xl)JrH(xz).

H<x1 + %U(xz,xl)) <

IN

<

2 2
Theorem 282 ([177]). Assume that ¢ is as in Theorem 281. If |IT'| is a preinvex function on
K, then
IT(xq) + IT(x1, X +77(xz,x1)) T(a+1) i
‘ 2 e e ey 997 G+ ez )
Y
+]ll’71(x1 X141 (x2,21)) — (Ioy } |

IN

St () [\H'<x1>|+|n'<xz>|}-

Theorem 283 ([177]). Assume that  is as in Theorem 281. If |IT'| is a preinvex function, then

T(a+1) .,
W[ﬂpﬂ( s Top)yp~H(xy, 21 + 17 (x2, 21))
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. 1
sy Lo 997 ()] ‘ =1+ g(xa) ’

< ORI B (1 ) [ el + 1 ) ]

Theorem 284 ([177]). Assume that ¢ is as in Theorem 281. If |T1'|1, q > 1 is preinvex function
on K, then:

I1(x1) +T(xy, 21 +77(x2,x1))  T(a+1) “
‘ L 121 21 (U(XZ/xl)) |:] 1/}1( 1)+ (Holp)lp (X1,X1+77(X2,X1))

ap
+]¢ (x1,21+1 (x2,x1)) ( © l/] }

1(x2,x1) (|H/(X1)|q + |H/(x2)’q>%’

< T 3
2(ap+1)7

where 1—}—1 =1.
p

9. Fractional H-H Inequalities via Weighted Symmetric Function

Definition 57 ([178]). Let (x1,x2) C R and  be an increasing positive monotonic function on
the interval (xq, xo| with a continuous derivative ' (x) on the interval (xq,x) with p(0) = 0,
0 € [x1,x2]. Then, the left-side and right-side of the weighted fractional integrals of a function IT
with respect to another function P(x) on [x1, x;] are defined by

wl(x) *
(e ) = 5 [ WO - p(e)* (s

and
w!(x)

(- S T () = T Ax2¢’<s><w<s>—¢<x>>“n<s>w<s>ds,

where o > 0 and w1 (x) = w(lx),w(x) # 0.

Theorem 285 ([178]). Assume that 11 : [x1,xp] C [0,00) — R is a convex function with

0 <x1 < xpandw : [x1,x2] — R be an integrable, positive and weighted symmetric function with

X1+ Xxp
respect to

. If ¥ is an increasing and positive function on [x1,xp) and ¢’ (x) is continuous

n (x1,x7), then, we have for o > 0:

T(F 22 (o T (@0 9)) (7 (02)) + (s TV o ) ) (974 (1)
0(x2) ( 120y Ty (L0 ) ) (B~ (22)) + w(x1) (1) Ty (T 9) ) (97 (x1)
< w (1 @00 ) (97 (52) + (1) T4 o 9)) (97 ()],

Theorem 286 ([179]). Assume that 11 is as in Theorem 285. Then, we have for a > O:

IN

(52) (s (g o 0) 07 02) + (g o)) (97 ()]
() (g1 (a2 by (T 9)) (07 (x2) - 0(x1) ( gy - Ty (TTo ) (97 (x1))

MO TR [ ) ¥ @) (97 )+ (s sy S0 )07 )]

IN

~—

IN
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10. H-H-Type Inequalities via Hadamard Fractional Integral

Definition 58 ([22]). The left-sided and right-sided Hadamard fractional integrals of order & € R
of function I1 are defined by

X dt

X a—1
(0, ) = g [ (03) 7 10OT, 0<m <r<m,

and
" 1 Fya-1 dt
P = gy [ (m3)" HOT, 0<m <xem

We present H-H-type inequalities for convex functions via Hadamard fractional inte-
gral.

Theorem 287 ([180]). Assume that a > 0 and the function I1 : [xq, x2] — R is a convex function.
Then we have

IT(xq) +T1(x)
——

n(*5) < Z(I;C(za+ xll)) (1] (TTo ) (£%2) 4 % (IToIn)(e")] <

Theorem 288 ([180]). Assume that IT: [x1,x3] — Rand IT" € Ly[x1, xp]. Suppose that |IT'|P is

1 1
a convex function for some fixed p > 1, v + p = 1. Then fractional integral inequality is given as:

1 1
‘(z—xl)‘”l/o (s* — )T (sz + (1 — 8)x1)ds — (x —z)“+1/ (% — p)IT (52 + (1 — 5)x3)ds

1—

< A

7 (o) { 2 = 1)1 [ Aa )TV (@) P + A, ) I )

0

==

=2 [Aala IR + sl )T ()]},

where z € [x1,x2], u € [0,1], « > 0and

2aplts 41
Ay, p) = P;T—%
o r 142 L m
Aalwy) = Tt ga
7 S U S S 1 M
Aslor ) = a1’ at2" +(zx—l—Z)(zx—i—l) 2

Theorem 289 ([181]). Assume that IT : (0,xp) — R is a differentiable function. If |IT'| is
measurable and |IT'| is a convex function and |I1'| is a non-decreasing function on (0, x2) for « > 0,
0 < x1 < xo, then fractional integral inequality is given as:

(Inx —Inxp)* + (Inx; — Inx)* I'(e+1) " N
x) = ———— I1 I1
Inxy —Inx; (%) Inx; —Inxy [Hsz— (x1) + Hx+ (xz)}
(Inx — Inxq)*+! , , oo i1 (In(xx; 1))i-?
— IT — |TT'( S S S
Inx; — Inx; (x(| ()= Z; (e +2);

I (1) 352y B ) 1””)

i=1 (@ +2);
(Inxp — Inx)*+1 , , o (In(xx, 1)1
it =ty - I T ( WA )
+ Inx; —Inxg (x(\ ()] = T (x2)] z:zl (e +2);

1 (In (o, 1))’ 1>,

+x|IT' (x2) | i(_l)i (a+2);
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forany x € (x1,x2).

Theorem 290 ([181]). Assume that 11 is as in Theorem 289. If |IT'|1, ¢ > 1 is measurable and
convex, then fractional integral inequality is given as:

’H(xl) ern(xZ) - Z(Ian(;j— 1111)x1)“ [H]’%Z*H(xl) " H&*H(xz)} ’
ap+l 0 ni =1 1
. (lnnglnxﬂn(z‘jﬁlp )”[|n’(x1>|((2)q;(1>i‘l(ql<§§i))q
(B 1 e @ E) T
+[11 (x2)|<q12 - (xi)ql;(_l) 1q(2)1) }'

wherel—klzl.
p 4

Theorem 291 ([182]). Assume that I1 : [x1,x2] — R is a positive function with 0 < x1 < xp
and 1T € Lq[x1, xp]. If I1 is a increasing and convex function on [x1, x3], then fractional integral
inequality is given as:

F'(a+1)

< __ @ o < .
T(VER) € g ey [ T100) + TG | < TH(o)

Theorem 292 ([182]). Assume that I1: [x1, x2] — R is a differentiable function on (x1, xp) with
0<xy <xp.Ifa € (0,1], IT" € Ly[x1, x2] and is increasing, then fractional integral inequality is
given as:

- o [ TTC2) - T |

I(xq) + I(x2) [(a+1)
2 2(Inxp; — Inxq

x(Inxy —Inxq)
- 2

[T (x2).

x+2 <lnx2 —lnxl)*l n 2(\/5

a+1 2 a+1)

Theorem 293 ([182]). Assume that 11 is as in Theorem 292. Then fractional integral inequality is
given as:

[T(xg) +T1(xp) I'(e+1) [H]§‘1+H(x2) + H]fc‘zfﬂ(xl)} ’

2 2(Inxp — Inxq)%

x(Inxy —Inxq)

< Bl Ly,

In the next theorems we present H-H inequalities for GA-convex and GG-convex
functions via Hadamard fractional integral.

Definition 59 ([183]). A function I1: 1 C (0,00) — R is said to be geometric—arithmetically
convex (GA-convex) on I, if

n(xfyl—f) < HI(x) 4 (1 — H)IL(y),

forany x,y € Land t € [0,1].
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Definition 60 ([183]). A function I1 : T C (0,00) — R is said to be multiplicatively convex
function (GG-convex) on L, if

11(x'y' ™) < 1)) 0,
forany x,y € Land t € [0,1].
Theorem 294 ([184]). Assume that I1: [x1, x2] — R is a differentiable function on (x1, xp) with

0 < x1 < xp. If [TT'| is integrable and GA-convex on [x1, xp), then for 0 < A < 1, x € (x1,x2)
and o > 0, then fractional integral inequality is given as:

(Inxy — Inx)* TI(x) 4+ (Inx — lnxl)"‘*lﬂ(xl)}

A{ Inx; —Inxq

Inx, —Inx)* 14 (Inx — Inx; )"

—(1+A)[< i)

In Xy — 1nx1

F'(a+1)

i—1
(Inx; — Inx)* . o i (lnx%)l
Inx; — Inxg i—1 (lX + 1)i
L(ng)

i (DC + 2)1‘

IN

A

s T (0l = 2000 () 4 2211 () ]

In i—1
S G

[T ()| — IV (0)]] L (1 (1“ )

- (a+2);

(Inx —Inxq)~
Inxy, —Inxq

A

r——— [x[T1 (x)| — 2A[TT (x1) | + x| 1T () ] ’

Theorem 295 ([184]). Assume that I1is as in Theorem 294. If |I1'| is integrable and GG-convex
on [x1,Xp), the fractional integral inequality is given as:

A[(Ian —Inx)* I(x;) + (Inx — In x1)“*1H(x1)}

Inx; —Inxq
B (Inx; — In x)& (Inx —In xl)”"l
(1+A>|: h’le—h‘lxl }H(x)
I'(a+1)

[Hfz,n(xn +uft ()|

Inxy, —Inxg

4 i—1
< lnxz—lnx ‘ | )z 1(&%)
= Inxp—Inx; (e +1);
o [T ()] - xz|n’<xz>|]\
X |TT (x2)]
(Inx —Inxq) > o ( %)H
+ 1 ‘|H/ |Z(_1)1—1 x1 [T (xq) |

Inx; —Inxq = (v +1);
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_ A
U]
X T Cxy )

+ (%I (x) | = I (x0) ]|

Theorem 296 ([185]). Assume that 11 is as in Theorem 294. If |IT'| is measurable and |I1'| is
GG-convex on [0, x3], then fractional integral inequality is given as:

(Inx —Inxq)* 4 (Inxy — Inx)*
Inxy, —Inx;

 Tla+1)
Inxy, —Inxq

I(x) [HJY-TT(x1) + H]?H(Xz)]‘

(nx—nm) ) &, o (e
- @ -7 _ —1)—
Inx, —Inx xq|TT (xl)|x1|H’(x1)\ Z( 1) (a+1);

1

A ()] \'!
x|IT (x)] & (ln xz\l'[’(xz)|)

Niel
AT eI A (R R

(Inxp — Inx)**!

Inxy, —Inxq

x2|IT (x2)]

forany x € (x1,x2).

Theorem 297 ([185]). Assume that I1 is as in Theorem 294. If |IT'|7, ¢ > 1 is measurable and
GG-convex on [0, xp], then the fractional integral inequality is given as:

(Inx —Inx))*+ (Inxp — Inx)*
Inx; —Inx;

/ 1Y
Al ()|

B Ia+1)
Inx; —Inxg
AT\ 4\ L
((mﬁwm)) 1>q
I (3)]
ain ()
I\ g L
((nﬁ”n)) 1)”

< (1)
gin (i)

IT(x)

() T1(x1) + gy T1(x2)] |

(Inx — In xq)*+1

Inxy, —Inx;

(lnxz—lnx)"‘“< 1 )%

Inx; —Inxyq ap+1

wherel—O—}:l.
P 4

Theorem 298 ([186]). Assume that I1:1 C (0,00) — R is a function such that IT € L [x1, x3],
where x1,x, € Lwith x1 < xp. If I is a GA-convex function on [xq, x3|, then the fractional integral
inequalities are given as:

F'(a+1)
Z(IH%)IX

In the next theorems we present H-H inequalities for quasi-geometrically convex
functions via Hadamard fractional integral.

IT(x1) + IT(x2)

> , o> 0.

M(y%%) < |18 T1(x2) + w8, T1(x1)] <

Definition 61 ([186]). A function I1:1 C (0,00) — R is said quasi-geometrically convex on I if
I1(x'y' ) < sup{T1(x), T1(y)},
forany x,y € Land t € [0,1].

Theorem 299 ([186]). Assume that I1:1 C (0,00) — R is a differentiable function on I° such
that I1" € Ly [x1, xp|, where x1,xy € 1° with xq < xp. If [I1'|7 is quasi-geometrically convex on
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[x1, x2], for some g > 1, x € [x1,x2], A € [0,1] and « > 0, then the fractional integral inequalities
are given as:

x1 (ln i)wl /Ol(t"‘ - A)(i)tﬂ’(xtx%_t)dt

X1 X1
1,1 t
—xz(ln %)H /o (" = A) (x%) T (x'xd=H)at

< Aim,»{xl(ln;)m(sup{|n’<x>|q,|H’<x1>|‘7}>53{1’<x,mq>

Xy &+l 11
+x2(In2)" (sup {10 ()19, [ (x2)17} ) " B] (x,0,A,0) ¢
where
20A1 T 41
Af(a,d) = =2 T2 )
1(a,4) a+1 !
Bi(x,a,A,q) = /o‘ta_/\'(xi) ds,
By(x,a,A,q) = /O\t”‘—/\|(x—2) ds.

Theorem 300 ([187]). Assume that IT : I C (0,c0) — R is a GA-convex function such that
IT € Li[x1,xp], where x1,x, € Twith x;1 < xpand « > 0.If ¢ : [x1,x2] — R is non-
negative, integrable and geometrically symmetric with respect to \/x1xy, then the fractional integral
inequalities are given as:

IT(y/x1x2) {H]ffﬁg(xz) + H]féz_g(xﬁ} < {H]ffﬁ(ng) (x2) + Hx,— (Hg)(xl)}

IT(xq) +T1(x)

< T [l g () + 1l g(x)).

Theorem 301 ([187]). Assume that I1 and g are defined as in the Theorem 300. If |TT'| is GA-
convex on [x1, x3|, then fractional integral inequality is given as:

‘ (RN [ e )+l g(en)] = [ (1) (e2) + a2y (1) )]

Iglleo In+1 (22

= I'(a+1)

/
) [\H’(x1)| /01 2[(1 —u)* —ut[(1- u)alf”xé‘ + ua”x%*”]du
1/2
+|IT (x7)| /0 [(1—w)* — u®][ua' x4 + (1 — u)a"x1""]du.

Theorem 302 ([187]). Assume that 11 and g are defined as in the Theorem 300. If [IT'|1,q > 1is
GA-convex on [x1, Xp], then fractional integral inequality is given as:

‘(W) {H]§1+g(x2) +H]§2—8(x1)} - {H]i‘H(Hg)(xz) +H]§2_(Hg)(x1)}

+1-2
LG T NN

q%F(zx—!—l) ap +1

==

q 01, %2 _ 1 q 91, %2 g
X [(xz —qx; lnx—l —xp)[TT (x1) |7 + (xl +4x; lnxT - xz) |H/(x2)|q] ,
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ifzx>0andl+1:1,and
p 9

‘(W> {H]§1+g(x2) +H]§2—8(x1)} B {H]?H(Hg)(xﬁ +H]§2—(Hg)(x1>}

el () 2 3
q%l"(tx—i-l) ap+1

= =

q 71, X2 q q 71, X2 q
><[(xz—qxllnx—l—xl)\H’(x1)|‘7—|— (x1+qx21nx—1—x2)|ﬂ’(x2)|‘7] ,

if0<oc§1and1+1=1.
P4

11. H-H-Type Inequalities via Proportional Fractional Integral

In this subsection we present H-H inequalities for convex functions via proportional
fractional integral.

Definition 62 ([188]). The left and right generalized proportional fractional integral operators are

respectively defined by
a, 1 Bl g o
(FefIT)(t) = p°T () / e 79t =) (s)ds
X1
and . )
o, E 5— o—
(Fp I () = m/t e t)(s — )" 1(s)ds,

where p € (0,1], and « € Cand R(a) > 0.

Theorem 303 ([189]). Assume that IT: [xq,x2] = Rwith0 < x1 < xp and I1 € Ly[x1, x2]. If
I1 is a convex mapping on [x1, x|, then, the following inequality is valid:

(B < 1T () FT) (0) + (FE ) (x2),
2

- (
2 xz—xl)“lFl(a,erl,pTl(xz—xﬁ) [
where 1 Fy is the hypergeometric function.

Definition 63 ([190]). The left and right generalized proportional fractional integral operators of a

function IT with respect to I1, where I1 is a continuous and strictly increasing function on [x1, x3],
are respectively defined by

FEI0) = s [T YOO (o) - gl 1)

and
1

par(a) ./t.xz e%;l(w(s)—‘/’(t))(lp(s) _ llj(t))a_lw/(s)ﬂ(s)ds,

where p € (0,1], and « € C and R(a) > 0.

(F () =

Theorem 304 ([190]). Let ¢ : T — [x1,x2] C Rwith 0 < x1 < xp, be a continuous and strictly
increasing function and I1 : [x1,x2] — R be a convex differentiable function on (x1,xy) satisfying
that ITo ¢ : T — R is an integrable mapping on 1. Then we have:

x—l—y)

H(x1+x2— >
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< H<x1>+H<xz>—M[f“/P'¢ o) W) + Fot (o) (p (x)]

2y —xp i
< Tﬂxﬁ—+er2)—11(xT;x2),
and
H(x1 +xy — %)
= w {f?liﬂqllp(x1+x2—y)+(n o) (Y (x1 +x2—x))
FF s (o 9) (7 (11 + 30— )]
< amm+m—w+H@HWywﬂgH@ﬂ+mb%llﬂggﬂ.

Theorem 305 ([190]). Assume that I1 is as in Theorem 304. Then fractional integral inequality is
given as:

Xty P T(a+1) 1 rapy
_-'J < B\
H(xl X 2 ) 2(y — x)« |:f(llj_l (x1+xp— 542

FFEY ) oD 32— )]

(l[)’l (x1+x27 >
I1(x) + 11(y)
2

))+(Holp)(¢il(xl +x2-Y))

< H(Jq) + H(xz) —

Definition 64 ([191]). For an integrable function 11 and a strictly continuous function I1 on
[x1,%2], 0 € (0,1], « € Cand R(x) > 0, the left and right proportional k-fractional integral
operators are respectively defined by

w0 _ 1 ' L (p(t)—y(s _ &1
(FTLIO = g [ P IO — ple) Y i)

and

k9 70T (1) = —— [ e O—90) (y(s) — p(£)) E L (s)T(5)ds.
(T = s | (¥(s) = ()9 (S)1(s)d

Theorem 306 ([192]). Assume that I1 : [x1, x2] — R is a convex differentiable function defined on
(x1,x2) and ¢ : [x1, x2] — [x1, x2] be a continuous strictly increasing function with 0 < x1 < x
and (ITo ) : [x1, x2] — R is an integrable function on [x1, x3]. Then, for all x,y € [x1, x2] the
fractional integral inequalities are given as:

o 1)

ok (a + k) [k,w
2(y — )%
A EEI R E]

IT(x1) + IT(x2) — H(Zﬂ)

< H(x) +1(x) - Ty o) (71 (y)

IN

and

xty U%rk(“"—k) kyp a0 -1
(n = 5Y) < GHESI[TE L Wep e+ )

FATE ey (o) (1 + 32— )
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IT(x1 +xp —y) +TI(x1 + x2 — x)
2

S H(xl) + H(JQ) —

<

[1(x) +I1(y)
2

Theorem 307 ([192]). Assume that 11 is as in Theorem 306. Then, for all x,y € [xq,x;] the
fractional integral inequalities are given as:

k k
HOTE pryry oW 102 = w)]
< M) + Mz - 2O EI0)

12. H-H-Type Inequalities via Raina Integral Operator

In [193], Raina introduced a class of functions defined formally by

o=y k) k
fp,A(x)—kgor(pkH)x, 0, A >0, |x| < oo,

where the coefficients o(k) (k € N = NU {0} ) are a bounded sequence of positive real
numbers. In [194] defined the following left-sided and right-sided fractional integral
operators, respectively:

Uepaea?) ) = [ (x= 01 1F0 [z = O Jg()dt, x> 31 >0,

X1

Ugapen) (@) = [ (=2 1T [t = 0P Jp()de, 0 < x <

In the following theorems we present H-H inequalities for convex functions via Raina
integral operator.

Theorem 308 ([195]). Assume that I1 : [x1,x2] — R is a differentiable function on [x1, x| with
x1 < xp. If [IT'| is a convex function on (x1, x2), then fractional integral inequality is given as:

1
W {(]g,)\,xz—,wn)(xl) + (];A,xl.t,_,wn)(xZ)}
— ;)T,/\H [w(xz _ xl)P]H(xl er xz) ‘
X2 — X1

< ZEFR [l (e — )] [T ()| + I (x2) ],

whereal(k)za(k)(/\+pk+3— o, A>0,weR.

Theorem 309 ([195]). Assume that 11 is as in Theorem 308. If |TT'|7 is a convex function and
1 1
q > 1 with » + p = 1, then fractional integral inequality is given as:

v
2(xp —x1)t

{(]g,)wqf,wn) (xl) + (]g,)x,x1+,zun) (xZ)}
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X1 +xz)

—Fos[w(x2 — xl)P]H( >

IN

- x 0 )|+ [T ()7
2 [ [l (e = 3] (A )

T2 [l = )P ([ )l + 110 )]
+[I G+ g )] )]
< Fo i [lwl (e = x0T (1T (k)| + 1T (x2)]],

where p, A > 0, w € Rand

ok = a<k>(p(“;k)+l(1Zp(j+pk))}”,

os(k) = ‘T(k)(%)ﬁ (l + [P(/\ +ik) +1 (1 a 2P(A1+Pk)>} E)'

Theorem 310 ([196]). Assume that I1: [x1, x2] — R is a differentiable function on (x1, xp) with
x1 < xp. If [TT'| is a convex function on [x1, x3), then fractional integral inequality is given as:

1
W) {(]g,)\,xz—,wn)(ﬁ) + (],‘;A,xﬁ,wn)(w)]
—Foas [w(x2 — xl)P]H(X1 erx2> ‘
Xy — X1

<

5 Fona L[] (2 = x0)P] [TV (er) | + [T (x2) ],

1 (1))L+pk_1
where p, A > 0,w € Rand oy (k) = o (k) (Z + A2+pk+1>

Theorem 311 ([196]). Assume that I1 is as in Theorem 310. If |IT'|7 is a convex function and
11 . . . L
q > 1 with v + p = 1, then fractional integral inequality is given as:

M {UZ,A,xz_,wH) (x1) + JS 3y 401D (xz)]

—~Fort [w(xp — xl)P]H(

X142er)‘

IN

X — X
2 [ Fa el (e = )]

o { (3|H/(X1)|‘7Z |H'(x2)|q>% n (\H’(xl)w Z3|H’(x2)|q)3}’

(1) (A+pk)p+1 4

1 1 1
where p, A > 0, w € Rand o5(k) = o(k) (m) F+ ( /1/2(1 — t)‘+Pk)7’dt) p].
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Theorem 312 ([197]). Assume that IT : [x1,x2] — R is a convex function on [x1,xp] with
x1 < xp. Then fractional integral inequalities are given as:

H<x1 + xz) < ot D (x2) + (g ) 5, 1D (x1)
2 2(x2 — )My g [l (x2 — x1)P]

IT(xp) + I(x2)
5 :

IN

Theorem 313 ([197]). Assume that the function 11 is as in Theorem 312. If |IT'| is a convex
function on [x1, x3], then fractional integral inequality is given as:

| (x) +H(2)  Upie et D02) + U oD )

2 22 — 31 Py [l (32 — 107
(xz_xl)fg7/\+2[‘w‘ xz—xl)f’] / /
= 2]:;7/7/\+1 [lw]|(x2 — x1)°] (|11 (1) | + [T (x2) ]),

where 07 = (k) (1 - (%)kPM).

Theorem 314 ([198]). Assume that I1 : [x1,x3] — R is a positive function with x; < xp
and IT € Lq[x1,xp]. If I1 is a convex function on [x1,x], then BS is a convex function and
monotonically non-decreasing on [0,1] and for all p, A > 0 and w > 0 we have the fractional
integral inequalities are given as:

(™ +x2) — BS(0) < BS(¢) < BS(1)

2
Uyt D(x2) + U5 2 1D (31)
2(x2 = x)M 7y [[w] (2 = x1)P]

where

. 1 *2 X1+ X2
Bsle) = 2(xg — x)M T [l (x2 — x1)P] /xl H(§x+(1—§) 2 )

pA+1
x [(xz — )M UES [l (v = 2)P] + (x — x) M F [Jwl (x — X1>"de~

Theorem 315 ([198]). Assume that 11 is as in Theorem 314. Then BY is a convex function and
monotonically non-decreasing on [0,1] and for all p, A > 0 and w > 0 we have that the fractional
integral inequalities are given as:

Uppoy D) + U7 oD )

2(x2 = xl)A}— A+ [|lw|(x2 — x1)P] = BY(0) = BY(¢) < BY(1)
I(xy) + H(xz)
> ,

where

1 *2 1+¢ 1-¢
B0 = el a Y] Lo m((5)m e+ (520))

1

() ()]

H(55) e (5))
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(55 () (o) e (2]
+(x+x2—2x1))\*1 ET,A[W(XJFxZZ_le)p])}dx-

2
Theorem 316 ([199]). Suppose that I1 : [x1, x2] — R is a convex function. Then:

H(x1 +xp — m)

gD W) + UG = D (%)
2

2y — 2 F, 1 [ll(y — 2]

IT(x1) +II(xp) _H<x—2ky),

IN

IT(xq) +T1(x2) —

IN

and

s +51- 55

(](L;,A,(xl-i-xz—y)—&-,wn)(xl +x2— x) + (];)T,)\,(xl—i-xz—x)—,wn) (xl +x2 — ]/)

2y — 2V F2y oy [[wl(y — 2]

< M) +T(xy) - 20,

forall x,y € [x1,x2], x < yand A,p,w > 0.

Theorem 317 ([199]). Suppose that I1 : [x1, x2] — R is a convex function. Then:

(- 25)
2/\—1

(v — P F [0l — 0P 3]

2

x [(1;% (v t5t) DI R =) 0Ty T+ - x)]

< M) +T1(x) - 1O,

forall x,y € [x1,x2], x < yand A, p,w > 0.

Theorem 318 ([199]). Assume that I1: [x1, x2] — R is a differentiable function on (x1, xp) with
x1 < xp. If |TY'| is a convex function on [x1, x2), then fractional integral inequalities are given as:

IT(x1 4+ x2 — x) +II(x1 + x2 — ) 1
Fipa[lol(y — )] : P TT

X U120 D 132 = 1) + U5 1y 400D (31 + 32 = )] ]

y , H/ 1—[/
< (-0 FR ety — 0] [ () 4 17 () - TN
forall x,y € [x1,x2], x < yand A, p,w > 0.

We now give H-H inequalities for functions which have bounded second derivative
via Raina integral operator.

Theorem 319 ([200]). Let a,w € R™, I1: [x1,x2] — R (x1 < x7) be a positive, twice differen-
tiable function, and I1 € Lq(x1,x7). In addition, let I1" be bounded on [x1, x7]. Then:
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IA

IN

IN

IN

X1+xp
m T xitxa 2 o a—1 o Y
2(xp — x7)* /x1 ( 2 x) (=)™ Fafwlx = )]

+(xp — x)"‘_lfg,a [w(x — x1)P] }dx

fZ()Cle1)"‘ [(]‘g,oc,xl-&-,wn) <x2> + (]g,tx,xz—,wn) (X]) - H(X1 —:iz_ xZ) ;)7,1X+1 [w(xZ - xl)p]}

M 12 4x 2 -
Z(xz—x1)"‘/x ( : 2 - 7x> {(e=x)* AT (x = x1)7]
1

+(xp — x)“_l]-'ga [w(x — x1)P] }dx

and
Z(,CZ__A/;),X xllzz (x — x1) (x2 = %) { (x = x1)" 'y [w(x — x1)F]
+(x2 — )" Fg [w(x — x1)P] b

sty | () 02+ () (x0) = SO TR et 0]

X1+xp
—m 2

S w) Je, () D) T w(x — )]
+(xp — x)”‘_lfg,a [w(x — x1)F] }dx,

where m = infte[xl,xﬂ I1"(t) and M = SUPie [y 1,

JI1(8).

Theorem 320 ([200]). Assume that I1is as in Theorem 319. If T’ (x1 + xo — t) > IT'(t) for all

te {xl, Bt x2], then fractional integral inequalities are given as:
(82 po b ! ¢ ol @ eyl
( > ) patr1[w(x2 —x1)f] < 200 — )" K]p,a,x1+,w )(xz) + (fp,a,xr,w )(xl)}
I1(x1) +I(x2)
< P e (- )]

H-H inequalities for #-convex functions via Raina integral operator are given in the
next.

Definition 65 ([201]). A function IT: [x1,x2] — R is said to be y-convex function on [x1, xp| if
the inequality
(tx + (1= t)y) < Tl(y) + t(I(x), T1(y)),

holds for any x,y € [x1,x2] and t € [0,1], and y is defined by i : T1([x1, x2]) x I1([x1, x2]) = R.

Theorem 321 ([202]). Assume that IT : [x1,x3] — R is a y-convex function such that n :
IT([x1, x2]) x TI([x1, x2]) — R is upper bounded by M, then fractional integral inequalities are

given as:
H(x1 + xz) _ M;,] S ( ‘g—,/\,x1+,wn?\(x(272 + ( Z-//\,XQ*,WH) (xl)
2 2(x2 = x1)M 6 g [l (22 — x1)F]
o 1) +T1(x) |, p(I16xa), T(x2)) +7(T1(x2), 1) Fphea [l (x2 = 21)7]
a 2 2 Fogin Llwl (x2 = x1)F]
o ) ern(xz) M, Foa llwl (2 — x1)°]

Fobin Llwl (x2 = x1)P ]
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where p,A > 0, w € Rand o = o(k)(kp+ A).

Theorem 322 ([202]). Assume that IT: [xq, x2] — R is a differentiable function on (x1,x,) with
x1 < xp. If |IT'| is an ny-convex function on [x1, x3], then fractional integral inequality is given as:

’H(xl) FT(xy) Ul D(x2) + UG L, WD (x1)

2 2(x2 = 21)MFh ([0l (32 — 21)F]
(x2_x1)-7:;;';\+2[|w|(x2_xl)p] , ’ /
: ngf)\ﬂ [Jw|(x2 — x1)F] (2T (x2) [ + 7 ([T (x1) [, [T (x2)]),

where 07 = o (k) (1 - (%)kﬁ/\).

Theorem 323 ([203]). Suppose that I1 : [x1,x2] — R is an y-convex function such that n is
bounded above by My, then for a > 0, the fractional integral inequality is given as:

n(32) Ly, < m 18, T1(x2) + - T1()|
(1) +T(x) | a(y((x1), T(x2)) + 7 ([1(x2), IT(x1)))
- 2 2(x+1)
< Hx) +T0(0x) | aMy,
- 2 x+1

Theorem 324 ([203]). Assume that the function I1is as in Theorem 323. If |IT'| is an n-convex
function on [x1, x3], then fractional integral inequality is given as:

’H(xn ;H(m _ Z(Fx(:‘ jxll))a V8,2 T1(x2) + T3 (1)
< Z2EE (1 ) [ e+ g (el I Ga))

Theorem 325 ([203]). Assume that the function I1is as in Theorem 323. If |IT'| is an n-convex
function on [x1,xp] and 0 < a < 1, then fractional integral inequality is given as:

'H(x1 —;xz) B 2&(2ajx11))a {E‘ﬁn(”) + ],"(‘Z,H(Jq)}

X2 — X1

< sty T+ T Gl (0 )L [T (x2) )+ (T ) 0 G )

Theorem 326 ([203]). Assume that the function I1 is as in Theorem 323. If |IT'|7 is y-convex
1 1
function on [x1, x7) for some q > 1, v + p =1and 0 < « <1, then fractional integral inequality

is given as:

‘H(X1 +XQ) _ I(a+1)

7 ) = 3= g )+ T

< X2 — X [(4|H’(x1)|‘7+;7(|H’(x2)|’1,|H’(x1)|‘7))%
T oetl(gp 4 1)7 4

+ (UGl (T G M)y )
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Definition 66 ([204]). For k > 0, let ¢ : [x1,x2] — R be an increasing and positive function
on (x1,x7|, having a continuous derivative ' on (xq,xy). The left and right-sided generalized
k-fractional integrals of I1 with respect to the function P on [x1,x;] are defined, respectively,
as follows:

ot = [ ¢ (D) (x) = p(1) FTIFA [w(p(x) — p(O))I]TI(E)E, x> x,
and

ot = [y - ¢<x>>%*1f,;',i‘ [w(p(t) — p())Y Tt x < x,

where p,A > 0, w € Rand ]-"g /I\C Z x™ is the k-Raina function.

pkm A)

Theorem 327 ([204]). Let ¢ : [x1,x2] — R be an increasing and positive function on (x1,xz],
having a continuous derivative Y’ on (xq, xp). If I1is a convex function on [x1, x|, then k-fractional
integral inequality is given as:

NEETS R Tt G[T(xn) + T1(x)] 4 JORAL ey ) + T ()]

2 4k (9 (x2) — ¢(x1))"~7:g,f[ w(p(x2) — p(x1))P]
IT(x1) + T1(xp)
< V5

Theorem 328 ([205]). Assume that  is as in Theorem 327. If I1 is convex on [x1,x3], then
k-fractional integral inequality is given as:
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T e e(s)] (e -o(232))
1
X

A
* ok o
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I1(x1) +I(x)
—_— 2 .
Theorem 329 ([205]). Assume that 11 is as in Theorem 327. If I1 is a differentiable mapping on
(x1,x2), such that I € Ly[xy, x2] and |IT'| is a convex function on [x1, x3], then:

%[Uk‘fm, [T1(x1) +TT(x )]+I“k‘fﬁx%w[n(xl)+n(x2)]}

A
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where
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+ [1/1(%3(1 +2 5 sz) - 1p(x1)} %pm}ds.

13. Conclusions

Our objective in this review paper was to present and provide a comprehensive and
up-to-date review on H-H-type inequalities pertaining to fractional integral operators. We
presented results including integral inequalities of the H-H-type through various classes of
convexity. H-H inequalities via Green’s functions are also included, and H-H-type inequali-
ties via preinvex functions are also presented. In the fractional integral operators, it includes
R-L fractional integral, Katugampola fractional integral, k-R-L fractional integral, (k, s)-R-L
fractional integral, C-F fractional integral, R-L fractional integrals of a function with respect
to another function, Hadamard fractional integral and Raina fractional integral operator.

This review was prepared to keep in mind the theoretical and practical importance of
the H-H-type inequalities. We believe that the present review will motivate and provide a
platform for the researchers working on H-H-type inequalities to learn about the available
work on the topic before developing new results. Future research regarding this review
paper is fascinating. Our review paper might inspire a good number of additional studies.
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Abbreviations

The following abbreviations are used in this manuscript:

AG(log)-convex  arithmetic-geometric convex

C-F Caputo-Fabrizio
GA-convex geometric-arithmetically convex
GA-s-convex geometric-arithmetically s-convex
GG-convex multiplicatively convex function
G-L Godunova-Levin
H-H Hermite-Hadamard
H-H-M Hermite-Hadamard-Mercer
m-HH convex m-harmonic harmonically convex
R-L Riemann-Liouville
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