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Abstract

:

There are few examples of mechanical coupling solutions for the transmission of high torques between two rotating shafts that have non-coplanar, non-parallel axes. Based on the structural analysis, the paper proposes a solution for an RP1PR-type symmetrical coupling. The Hartenberg–Denavit methodology is not applicable for performing the kinematical analysis, hence the solution starts from the geometrical condition of the creation of planar pairs of the mechanism, expressed in vector form. The absolute motion of all elements of the mechanism’s structure can be expressed after developing the kinematical analysis. The theoretical results are validated via numerical analysis. By comparing the analytical results with the CATIA-modeled results, excellent compatibility is obtained. We also propose a constructive solution for the newly designed coupling mechanism.
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1. Introduction


One of the main tasks of the Theory of Machines and Mechanisms is the transmission of rotational motion between two fixed axes. The problem arose even from the first machines, which had complex requirements while the driving possibilities were limited, as is still the case [1,2]. A mobile assembly is actuated for most cases by rotational engines—cc, dc, or internal combustion engine—when the driving element has a rotational motion, and by free piston linear engine when a translational motion is needed. Obviously, the motion of the final element depends on the construction of the kinematical chain interposed between the driving and driven elements. The designer is responsible for choosing amongst possible solutions the one that best runs the transmission [3]. From these criteria, one can mention a kinematical criterion [4,5], which imposes a certain law of motion for the driven element, constructive simplicity [6,7,8], high efficiency, low production costs, high accuracy [9,10], etc. However, the higher the number of imposed criteria, the fewer possibilities of completely fulfilling them. Therefore, a prioritization of criteria is necessary for choosing the final solution [11]. The solution can either be adapted to the actual necessities, or a completely new one must be found. The latter case requires comprehensive study and research work since a new solution should be original and comparable or superior to the existing ones from the point of view of fulfilling the imposed criteria.



The present paper proposes a new coupling mechanism with high reliability and an original method for the kinematical analysis, based on a geometrical condition concerning the creation of planar pairs.



The kinematics analysis of a spatial mechanism can be completed by the general methodology proposed by Hartenberg and Denavit [12], known as the “the method of homogenous operators”, which is appropriate for spatial bar mechanisms having in their structure only cylindrical pairs, or particular cases of cylindrical pairs: revolute pair, prismatic pair, or helical pair [13]. The method is based on the relations of transformation of a point’s coordinates when the reference system is changed and expresses the condition of closure of the mechanism’s kinematic chain in matrix form—using square type 4 × 4 matrices. For the situations when other than cylindrical pairs occur in the structure of the mechanisms, the method proposed by Hartenberg and Denavit can be applied after each of the non-cylindrical joints is replaced by a kinematical chain that has in its structure only cylindrical pairs [14,15].



Fisher presents solutions for substituting the spherical joints by an assembly of three revolute pairs with concurrent and reciprocally perpendicular axes [16]. Fisher also proposes the replacement of a planar joint by an assembly of two prismatic joints with perpendicular axes and a revolute joint with the axis normal to the plane defined by the revolute pairs. In [17] there is presented a methodology of replacing a class 1 pair with a mechanism consisting of two shafts with direct contact and crossed directions. Generally, when applying the Hartenberg and Denavit method, this produces complicated systems of trigonometrical equations that can rarely be solved analytically. One of the difficulties met in the positional solutioning of a spatial mechanism is the fact that the system of trigonometrical equations obtained presents multiple solutions—solutions corresponding to all assembling possibilities of the mechanism when the values of the driving element’s position parameters are stipulated.



Another aspect that complicates solving the positional analysis of a spatial mechanism is the structure of a homogenous operator’s matrix. This matrix has a structure that contains the rotational matrix, which describes the position of the new system of coordinates with respect to the initial one, and the displacement vector corresponding to the translation of the old origin into the new position. Two displacements are identical when the matrices corresponding to the homogenous operators correlated to the two displacements are identical [12]. The identification of the elements of displacement vectors produces three scalar equations and the identification of the rotation matrices gives nine scalar equations from which only three are independent. These three independent equations are recognized by deconstructing the rotation matrix into symmetric and antisymmetric matrices [18], followed by finding the versor of the rotation axis and the rotation angle. At this stage the conditions of equality of rotations can be imposed, specifically the axis parallelism, resulting in two scalar equations, and the equality of the rotation angles, which results in the third scalar equation.



Lastly, six scalar trigonometrical equations result from the condition that two displacements are identical. From here, the conclusion is that the simplest spatial mechanism with mobility   M = 1  , which has the kinematic completely determined by the conditions developed from the contour closure condition, has the position described by six scalar parameters. Uicker et al. [19] developed a numerical methodology that considers a constrained system of 12 scalar equations obtained by equalling all components of the displacement vectors and rotation matrices. The procedure is iterative, rapidly converging, and finally offering the position parameters of the mechanism of single-contour mechanism. The fact that the numerical methodology is appropriate to an over-constrained system of equations leads to the idea of applying it to over-constrained mechanisms. In the literature, there are presented the kinematical solutions for the Bricard mechanism   M = 0   [12,20], and Benett mechanism   M = − 2   [12]. In the case where the mechanism contains numerous contours whose positions cannot be described by six scalar parameters, the equations resulting from the closing matrix equations of some loops will be considered until the number of obtained scalar equations will equal the number of scalar parameters of position of all the considered kinematical chains.



There are numerous types of couplings in technical applications [1,14,21,22,23,24,25], but the couplings with crossed axes of high reliability and that transmit important torques are rather infrequent. The present paper proposes a new coupling mechanism of an RP1PR type, an original method for the kinematics analysis, and the design of the corresponding constructive solution.




2. Structural Considerations


Figure 1 shows two shafts with crossed axes and the coupling intermediate kinematic chain consisting of  m  elements and    c k  , k = 1 ÷ 5   kinematic pairs of class k. The two shafts are joined to the ground by revolute pairs    c 5   . The transmission has a unique driving element, 1 and that means that the mobility of the transmission should be   M = 1  . The formula for the calculus of the mobility degree of spatial mechanisms [21] is:


  M = 6  (  n − 1  )  −   ∑   k = 1  5  k ⋅  c k   



(1)







Applying the relation (1) for the particular case from Figure 1 gives:


  1 = 6  (  3 + m − 1  )  −   ∑   k = 1  5  k ⋅  c k  − 2 ⋅ 5  



(2)




where    ∑  k = 1  5  k ⋅  c k    represents the number of degrees of freedom nulled by the coupling kinematic chain composed of m elements.



The final relation is:


    ∑   k = 1  5  k ⋅  c k  = 6 m + 1  



(3)







Equation (3) allows for finding the number of elements and kinematic joints from the structure of the coupling chain. The simplest coupling solution corresponds to   m = 0  , that is direct coupling of the two shafts. For   m = 0   Equation (3) has one solution:


   c 1  = 1 ,    c k  = 0 ,    k ≥ 2  



(4)




which shows that between the two shafts a pair of    c 1    class (direct point contact) must exist. The concrete form can be the contact between two surfaces (gear mechanisms with crossed axes [26,27] or spatial cam mechanisms [28]), two curves [29], the contact between a surface and a point, point-curve contact, or curve-surface contact [30]. The above enumeration demonstrates that even for the simplest case of direct transmission, the constructive solutions are numerous. The advantage of this structural solution is its constructive simplicity. While the main drawback can be considered to be the high contact stresses from the contact pair between the two elements [31,32,33,34]. The next structural solution,   m = 1  , with a single intermediate element, gives the relation:


    ∑   k = 1  5  k ⋅  c k  = 7  



(5)







There are multiple structural solutions since the kinematic coupling chain can contain any type of kinematic pair. In [35] it is presented the constructive solution:


   c 1  = 0 ,    c 2  = 2 ,    c 3  = 1  



(6)







Next, a new solution is presented, where the coupling consists of revolute–planar–contact  –  c 1   –planar–revolute (acronym RP1PR) joints. Possible pairs that can be used in the structure of the mechanism are:




	
the sphere–plane joint, (class 1 pair), with a unique representation, a ball on a plate (Figure 2a);



	
the planar class 3 pair, represented in Figure 2b;








	
another class 3 pair could be the spherical joint, Figure 3a.
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Figure 3. Constructive solution for spherical pairs: (a) spherical pair; (b) spherical pair with pin. 






Figure 3. Constructive solution for spherical pairs: (a) spherical pair; (b) spherical pair with pin.
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Therefore, an alternate mechanism (to our proposed RP1PR) is RS1SR, that is, to use spherical joints (Figure 3a). In this case, the first significant problem that arises concerns a passive motion of the intermediate element about the axis passing through the centers of spheres. To eliminate this passive motion, one of the spherical joints must be replaced by a joint of finger-sphere type of class 4 (Figure 3b). From the figures representing the planar and spherical joints, it is obvious that the class 3, planar joint is preferable. In the case of a spherical pair, the constructive solution is more complex from a manufacturing point of view [36,37] because the planar pair consists of plane surfaces obtained by high machining conditions, compared to the spherical surfaces, (especially inner spherical surfaces) which are difficult to obtain technologically.



From a functional perspective, the planar pair is also desirable because it presents the advantage that the three allowed motions (two translations and one rotation) are not limited, while, for the spherical joint, (three rotations allowed) there are imposed some constructive restrictions and locking of the mechanism may occur.



2.1. Proposed Solution


One of the possible solutions that verify the relation (5) corresponds to the case when the intermediate element makes with the rest of the elements two planar pairs of class 3 and a pair of class 1 (RP1PR). The principle scheme for designing the mechanism is presented in Figure 4a, and the kinematic diagram of the mechanism is shown in Figure 4b. The middle element consists of the planes    P ′    and    P ″    fixed together, having a dihedral angle of  π  and B the point from the intersection line. Driving shaft 1 and driven shaft 2 have the planes    P 1    and    P 2    attached respectively and    P 0    is the plane fixed to the ground. The mechanism is created when the coincidence between the planes    P 1    −    P ′   , and    P 2  −  P ″    respectively is ensured and the point B is obliged to lay in the plane    P 0   .



The elements of the mechanism are shown in Figure 4b, represented according to international standards [38]: the ground 0, the driving element 1, the driven (exit) element 2, and the intermediate element 3. The joints of the mechanism are: two revolute pairs R (first, between the ground and the driving element and the second, between the driven element and the ground), two planar pairs P (between the driving element and the intermediate element and, between the intermediate element and the driven element, respectively), and 1, a class 1 pair (point contact between the middle element and the ground). The succession of the pairs is the origin of the abbreviation of the name of the mechanism: RP1PR. We must mention that in the literature [1,39], only nine possible structural solutions for spatial mechanisms with intermediate elements are presented. The proposed RP1PR coupling is an entirely new solution.



The kinematic analysis of the mechanism requires finding the motion from the pairs of the mechanism. A convenient method consists in equivalating the planar joints with an assembly of two prismatic pairs with perpendicular axes and a revolute pair with the axis normal to the prismatic pairs and then replacing the class 1 pair with a series Oldham coupling–Cardan coupling [21]. The Hartenberg–Denavit method could be applied to the obtained mechanism. The disadvantage of the kinematic solution resides in a great number of elements and kinematic pairs of the substituting mechanism.



The graph of the mechanism is presented in Figure 5 and it contains two independent contours:   0 − 1 − 3 − 0   and   0 − 2 − 3 − 0  . The position of the first contour is defined by   3 + 5 = 8   scalar parameters and the position of the second is described by   3 + 5 + 1 = 9   scalar parameters.



Thus, we conclude that neither of the two contours can be analyzed independently, through the six scalar equations obtained from the condition of the closed kinematic chain. Instead, considering the two contours simultaneously, for obtaining the complete stipulation of the positions, there are required   3 + 5 + 3 + 1 = 12   scalar parameters that can be unequivocally found from the 12 scalar equations of closure of the two loops. As mentioned above, solving the system of 12 trigonometrical equations will encounter difficulties. Therefore, a method where the conditions of forming the joints of the mechanism are directly used is preferred to the classical Hartenberg–Denavit method.



Several coordinate systems are used for solving the problem, as shown in Figure 6. The coordinate system of the ground, with the   O x   axis as common normal for the axes of the two shafts. The origin  O  of the fixed system is in the middle of the common normal    A 1   A 2   . The axes of the two shafts make two planes with the common normal, and their bisecting plane is   O x z  . The distance between the axes of the shafts is   2 a   and the angle between them is   π − 2 α  . The axis   O y   is in completion for the tri-orthogonal right reference system.



To each of the two shafts, a mobile coordinate system is attached, with the   O z   axis in coincidence with the axis of the shaft, with the origin in the foot of the common normal. The plane    A 1   x 1   y 1    is the plane with the normal    n 1    that contains the point    A 1    and the plane    A 2   x 2   y 2    is the plane with the normal    n 2    that contains the point    A 2  .   The plane    P 0   , of normal    n 0    in which the point  B  is obliged to move, is considered to be a plane containing the common normal of the axes    z 1    and    z 2    of the two shafts, and making the angle  β  with the axis   O y  . This position was chosen in order to obtain simpler relations. Obviously, a generic position can be chosen for the plane    (   P 0   )    and the methodology for finding the solution is the same, but only with increased amounts of calculus. The positions of the two shafts will be stipulated by the angles    θ 1    and    θ 2    made by the axes    A 1   x 1    and    A 2   x 2    respectively ,   with the   O x   axis.



The creation of planar joints imposes the next geometrical conditions:




	
the planes    (   P 1   )    and    (   P 2   )    should be perpendicular:










   n 1  ·  n 2  = 0  



(7)








	
the point  B  belongs to the plane    (   P 1   )   :










   n 1  ⋅  (   r B  −  r   A 1     )  = 0  



(8)








	
the point  B  belongs to the plane    (   P 2   )   :










   n 2  ⋅  (   r B  −  r   A 2     )  = 0  



(9)







The creation of the contact between the sphere and the plane requires:




	
the point  B  belongs to the plane    (   P 0   )   :










   n 0  ⋅  (   r B  −  r O   )  = 0  



(10)




where    r B   ,    r   A 1     ,    r   A 2    ,      r O    are the position vectors of the points  B ,    A 1   ,    A 2   , and  O  respectively.



For the proposed RP1PR mechanism, the relations (7)–(10) are needed and all vectors must be expressed in the same frame. The coordinate system of the ground is chosen for this purpose. The notation    v   ( k )      will be subsequently used to specify the coordinate system, other than the fixed one, where the Cartesian components of the vector  v  are stipulated. For a simplified notation, the lack of exponent indicates that the  v  vector is outlined by the Cartesian projections on the axes of the fixed system (of the ground)   O x y z  .



The transformation relations [12] are used for expressing the coordinate transformations for a point when changing the coordinate system. Thus, the matrix describing the transformation from the frame   “ k ”   to the frame   “ k + 1 ”   is:


   T  k , k + 1   = Z  (   θ k  ,  s k   )  X  (   α  k , k + 1   ,  a  k , k + 1    )   



(11)




where   Z  (  θ , s  )    is the matrix describing the roto-translation with respect to the axis of motion   O z   by a rotation of   θ   angle and a translation of  s  distance:


  Z  (  θ , s  )  =  [          c o s θ     − s i n θ       s i n θ     c o s θ            0   0     0   0             0   0     0   0           1   s     0   1         ]   



(12)







The roto-translation with respect to   O x ,   the common normal of two axes of motion from the same element is   X  (  α , a  )   :


  X  (  α , a  )  =  [         1   0     0    c o s α            0   a      − s i n α    0             0    s i n α      0   0            c o s α    0     0   1         ]   



(13)







By choosing the position of the frames attached to the elements of the kinematic chain where only cylindrical pairs exist, the relative position between two frames could be described by only four scalar parameters,   θ , s , α   and  α  (named D-H parameters) instead of six scalar parameters required by the general case.



To bring a system   “ k ”   over the system   “ k + 1 ”  , the matrix    T  k , k + 1     is required:


   T  k , k + 1   =  [           R  k , k + 1      (  3 × 3  )     _           d  k , k + 1      (  3 × 1  )     _            [ 0    0    0 ]        1     ]   



(14)







   R  k , k + 1     is an orthogonal matrix with columns elements as the projections of the versors of the frame   “ k + 1 ”   on the axes of the frame   “ k ”  , and the matrix    d  k , k + 1     contains the components of the displacement vector of the origin of frame   “ k ”   for the superposition with the origin of the   “ k + 1 ”   system of coordinates.



Applying the above relations:


   T  01   = X  (   π 2  − α , a  )  Z  (   θ 1  , 0  )  =  [          c o s  θ 1      − s i n  θ 1        s i n α   s i n  θ 1      s i n α   c o s  θ 1             0   a      − c o s α    0              c o s α   s i n  θ 1      c o s α   c o s  θ 1       0   0            s i n α    0     0   1         ]   



(15)







But    n 1 1  ≡  j 1 1  =  [     0   1   0     ]    and this gives:


   n 1 0  =  T  01    n 1 1  =    [      − s i n  θ 1      sin α c o s  θ 1      c o s α c o s  θ 1       ]   T   



(16)







Similarly:


   n 2 0  =  T  02    n 2 2  =    [      − s i n  θ 2      sin α c o s  θ 2      − c o s α c o s  θ 2       ]   T   



(17)




where:


   T  02   = X  (  − π / 2 + α , a  )  Z  (   θ 2  , 0  )  =  [          c o s  θ 2      − s i n  θ 2        s i n α   s i n  θ 2      s i n α   c o s  θ 2             0    − a       c o s α    0              − c o s α   s i n  θ 2      − c o s α   c o s  θ 2       0   0            s i n α    0     0   1         ]   



(18)







The versor is:


   n 2 2  =  j 2 2  =  [     0   1   0     ]   



(19)








2.2. Finding the Motion of the Driven Element


Now, having the components of the normal to the two planes expressed in the coordinate system of the ground, the condition (7) is imposed and leads to the equation:


  s i n  θ 1    s i n  θ 2  + c o s  θ 1    c o s  θ 2  − 2   cos  2  α   c o s  θ 1    c o s  θ 2  = 0  



(20)




where the unknown is    θ 2   . The solution to this equation is:


     θ ′   2   (   θ 1   )  = a t a n ( cos 2 α / t a n  θ 1  )  



(21)







The use of the inverse trigonometrical function of a single argument   a t a n ( x )   may generate errors due to the length of the codomain  π . For this reason, it is preferred that the results of trigonometrical equations are expressed by inverse trigonometrical functions of two variables [40] like   a t a n 2 ( x , y )   with codomain    [  0 , 2 π  ]   ,   a n g l e ( x , y )   with codomain    [  0 , 2 π  ]    or   arg ( x + i y )   [41], of codomain    [  − π , π  ]   :


   θ 2   (   θ 1   )  = a n g l e ( c o s 2 α / t a n  θ 1  )  



(22)







Figure 7 compares the variations of the position angle of the driven element,     θ 2    as a function of the angle of the driving element    θ 1   , found with Equations (21) and (22). It can be seen that the plot corresponding to relation (21) presents a jump of   2 π   which means that, in fact, the driven element is in the same position, but the plot corresponding to relation (21) presents at the middle of the interval a jump of value  π  which takes the driven element in an opposite position, which doesn’t correspond to physical reality.



Thus, the application of an inverse trigonometric function of a single argument in describing the position of the driven element can lead to erroneous conclusions, as shown in Figure 7. At the interval    [  0 , π  ]    the two relations give the same position of the driven element while on the domain    [  0 , π  ]    between the two positions there is a delay of  π . The fact that the correct solution is the one given by the use of an inverse trigonometric function of two arguments will be justified in a subsequent section, by comparing the analytical results with the ones obtained using kinematic analysis software. The negative values of the transmission ratio show that when element 1 rotates in the positive direction of the axis    z 1   , driven element 2 performs a rotation in the negative direction of the axis    z 2   . Applying the derivative with respect to time (chain rule) of the relation (21) (or (22)), the transmission ratio of the mechanism can be obtained:


   i  1 , 2   = −   cos 2 α   1 −   cos  2   θ 1      sin  2  2 α    



(23)




and is represented in Figure 8; it can be seen that the absolute value of the transmission ratio varies within the range    [  cos ( 2 α  )  , 1 / cos 2 α ]  .




2.3. Establishing the Trajectory of the Contact Point from the Support Plane


In order to express the conditions (8)–(10), we note: (8)–(10)


   n 0  =    [     0    − cos β     sin β      ]   T   



(24)






   r   A 1    =    [     a   0   0     ]   T   



(25)






   r   A 2    =    [  −    a   0   0     ]   T   



(26)






   r O  =    [     0   0   0     ]   T   



(27)







By imposing the conditions (8)–(10), a system of three equations results, where the unknowns are the coordinates of the point  B :


   {      −  y B  cos β +  z B  sin β = 0       −  x B    s i n  θ 1  + a ⋅ s i n  θ 1  +  y 0    sin α   c o s  θ 1  +  z B    cos α   c o s  θ 1  = 0       −  x B    s i n  θ 1  − a ⋅ s i n  θ 2  +  y B    sin α   c o s  θ 2  −  z B    cos α   c o s  θ 1  = 0        



(28)







The solutions of the system are the parametric coordinates of the point  B :


          x   B   = − a   cos  (  α − β )    cos 2     θ 1    cos 2 α − cos ( α + β )  sin 2   θ 1    cos ( α − β )  cos 2   θ 1  cos 2 α + cos ( α + β )  sin 2   θ 1           y B  = − a   2 sin  θ 1  sin  θ 2  sin β   cos ( α − β ) cos  θ 1  sin  θ 2  + cos ( α + β ) sin  θ 1  cos  θ 2           z B  = − a   2 sin  θ 1  sin  θ 2  cos β   cos ( α − β ) cos  θ 1  sin  θ 2  + cos ( α + β ) sin  θ 1  cos  θ 2           



(29)







Squaring the equations of the system (29) and adding them member by member gives:


   x B 2  +  y B 2  +  z B 2  =  a 2   



(30)




which represents the equation of a sphere of radius  a  and with the center in the origin  O  of the fixed system. In conclusion, the trajectory of the support point  B  is a circle of radius  a , with the center in origin and placed in the support plane    (   P 0   )   . The velocity of motion the point  B  on the circular trajectory is constant, given by:


   v B  /  ω 1  = 2 a  



(31)








2.4. Finding the Motion from the Planar Joint between the Driving and Intermediate Elements


In order to specify the motion from the planar pair between elements 1 and 3, it is required to describe the position of a point from element 3 with respect to element 1 and of the position of the axes of frame 3 with respect to frame 1. The coordinates of the point  B  from frame 3 in frame 1 are obtained using the relation:


   r B   ( 1 )    =  T  13    r B   ( 3 )     



(32)




where


   T  13   =  [           i 3  ·  i 1       j 3  ·  i 1         i 3  ·  j 1       j 3  ·  j 1               k 3  ·  i 1       (   r B  −  r   A 1     )  ·  i 1         k 3  ·  j 1       (   r B  −  r   A 1     )  ·  j 1                 i 3  ·  k 1       j 3  ·  k 1       0   0             k 3  ·  k 1       (   r B  −  r   A 1     )  ·  k 1       0   1         ]   



(33)




In relation (33), all vectors are represented by the projections on the axes of the fixed system   O x y z   by the relations:


   i 3  =  [      − s i n  θ 1        sin α   c o s  θ 1        cos α   c o s  θ 1       ]  ,    j 3  =  [      − s i n  θ 1        sin α   c o s  θ 2        cos α   c o s  θ 2       ]  ,    k 3  =  i 3  ×  j 3   



(34)






   i 1  =  [      − c o s  θ 1        sin α   c o s  θ 1        cos α   c o s  θ 1       ]  ,    j 1  =  [      − s i n  θ 1        sin α   c o s  θ 1        cos α   c o s  θ 1       ]  ,    k 1  =  [     0      − cos α       sin α      ]   



(35)







Relations (34) and (35) are obtained based on the physical meaning of the components of homogenous operators from relations (15) and (19). The components of the vectors    r B    and    r A    1    are given by Equations (28) and (25). The coordinate systems 1 and 3 have common axes    i 3    and    j 1   , respectively. Consequently, the relative motion of system 3 with respect to system 1 is a plane-parallel motion fully specified by the motion of the point  B  in the plane    A 1   x 1   z 1    and by the rotation angle of the axis    i 3    or of axis    k 3    with respect to axes    A 1   x 1    and    A 1   z 1   . Therefore:


   r B 1  =  T  13    r B   =  T  13   [        0   0           0   1    ]      



(36)







After the calculus from relation (36) is made, the next relation is obtained:


   r B 1  =  [           x B 1         y B 1                 z B 1       1         ]  =  [           (   r B  −  r A   )  ·  i 1         (   r B  −  r A   )  ·  j 1                 (   r B  −  r A   )  ·  k 1       1         ]   



(37)







By direct calculus, it can be shown that of the three components only the component from the axis    A 1   x 1    is non-zero. It represents the displacement of point B along the straight-line trajectory, represented in Figure 9. By differentiating with respect to time, the velocity of point B results, as shown in Figure 10.



For the rotation between the plane   B  x 3   z 3    with respect to the plane    A 1   x 1   z 1    about the common normal    j 3  ≡  j 1   , the following relation is applied:


   θ  31    (   θ 1   )  = a n g l e  [   k 3  ⋅  k 1  ,  k 3  ⋅  i 1   ]   



(38)







The variation in this rotation is represented in Figure 11. The Equation (38) is derived numerically with respect to time to obtain the expression of the reduced angular velocity    ω  31    (   θ 1   )  /  ω 1    of the intermediate element with respect to the driving element. The variation in the angular velocity    ω  31    (   θ 1   )    is presented in Figure 12.



When the velocity of a point  B  from the intermediate element 3 is known with respect to the driving element 1 and the angular velocity    ω  31     of the intermediate element with respect to the driving element, using the Euler relation one can find the velocity of any point of element 3 with respect to the driving element:


   v M  =  v B  +  ω  31   ×   B M  ¯   



(39)








2.5. Establishing the Relative Motion between the Intermediate and Driven Elements


Similarly, the coordinates of point  B  from system 3 are expressed in frame 2 by the relation:


   r B   ( 2 )    =  T  23    r B   ( 3 )     



(40)




where


   T  23   =  [           i 3  ·  i 2       j 3  ·  i 2         i 3  ·  j 2       j 3  ·  j 2               k 3  ·  i 2       (   r B  −  r   A 2     )  ·  i 2         k 3  ·  j 2       (   r B  −  r   A 2     )  ·  j 2                 i 3  ·  k 2       j 3  ·  k 2       0   0             k 3  ·  k 2       (   r B  −  r   A 2     )  ·  k 2       0   1         ]   



(41)







And


   i 2  =  [      c o s  θ 2        sin α   s i n  θ 2        − cos α   s i n  θ 2       ]  ,    j 2  =  [      − s i n  θ 2        sin α   c o s  θ 2        − cos α   c o s  θ 2       ]  ,    k 2  =  [     0      cos α       sin α      ]   



(42)






   i 3  =  [      − s i n  θ 1        sin α   c o s  θ 1        cos α   c o s  θ 1       ]  ,    j 3  =  [      − s i n  θ 2        sin α   c o s  θ 2        cos α   c o s  θ 2       ]  ,    k 3  =  i 3  ×  j 3   



(43)







This relation (43) is written based on Equation (18). Comparing relation (43) with relation (34), one can see that the systems    A 2   x 2   y 2   z 2    and   B  x 3   y 3   z 3    have coinciding axes    j 2    and    j 3    and as a consequence, the relative motion between these systems can be fully described by the motion of point  B  in plane    A 2   x 2   z 2    and by the rotation of one of the axes   B  x 3    or   B  z 3    with respect to the axes of    A 2   x 2   z 2   .



The trajectory of the point  B  in plane    A 2   x 2   z 2    is found using the relation:


   r B 2  =  [           x B 2         y B 2                 z B 2       1         ]   T  23    r B  =  T  13    [         0   0           0   1         ]   



(44)







After calculus is made in relation (44), one can observe that:


   y B 2   (   θ 1   )  ≡ 0  



(45)







The physical meaning of relation (45) is that point B performs a planar trajectory relative to the driven element, as shown in Figure 13.



The trajectory described by point  B  in the plane    A 2   x 2   z 2    is plotted in Figure 14 and its shape resembles a lemniscate enclosed by a   4 a × a   rectangle.



In order to obtain the rotation motion of the intermediate element with respect to the final element, the next relation is applied:


   θ  32    (   θ 1   )  = a n g l e  [   k 3  ⋅  k 2  ,  k 3  ⋅  i 2   ]   



(46)







The variation in this rotation for a complete rotation of the driving element is given in Figure 15. The time derivative of relation (46) leads to the expression of reduced relative angular velocity    ω  32    (   θ 1   )  /  ω 1   , whose variation is presented in Figure 16. From Figure 12 and Figure 16, it can be seen that for a complete rotation of the driving element, both angular velocities    ω  31     and    ω  32     present sign changes attesting that the intermediate element performs oscillatory motions, both with respect to the driving element and the driven element, respectively.



As mentioned previously, there are few references in the literature concerning planar joints. A significant example is given in [16] where the planar joint is modeled using a different method, namely the dual matrix method. However, in fact, this methodology transposes in dual form the condition that the planar pair is equivalated to a succession of prismatic–prismatic–revolute joints, and the H-D method is recovered.





3. Corroboration of Theoretical Results with a Numerical Simulation


3.1. Design of the Basic Mechanism


In order to validate the analytical results obtained above, the simplified mechanism was modeled in CATIA software. Specifically, the elements were modeled using the Wireframe and Surface Design modules, and then, the Assembly module was used for the assembly of the device, and the animation was performed in the DMU Kinematics module. The result is presented in Figure 17, where the circular trajectory of point  B  in the support plane and the trajectories of points from two segments belonging to the intermediate element, parallel to coordinate axes, are shown. In Figure 18 and Figure 19 the trajectories of segments    Δ  31     and    Δ  32     are detailed and also compared to the analytical results, obtained in Mathcad, following the relations (33) and (41), respectively. An excellent quantitative concordance is attained from the comparison.




3.2. The Constructive Solution of the Proposed Coupling


To realize the transmission, the elements of the mechanisms should be designed to ensure the creation of the five kinematic pairs: revolute pairs, planar pairs, and the class 1 pair (the support between the intermediate element and the ground). The revolute pairs through which the first element and the final element are linked to the ground are straightforward to produce by mounting radial bearings on the surfaces    A 1    and    A 2    of the two elements. In Figure 20, the main components of the driving and driven elements are the two identical parts 1 and 2. In the bodies of these parts, two parallelepipedal channels are manufactured, with walls rigorously parallel to the axes of rotation of the parts. The main part of intermediate element 3 is crown 3 on which frontal faces are two parallelepipedal wedges 3b1 and 3b2, with the planes of symmetry reciprocally perpendicular. These wedges have the same width, theoretically identical to the width of the parallelepipedal channels from parts 1 and 2. By introducing the wedges 3b1 and 3b2 in the corresponding channels of parts 1 and 2, the two sliding fits are formed, realizing the planar pairs required by the structure of the mechanism. For achieving the pair of class 1, the major impediments are the revolute motions of elements 1 and 2 with respect to the ground. While rotating about the axes of the entrance and exit of the mechanism, respectively, these parts will generate the working spaces of the two elements. The presence of other parts in these working spaces could generate interference, and result in the locking of the mechanism. The proposed constructive solution is based on the fact that the points from the axes of rotation of elements 1 and 2 are fixed and can be considered as belonging to the ground. Additionally, as can be observed in Figure 20, the points inside any cylindrical hole coaxial to one of the two parts may be considered fixed points belonging to the ground. This explains the presence of the cylindrical plungers 1a and 1b, coaxial to the entering and exiting elements respectively, and having at one end a turntable. It is proposed that the pair of class 1 is created between the frontal surfaces of the turntables and the spherical surface 3a of the central body of the intermediate element 3, Figure 21. Obviously, the two contacts would conduct to a degree of mobility of the mechanism   M = 0  . Hence, the conclusion is that the center of sphere 3a must keep the same distance only with respect to one of the turntables.



In Figure 20 the position of the turntable is fixed with the aid of rigid sleeve 1b of a length adequate to maintain the center of the sphere at the desired distance with respect to the body of part 1. Two screw nuts 1c block the plunger in the required position. For element 2, the rigid sleeve is replaced by helical spring 2b (Figure 21b), which, acting on the plunger 2a, will permit the axial displacement of the plunger with respect to the body of part 2. Thus, the class 1 pair is formed between spherical part 3a and the frontal surface of plunger 1a. An adequate running of the mechanism imposes the existence of the class 1 pair at any time. This requirement dictates that spring 2b is mounted with a minimum interference fit, made with screw nuts 2c. The screw nut tightening force can be obtained from dynamic analysis of the cam mechanism formed by the driving element 3a, the cam, and the follower realized by the plunger 2b.



The contact between spherical surface 3a and the frontal faces of plungers 1a and 2a are point Hertzian contacts, where important contact stresses occur that can lead to the rapid deterioration of the contacting surfaces, having as an immediate effect the improper running of the mechanism. This drawback can be mitigated as shown in [42], by introducing a shoe-type part between spherical surface 3a and the frontal face of plunger 1a, as shown in Figure 22.



By introducing the supplementary part between spherical surface 3a and plane surfaces 1a and 3a, all the pairs of the mechanism become lower pairs, having extremely high wear resistance. From the point of view of efficiency, the revolute pair, by which the driving and driven elements are joined to the ground, the employment of roller bearings is a solution. The friction from the higher pair can be decreased by manufacturing shoe part 4a from an antifriction material like graphite-filled bronze and through appropriate lubrication. Regarding the planar pairs, there is no technical solution for replacing the sliding friction with rolling friction. Similar to the case of higher pair, the diminishing of friction wear can be achieved by using antifriction pairs of materials like steel-bronze, PTFE (Teflon)-steel, etc.



The proposed coupling should be further improved because spatial couplings with crossed axes are quite rare, such as the patent of Segreti [43].





4. Discussions


The proposed coupling mechanism is entirely new among the spatial couplings transmitting the rotation motion between two shafts. The structural solution of the coupling resulted from the condition of transmission of rotation motion between two shafts, one driving and one driven, through an intermediate element. Within the practical solutions, a symmetrical structure of type RP1PR was the chosen option, such as the middle element completing a planar joint to each shaft and a class 1 pair with the ground. The choice of planar joints is based on the constructive straightforwardness and high reliability of these types of pairs. The existence of the class 1 pair between the intermediate element and the ground was imposed by the requirement that the degree of mobility of the mechanism is   M = 1  . To create the class 1 pair, it was required that the axis points of the two shafts are fixed and consequently can be considered as belonging to the ground. A stationary plane was fixed to one of the shafts, on which a spherical surface attached to the driving element is supported. Thus, the condition is met that the center of the spherical surface is permanently in a fixed plane attached to the ground and normal to the axis of the shafts (here, the driving shaft). A solution for diminishing the contact stresses from the sphere-plane concentrated point contact is presented, by placing a part between the spherical and plane surfaces, specially designed to replace the class 1 pair with two lower pairs of class 3: a spherical pair and a planar pair. The kinematic analysis of the planar pair requires obtaining the motions from planar joints, the relative trajectory of a point, and the angular velocity normal to the contacting surfaces. With these elements known, the absolute motion of any element of the transmission can then be expressed. The classical H-D methodology cannot be applied directly. It is shown that the method assumes equivalating the mechanism to another mechanism having a structure composed only of cylindrical, prismatic, and/or revolute pairs. By applying this methodology, complex trigonometrical systems result that can be solved only by numerical methods. For this solving procedure, the initialization demands a set of values corresponding to values close to a possible assembly solution for the actual mechanism, which is an extremely difficult task. The geometrical conditions (expressed in vector form) of constructing the joints from the structure of the mechanism, were applied. The components of the vectors from the relations of condition were expressed via the method of homogenous operators.



The proposed mechanism was also modeled in silico in order to obtain a numerical solution to validate the analytical results, comparing:




	
the absolute trajectory of the center of the spherical surface of the intermediate element;



	
the relative trajectories of points belonging to two segments from the middle part with respect to the driving element and final element, respectively.








A very good agreement was observed.




5. Conclusions


This work presents a completely new constructive solution of mechanical coupling that permits the transmission of motion between two axes positioned at a random angle in space, containing the succession of revolute–planar–point contact–planar–revolute joints, abbreviated RP1PR.



The kinematical analysis of the mechanism requires finding the motion from the revolute pair of the driven shaft, the trajectory of the spherical surface’s center, and the motions from the planar pairs.



The well-known method of Hartenberg and Denavit cannot be applied directly to the mechanism due to the presence in the structure of the planar pair and of the class 1 pair.



In order to overcome these difficulties, the geometrical conditions of creating the pairs from the structure of the mechanism, expressed in vector form were utilized.



With the purpose of validating the resulting theoretical relations, a scheme of the mechanism was modeled in numerical simulation software.



The excellent concordance between analytical and numerical results confirms that the obtained relations are correct.



The constructive solution of the mechanism is presented in a section of the paper, detailing the conception of the kinematical pairs and ways of diminishing contact stresses and wear. Compared to other structural solutions containing non-H-D pairs (spherical joints), the solution is more robust, reliable, and simpler from a technological point of view and more economic. From a constructive perspective, if a spherical joint risks locking, here, the three permitted motions are not limited.



The analytical results that were obtained could be, for future research, the basis for studies on the optimization of dimensions, with the task of reducing wear and improving the efficiency of transmission.
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Figure 1. Transmission of rotation motion between two shafts with crossed axes through an intermediate chain. 
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Figure 2. Types of pairs involving the middle element: (a) sphere–plane pair; (b) planar pair. 
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Figure 4. Proposed mechanism (0—the ground; 1—the driving element; 2—the driven element; 3—the middle element): (a) principle schematics for designing the mechanism; (b) kinematic diagram. 
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Figure 5. The graph of the mechanism. 
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Figure 6. The coordinate systems and the kinematic and constructive parameters of the mechanism. 
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Figure 7. The rotation angle of the driven element. 
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Figure 8. Variation in the transmission ratio of the mechanism. 






Figure 8. Variation in the transmission ratio of the mechanism.



[image: Mathematics 11 02025 g008]







[image: Mathematics 11 02025 g009 550] 





Figure 9. Variation in the displacement of point B along the straight-line trajectory. 
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Figure 10. The velocity of point B along the straight-line trajectory. 
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Figure 11. The variation in the rotation angle    θ  31    (   θ 1   )   . 
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Figure 12. Variation in the angular velocity    ω  31    (   θ 1   )   . 
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Figure 13. Validation in the planar trajectory of point B with respect to the driven element. 
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Figure 14. Lemniscate-like trajectory of point  B  in the plane    A 2   x 2   z 2   . 
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Figure 15. Variation in the rotation of the intermediate element for a complete rotation of the driving element. 
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Figure 16. Variation in the reduced relative angular velocity for a complete rotation of the driving element. 
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Figure 17. Simplified model of the mechanism: trajectory of point B in the fixed plane (green circle); (1) is the plane of symmetry of driving element; (2) is the plane of symmetry of the driven element;    Δ  31     and    Δ  32     are segments attached to the elements (1) and (2) respectively. 
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Figure 18. Comparison between relative trajectories of a point situated on a segment of the intermediate element with respect to the driving element: (a) analytic trajectories–relations (33), of the points from the lines    Δ  31    ; (b) CATIA simulation. 
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Figure 19. Comparison between relative trajectories of a point situated on a segment    Δ  32     of the intermediate element with respect to the driven element (a) analytic trajectory obtained with the relations (41); (b) CATIA simulation. 
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Figure 20. Design of the proposed coupling. 
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Figure 21. The intermediate element: (a) design; (b) assembly for ensuring the contact from class 1 pair. 
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Figure 22. Solution for diminishing the contact stresses and the wear from the higher pair. 
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