. mathematics

Article

Seaweeds Arising from Brauer Configuration Algebras

Agustin Moreno Cafiadas

check for
updates

Citation: Caniadas, A.M.; Mendez,
O.M. Seaweeds Arising from Brauer
Configuration Algebras. Mathematics
2023,11,1961. https://doi.org/
10.3390/math11081961

Academic Editor: Christos G.

Massouros

Received: 5 March 2023
Revised: 13 April 2023
Accepted: 18 April 2023
Published: 21 April 2023

Copyright: © 2023 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

*1( and Odette M. Mendez %t

Departamento de Matematicas, Universidad Nacional de Colombia, Edificio Yu Takeuchi 404,
Kra 30 No 45-03, Bogota 11001000, Colombia

Departamento de Matemadticas, Universidad Nacional de Colombia, Campus La Nubia,
Manizales 170003, Colombia

*  Correspondence: amorenoca@unal.edu.co

t  These authors contributed equally to this work.

Abstract: Seaweeds or seaweed Lie algebras are subalgebras of the full-matrix algebra Mat(n)
introduced by Dergachev and Kirillov to give an example of algebras for which it is possible to
compute the Dixmier index via combinatorial methods. It is worth noting that finding such an
index for general Lie algebras is a cumbersome problem. On the other hand, Brauer configuration
algebras are multiserial and symmetric algebras whose representation theory can be described using
combinatorial data. It is worth pointing out that the set of integer partitions and compositions of a
fixed positive integer give rise to Brauer configuration algebras. However, giving a closed formula
for the dimension of these kinds of algebras or their centers for all positive integer is also a tricky
problem. This paper gives formulas for the dimension of Brauer configuration algebras (and their
centers) induced by some restricted compositions. It is also proven that some of these algebras allow
defining seaweeds of Dixmier index one.

Keywords: Brauer configuration algebra; integer partition; quiver representation; seaweed algebra

MSC: 05A17; 11P83; 16G20; 16G30; 16G60

1. Introduction

The Dixmier index (or simply the index) is an invariant algebra of a Lie algebra g given
by the following identity:

ind g = rr}in ind By 1

where f is a linear function on g and By is a corresponding skew-symmetric form for which
Bs[x,y] = f([x,y]) with [x,y] being the commutator of x and y [1-5].

It is well known that computing the index of a Lie algebra is very difficult. Advances
to this problem were given by Tauvel and Yu [6], who gave an upper bound for the index
of biparabolic subalgebras, which are intersections of two parabolic subalgebras g1, g2 of a
Lie algebra g, such that g; + g = g. Regarding this work, we recall that Joseph [7] proved
their conjecture dealing with the index associated with a semisimple Lie algebra.

Another advance to the index problem associated with Lie algebras was proposed

by Dergachev and Kirillov [1], who defined some subalgebras /\]/llll‘......“/]\l n

algebra Mat(n), where A = {A4,..., Ay} and p = {pq, ..., pt} are integer compositions of
a fixed integer n giving the subalgebra structure. These subalgebras were named seaweed
algebras (or seaweeds) by them. If = {n}, then the seaweed algebra is said to be parabolic.
Seaweeds can be considered subalgebras of the Lie algebras gl(n) or sl(n) if endowed with
the anti-commutative standard bracket.

Dergachev and Kirillov [1] associated a graph (called the meander) with each seaweed.
They proved that the index associated with these algebras can be given via the number of

of the full-matrix
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cycles and paths in their corresponding meanders. Afterwards, Coll et al. [3-5] interpreted
the formulas given by Dergachev and Kirillov for general algebras to subalgebras of sl(1);
according to them, the index of a seaweed Lie algebra is given by a sum of the form
2C 4 P — 1, where C (P) denotes the number of cycles (paths) in its meander.

Seaweeds and their meanders give rise to applications in different areas. For instance,
Frobenius algebras give rise to the so-called skew solutions of the classical Yang—Baxter
equation [8-11]. On the other hand, Coll atal. [3-5] and Seo and Yee [2] considered using the
index associated with seaweeds to define statistics of integer partitions. In particular, they
classified meanders to define families of Frobenius seaweed algebras, whose classification
is an open problem.

This paper proves that some Brauer configuration algebras associated with integer
compositions give rise to index one seaweeds. Green and Schroll [12,13] introduced Brauer
configuration algebras to study multiserial symmetric algebras. However, their definitions
based on combinatorial data have allowed applications in different science fields. For
example, Brauer configuration algebras (BCAs) have been used to obtain solutions of the
Yang-Baxter equation, to describe the key of the AES cryptosystem. BCAs allow for solving
problems in the graph energy theory as well. For instance, they can be used to determine
the trace norm of some {0, 1}-matrices [14-17].

It is worth noticing that finding a closed formula for the dimension of BCAs (and their
centers) associated with integer partitions and compositions is generally a hard problem.
To tackle this problem, we give formulas for the dimension of BCAs associated with integer
compositions whose parts are triangular numbers, square numbers, pentagonal numbers,
and octahedral numbers [18,19].

1.1. Motivations

This paper exploits interactions between Brauer configuration algebras, the theory
of integer partitions, and the theory of Lie algebras to find Dixmier indices of some sea-
weed algebras and the dimensions of Brauer configuration algebras induced by integer
compositions. It is worth noticing that the general problem of determining the index of
seaweed algebras and dimensions of Brauer configuration algebras (and their centers) are
problems of great difficulty whose solutions are far from being reached [2-5,14-17]. This
paper provides advances to these problems by defining Brauer configuration algebras via
some integer compositions whose enumeration theory deals with the Catalan numbers and
Delannoy numbers [18,19].

1.2. Contributions

This paper defines Brauer configuration algebras induced by integer partitions and
integer compositions. The main results of this paper are Theorems 7-13, along with
Corollaries 2—4.

Theorem 7 gives formulas for valencies of vertices associated with compositions of
type ©. Theorem 8 gives formulas for the dimension of the center of Brauer configuration
algebras induced by compositions of type ©. Theorem 9 gives indices for seaweed algebras
induced by compositions of type ©. Theorem 10 gives formulas for the valencies of vertices
associated with Brauer configurations of type ©. Theorem 11 gives formulas for the
dimension of the centers contained in these algebras. Theorems 12 and 13 give indices for
seaweed algebras induced by compositions of type T’ and O.

Corollary 2 gives formulas for the dimensions of Brauer configuration algebras in-
duced by compositions of type ©. Corollary 3 proves that Brauer configuration algebras
induced by compositions of type © are indecomposable. Corollary 4 gives formulas for the
dimension of Brauer configuration algebras induced by compositions of type O.

The organization of this paper is as follows: Section 2 is devoted to recalling the
basic definitions and notation regarding seaweed algebras and integer partitions and
compositions. Section 2.2 reminds about notation and basic definitions regarding seaweed
algebras. In Section 3, we define Brauer configuration algebras induced by integer partitions
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and compositions (Section 3.1). Formulas for the Dixmier index and the dimensions of these
algebras and their centers are given in this section as well. Conclusions with a description of
future investigations regarding these subjects are given in Section 4. Appendix A includes
tables giving the number of cycles and paths in meanders induced by compositions of type
70 and O.

2. Preliminaries

This section recalls some basic definitions and notation dealing with integer partitions
and compositions, as well as seaweed algebras [3-5,18-20].

2.1. Integer Partitions and Compositions

This section is focused on giving basic definitions and results regarding integer parti-
tions and compositions.
A set of ordered positive integers A = {A1, Ay, ..., A;_1, At }, such that

t
M>Ay-->A 1 >A and ) Aj=mn, )
i=1
is said to be an integer partition of the integer number #, and numbers A; are called parts.
A composition of an integer n is an expression of n as an ordered sum of positive
integers [21]. It is worth noting that according to Andrews [20], compositions are merely
partitions in which the order of the summands is considered. For instance, there are
three partitions and four compositions of the number three. Partitions are {3}, {2,1}, and
{1,1,1}, and the compositions are {3}, {2,1}, {1,2}, and {1,1,1}. It is worth pointing out
that under controlled situations, 0 can be considered as a part of an integer n. For instance,
in [20], @ is regarded as the partition of 0.
The number of compositions of n with exactly m parts denoted c(n,m) is given by the
following result.

Theorem 1 (Theorem 4.1, [20]).
c(m,n) = (nl). 3)

The following theorem provides the Ramanujan-Hardy-Rademacher formula for the
number of partitions p(n) of an integer number #.

Theorem 2 (Theorem 5.1, [20]).

- d sh(Z(3(x—31)?)
p(n) = mZAk(n)k [dx k(;— L)z%4 1;(71,

k=1

N|—

(4)

2minh

where Ag(n) = Y, wpre” k , with wy a certain 24th root of unity.

Stanley [21,22] introduced the theory of P-partitions as a generalization of the theory
of partitions and compositions. According to him, a P-partition of an integer n is an

order-reversing map (or preserving map), Ap : P — N such that }_ Ap(y) = n.
yeP

Stanley [21] proved that the number a,, of P-partitions of an integer m is given by
the formula:

_e(P)m (14 0(5))
tm :n]?ggo m!(1 —m)!

©)

where e(P) is the number of linear extensions induced by the poset P.
Canadas et al. [18,19] defined P-partitions of type ©, O, and £ as follows:
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Let (D, <) be a poset whose elements are compositions of an integer n satisfying the
following conditions:

1. ce®yifandonlyifn=c;4+cy+c3+cq,¢; > 0.

2. Atleast two elements of c are positive.

3. ¢y = ¢4 and the difference c3 — ¢; > 0.

4. {c1,00,c3,c4) D{c, ch, 5, ch}ifand only if ¢f < ¢, 5 < 3,0 < ¢ and ¢y < .
For® = |J 9, Canadas et al. [19] proved the following result dealing with a problem

n>2
proposed by Andrews regarding partitions.

Theorem 3 (Theorem 2, Corollary 3, [19]). Let C(n,9) be the number of compositions of type
D of the positive integer n, then

C(2n+1,0) = C(2n,D) = t,,.1, — 1, 6)

where t; (| x]) denotes the ith triangular number (the largest integer less than or equal to a number
x), respectively.

2
M is the xth octahe-

We let O;j, denote the sum O; + O; + Ok, where Oy =
dral number.

If iy, jo, ko, k1, and k, are fixed positive integers with jo < i, ip < k1, and jo < ko < kq,
then we say that a composition ¢ = {ng,n1,...,n;} of a positive integer n is of type
O((io, jo), (k1,k2), ko) if and only if it satisfies the following conditions:

1. nyg= Oi]-ko, for some ig < i < kg, and jo <j < k.
2.

n=_0jj, +m+---+mn (7)

witht = (k; + k) — (i+j) and foreach1 < h < (ky + ko) — (i+j) n, = (si—i— (sp +
1)2) for some positive integer s,.

3. IfA={ao(i,j),a1(i,f), - A0k, 4kp)—(i+j) (i, 7) } is the set of partial sums given in (7),
then ag(i,j) = Ojjkys a(k1+kz)—(i+j)(i/j) = O k,k,- Actually, forall0 < h < (k1 + ko) —
(i +j), it holds that (i, j) = Oyyx,, for some i < x <k, j<y <ky. Insucha case,
ap1(i,j) € {Ox(y+1)k0r o(x+1)yk0}/ forall0 <h < (k;+ky)—(i+j+1).

4. O, kyk, is a (trivial) composition of type O((hy, g;), (k1,k2), ko) forall1 < g; < gy < ky,
1 < g < ky, and ky fixed.

Along with 39, the following are the compositions of type O((1,1),(3,3),1):

. 13 + ny + ny;

. 26 + ny;

. 21—|—n1—|—n2;

e 8+ny+ny+ny;

. 8+ny+ny+ny;

e 3+4n+n+ny+ny;
. 3+ nq+ny 4+ ny +ny.

Let u; (p?) be the jth cube (pentagonal number) and iy, jo, ko, k1, k2 fixed positive
integers with jo <ip,ip < k1, jo < ky < k.

A composition y = {wp,w1,...,w;} of a positive integer n is said to be of type
Q((io, jo), (k1,k2), ko) if the following conditions hold:

1. Zp = Qijko =u; + uj —|—2uk0, for some iy < i < kl/jO <j< k.

nzﬂijk0+w1+CU2+"‘+Wt (8)
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3 1
where t = (k; + k) — (i +j) and foreach 1 < h < (ky + k) — (i +), w, = M,

for some 17 > 1. Furthermore, w, =1 (mod 6).
3. The following identity defines partial sums ao (i, j), a1 (i, ), - - -, Ak, +k,)— (i+) (i, ]) gen-
erated in (8).
ah(irj) = nyko 9)

with ay 11 € {Q(11)yky Quy+1)ko }- 0 < 1 < (k1 + k) — (i +j + 1), for some positive
integers x,y,1 < x < kj,i <y < ky. Note that
a0 (i, j) = Qijiy-

” (10)
Ak k) — (i) (1) = Qiykeako -

4. Qy ik, is also a composition of type Q((h, ), (k1,k2), ko) forall 1 < gy < hyy < ky,
1< g6 < ky <kjandky > 1 fixed.

The following are the eight compositions of type Q((1,1),(3,3),1) of 56 = us + uz +

s 56
5
o 7+(%+3).
L L
o B0+ (Z+1)+(F+3)
PR3 p3 P 3
s N+GF+)+F+D+(F +2)
e N+E )+ BB+
ST B
b 18+(57+§)+(57+§) . X
* A GFHNAGEHDFE D+ (T D)
P2 3 P33 P33
* A+FANHEF D+ (F )+ (T +3)

Cafiadas and Angarita [18] proved the following result.

Theorem 4 (Theorem 19, [18]). For § € {9, Q}, let c¢(F((io, jo), (k1,k2),ko); n) be the number
of compositions of type §((io, jo), (k1,k2), ko) of a positive number n, then cp = cg, where

co = c(O((io — jo+j1.j1), (k1 —so + ji, ko — jo + j1),m0); Ot tymy ).
co = c(Q((io, jo), (k1,k2),k0); Qi kyko )

k (11)
cg = ch if ki=k.
=1

C]- denotes the jth Catalan number, and ko, kq, ko, mo, g, jo, and jy are fixed positive integers
such that jo < j1, jo <iy <k, jo <k <k, Hh=k *]'0 +j1, and ty; =ky *]'() +j1.

Compositions of type T are defined as compositions of type O and 9Q; they are defined
as follows [18]:

If iy, jo, lo, 11, I are fixed positive integers with iy < jo, ig < 11, jo < Ip < 13, thena
composition A = {i, 11, ..., 1} of a positive integer n is of type T°((io, jo), (I1,12), lo, m) if it
satisfies the following rules for some Iy, m > 1 fixed:

1. = T?jlgm =t +tj+mty, forsomeig < i <Ip,ig <j <.
2.

n=S o+t (12)

whereh = (I + 1) — (i+j),and foreach1 < p < (I + L) — (i+7),if (I, ) # (1,1),
then 2 <1, <max{ly, >}
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3. Each partial sum jo(i, ), j1(i, /), - -/ j(1, +1,)— (i+j) (i, J) in (12) has the form: j, (i, j) =
‘Zgylom with jp,1 € {E(()x+1)ylom’$2(y+1)lom}' 0<p<(lh+h)—(i+j+1)forsome

positive integers x,y, i < x < I}, j < y < I,. In this case: jo(i,j) = T and

0
ijlom”
](ll+lz)*(i+f)(l’]) - ‘3?11210”1'
4. T?llzlom is a composition of type T°((pf, q4), (1, 12),lo,m) forall 1 < g < pj < I,
1 < q6 < lz < llr lo,m > 1 fixed.
We let T, denote the set of all compositions of type T°((ig, jo), (I1,12),lo,m), 1 < jo <
io <, jo <lp<lj,andly,m > 1.

Corollary 1 (Corollary 20, [18]). Let ¢(T%((io, jo), (I1,12), lo, m); &) be the number of compositions
of type T°((ig, jo), (I1,12), lo, m) of a positive number &, then c(T°((io, jo), (1, 12),lo, m);do) =
c(O((io — jo + j1,j1), (h — jo + ji, l2 — jo + j1),mo); 01), where 6y = T?llzloml 01 = Opymy,
lo, 11, 1p, mo, 1o, jo, and jy are fixed positive integers such that jo < j1, jo <ip <1, jo<lh <,
hi =1l —jo+iji, and hy =l —jo+ j1. In particular, c(T°((1,1), (I1,11), lo, m;‘I?]lzlom) =

I

Y C,, where C, denotes the uth Catalan number.
u=1
2.2. Seaweed Algebras

This section reminds about the basic definitions and results regarding seaweed alge-
bras [2-5,23].

Given an arbitrary field F, B = {ey,ey,...,e,}, the standard basis of F”, A, and u
integer partitions of a fixed integer n, with A = {Aq,..., Ay} and p = {py,..., ;}, thena
subalgebra of Mat(n) (the full-matrix algebra) that preserves the vector spaces

Vi =spanfey,...,en 140}, W= span{emﬂlﬁ...ﬂ,jﬂ,. cen} (13)

is said to be a subalgebra of the seaweed type [1-5]. Figure 1 shows an example of a seaweed
algebra shape.

M

M
A2

Az

M3

Ha

Figure 1. Seaweed algebras are subalgebras of the full-matrix algebra.

Seaweed algebras are associative Lie subalgebras of gl(n) or s[(n), if they are endowed
with the bracket operation [X, Y] = XY — YX. If any of the partitions A or y has as its only
part the number 7, then the seaweed algebra 2 is said to be maximal parabolic or parabolic [1].

According to Kirillov and Dergachev [1], the dimension of a seaweed algebra of type
% is given by the identity (14).

dimgs =) 5+ Y- (14)
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The meander graph G, is a helpful tool to compute the index of a seaweed algebra; it is
n
built as follows [1,3-5]:

1. G, has n vertices.
1

2. Edges are constructed by partitioning the set of vertices into blocks v1,v,...,vx
(wy,wy, ..., wy) of size Ay, Ay, ..., Ag (M1, M2, ..., M), respectively. A vertex v;j € U;
(wrs € wy) is connected with the vertex v;),11-; € v; (Wyy,+1-s € wy) by a top
(bottom) edge, respectively.

Figure 2 shows the meander graph associated with the seaweed algebra of type %
and its corresponding seaweed algebra. Note that partition 2|2|1 is represented by the arcs
v1,1-01,2, and v;1-v2» and the vertex vz, whereas, partition 1|2|2 is represented by the

vertex wj 1 and the arcs wy 1—w; 2 and w3 1—w3 .

w1,1 w1,2 w21 w22 w31

Figure 2. Meander graph associated with the compositions {2, 2, 1} and {1, 2, 2} and the corresponding

seaweed Lie algebra.

Dergachev and Kirillov [1] proved the following result regarding the index of sea-
weed algebras.

Theorem 5 (Theorem 5.1, [1]). The index of a seaweed algebra is equal to:

e Twice the number of circles in the associated meander plus the number of segments plus the
number of isolated points.
*  The number of cycles in the permutation corresponding to the associated meander.

For seaweed algebras of type sl(n), Coll et al. [2-5] interpreted Theorem 5 as an
identity of the form:

ind;‘=2C+P—1 (15)

where % denotes the seaweed algebra defined by compositions A and y of a fixed integer n
and C (P) denotes the number of cycles (paths) of its meander. In this case, isolated points

are considered paths. For instance, Figure 2 allows inferring that ind % =1-1=0,
since the meander has just one path and it contains no cycles.

Henceforth, we use Identity (15) to compute the index of a seaweed algebra.

The following result proves that the index of a seaweed algebra can be obtained via
some suitable moves of the meander, which keep the index value invariant. Such a sequence

of moves is said to be the meander signature.

Lemma 1 (Lemma 4 (winding down), [3]). If M is a general meander of type M = %,
then we have the following cases:

1. Flip (F): If a1 < by, then simply exchange a for b to obtain M = %

aplag|...|an

2. Component elimination: (C(c)) If a1 = by = ¢, then M — bylbs ] b
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3. Block elimination: (B) If i = 2by, then M = %

; - bilaz|...|an
4. Rotation contraction: (R) If by < ay < 2by, then M — =) bl o

5. Pure contraction: (P) If ay > 2bq, then M — (ﬂl—222‘)271;1'.\f|2b|ﬂ3|---|ﬂn'

We note that component elimination is the only move that does not preserve the index
of the associated seaweed algebra.

3. Main Results

This section describes Brauer configuration algebras induced by integer partitions and
compositions. The dimensions of these algebras and their centers are given by compositions
of type © and 9. The index of seaweed algebras associated with compositions of type ©
and T° are also given.

3.1. Brauer Configuration Algebras Defined by Integer Partitions and Compositions

This section follows the ideas of Green and Schroll [12,13] to define Brauer configura-
tion algebras associated with integer partitions and compositions.

Let n > 1 be a fixed integer, then any partition A of n can be uniquely written as
a sequence of the form (1/1223/34/1 | ), where only finitely many of the nonnegative
integers f; are nonzero. We let £(n) denote the set of all integer partitions of n and
£5(n) = £(n)\{n}.

For n > 1 fixed, we endow £*(n) with a linear order < in such a way that, if £*(n) =
{/\1,)\2, . .,)\t}, then

A <Ay <o < Ap (16)

If £ (n) C £*(n) consists of all partitions A;1,A;», ..., A, for which a given positive
integer i is a part, then the successor sequence S; associated with i has the form:

(fiy)

szAﬁ)<Aﬁ)<-~~<Ai 2) (?9

Dccadllaa® oo

LS 1,5 1,5

<MD<M

51 i2 i,

. (A7)

where f; is the number of times or frequency that / occurs as a part in the partition A; ; and

)\g;) denotes the kth copy of A; ;.
The valency val (i) of the part i is given by the following identity:

val (i) = ifij' (18)
=1

£*(n), successor sequences, and valencies associated with vertices define Brauer con-
figurations, which are systems of the form B(£*(n)) = (£*(nt(n)), £*(n),v, ), where:

e £%(rt(n)) is the set of parts of the integer partitions of n whose parts differ from n.
e visamap suchthatv: £%(m(n)) — N\{0} x N\{0}, v(i) = (val(i), u(i)). We let v,
denote the product val (i) (i), for any parti € £*(7(n)).

~ ) (12), if val(i) =1,
vi) = {(val(i),l), if val(i) > 1.

e O is an orientation defined by adding (for each i € £*(7r(n))) to each successor
sequence S; a relation of the form A; 5, < A; 1. This process builds a circular ordering in
such a way that any partition can be assumed as the initial partition for the completed
sequence S;. We assumed that all the successor sequences preserve the original order
< defined for the integer partitions of 7.

A parti € £%(rt(n)) is said to be truncated (nontruncated) if v; = 1 (v; > 1). Brauer
configurations without truncated vertices are said to be reduced.
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Instead of meanders, Brauer configurations B(£*(n)) define so-called Brauer quiv-
ers Qg g+ ()), which are directed graphs (Qo, Q1,5 : Q1 — Qo,t : Q1 — Qo), defined
as follows:

e The set of vertices Qp is in bijective correspondence with the set of partitions £*(n).

e Coverings in circular orderings define arrows in Q1, i.e., a covering A; < A;j gives rise
to an arrow a € Qp, with s(a) = A; and #(a) = Aj. Copies of partitions in circular
orderings define loops in Qg ¢+ (n)) = Q-

e Circular orderings define so-called special cycles in Q.

Brauer Configuration Algebras Induced by Integer Partitions

The Brauer configuration algebra induced by the Brauer configuration is the bound
quiver algebra Ag (¢« (4)) = FQg (g« (n)) /1, where I is an admissible ideal generated by the
following relations:

1.  (Relations of Type I) If A; is an integer partition of #n and the parts i,j € A;, then the
(

special cycles Cl’.l ) and C]H W) are equivalent, where Cf " denotes the multiplication
of j1(h) copies of the special cycle Cy.

2. (Relations of Type II) If f is the first arrow of a special cycle C; associated with a part

i of an integer partition A; of 1, then the relation Ciu ) fel
3. (Relations of Type III) If «; is an arrow contained in a special cycle C;, f; is an arrow
in another special cycle Cj, and a;B; € FQg(¢+(y)), then a;f; € L.

The following facts regarding Brauer configuration algebras induced by integer par-
titions are direct consequences of the results obtained by Green and Schroll and Sierra
in [12,24] for general Brauer configuration algebras.

Theorem 6. Let A = Ag g+ (y)) be the Brauer configuration algebra induced by the set of partitions
of an integer n. Then:

1. There is a bijection between the set of indecomposable projective modules over A and £*(n).

2. If Py is an indecomposable projective module over A defined by a partition A of n into r parts,
then rad P, is the sum of r uniserial modules M1, My, . .., M, such that M; N M]- is either 0
or a simple A-module for any i # j.

3. lisadmissible A, and £*(n) is multiserial symmetric algebra and indecomposable as an algebra.

4. Ifrad P, (soc P,) denotes the radical (socle) of an indecomposable projective module P over

the BCA A (g« (n)) induced by an integer partition A of n and rad? P # 0. Then, the number
of summands in the heart rad P, /soc Py of Py equals the number of parts in A.

The dimension of the Brauer configuration algebra Ag ¢+ (,,)) is given by the follow-
ing formula.

1.. ty._1
*dlmF A‘B(S*( ) p(l/l) = Z =, (19)
2 ! iee* (r(n)) ui)

where p(n) is the number of integer partitions of n > 1, ¢; is the jth triangular number, and

v; = val (i) (i).
The following is the formula of the center Z(Ag g+ (,))) of the BCA Ag o+ ()

dimp Z(Ag(grmy) =2+ Y, H(i) + p(n) +#(Loops Qz(e-(n)) — [Cx(e-(ny)| — 1, 20)

ie e+ (rt(n))

where Cg (g+(,)) = {i € £°(n(n)) | v(i) = (L,t), t > 1}
As an example, the following are the data associated with the partitions of the number
four (see (18) and the notation below).
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3 1
1 1 1 5 2 1
% " /\{Az ) a2 /\{AB ) B1 A

B(L*(4)) = (£*(t(4)),£*(4),v,0), where
2*(7‘[54)) =1{1,2,3}, @1

£5(4) = {\ = {1W}, A, = {3,1}, A3 = {2,1,1}, Ay = {2,2}},
Successor sequences and valencies are defined as follows:

S =AM < AP <A AW a1y =6, v =6

So=As <AV < AP, wal(2)=3 w=3 (22)
53 = )L2, val(3) =1, V3 = 2.

The following Figure 3 shows the Brauer quiver induced by the Brauer configuration
B(L£7(4))-

Figure 3. Brauer quiver induced by the Brauer configuration (21).

The following relations generate the admissible ideal I such that Ag(e«,)) =
FQB(,{:*(W))/I:
. (l]'f)z, for all possible values of i and j.
. l;ag, ocgl;:, l; ’ ‘Bgl]’ ifi #j.
e IfC! is the kth special cycle associated with vertex i # 3 and f is its first arrow, then
C! f € I. Furthermore, Cf’ ~ CS1 ~ Ct2 for all possible values of r, s, and ¢.
dimg AB(S*(4)) =8+ ZtV],1 + 21’1/2,1 + 2t1/371 =8+ 2(t5 +tr + tl) = 46.

dlmF Z(Ag(g*(@)) =144-3+7-1=8.

(23)
., 31
ind p 0.
Thus, the seaweed algebra % is Frobenius.

The following results regard compositions of type ® (see Theorem 3 and Identity (6)).

Theorem 7. Forn = 2j+1,j > 2, it holds that

1.

3j, if t=0,
3j+1, if t=1,
3(j+1) - @2t+13]), F2st<j,

i=(z] =1, fjrist<n—1

2. oal(26 +k2k+26) = [1+ %], fork > 1.

val(3,6 +2B) =4+ 3B, for p > 0.

4. wval(44x,8+2y+2k) = |6+3y+ %J,for v, % > 0, where val(x,y) denotes the valency
of the number x € B(D*(7t(y))) (the set of parts in compositions of type D of the number ).

val(t,2j+1) =

©w

Proof. Note that val(0,3) = 3, val(1,3) = 4, and val(2,3) = 1. Thus, if n is odd, then we
can proceed by induction bearing in mind that each composition {x1, y1, x2, y2 } of type © of
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2n + 1 gives rise to a composition of 21 + 3 via a shift move of the form {x1,y1,x2 +2,12}.
The remaining compositions have the shape

2n+3 2n+3
(152 -0 | 2

For the even case, we note that if n = 2k, then val(0,n) = k+ 1, val(1) = k + 2, and
val(2,n) = k+ 1.

val(2j+1,2j+2) =1,if j > 0 and val (3,6 + 2) = 4 + 3B, for p > 0, provided that
any composition of type ® of 6 + 28 is obtained from a composition of 4 + 2 by applying
the shift described above. In such a case, any composition of 4 + 2 containing three as
a part gives rise to a composition of 6 + 2§ containing it as a part. 6 + 2 has additional
compositions of the form {L6+25J -3,3 LGHﬁJ —3,3} and {3, L6+2ﬁj L6+2ﬁj }, which
gives three additional occurrences of the number. The same arguments can be used to
note that val(2j +1,2j+2) = 1,if j > 0, val(2j +2,2j+4) = val(2j+3,2j +6) = 2,
val(2j +4,2j 4+ 8) = val(2j+5,2j +10) = 3 and so on. If val(3,6 + 2) = 4+ 3B, then
val(4,8 +2B) = val(5,10 +2B) = 6+ 3B, val(6,12+2B) = val(7,14 +2B) = 7+ 3P
(B > 0), and so on. We are done. [

2n+3

|—i+1,i}, 0<i<|

J- (24)

Corollary 2.

. ty_q
(dimp Ag (o) —t,,1 +1= Y ——. (25)
(D(n)) ln+1] e o) u(i)

N~

Proof. It is a consequence of Formulas (6) and (25) and Theorem 7, which gives formulas
for the corresponding valencies. [

The following result gives formulas for dimp Z(Ag(p(n))), forn > 9.

Theorem 8. Ifn > 9, then

t71 30 — tr43a—ny) + (tny —1)  if n=2(5+3a),

Hney)

+ (ts13a — tgsa—ny) + (tn, —1)  if n=2(6+3a),
(
t

Flaal

dimp Z(Ag(p(n))) = th+2J
Ln+3)

thJr%J + re) — ths + th371/

+ (toax — toaa—ny) + (tn, —1)  if n=2(7+3u),
if n isodd,

where
5+30<J
3 7
2(6—!—30c)J a4
7 (26)
)

hy=[51- T3]

ho = |

hy=|

Proof. Note that val(n —1,n) = 1. Thus, u(n — 1) = 2 and
Y, nx)—[B®(r(n))] =1 (27)
x€B(D(n(n)))

For each even number n > 9, define a partition of B(D ( n))) w1th the form
B(D(m(n))) = Hy+ Hi + Hy, with Hy = 0, Hy = {1,2,..., | 5], Ho = {|5] +1,...,[5]}.
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Then, the number of loops #Loops(x) associated with vertices are given by the follow-
ing identities:

L%J if x € Hy,
#Loops(x) = ¢ | 5] —x+3 if x € Hy,
5] —x+2 if x € Hy.

According to the loops formulas, it holds that

(t74+30 = t743a—ny) + (tny — 1) if n=2(5+3n),
#Loops(Qp(o((n)))) = § (t8+3x — ts4za—n;) + (ty, —1) if n=2(6+3a),
(to+sa — toyaa—ny) + (tn, — 1)  if n=2(7+ 3a).

If n is an odd number, then
#Loops(Q(o((n)))) = 4] — thy + thy—1- (28)

Provided that, in this case, the number of loops #Loops(y) associated with the vertices
satisfies the following identities:

|5]+1 if y € Hy,
#Loops(y) = ¢ |5] —y+2 if ye Hy,
Bl -y+1 if ye
since |D(n)| = Blnsd) — 1 (see Identity (6)). We are done. [J

The following result regards seaweed algebras of type ©.

k
Theorem 9. Ifi,j > 1, then ind % =1
Proof. A = {i,j,k,k} is a composition of type D of the integer number n = i 4 j + 2k. The
general shape of the corresponding meander is shown in Figure 4 if n is even (odd). The
result follows as a consequence of Lemma 1. O

© @
0O

Figure 4. Meanders of the seaweed algebras for n = i+ 2j + k (even case, above)

i— 1\]+1\k 1|]+1

and % for n =i+ 2j + k (odd case, below). Note that the corresponding meanders are

not connected for even and odd numbers and that the components associated with the even case
are identical.
Henceforth, we let Py = (Pk, <) denote the poset for which
Pe={(xy) e NxN|0<uxy<k} (29)

Insucha case, (x,y) < (x/,y') if and only if one of the following three conditions holds:
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e x<xandy=1y;

e x=xandy<y;

e x<xandy<y.
We denote by N(x, y) the number of lattice paths from the point (x,y) € P, to (k, k) € Py.
The following result regards Brauer configuration algebras induced by compositions of

type O. The Brauer configuration algebra is induced by a Brauer configuration B(O(k)) =

(O(m(k)),O(k),v,O), where

e k>2

o O(n(k)) =1{513,25,...,(k—1)> + K2} U{0jj |1 <i,j<k+1}.

e O(k) = 9O((io, jo), (k, k), 1) consists of compositions of type O of Oy into parts of the
form x2 + (x + 1)2.

* v, 0, and the corresponding Brauer configuration algebra Az o ;) are defined as in
the general case.

Theorem 10. For1 <i <k —1and k > 3, it holds that

val (2 4 (i +1)%, B(O(k))) = val (% + (i +1)%,B(O(k —1))) +&.

e=2 Y Ny + Y N(ky). (30)
0<x,y<k—1 0<y<k-1

val (051, B(D(K))) = N(i—1,j — 1).

Proof. Note that, by definition for k > 3, it holds that P, = Px_1 U P, where P, = {(k,y) |
0 <y < k—1}. Each lattice path in P} corresponds to a unique polygon in B(O(n)).
The result follows by labeling each edge {(x,y), (x +1,v)} ((x,y), (x + 1,y)) with a sum
of the form x? + (x + 1) (> + (v + 1)?). A composition of type O of Oy is obtained by
adding the number O, 1)(,41) to each edge label of a fixed lattice path starting at (x,y),
(0 < x,y <k—1)and ending in (k, k). The following Figure 5 is the Hasse diagram of P;
and its labeling of type ©. [

O (44,44,1)

Ms

(44,1,1)

25 =32 442

(19,1,1)

(6,1,1)

5-12 422

©)

(1,1,1)

Figure 5. The poset P3 and its labeling giving compositions of type O of the number 89.

The following result gives additional properties of Brauer configuration algebras
induced by compositions of type O.

Corollary 3. For each n = Ojjy fixed withi,j > 1, the Brauer configuration algebra Ag(on)) 18
indecomposable as an algebra.

Proof. By definition, B(O(n)) has no truncated vertices. [
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The following corollary gives a formula for the dimension of Brauer configuration
algebras of type Ag (o (n))-

Corollary 4. For n = Oy, fixed, 0 < r,s < k—1, and ty > 1, the dimension of the Brauer
configuration algebras of type A (o)) is given by the following identity:

t,
ico ((n)) H\

NI~

k
Proof. Note that [O(k)| = ) C; as a consequence of Theorem 4. The valencies of the
j=2
vertices (parts) are given in Theorem 10. [

The following result gives a formula for the dimension of the center of a Brauer
configuration algebra of type Ag (o ())-

Theorem 11. If n = Ojjy is fixed, then

k— k
dimp Z(Ag (o (n) Z Z N(x,j)+ Y_Cy (32)
j=0x=j h=2

where Cy, denotes the hth Catalan number.

k
Proof. We note that #Loops(Qz(o(n))) = Z Z (k—j)N(x,j), provided that Y (k—
j=0x=j x=i—1

x)N(x,i — 1) gives the number of loops at a vertex i + (i +1)?, for any i, 1 < i < k.
There are no loops provided by vertices of the form O;s;. On the other hand, it holds that

v u(i) = k + 2t 1. Therefore, Y u(i) — |B(O(mt(n)))| = txyq1. Since
i€eB(D(m(n))) i€B(O(n(n)))

k
there are t;, 1 vertices a for which val(a) = 1 and there are }_ Cj, vertices in Qg (o (,)), the
h=2
result follows. We are done. [J

The following result regards seaweeds induced by compositions of type T(k) =
79((1,1), (k, k),1,2), with [y = 1 and m = 2 (see Corollary 1). {4,2,2,3,3} and {4,2,3,2,3}
are compositions of type T°(3) associated with 14.

Theorem 12. IfA = {4,2,2,3,3,4,4,5,5,... } and p = {4,2,3,2,3,4,4,5,5, . .. } are composi-
tions of type TO(h) with h = t; + t, + 2t; and k > 5 fixed, then

ind, A =1%+31 -1, (33)

where | is the largest part of the compositions y and A. This sequence corresponds to the integer
sequence encoded in the OEIS as A014209 [25].

Proof. Suppose that | is the largest part of the compositions A and p. Each assignment
of the form 1- gives rise to | 5] cycles in the corresponding meander §,. Note that each
Z

2t+1
2f+1

generates the unique non-trivial path contained in

cycle generated by an assignment of the form
23

3

G, . Therefore, ind, A = 2C + P — 1, twice the number of cycles is given by a recursion of
4

generates an isolated point in the

meander, whereas, the assignment

the formry =4,y =4 +2|5|,ry = r,_1 +2| %], n > 5. Such recurrence gives rise to the
integer sequence r, = {24,36,48, ... } = A248427 in the OEIS, for n > 5. P = 2( L%J —1).
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Thus, for I > 5, it holds that ind, A = A248427, +2(|5 —1) -1 = > +31 - 1. We
are done. [

Figures 6 and 7 show cycles and paths in meander graphs induced by compositions of
158, 184, 2313, and 2939 (see Theorem 12).

00000000 0000
O800000000 0000 00000000

0000 00000000 : : : :
088888888 0000 0000 0000 0000
Y L 0000 0000 0000 0000

000000000000 0000 0000 0000

000000000000 0000 00000000

Figure 6. Cycles and paths in meander graphs induced by compositions of type T of 158 and 184.

The following result gives formulas for Dixmier indices associated with compositions
of type O.

Theorem 13. If A(k) = {3,5,5,13,13,25,25,41,41,...,k* + (k + 1)%,k* + (k + 1)*} and
u(k) = {3,5,13,5,13,25,25,41,41,..., k> + (k+ 1), k> + (k + 1)2} are compositions of type
O of Oyp1 with h = Oy + O + 1 and k > 4 fixed, then

. . Ak
1ndy(k) A(k) =ind Ek; ind u(k—1) (k — 1) + 8t + 2, (34)

where t; (O;) denotes the jth triangular number (octahedral number).

Proof. We note that, as in Theorem 12, the assignments %zﬂ give rise to i-cycles and one

path in the corresponding meander. Thus, if [, denotes the number of cycles in the meander
of E g then [}, = I;_1 + 4t;, and the number of paths Py = 2k 4 1. Therefore,

indy(k) /\(k) = ZZk,1 + 8tk +2k+1— 1, (35)

since 2ly_1 +2k — 1 =ind, 4_1) A(k—1) + 1. We are done. [

DOV HOOD VOOD VOOQ VOVO VOOV VOV VOO SOV SOV SOV SOVS GOOS
OOOO QOO0 QOO0 SOV VOO0 OOV VOOV VOOV OO0 OOVV VOOV OOOQ OO
V0 OO0 OOV SOV VOOV SOV SOV FOVD POVD VOOD POVO VOO POOO
OOOO QOO0 QOO0 OOOO OOOO OOV OOOO VOV VOOV VOV VOO0 OOOO OO0
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ese QOV0 SOOO VOVO POVR VOOO VOV VOV VOV SOV VOOV OOV SOVO SOV
o QOO SOOO VOOD VOO VOOR VOV VOOV VOOV VOV VOV GOV SOVO GOOO
voe QOO0 OOOO OOOO OO0 OO0 OOVO OOV VOO OOOO OOOO O@@O OOOO OOOO ssss
boeed OOOQ OO0 OOOQ VOO0 OO0 O Stais e
OOOO OOOO OOOO OO0 OO00 OO0 OOOO OOOO OOOO OOOO OOOO OOOO OOOO H
OO0 QOO0 OO0 OOOO OOOO QOO OO GOOS COOO GO0 & ,
OOOO OOOO QOO0 OO0 OO0 OO QOO OO OCO 900 3000 5000 6000 66SS
Q00 SOOD VOOL VOOQ OOOQ OOOO OO00 0000 OVOO OOV VOOV OOV OOOO COOO
DOV SOOO VOOO VOOL VOVQ VOO QOO OOOO OOOO OOOO OOOO QOO0 OOO0 OO0

Q00 SOOO OOOD VOOQ VOOO VOO VOO OOOO OOOO QOO0 OO0 VOO0 OOOO OOOO
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DOV SOOO VOVO POOD POOO VOO VOO OOOO OOOO OOOO QOO0 OO00 OO0V OOOO
DOVV SOOQ SOV VOO VOO VOV VOOV VOO SVOV VOOO OOOL POVO GOV VOO
. QOO0 SOOR VOOD VOOQ VOO VOV VOV VOO SO OOOO QOO0 OOOQ VOO0 OO0
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Figure 7. Cycles and paths in meander graphs induced by compositions of 2313 and 2939 of type O.

Tables Al and A2 in Appendix A give the number of cycles and paths in meanders induced
by compositions A (A(k)) and u (u(k)) of type T (O) described in Theorems 12 and 13.
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4. Concluding Remarks

Compositions of type ©, O, and T’ dealing with Delannoy numbers, octahedral
numbers, and triangular numbers, respectively, give rise to Brauer configuration algebras,
whose dimensions, along with their centers, can be obtained by using suitable lattice
paths. Compositions of type 9 and T¥ induce Brauer configurations whose polygons are
given by sums of Catalan numbers, whereas polygons in Brauer configurations induced by
compositions of type © are given by suitable triangular numbers. Such enumerations allow
finding explicit formulas for the dimensions of Brauer configuration algebras induced by
these compositions. In particular, seaweed algebras induced by some compositions of
type © have Dixmier index one, whereas Dixmier indices of seaweed algebras induced by
compositions of type T¥ are given by the integer sequence encoded in the OEIS as A014209.

Future Work

1.  To give formulas for the Dixmier index of any pair of compositions of type D, O, and
70 of a fixed positive integer.

2. To give explicit formulas for the dimension of Brauer configuration algebras induced
by partitions of an arbitrary integer number.

3. To give explicit formulas for the dimension of Brauer configuration algebras induced
by compositions of an arbitrary integer number.
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Abbreviations

The following abbreviations are used in this manuscript:

BCA Brauer configuration algebra

dimp Ay Dimension of a Brauer configuration algebra
dimp Z(Ap) Dimension of the center of a Brauer configuration algebra
F Field

ind,A Dixmier index of a seaweed algebra %

0; 1(212%1) ; ith octahedral numbe

OEIS On-Line Encyclopedia of Integer Sequences
P nth pentagonal number

Uy nth cubic number

tn nth triangular number

Appendix A

This section provides tables, which give the number of cycles and paths contained in me-
ander graphs induced by the compositions of type T and © described in Theorems 12 and 13.
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Table A1. Number of cycles and paths in the meander induced by compositions of type T° of n.

" % Cycles Paths
14 253 4 2
22 123930 8 2
32 123951435 12 4
4 s 18 4
58 13330077 24 6
74 i3IS 32 6
92 1T 75555 40 8
112 33330677 88991010 50 8
134 ST 7899 T TT 60 10
158 R SRR P 2T SIS TR RTR TR 72 10
184 42,2334,455,6,6,77.8,899,10,10,11,11,12,12,13,13 84 12

123234455,6,6,778899,10,10,11,11,12,12,13,13

Table A2. Number of cycles and paths in the meander induced by compositions of type O of n.

n % Cycles Paths
3,55,13,13
39 3513513 9 5
3,5,5,13,13,25,25
89 3,5.15,5.13.25.25 33 7
3,5,5,13,13,25,25 AL AL
171 305.15,5,13.25.254T4T 73 9
3,5,5,13,13,25,25,41 41,6 161
293 3.5.13,5.13,25,25 ATAL6161 133 11
3,5,5,13,13,25,25 41 41,61,61,85,85
463 3,5.13,5.13.25,25 A1 4161618585 217 13
3,5,5,13,13,25,25,41 41,61,61,85,85,113,113
689 3.5.13,5.13,25,25, AT 416 1.6 185,85, 113,113 329 15
3,55,13,13,25,25,41,41,61,61,85,85,113,113,145,145
979 35.13,513.25, 25 AT 4161618585 113,113.145,145 473 17
3,5,5,13,13,25,25 41 41,61,61,85,85,113,113,145,145,181,181
1341 35.15,5.13,25,25 AL AT 61,61.85,85,113,113,145,145.181.181 653 19
1783 3,5,5,13,13,25,25, 41, 41,61,61,85,85,113,113,145,145,181, 181,221,221 873 7
3,5.13,5,13,25,25, A1 416 1.61.85,85,113.113.145,145. 181 181.221.221
2313 3,55,13,13,25,25,41,41,61,61,85,85,113,113,145,145,181,181,221 221,265,265 1137 I
3.5.13,513,25,25 ALAL616 18585 113,113,145, 145,181, 181.221,221.265,265

2939 3,5,5,13,13,25,25,41,41,61,61,85,85,113,113,145,145,181,181,221,221,265,265,313,313 1449 5

3,5,13,5,13,25,25,41,41,61,61,85,85,113,113,145,145,181,181,221,221,265,265,313,313
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