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Abstract: In this paper, a new fixed-time convergence guidance law is proposed against maneuvering
targets in the three-dimensional (3-D) engagement scenario. The fixed-time stability theory is used to
zero the line-of-sight (LOS) angle rate, which will ensure the collision course and the impact of the
target. It is proven that the convergence of the LOS angle rate can be achieved before the final impact
time of the guidance process, regardless of the initial conditions. Furthermore, the convergence rate is
merely related to control parameters. In theoretical analysis, the convergence rate and upper bound
are compared with that of other laws to show the potential advantages of the proposed guidance
law. Finally, simulations are carried out to illustrate the effectiveness and robustness of the proposed
guidance law.
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1. Introduction

During a typical missile guidance process, the most important stage is the terminal
guidance phase, which plays a decisive role in determining the missile’s intercept perfor-
mance [1]. In the terminal guidance phase, the target may be maneuvering. On the other
hand, the time left for impacting the target is usually very short. Therefore, novel guidance
laws with a fast convergence rate to ensure the impact and robustness to target maneuvers
have great significance for the missile’s performance.

In order to improve the missile’s performance, many modern theories are utilized to
design guidance laws. An effective way to improve the robustness of guidance laws is to
apply the H∞ control theory. In [2], the H∞ guidance law was derived from solving the
associated Hamilton–Jacobi function. In [3], based on the nonlinear robust H∞ filtering
method to estimate the LOS rate, a guidance law was proposed considering input saturation
as well as system stability. Although strong robustness was obtained and exhibited, the
H∞ guidance laws cannot achieve finite-time convergence.

Another approach is to apply the Lyapunov asymptotic stability theory. In [4], a
quadratic Lyapunov candidate function was proposed. By a particular selection of LOS
angle function, the resulting guidance law can be free of singularities. In [5], a Lyapunov
candidate function concerning the heading angle error was proposed, and the exact ex-
pression of the flight time was derived. The incomplete beta function was used, and the
flight time can be adjusted by a single control parameter. As an improvement of the work
in [5], another Lyapunov-based guidance strategy was proposed in [6] with impact angle
constraints. In [7], the impact time constraint was considered, and the resulting guidance
law can zero the heading error angle to ensure the collision course. In [8], a novel adap-
tive integrated guidance and control law was designed with a barrier Lyapunov function;
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the resulting guidance law can handle input saturation and constraints of angles. This
group of guidance laws was based on the Lyapunov asymptotic stable theory, and only
guaranteed the convergence of the system as time approached infinitely. Moreover, the
targets were assumed stationary in the design of the guidance law. Obviously, they are
theoretically imperfect.

As an improvement of asymptotic convergence law, guidance laws that can ensure
finite-time convergence were investigated. A guidance law based on finite-time conver-
gence theory was proposed in [9], which was an early work considering both finite-time
convergence and target maneuver together. The LOS rate converged to zero or a small
neighborhood of zero in finite time under the proposed guidance law. Then, the work
in [9] was improved by taking the autopilot dynamic into account [10,11]. In [12], based
on sliding mode control theory, a finite-time convergence guidance law with impact angle
constraint was proposed, and the guidance command was generated to enforce terminal
sliding mode on the designed switching surface from nonlinear engagement dynamics. As
an improvement of [12], the work in [13] was based on the output feedback continuous
terminal sliding mode guidance. The resulting guidance law can achieve not only finite-
time convergence but also ensure continuity of control action. Compared with guidance
laws based on stable asymptotic theory, this group of guidance laws can achieve finite-time
convergence. However, the convergence upper bound is relative to initial states.

Recently, the design of guidance law also applied the fixed-time stability theory, which
was an improvement of finite-time stability theory since it can provide a settling upper
bound irrelevant to initial conditions. Since this theory was first presented in [14] in
2012, few works have utilized this theory for guidance law design. The earliest work in
this direction was found in [15], where a planar adaptive fixed-time guidance law was
presented; the resulting guidance law can stabilize the guidance system with a bounded
settling time without dependence on the initial conditions. Then, the work in [15] was
improved by considering time constraints with input delays [16]. The fixed-time stability
was further applied to the 3-D engagement scenario [17,18]. The work in [17] utilized the
fixed-time stability theory to achieve a fast consensus protocol. Then, it was improved
in [18] by considering the impact angle constraint. Despite the settling time being irrelative
to initial conditions, the guarantee of the settling time before the final impact time is not
discussed by the above-mentioned guidance laws. The fixed-time consensus tracking
algorithms of second-order MASs via event-triggered control are presented in [19]; for the
fixed-time consensus result, the consensus can be reached in a settling time with any initial
condition, and it is revealed that the ratio of each pair of states is constant resulting in
shorter output trajectories [20,21] investigate the fixed-time synchronization problem for
the coupled neural networks, respectively. Recently, [22] has given the concept of practically
fixed-time stability for the first time. The finite/fixed-time stabilization and tracking control
problems are simultaneously concerned in [23–25].

Inspired by the above observation, this paper proposes the fixed-time convergence
guidance law against maneuvering targets in 3-D engagement scenarios. It is proven that
the convergence of the LOS angle rate to zero can be completed before the final impact
time, regardless of the initial conditions. To the best of the authors’ knowledge, guidance
laws consider the following three problems simultaneously, i.e., fixed-time convergence,
3-D engagement against maneuvering target, and the guarantee of the settling time before
the final impact time, which are rare in the literature.

The main contribution of this work can be stated as follows:

(1) A fixed-time convergence guidance law for 3-D engagement scenarios is proposed
against the maneuvering target. The novel guidance law can ensure fixed-time
convergence and fixed-time stability without initial condition constraints.

(2) The settling time of the LOS rate is proven to be surely shorter than the minimum
final impact time by the proposed fixed-time guidance law. It can ensure the success
of the missile in hitting the maneuvering target.
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(3) The convergence rate is proven merely related to control parameters, a suitable
selection of which can ensure the convergence rate without violating acceleration
constraints.

The following of this paper is structured as follows. The homing guidance model for
the 3-D engagement scenario and the main objective of the guidance law are introduced in
Section 2, respectively. The Fixed-time convergent guidance law design and the analysis
of its property are offered in Section 3. Simulations are carried out in Section 4 to show
the effectiveness of the proposed guidance laws. Finally, the conclusion of the work is
proposed in Section 5.

2. Problem Formulation

In this section, first, the dynamic model describing the motion of the aerospace vehicle
is offered. Then, the main objective of the guidance law is introduced.

Homing Guidance Model

The guidance geometry in 3-D space is constructed in Figure 1, where MXYZ is the
inertial reference coordinate and Mxyz is the LOS coordinate. M represents the missile
and T denotes the target. r denotes the relative range between the missile and the target.
φ and θ are the azimuth and elevation LOS angle, respectively. The angles in Figure 1 are
measured positively in the counterclockwise direction.
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Define aT = (aTr, aTθ , aTφ) and aM = (aMr, aMθ , aMφ) as the accelerations measured
in the LOS frame for the target and the missile, respectively. According to the virtue of
kinematics, the relative velocity V between the missile and the target can be expressed as

V(R, θ, φ) =


.
R
R

.
θ

−R
.
φ cos θ

 (1)

According to the derivative rule of vector derivatives, we have

dV
dt

= ω×V +
∂V
∂t

= aT − aM (2)

where dV/dt and ∂V/∂t refers to the derivate of V in MXYZ and Mxyz, respectively, and
ω represents the rotation speed for Mxyz relative to the inertial coordinate system MXYZ.
It can be acquired from Figure 1 that

ω× =

 0 −
.
θ

.
φ cos θ

.
θ 0 −

.
φ sin θ

−
.
φ cos θ

.
φ sin θ 0

 (3)

By substituting Equations (1) and (3) into Equation (2), we can obtain

..
r− r

.
φ

2
− r

.
θ

2
cos2 φ = aTr − aMr (4)

r
..
θ cos φ + 2

.
r

.
θ cos φ− 2r

.
φ

.
θ sin φ = aTθ − aMθ (5)

r
..
φ + 2

.
r

.
φ + r

.
θ

2
sin φ cos φ = aTφ − aMφ (6)

It should be noted that the collision course can be achieved with the LOS angle rate
.
θ and

.
φ converging to zero before hitting the target. Thus, Equations (5) and (6) are

considered in the design of the guidance law.
Define x1 =

.
θ, x2 =

.
φ u1 = aMθ , u2 = aMφ, and the coupling state equations of LOS

angles can be acquired as:

.
x1 = −2

.
r
r

x1 + 2x1x2 tan φ− u1

r cos φ
+

aTθ

r cos φ
(7)

.
x2 = −2

.
r
r

x2 − x2
1 sin φ cos φ− u2

r
+

aTφ

r
(8)

It can be concluded from Equation (7) that there exists cross-coupling between
.
θ and

.
φ. By virtue of the analysis in [1], x1 and x2 are small variables during the time horizon of
the impact process. This gives cos φ ≈ 1. Moreover, the third order of the small variables
can be neglected. Hence, Equation (7) can be rewritten as

.
x1 = −2

.
r

r
x1 −

u1

r
+

aTθ

r
(9)

.
x2 = −2

.
r
r

x2 −
u2

r
+

aTφ

r
(10)

The primary objective of the guidance law is to hit the target, which can be achieved
with the convergence of the LOS angle rates converging to zero in both planes. Therefore,
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the objective is to design the guidance law that can zero the LOS angle rates before hitting
the target.

3. Guidance Law Design

Considering the 3-D LOS angle motions are decoupled into two (2-D) LOS angular
motions in the previous analysis, in this section, the planar fixed-time convergence guidance
law is presented first. Then, the planar guidance law is further applied to the 3-D scenario.
Although the decoupled model is utilized in the design of the 3-D guidance law, the proof
for the convergence of LOS angle rates conducts on the cross-coupling model directly.

3.1. The Planar Guidance Law Design

In this subsection, the planar guidance law that can zero the LOS rate before hitting
the target is proposed, and the decouple planar LOS motion of Equation (9) is considered in
the design of the guidance law. Before deriving the guidance law, it is obliged to introduce
some basic lemma of fixed-time stability theory.

Before deriving the guidance law, it is obliged to introduce some basic concepts of
fixed-time stability theory [14].

Definition: The following nonlinear system is considered:

.
x(t) = f (t, x(t)), x(0) = x0 (11)

where the state and the upper semi-continuous mapping are denoted by x(t) ∈ Rl and
f : R+ × Rn → Rn , respectively. The state is fixed-time stability if it is globally finite-time

stable. Meanwhile, the function of the settling time T(x0) is restricted by a real positive
number Tmax, i.e., T(x0) ≤ Tmax, ∀x0 ∈ Rl . The definition can be stated mathematically as{

lim
t→T(x0)

x(t, x0) = 0. t ∈ [t0, T(x0))

x(t, x0) = 0. t ≥ T(x0), T(x0) < Tmax
(12)

Denote D∗ϕ(t) as the upper right-hand derivative of a function ϕ(t), D∗ϕ(t) =
lim

h→+0
(ϕ(t + h) − ϕ(t))/h. The fixed-time stability under the Lyapunov criterion is pre-

sented in Lemma 1.

Lemma 1. Suppose a continuous positive definite and radially unbounded function as V(x) :
Rn → R+ ∪ {0} , such that:

D∗V(x(t)) ≤ −mVp(x(t))− nVq(x(t)) (13)

for m, n > 0, p = 1− 1
2γ , q = 1 + 1

2γ , γ > 1, then the origin is fixed-time stable for the system
V(x), and the settling time is given by:

T(x0) ≤ Tmax :=
πγ√
mn

(14)

Assume the deviations from the collision course for both the missile and target are
small, then the relative velocity can be approximated as:

.
r = −c, c = const. > 0 (15)

This assumption is reasonable since it can be conducted by a well-midcourse guidance
process. Then, the instant range at time t can be acquired as

r(t) = r0 − ct (16)
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Theorem 1. If the guidance command u1 can make the LOS angle rate x1 satisfying:

x1[
.
x1 +

m|x1|1−
1
γ sgn(x1) + n|x1|1+

1
γ sgn(x1)

2r(t)
] ≤ 0 (17)

where m = const. > 0, n = const. > 0, γ = const. > 1, and

sgn(x) =
{

1, x ≥ 0
−1, x ≤ 0

(18)

Then,
.
x1 will converge to zero before hitting the target.

Proof. The following continuously differential candidate function is considered:

W1 = x2
1 (19)

The derivative of Equation (19) to time is

.
W1 = 2x1

.
x1 (20)

Substituting Equation (17) into Equation (20) yields

.
W1 ≤ −

m
r

W1
1− 1

2γ − n
r

W1
1+ 1

2γ (21)

According to Lemma 1, W1 will converge to zero in fixed-time. Define the settling time
for W1 as T1, then we have

lim
t→T1

W1 = 0 (22)

Since W1 = 0 in Equation (21) is a trivial case, assuming W1 6= 0 yields

dW1

dt
≤ −mW1

1− 1
2γ + nW1

1+ 1
2γ

r
(23)

Substituting Equation (13) into (23) yields:

dW1

mW1
1− 1

2γ + nW1
1+ 1

2γ

≤ − dt
r0 − ct

(24)

Integrating the right side of Equation (24) from 0 to T1, and the corresponding integral
interval for the left side is [W1(0), W1(T1)]. One can obtain

∫ W1(T1)

W1(0)

1

mW1
1− 1

2γ + nW1
1+ 1

2γ

dW1 ≤
1
c

ln(1− cT1

r0
) (25)

Define

ϕ = −
∫ W1(T1)

W1(0)

c

mW1
1− 1

2γ + nW1
1+ 1

2γ

dW1 (26)

Substituting Equation (26) into (25) yields

T1 ≤ (1− 1
eϕ )

r0

c
(27)

Define t f as the final time of the engagement. According to Equation (16), one can obtain

t f =
r0

c
(28)



Mathematics 2023, 11, 2090 7 of 15

Then, Equation (27) can be rewritten as

T1 ≤ (1− 1
eϕ )t f (29)

where ϕ merely relates to the initial LOS rate. Substituting Equation (22) into (26), one can
further obtain

ϕ =
∫ W1(0)

W1(T1)

c

mW1
1− 1

2γ + nW1
1+ 1

2γ

dW1 (30)

Thus, we can obtain ϕ > 0. Combining Equations (29) and (30) yields T1 < t f , which
implies that the convergence time for the LOS rate is always less than t f regardless of the
initial conditions. Hence, the proof of Theorem 1 is completed. �

Substituting Equation (9) into (17) yields

x1[−
2

.
r

r
x1 +

1
r

u1 −
1
r

aTθ +
m
2r
|x1|1−

1
γ sgn(x1) +

n
2r
|x1|1+

1
γ sgn(x1)] ≤ 0 (31)

Then, the guidance command is chosen a

u1 =

{
−N

.
rx1 + r(m

2 |x1|1−
1
γ + n

2 |x1|1+
1
γ )sgn(x1) + aTθ , r ≥ 1

−N
.
rx1 + (m

2 |x1|1−
1
γ + n

2 |x1|1+
1
γ )sgn(x1) + aTθ , 0 ≤ r < 1

(32)

where N = const.>2, and the additional term r acts as the adaptive term to speed up the
convergence process before hitting the target.

Theorem 2. The guidance command in Equation (32) can zero the LOS angle rate before hitting
the target.

Proof. Substitute Equation (32) into (9), we have

.
x1 =

{
(N−2)

.
rx1

r − (m
2 |x1|1−

1
γ + n

2 |x1|1+
1
γ )sgn(x1), r ≥ 1

(N−2)
.
rx1

r − ( m
2r |x1|1−

1
γ + n

2r |x1|1+
1
γ )sgn(x1), 0 ≤ r ≤ 1

(33)

By substituting Equation (33) into (17) yields
(N−2)

.
rx2

1
r + m

2 |x1|2−
1
γ ( 1

r − 1) + n
2 |x1|2+

1
γ ( 1

r − 1) ≤ 0, r ≥ 1
(N−2)

.
rx2

1
r ≤ 0, 0 ≤ r < 1

(34)

According to Theorem 1, the proposed guidance command in Equation (32) can lead to
fixed-time convergence for the LOS angle rate, and the convergence rate increases as the
value of m and n increases, or as the value of γ decreases. Hence, the proof of Theorem 2 is
completed. �

3.2. Guidance Law Design in 3-D Engagement Scenario

According to the planar guidance law designed in the previous section, the fixed-time
convergence guidance command for the 3-D engagement scenario can be designed as

u1 =

{
−Nrx1 + aTθ + r(m

2 |x1|1−
1
γ + n

2 |x1|1+
1
γ )sgn(x1), r ≥ 1

−Nrx1 + aTθ + (m
2 |x1|1−

1
γ + n

2 |x1|1+
1
γ )sgn(x1), 0 ≤ r ≤ 1

u2 =

{
−Nrx2 + aTφ + r(m

2 |x2|1−
1
γ + n

2 |x2|1+
1
γ )sgn(x2), r ≥ 1

−Nrx1 + aTφ + (m
2 |x1|1−

1
γ + n

2 |x1|1+
1
γ )sgn(x1), 0 ≤ r ≤ 1

(35)
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Theorem 3. The guidance commands in Equation (35) can achieve fixed-time convergence for the
LOS angle rates in Equations (7) and (8) before hitting the target.

Proof. The proof of Theorem 3 is divided into two parts. First, the effectiveness of the
proposed guidance command under the condition 0 < r ≤ 1 is proven.

Substituting Equation (35) into (7) and (8) yields

.
x1 = (N/ cos φ−2)

.
r

r x1 + 2x1x2 tan φ− sgn(x1)(m|x1|1−
1
γ + n|x1|1+

1
γ )/2r cos φ

.
x2 = (N−2)

.
r

r x2 − x2
1 sin φ cos φ− sgn(x2)(m|x2|1−

1
γ + n|x2|1+

1
γ )/2r cos φ

(36)

The following continuously differential candidate function is considered:

W2 = x2
1 cos2 φ + x2

2 (37)

The derivative of Equation (37) with respect to time is

.
W2 = 2x1

.
x1 cos φ + 2x2

.
x2 − 2x2

1x2 sin φ cos φ (38)

Substituting Equation (36) into (38) yields

.
W2 =

2(N/ cos φ−2)
.
rx2

1 cos2 φ
r − sgn(x1)(m|x1|2−

1
γ + n|x1|2+

1
γ ) cos φ

r

+ 2(N−2)
.
r

r x2
2 − sgn(x2)(

m
r |x2|2−

1
γ + n

r |x2|2+
1
γ )

(39)

Since
2(N/ cos φ− 2)

.
rx2

1 cos2 φ

r
≤ 0 (40)

Then, we can obtain

.
W2 ≤ −(mx

2− 1
γ

1 + nx
2+ 1

γ

1 )
cos φ

r
− (mx

2− 1
γ

2 + nx
2+ 1

γ

2 )
1
r

(41)

By choosing an appropriate inertial reference coordinate system, we can ensure that
−0.5π < cos φ < 0.5π. Thus, 0 < cos φ < 1. Then, Equation (41) can be rewritten as:

.
W2 ≤ −[m

r (x1 cos φ)2− 1
γ + m

r x
2− 1

γ

2 ]− [ n
r (x2 cos φ)2+ 1

γ + n
r x

2+ 1
γ

2 ]

≤ −m
r (x2

1 cos2 φ + x2
2)

1− 1
2γ − n

r (x2
1 cos2 φ + x2

2)
1+ 1

2γ

(42)

As we define in Theorem 1 that γ = const. > 1, we can further obtain

.
W2 ≤ −

m
r
(x2

1 cos2 φ + x2
2)

1− 1
2γ − n

r
(x2

1 cos2 φ + x2
2)

1+ 1
2γ (43)

which can be written in an alternative form as
.

W2 ≤ −
m
r

V1− 1
2γ − n

r
V1+ 1

2γ (44)

The proof for the proposed guidance command under the condition r ≥ 1 is similar; thus,
it is omitted here. According to Theorem 1, the proposed guidance commands in Equation
(35) can achieve fixed-time convergence for the LOS angle rate in Equations (7) and (8).
Define T2 as the convergence time in a 3-D scenario, the upper bound of the convergence
time is given by

T2 ≤ Tm2 = (1− 1
eϕm

)t f (45)

where Tm2 is the upper bound for the settling time for the 3-D guidance scenario. It is
obvious that Tm2 is independent of the initial states. �
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3.3. Discussion of the Potential Advantage of the Proposed Guidance Law

To facilitate the comparison between different guidance laws, the variable that needs
to be restrained to zero during the guidance process is defined as ε. Some results on the
design of guidance laws adopt the Lyapunov asymptotic stability theory as [6], the dynamic
of ε is

.
ε =

kV sin ε0

rk
0

rk−1, k > 1 (46)

Theoretically, the Lyapunov asymptotic stability theory only guarantees the conver-
gence of ε when the time approaches infinity, and Equation (46) implies that

.
ε(t) = 0 when

and only when r = 0, which means the convergence process of ε completes exactly at the
instant of hitting the target. Some ideal assumptions are made during the design process
of the guidance law. On the other hand, uncertainties and disturbances exist in practical
applications. Hence, the error dynamic in Equation (46) may fail to converge to zero at
the terminal instant in practical applications. Compared with the guidance law in [6], the
proposed guidance law can ensure the convergence of ε before hitting the target, which
makes it more robust to uncertainties and disturbances.

Some other results are based on the finite-time stability theory as [11], the convergence
of ε can be completed in finite time, and the settling time satisfies

T <
|ε0|1−ηr0

β(1− η)
(47)

where β = const. > 0 and 0 ≤ η = const. < 1.
Compared with guidance laws based on the Lyapunov asymptotic stability theory, this

group of guidance laws can achieve finite-time convergence of ε. However, the convergence
upper bound in Equation (47) depends on initial states, and only a proper selection of
the control parameter can ensure ε converged to zero before the final interception time.
By contrast, the proposed guidance law can ensure convergence before hitting the target
regardless of the initial conditions.

4. Simulations

In this section, numerical simulations are carried out to show the effectiveness of the
proposed guidance laws. All the simulations are conducted on the Matlab platform via
C++ programming. The simulation step is 0.01 s. All the simulations are terminated when
the sign of the relative velocity becomes positive, or the relative range is less than 0.01 m.

4.1. Comparison Simulations

In this case, the comparison simulation is considered to show the effectiveness of the
proposed guidance law. Detailed simulation parameters are tabulated in Table 1.

Table 1. Initial states for the missile.

Parameter Value

Initial missile position (0, 0) m

Missile speed 300 m/s

Missile’s initial heading angle 80◦

The performance of the proposed guidance law is compared with the finite-time
convergence guidance law (FTCG) proposed in [9]. The guidance command for FTCG is
given by

aFTCG
M (t) = −C

.
R

.
λ + β

∣∣∣ .
λ
∣∣∣ηsgn(

.
λ) (48)

where C = const. > 2, β = const. > 0, 0 ≤ η = const. < 1.
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Two different control parameters are selected for the comparison law. Detailed control
parameters, in this case, are summarized in Table 2.

Table 2. Control parameters for guidance laws.

Guidance Law Value

FTCG1 β = 20, η = 0.1

FTCG2 β = 20, η = 1

Proposed m = n = 0.2, γ = 5

Simulation results for both guidance laws are shown in Figure 2. Dot lines represent
the results of the proposed guidance law. Dash lines and solid lines represent the results for
FTCG under two different control parameters. Figure 2a shows the elevation acceleration,
and Figure 2b represents the profile of the elevation LOS angle rate. Figure 2c shows the
azimuth acceleration, and Figure 2d represents the profile of the azimuth LOS angle rate.
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Figure 2. Comparison results. (a) Elevation acceleration. (b) Elevation LOS angle rate. (c) Azimuth
acceleration. (d) Azimuth LOS angle rate.

Although each guidance law can impact the target successfully, the acceleration varia-
tion and the convergence of the LOS angle rate are significantly different. The acceleration
for the proposed guidance law converges to zero in fixed time and remains there afterward,
while the comparison law with the first group of control parameters will fluctuate around
zero until the instant of impact, as demonstrated by FTCG1. There would be no chattering
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for the proposed guidance law under any allowable control parameters. As a result, the
proposed guidance law can achieve higher accuracy than the comparison law. However, the
comparison law can avoid chattering by proper selection of control parameters, as FTCG2
does. However, the LOS angle rate only converges to zero at the end of the impact, failing
to exhibit the characteristic of finite-time convergence. Hence, the proposed guidance law
has better performance than the comparison law.

4.2. Simulations with Autopilot Dynamics

As shown in the previous simulation case, the initial acceleration for the missile
under the proposed law is very large. However, acceleration usually grows from scratch
in practice. Furthermore, the autopilot delays are uncompensated during the design of
the guidance law. Hence, it is necessary to investigate the performance of the proposed
guidance law under the effect of autopilot dynamics.

Some existing methods compensate for the autopilot dynamics by computing the
control parameter at each time step in a feedback manner, which makes the guidance law
more complicated. Since robustness is a generic characteristic of the proposed guidance
law, the control parameters do not need to be calculated in a feedback-step manner. To
show the robustness of the proposed guidance laws, a first-order autopilot dynamic is
considered in this simulation, which can be expressed as

aqa

aq
=

1
1 + τs

(49)

where aq is the ideal acceleration, aqa is the actual acceleration. The time constant τ
considered for the autopilot dynamic, in this case, is 0.5s. Initial conditions and control
parameters are the same as in the previous section.

Simulation results are shown in Figure 3. Ideal and actual accelerations are plotted
with different types of lines in Figure 3a,c. It is obvious that there exists a tracking error
between the ideal and actual accelerations under the effect of autopilot delays. However,
this error can be eliminated in a fixed time without extra effort under the proposed guidance
law. Simulation results with actual command are plotted in blue solid line in Figure 3b,d,
which converge to zero before the final time and ensure the successful impact of the target.
Even though the proposed guidance law is derived from a lag-free system, the guidance
law can provide high accuracy in a realistic missile system with autopilot lag.
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Figure 3. Cont.
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Figure 3. Simulation with autopilot dynamics. (a) Elevation acceleration. (b) Elevation LOS angle
rate. (c) Azimuth acceleration. (d) Azimuth LOS angle rate.

4.3. Simulations with Different m and n

In this case, the performance of the proposed guidance law in a 3-D Scenario is studied
under different control parameters, which are m = n = 0.1, m = n = 0.2, m = n = 0.4.

Simulation results are shown in Figures 4 and 5. Solid lines, dash lines, and dot lines
represent the results for three different control parameters. Figure 4a shows the elevation
acceleration, and Figure 4b represents the profile of the elevation LOS angle rate. Figure 5a
shows the azimuth acceleration, and Figure 5b represents the profile of the azimuth LOS
angle rate.
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Figure 4. Simulation results in the elevation plane with different m and n. (a) Elevation acceleration.
(b) Elevation LOS angle rate.

For all the various values of control parameters, the LOS angle rate can converge to
zero in fix time, as shown in Figures 4b and 5b. The collision course can be achieved, and the
impact of the target can be ensured. Moreover, the miss distance for the missile can be less
than 0.1 m. It also can be concluded from Figures 4b and 5b that the convergence rate for
the LOS angle rate increases as the value of the control parameter increases. This is in line
with Theorem 3. However, a higher convergence rate requires larger guidance commands
at the beginning of the guidance process, as is demonstrated in Figures 4a and 5a.
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Figure 5. Simulation results in the azimuth plane with different m and n. (a) Azimuth acceleration.
(b) Azimuth LOS angle rate.

4.4. Simulations with Different γ

In this case, the initial conditions for the missile and the initial coordinates for the
target are the same as in Section 4.1. The speed for the target is VT = 200 m/s , and the
acceleration is aT = 6 m/s .

Simulation results are shown in Figures 6 and 7. Solid lines, dash lines, and dot lines
represent the results for three different control parameters. Figure 6a shows the elevation
acceleration, and Figure 6b represents the profile of the elevation LOS angle rate. Figure 7a
shows the azimuth acceleration, and Figure 7b represents the profile of the azimuth LOS
angle rate. The collision course is achieved with the LOS angle rate converging to zero. It is
clear from Figures 6b and 7b that the convergence of the LOS angle rate achieves in fixed
time for all the control parameters. It also can be concluded from Figures 6b and 7b that
the convergence rate for the LOS angle rate increases as the value of the control parameter
decreases. This is in line with Theorem 3. Moreover, a higher convergence rate requires
larger guidance commands at the beginning of the guidance process, as is demonstrated in
Figures 6a and 7a.
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Figure 6. Simulation results in the elevation plane with different γ. (a) Elevation acceleration.
(b) Elevation LOS angle rate.



Mathematics 2023, 11, 2090 14 of 15

Mathematics 2023, 11, x FOR PEER REVIEW 14 of 16 
 

 

4.4. Simulations with Different γ 

In this case, the initial conditions for the missile and the initial coordinates for the 

target are the same as in Section 4.1. The speed for the target is 200 /TV m s= , and the 

acceleration is 6 /Ta m s= . 

Simulation results are shown in Figures 6 and 7. Solid lines, dash lines, and dot lines 

represent the results for three different control parameters. Figure 6a shows the elevation 

acceleration, and Figure 6b represents the profile of the elevation LOS angle rate. Figure 

7a shows the azimuth acceleration, and Figure 7b represents the profile of the azimuth 

LOS angle rate. The collision course is achieved with the LOS angle rate converging to 

zero. It is clear from Figures 6b and 7b that the convergence of the LOS angle rate achieves 

in fixed time for all the control parameters. It also can be concluded from Figures 6b and 

7b that the convergence rate for the LOS angle rate increases as the value of the control 

parameter decreases. This is in line with Theorem 3. Moreover, a higher convergence rate 

requires larger guidance commands at the beginning of the guidance process, as is demon-

strated in Figures 6a and 7a. 

  

(a) (b) 

Figure 6. Simulation results in the elevation plane with different γ. (a) Elevation acceleration. (b) 

Elevation LOS angle rate. 

  

(a) (b) 

Figure 7. Simulation results in the azimuth plane with different γ. (a) Azimuth acceleration. (b) 

Azimuth LOS angle rate. 

  

0 5 10 15 20 25
0

10

20

30

40

50

60

70

Time(s)

E
le

v
a
ti

o
n

 A
c
c
e
le

ra
ti

o
n

(m
/s

2
)

 

 

γ=20

γ=10

γ=5

0 5 10 15 20 25
-14

-12

-10

-8

-6

-4

-2

0

2
x 10

-3

Time(s)

E
le

v
a
ti

o
n

 L
O

S
 a

n
g

le
 r

a
te

(d
e
g

/s
)

 

 

γ=20

γ=10

γ=5

Figure 7. Simulation results in the azimuth plane with different γ. (a) Azimuth acceleration. (b) Az-
imuth LOS angle rate.

5. Conclusions

Novel fixed-time convergence guidance laws are proposed for diverse engagement
scenarios, and the fixed-time convergence of the LOS angle rate is proven under the
proposed laws. The convergence rate is merely related to control parameters, a suitable
selection of which can ensure the convergence is fulfilled before the final impact time.
Unlike finite-time convergence guidance law, the proposed method is not affected by the
chattering effect. The simulation results present high accuracy in a realistic missile system
for autopilot first-order time constants as high as 0.5 s. In our future related research, more
constraints to improve the missile performance should also be concerned, such as impact
time and impact angle.
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