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1. Introduction

Convex sets and convex mappings have contributed significantly and fundamentally
to the growth of numerous domains in the pure and practical sciences. Convexity theory
describes a wide range of extremely intriguing breakthroughs, including a connection
between many areas of mathematics, physics, economics, and engineering sciences. Convex
sets, and their numerous extensions and generalizations have been thought about and
investigated recently utilizing novel concepts and methodologies. The concept of invex
mappings was first introduced to mathematical programming by Hanson [1], and it sparked
a lot of interest. Ben-Israel and Mond [2] introduced invex sets and preinvex mappings.
They demonstrated that the differentiable preinvex mappings are invex mappings and that,
under some circumstances, the opposite is also true. Noor [3] showed that variational-
like inequalities describe the minimum of the differentiable preinvex mappings. See [4,5]
and the references therein for further information on preinvex mappings’ applications,
numerical techniques, variational-like inequalities, and other features. The log-convex
mappings are known to yield inequalities more precisely than the convex mappings do. We
also have the idea of exponentially convex (concave) mappings, which is closely related to
log—convex mappings and has its roots in Bernstein [6]. Exponentially preinvex mappings
and their variant forms were introduced, and many aspects of them were covered by Noor
and Noor [7,8]. Big data analysis, machine learning, statistics, and information theory all
heavily rely on exponentially convex mappings. See, for instance, the references in [9-13].

Recent research by Noor et al. [14] investigated the comparable formulation of log—
convex mappings and demonstrated that they have many of the same characteristics
as convex mappings. For instance, the mapping ex is not convex but is a log-convex
mapping. Log-convex mappings, which include hypergeometric mappings such as Gamma
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and Beta, are crucial in a number of fields of pure and practical sciences. Strongly log-
biconvex mappings were first discussed by Noor and Noor [15], who also looked at
their characterization. It is demonstrated that the bivariational inequalities are a novel
generalization of the variational inequalities that can be used to describe the optimality
conditions of the biconvex mappings.

One of the most well-known inequalities in the theory of convex mappings, the
Hermite-Hadamard inequality, was found by C. Hermite and J. Hadamard [16]. It has a
geometrical meaning and several applications.

One of the most beneficial findings in mathematical analysis is the H-H inequality. It
is also known as the classical equation of the H-H inequality.

The H-H inequality for convex mapping & : K — R on aninterval K = [g,¥]
v+ 1 /’V S(v) +6(g)
)< < 7 o) 1
6( > >_,V_gg6(x)dzc_ 2 , @)
for v, ¢ € K.

We point out that the Hermite-Hadamard inequality is a straightforward extension
of Jensen’s inequality and may be thought of as a refinement of the idea of convexity.
Recent years have seen a resurgence in interest in the Hermite-Hadamard inequality
for convex mappings, and a stunning array of improvements and generalizations have
been investigated.

Interval analysis is a subset of set-valued analysis, which is the study of sets in the
context of mathematics and general topology. The Archimedean approach, which includes
determining the circumference of a circle, is a well-known example of interval enclosure.

This theory addresses the interval uncertainty that exists in many computational
and mathematical models of deterministic real-world systems. This method investigates
interval variables as opposed to point variables and expresses computation results as
intervals, eliminating mistakes that lead to incorrect findings. One of the initial goals of
the interval-valued analysis was to account for the error estimates of finite-state machine
numerical solutions. Interval analysis, which Moore first proposed in his well-known
book [17], is one of the most important methods in numerical analysis. As a result, it has
found applications in a wide range of industries, including computer graphics [18,19],
differential equations for intervals [20], neural network output optimization [21], and
many more.

On the other hand, a number of significant inequalities, including Hermite-Hadamard
and Ostrowski, have recently been investigated for interval-valued mappings. Using
the Hukuhara derivative for interval-valued mappings, Chalco-Cano et al. discovered
Ostrowski-type inequalities for interval-valued mappings in [22,23]. Roman-Flores et al.
established the inequalities of Minkowski and Beckenbach for interval-valued mappings
in [24]. Please refer to [25-28] for the others. However, for more generic set-valued maps,
inequalities were investigated. Sadowska provided the Hermite-Hadamard inequality, for
instance, in [29]. Results related to log—convex fuzzy-number valued mappings see [30-32].
Interested readers can view [33,34] for the other investigations. For more information,
see [35-64] and the references therein.

The article is set up as follows: We discuss log fuzzy-number valued convex mappings
with numerical estimates and related fuzzy Aunnam integral inequalities in Section 3 after
examining the prerequisite material and important details on inequalities and interval-
valued analysis in Section 2. Section 4 then derives Jensen and Schur’s inequalities for
log fuzzy-number valued convex mappings. To decide whether the predefined results
are advantageous, examples and numerical estimations are also taken into consideration.
Section 4 explores a quick conclusion and potential study directions connected to the
findings in this work before we wrap things up.
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2. Preliminaries

This section reloads key findings and terminology necessary for understanding the
core outcomes. Let X be the space of all closed and bounded intervals of R and O € A be
defined by

0 = [04,0"] = {WeR[0, <Y< 0},(0,,0° €R). 2

If 0, = 07 then O is referred to be degenerate. In this article, all intervals will be non-
degenerate intervals. If O, > 0, then [0, 0"] is referred to as a positive interval. The set of
all positive intervals is denoted by X1 and defined as

x& = {[0,,07: [0,,0"] € Xc and O, > 0}. ®)

Leti € Rand i O be defined by
[i0,,10%] ifi >0,
i-0 = {0} ifi =0, 4
[i0%,i0,] ifi < 0.
Then the Minkowski difference U — 0, addition 0 4+ Uand O x U for O, U € & are defined by

[0, U] + [0,,0°7] = [0 +0,,0" 407, ®)

[U,, U] x [0,,0%] = [min{V,0,,V*0,,0,0*,0*0*}, max{V,0,, U*0,,0,0*, V0" }]  (6)
[U,, U] — [0,,0%] = [U, — 0%, 0" —0,], @)

Remark 1 ([48]). For given {U*,U*}, [0*,0*} € Ry, we say that {U*, U*} <1 [0*,0*} if and
only if 0«< U+, U'< U, it is a partial interval or left and right order relation.

If {U*, U*}, [0*,0*} € Ry, we say that [U*, U*} C [0*,0*} if and only if O+ < Us, U*g ()*,
it is an inclusion interval or up and down (UD) order relation.

For [U,, U*],[0,,0%] € A, the Hausdorff-Pompeiu distance between intervals [U, D*],
and [0y, 0%] is defined by

g ([U,, V%], [0,,0%]) = man{|U, — 0,|,|0" — 0*|}. ®)

It is a familiar fact that (X, dp) is a complete metric space [41,44,45].

Definition 1 ([41,42]). A fuzzy subset L of R is distinguished by a mapping A:RT — [0,1]
called the membership mapping of L. That is, a fuzzy subset L of R" is a mapping

A:RT [0,1]. So, for further study, we have chosen this notation. We appoint Q) to
denote the set of all fuzzy subsets of R

LetA € Q. Then, A is referred to as a fuzzy number or fuzzy interval if the following
properties are satisfied by A:
1) A should be normal if there exists @ € R* and 7\(‘1)) =1
2) A should be upper semi-continuous on R if for given & € R™, there exist ¢ > 0 there

exist 8 > 0 such that A(®) — A(®) < ¢ for all ® € R* with |9 — @] < ;
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(3) A should be fuzzy convex that is

/N\((l —0)® + d®) > min (7\(‘9),7\(@)), forall®,® € R™,and 9 € [0,1]

4) A should be compactly supported that is cl{") eR*

/N\(U)) > 0} is compact. We

appoint Q¢ to denote the set of all fuzzy numbers of R*.

Definition 2 ([42]). Given A € Qc, the level sets or cut sets are given by
i N 10 -
[A] = {09 e RT|A(®) > i} for alli € [0,1] and by [A} = {‘9 € RTIA(W) > O}.

These sets are known as i-level sets or i-cut sets of A.

Proposition 1 ([26]). Let /N\,(ND € Qc. Then relation “ <p ” given on Q)¢ by

~

~ ~ i i
A <p ® when and only when, [A] < {o’o] l, foreveryi € [0,1],
I
it is a partial-order or left and right relation.

Proposition 2 ([35]). Let A, ® € Qc. Then inclusion relation “ D ” given on ()¢ by

~

~ ~ 1 ~1i
A O ® when and only when, [A] D {m} , foreveryi € [0,1],
I
it is an up-and-down fuzzy inclusion relation.

Remember the approaching notions which are offered in the literature. If 7\, ® € Q¢
and 0 € R, then, for every i € [0, 1], the arithmetic operations are defined by

fea] = [ +[a], o
[X@@%}i - [X]i X [5] g (10)
[a@X]i Y mi. (11)

These operations follow directly from Equations (4), (6) and (7), respectively.

Theorem 1 ([41]). The space ()¢ dealing with a supremum metric i.e., for X, ® € Qc

oo (7\, 5) = supdy ( [X} i, {5y>, (12)
0<i<1

is a complete metric space, where H denotes the well-known Hausdorff metric on space
of intervals.

Now we define and discuss some properties of Riemann integral operators of interval-
and fuzzy-number valued mappings.
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Theorem 2 ([41,43]). If &:[s,¢] C R — A is an interval-valued mapping (IVM) sat-
isfying that §(9) = [6+(W),&"(W)], where &-,& : [5,9] = R and 6+(W) < &' (9),
V9 € [s,¢] then & is Aumann integrable (IA-integrable) over [s, ¥] when and only when;
G+(W) and &" (W) both are integrable over [s,%] such that

(IA)/:IG(U))CZU) - MV 6*(0))510),/: 6*(®)d®] (13)

Definition 3 ([43]). Let G [s,¥] C R — Q¢ is fuzzy number valued mapping (FNVM),
whose parametrized form is given by &;:[c,d]CR— K¢ and defined as
Gi(W) = [6+(w,i), & (9,i)] for every ®W € [5,%] and for every i e [0 1]. The fuzzy

Aumann integral ((F.A)-integral) of S over [s,%], denoted by (F.A) fg ®)dw, is defined
level-wise by

i

(FA) [Y & dﬂ)} (14) [ &;(9)do
= {J{ 8@,)d: &(9,i) € 5(&)},

where S(6;) = {6(,i) = R:&(,i)is integrable and 6(9,1) € &;(9)} foreveryi e [0,1].
G is (FA)-integrable over [s,¢] if (F.A) fc ®)dw € Oc.

(14)

Theorem 3 ([26]). Let G [s,9] C R — Q¢ bea FNVM. Then, Gis (FA)-integrable over
[s,%] when and only when, &+(¥,i) and &"(9,1) both are integrable over [s, ¥]. Moreover, if

&is (FA)-integrable over [, ¢], then

i

(FA) [{ & dﬂ)} = [ f{ &.(®,1)d0, [ & (9,i)dv] 15)
= (I4) [} &;(9)dw
for everyi € [0,1].
Definition 4 ([51]). A mapping & : T — R is referred to as log—convex mapping if
S+ (1—10)y) < S(9)°S(y) °V9,y e T,0 e [0,1], (16)

where G(®) > 0, where T is a convex set. If (16) is inverted, then & is referred to as
log-concave.

Definition 5 ([49]). Let ¥ be a convex set. Then FNVM % : T — Q¢ is referred to as
convex FNVM on ¥ if

~

S+ (1—v)y) <pvOG@) @ (1— 1) ©S(y), (17)

forall W,y € T,v € [0,1], where ENB(U)) >F 6 If (17) is inverted, then é is referred to as

concave FNVM on [¢,¢|. & is affine if and only if it is both convex FNV.M and concave
FNVYM.

Definition 6 ([25]). Let ¥ be a convex set. Then FNV.M G:% > Q)¢ is referred to as log
convex FNVM (L-convex FNVM) on T if

~ v~ (1-v)

S+ (1-v)y) <p 6(9) 26(y) (18)
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forall W,y € T,v € [0,1], where %(U)) >F 5 If (18) is inverted, then (N‘S is referred to as

L-concave FNVM on [s,%|. & is L-affine if and only if it is both £L-convex FNVM and
L-concave FNVM.

Definition 7. Let T be a convex set. Then FNVM & : T — Q)¢ is referred to as up and
down log convex FNVM (UDL-convex FNVM) on T if

~ ~ v~ (I-v)

SO+ (1-v)y) 2r 6(W) @6(y) (19)

forall W,y € T,v € [0,1], where é(")) >F 6 If (19) is inverted, then é is referred to as

UDL-concave FNVM on [s,%]. G is UDL-affine if and only if it is both UDL-convex
FNVM and UDL-concave FNVM.

Remark 2. If & is UDL-convex F NVM, then gGNS is also UDL-convex FNVM for g > 0.

~

If & and ‘} both are UDL-convex FNVMs, then max (6(0)), 3(‘9)) is also UDL-
convex FNVM.

Theorem 4. Let ¥ be a convex setand & : T — Qc bea FNVM with GNS(U)) >F 5, whose
parametrized form is given by &; : T C R — K& C K¢ and defined as

&i(W) = [@(@, i), 6*(0),1)}, (20)

forall® € T and for alli € (0,1]. Then G is UDL-convex on %, if and only if, for all
i€ (0,1, 6+(9,i) and &' (W, i) are L-convex and L-concave, respectively.

Proof. Let (N'B be an UDL-convex FNV M on %. Then, forall®,y € Tand v € [0,1], we have

~ ~ v~ (1I-v)

S+ (1—-0v)y) OF 6(9W) R6(y) . (21)

Therefore, from (20) and Proposition 2, we have

[6.(0 + (1 =)y, ), & (0 + (1 — 0)y, )]
2 [65*(0), e, 6*(@, i)v] X [65*(3;, l')(l—n)’ 6*(y, i)(1—n)]_

It follows that G« (0@ + (1 — b)y, i) < &+(9,1)°G+(y,1) 1™ and &" (09 + (1 — v)y, i) >

G'(9, i)UG*(y,i)(lin), for each i € (0,1]. This shows that &+(9,i) and & (9, ) both are
UD L-convex mappings.
Conversely, suppose that (9, 1) and &*(9, i) both are UD L-convex mappings. Then

from the (19), it follows that §(®) is UD L-convex FNVM. O

(22)

Example 1. We consider the FNVM G- [1,8] — Q¢ established by,

ol 1
S*e(i s € [e“),g};
@) = { dbn . - o 1001 23
1093 s € (3,109];

0 otherwise.
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1
Then, for eachi € (0,1], wehave &;(®9) = |(1—1i)e® + 3i,10(1 —i)®9 + Ji|. Since end-
point mappings G+(9,1), &"(9,1i) are £L-convex and L-concave mappings for eachi € (0,1],
respectively, then by Theorem 4, §(®) is UDL-convex FNVM.

Remark 3. If 5+(®,i) = & (®,i) withi = 1, then UDL-convex FNV.M becomes classical
UD L-convex mapping [3].

3. Main Results

This section summarizes the study’s principal findings. There are two subsections
in this section. In the opening subsection, we present very fuzzy Aunnam integrals that
are critical for estimating the Hermite-Hadamard (H-H) type inequality’s inaccuracy for
UDL-convex FNV M. In the second subsection, we find the results related to Jensen’s and
Schur’s inequalities. Moreover, some exceptional cases are also acquired.

3.1. Hermite—Hadamard Type Inequalities

Theorem 5. G : [s,%] = Q¢ be a UDL-convex FNV.M, whose parametrized form is given
by &;:[s,%] CR — K& and provided as &;(®W) = [6+(W,i),&"(W,i)] forall® € [s,¥]

and for alli € (0,1]. If Ge FA(s,) then

~ ~

%(”2”’) Sp exp[vic © (FA)/:,lné(UJ)dﬂ)} Sp V/6(5) @ &%), (24)

If é is UDL-concave, then (24) is inverted.

Proof. Let & : [s,%] = Q¢, UDL-convex FNV.M. Then, by hypothesis, we have

1
2

~

%(HZ_V) OF [%(nwr (I_U)V)F@) {6((1 —n)<+nv)]

Therefore, for every i € (0,1], we have

&, (5Y,i) < [6.(0s+ (1-0)2,i)]

(25)
& (T5Y,1) = [67 (05 + (1 - 0)v, )]
Taking logarithms on both sides of (25), then we obtain

2InG, g”v % < InGy(vs+ (1 —0)v,i) + InS.((1—v)s +v¥,i),

2InG* #,i > InG*(vs + (1 —0)%,1) + InS*((1 — v)s + v¥,1).
Then,
2f0 InG, (5Y,i)do < fol InG,(vs+ (1 —v)%,i)do + fol In&.((1—1v)s+v%,i)do,
2f0 In&* c”’ i)do > fol In&*(vs + (1 —v)%,i)do + fol In&*((1—v)s + vv,1)dv.

It follows that

IN

G, (Y1) < e [ InS . (9,1)dw,
InG* <+’V ) > ol [ Ine*(,1)do,
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6. (i) <exp( g ch InG.(9,i)dy),
G* #,i > exp ch In&*(9,7)d® ).
That is
{(%(#,i),@*(c—gv,i)} B [exp( / lnG ) exp< / In 6 )}
Thus,
~ v~
6(C “’) Sr exp [1 ® (PA)/ lnG(ﬂ))d“)}. (26)
2 v —¢ Js
In a similar way as above, we have
1 ~ ~
exp[ (FA) / In6( )dﬂ)} Sr V6(5) @ 6(%). 27)

Combining (26) and (27), we have

~ ~

%(“2”’> DFexp[ ! FA/ In&( )d@} Or VE(5) ®6(%),

the required result. [

Remark 4. If 6+(®,i) = &"(®,i) withi = 1, then by (26), the following outcome can be
obtained see [50]:

6<“2”’> < exp{ / In&( )d@] < \/8(5) x &(9).

Here, we achieve H-H Fejér type inequality for UD L-convex F NV M To obtain H-H
Fejér inequality for UDL-convex F NV.M. Initially, we find the right part of H-H Fejér
inequality. In the next Theorem 5, we will acquire the left part of H-H Fejér inequality.

Theorem 6. Let & : [s,%] = Q¢ beaUDL-convex FNVM with ¢ < ¢, whose parametrized
form is given by &; : [5,%] C R — K& and provided as &;(®9) = [6+(W,i), & (W,i)] forall
®W e [s,¢] and for alli € (0,1]. If G e FAqex,)and Q:[s,9] — R,Q(W) >0, symmetric
with respect to #, then

& © (FA)/CV [lné(@)} Q(®)d® Dp In {é(c) ® GNS(V)] @/01 Q((1—1v)s + v¥)do. (28)

It é is UDL-concave, then (28) is inverted.

Proof. Let G be a UDL-convex FNVM. Then, for each i € (0,1], we have

(NS4 (vs + (1 —10)%,1)]Q(vs + (1 —v)%)

< (0InG.(s,i) + (1 —0)InGy(%,1))Q(vs + (1 — v)%), 29
[In&* (vs + (1 —0)%,1)]Q(vs + (1 —v)¥ 29)
> (0InG&*(s,i) + (1 — 0)InG&*(v,1))Q(vs + (1 — v)%),
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and
[in &.((1 —v)s+v%,0)]Q((1 —v)s + v¥)
<(1-0)n6&.(5i) +oin &,(¥,1)Q((1 — v)g + vv),
[ln 6*((1 — )G + 0¥, i)]Q((l —0)S+ nv)
> ((1 —0)ln &*(5,i) + oln &* (¥, i))D((l —D0)S+ vv).

After adding (29) and (30), and then integrating over (0, 1), we get

J, Tin &..(v5 + (1 — )%, D]Q(0s + (1 — v)¥) do
+ [} In &,((1 — v)g + v9,))Q((1 — )5 + v%) dv
< In G,(s, D){pQws + (1 —0)%) + (1 — 0)Q((1 — v)g + %)} 0
T+ 6%, D{(1 — 0)Qs + (1 —0)0) + pQ((1 —v)s+0¥)}|
[, [in &"((1 = v)5 + v%,0)]Q((1 — v)g + v¥) do
+ [} In &" (05 + (1 — p)%, Q05 + (1 — )¥) dv
In&* (5, D{pQMs + (1 — v)¥) + (1 — v)Q((1 — v)g + v¥)}
+In S (%, D{(1 — ©)Qs + (1 — 0)¥) + pQ((1 — v)S + v%)}

1
=N

= 2In &,(5,1) f, vQvs + (1 — 0)¥) dv + 2In &.,(¢,1) f, vQ((1 — v)5 + v¥) dv,
=2In&*(g, 1) fol Qs+ (1 —0)¥) do + 2In &* (¥, 1) fol nQ((l —0)S+ nv) dv.
Since Q is symmetric, then
=2In[S,(¢, 1) X &,(%,1)] fol pQ((1 — v)s + v¥) db,
=2In[ & (5, 1) x &"(%,D)] [, vQ((1 — v)s + v%) do.
Since
[, Tin &, (vs + (1 — v)%,D]Q(0s + (1 — 0)¢) do
= fol[ln S.((1 —0)s+v%,1)]Q((1 — v)s + v¥) do
== [[lin&.(0,D]2(w)dy,
fol[ln &' ((1 —v)s+v%,1)|Q((1 — p)s + v¥) do
= [, [In & (0g + (1 — 0)%, D]Q(vs + (1 — v)%) do
== J In &' (0, D]R(w)dy.

(32)

From (31) and (32), we have
L% 1
L f [In 8. (w, D]Q(w)dw < In[G.(c, i) x G, )] f 2Q((1 — 0)¢ + v%) do,
¥—gq 4 0
A 1
LJ [In G (w,D]|Q(w)dw = In[G"(5, ) x " (¥, i)]J pQ((1 — v)5 + v¥) db,
¥—g <4 0
that is
= [ ©.(0,D12W)dy, = [[[In &' (0, D] Q(e)dw |
2, [In[6.(,1) X &,(v,0)], In[67(5,1) x & (%, D]] f, vQ((1 — v)g + v¥) dv,

Hence

v—; O (FA) f:[ln@(@)]i}(@)d@ 2F n[E(5) ®E®)] O f01 pQ((1 — v)5 + vv)do.

This concludes the proof. []
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Now, we present the following solution for UD £L-convex F NV M utilizing up and
down fuzzy inclusion relation, which is associated with the left portion classical H-H Fejér
type inequality.

Theorem 7. Let &: [¢,¢] - Q¢ be a UDL-convex FNVM with ¢ < ¥, whose parametrized
form is given by S;:[¢,¥] c R - Kg and provided as G;(w) = [S.(w,1), 5" (w,1)] for all
o € [,¥] and for all i € (0,1]. If G € FA (. and Q:[5,¢] - R, Q(w) = 0, symmetric
with respect to CJ;—V, and f VQ(Q))du) > 0, then

C+
In 6( ) m O (FA)f [lnG((g)]D((g)d(g (33)
If G is a UDL-concave, then (33) is inverted.

Proof. Since S is a UDL-convex then, for i € (0,1] we have
2 &, (22,1) < In &, (o5 + (1 = v)%,0) + In &.((1 — v)g + v, 1),
(34)
206" (2,1) 2 In & (o5 + (1 = 0)9, ) + In &"((1 — v)g + 08, ).

By multiplying (34) by Q((1 — 0)5 + v¥) = Q(vs + (1 — v)¥) and integrate it by v over
[0, 1], we obtain
[l S, (gw )] fol Q((1 - v)s + v¥)do
< fo [In &, (v + (1 —0)%,)]Q(0¢ + (1 — v)¥)do
+ fl[ln S.((1 — )+ v%,1)]Q((1 — v)s + v¥)do,
2[m e (Z2,0)] £ 2((1 - )5 + vv)do
> fo [In &*(vc + (1 — 0)%,)]Q(v¢ + (1 — v)%)do
+ fol[ln &*((1 — )5+ v%,i)]Q((1 — p)s + v¥)dw.

(35)

Since
fol[ln S, (vc+ (1 —0)%, )]s+ (1 —0)¥) do

= [, [in &.((1 = 0)s + v9,1)]Q((1 - v)g + v¢) dv,
= = [ &.(0,)12(w)dw,
fol[ln S*(vc + (1 — 0)%,1)]Q(vc + (1 — 0)%) do
= [yl (1 =05 + 50, )]R((1 - w)s + v0) do,
== [[In & (@, D]12(w)dw.

(36)

From (35) and (36), we have
InG, (g+v ) <

In 6 (§+’V .)>

[ lin &.(w,D1w)dy,

[in & (@ D]2w)dy.

fg Q( )dw
f Q( Ydw
From which, we have

[l S, (§+V ) In 6 (§+V )]

21 g s [ ©: (0. 012@)dy, [[[InS @, D]Qw)do],
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that is

mé(c ; "’) OF I QE@)M © (FA) /c Y [lné(“))] Q(9)do,

s
Then we complete the proof. [

Remark 5. If ©,(c,i) = &7(¢,i) withi = 1, then from (30) and (35), the classical H-H Fejér
inequality for £-convex mapping can be acquired.

3.2. Jensen’s and Schur’s Inequalities for Log Convex Fuzzy-Number Valued Mappings

Here, we will prove Jensen’s and Schur’s inequality for UDL-convex FNVMs.

Theorem 8. Let i; €R*, w, € [¢,%], (1=1,2,3,..,£,£>2) and &:[¢,¢] » Q¢ be a
UDL-convex FNVM, whose parametrized form is given by &;:[¢,#] € R - X and
provided as &;(w) = [S.(w, 1), " (w,1)] for all @ € [¢,¢] and for all i € (0,1]. Then

1 . ~ i
G (W_szgl L (1)4;) 2 [174[S(w )], (37)
where W, = Zf‘zl i;. If & is UDL-concave, then (37) is inverted.

Proof. When £ = 2, then (37) holds. Consider (37) also holds for £ = 7 — 1, then

~ 1

© (Wr—1 1;—11 I ('91) 2F H;;_ll[@(u),i)]mr_l
Now, let us prove that (37) holds for £ = 7, we have

~ (1 , ~ (Wy_p 1 DS SR S i
G(Wj f=1lw)¢)=6(w—jw¢_ =1 ¢<9169W1—¢(+u)¢_1+fu)¢)-

L1t |

Therefore, for every i € (0, 1], we have

1 o .
G. (W_r24, A )
Wy_2 1 L¢_1+i¢ i/y-_l i .
<. (% L Ly S :
- W, Wr— /L 1 /L(*)/L W, (ir—1+i4~ W1 g tiy W) ’
lp—1+iy

< 2206, (0, D1 6. (if—_l.ﬂ)w—ﬁ' )|

Lpr—1tis lp—1tip

< 26 (9, O] wf[[cs ey, DI 8.0, D=7 ] o
< M08 (0, D1 [6.(0,0, D17 (8.0, DIV,
L&, (. DI
Similarly, for " (w), i), we have

1

o G 3t) 2 T o, O
From this, we have
[6 ( Tl 0 ) 6*( i1l (‘91’ —1 [H 1[G (v, l)]WM’ 7 [6* (0, l)]%]‘
that is,

B (T, 10,) 26 B0,

and the result follows. OJ



Mathematics 2023, 11, 2043

12 of 16

Ifi; =i, = i3 =+ =ip = 1, then Theorem 8 reduces to the following result:

Corollary 1. Let w; € [¢,%], (4 =1,2,3,..,£,£ > 2) and &:[5,4] > Q¢ be a UDL-convex
FNVM , whose parametrized form is given by &;:[g,¢] € R - K¢ and defined as
Gi(w) = [6.(w,1), 5" (w,1)] for all € [¢,%] and for all i € (0, 1]. Then,

S Ga T, “)4;) 2F Hfa=1[@((")¢)]72 (38)

I Sisa UDL-concave, then (38) is inverted.

Now in upcoming results, with the help of UDL-convex F NV Ms, we will prove
Schur’s inequality and its generalized form.

Theorem 9. Let & : [s,¥] = Qc be a FNVM, whose parametrized form is given by
Si:[5,%] CR — K& and provided as &;(W) = [6+(W,i), & (9,i)] forall W € [s,¥] and

foralli € (0,1]. If & be a UDL-convex FNVM then, for 9, ®;, @5 € [5,¥], 9; < O, < O
such that W3 — ¥y, W3 — W, B, —®; € [0,1], we have

N L0, L 0,0
S(@) ) op @) | esws) (39)

S isa UDL-concave, then (39) is inverted.

Proof. Let ®1,9,,®; € [5,¢] and W3 —®; > 0. Taking A = 83 =%, ,then ®, = AW; +

(1 —A)9s. Since & is a UDL-convex FNVM then, by hypothesis, we have

W, @, ®, ©
G (W2, 1) < [G(91,1)] D1 [6,(95,1)] P,
9.0, W, ® (40)

& (0,1) 2 [ (01,)] % 9 [6" (93,0 % 9.
Taking “log” on both sides of (40), we have

(93 —9,)In
(“)3 — “)2) n

(W3 — D7) InG.(9Dy,1)

<
(93 — 91)InG&* (9, i) >

From (41), we have

9;-9;) i)' (@5-9,) )|

S, (0)21 )(

) <[6.(9 S.(93
6(2,)(3 )2

& (0,16 0, '>1 “’
That is
[(‘5 (g, i) *>~ 6*(“)2/1')((93_@1)}
o1 (801, 5 [@.(95,1)) O, &7 (01,8)) P~ e (5,1)) PP,

Hence

é(u)z)(u)a*“)ﬂ Op &
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Theorem 10. Let i; € R*, w,; € [¢ %], (i=1,2,3,..,%,%£>2) and G:[¢,¥] = Q¢ be a
UDL-convex FNVM, whose parametrized form is given by &;:[s,¢] € R - X and
provided as G;(w) = [6,(w,1), 8" (w,1)] for all @ € [, %] and for alli€ (0,1]. If (&,U) S
[, %] then,

[ [Ew0] ) 24 Oamﬁzmﬁ®hwﬂuﬂWU (12)

where W, = Y% i,. If § is UDL-concave, then (42)is inverted.

Proof. Consider & = w;,w; = w,, (1=1,2,3,..,%£), U = w3 in (42). Then, for each i€
(0,1], we have

(:)

S, ((1)1, i) <[G.(8 l)]< )[6 U, l)](

& (0p0) > [&" @ D](TF

The above inequality can be written as,

-2
-2

N
\_/

X

U-w;

S.(®s, l)<“l’_fa) < [e.(g i)]( )(W/)[e M, l)](?f ﬂg)(wlua)

U-L
_ (43)

S* (W, L)<W/é) > [&*(g, 1)]( )(W/) [&* (U, l)]((;)f szﬁ)(wl/})

Taking multiplication of all inequalities (43) for 4 = 1,2,3, ..., £, we have
M, 6.(w, i)%) <Tl%, <[c5*(£3, i)]<%)(”l/_2) [G. (U, i)](%)(%)> ,
e, 6" (0, 1)<ML/_2) > [T ([@ @, )]( )(Wﬁ)[@ , l)](u sf)(w/&))
that is

[y 61((1)0(1/;_1") = [Hfﬂ G. (W i)<v'i/_¢"), [T, & (w,, l)(wl/_;&)

NS

2 [ (1.0 o F e ),

e, ([6 2,015 e = 5)(wk)>:,
-1l
@wmn ”Mwwﬁﬁ%®

=ﬂ%®ﬂwﬁnﬁmmwmw

i=1 i=1

f&.(2, 01T, wmm%%ﬁb

Thus,
i U9\ ( i i~ i
ﬁ:l[@(%)ﬁw_’a) 2r [, ([@(2)]@—3@)(@) ® [@(U)]@Tﬂ)<w7)>,
this completes the proof. [

Remark 6. If G+(9,i) = &'(9,i) withi = 1, then from (37), (38), and (39), we achieved
the outcomes reduced for convex mapping, see [51].
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4. Conclusions

Using fuzzy Aumman integrals, we showed some new Hermite-Hadamard type in-
equalities for newly defined class up and down log—convex functions in the fuzzy environ-
ment. Furthermore, using the up-and-down log-convex fuzzy-number valued mappings,
we established Jensen’s and Schur’s type inequalities. We used a mathematical example to
demonstrate the correctness of the newly discovered results. We also demonstrated that the
newly obtained results are an extension of previously established results in the literature. It
is a novel problem in which future scholars can obtain equivalent inequalities for fractal
sets and coordinated convex functions.
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