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Abstract: Finding the range of coordinated convex functions is yet another application for the sym-
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gral. Moreover, we will construct the qgqg-symmetric Holder’s inequality, the symmetric quantum
Hermite-Hadamard inequality for the function of two variables in a rectangular plane, and address
some of its related applications.
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1. Introduction

The study of convex functions is an important field in mathematics which occurs
almost everywhere in pure and applied branches of mathematics, but mainly it plays a
key role in predicting the approximate solutions for linear and non-linear programming.
A well known inequality called the Hermite-Hadamard inequality, introduced first by
Hadamard [1], states:

Let§: [ag, a1] € R — R be a convex function on [ag, a1], then

f(610 + al) o1 /'a1 H(x) dx < f(ao) +f(a1) 1)

X
2 a] —ag Jag 2

inequality holds.

Over the last three decades, a number of researchers concentrated their research on
various types of Hadamard’s inequality and its related applications. But we are able to
acknowledge with confidence that the actual work on it was diversified by Dragomir in
1992 (see [2]). Many interested researchers have generalized (1) and constructed multiple
formulations in different forms as a result of this progressive work. Dragomir established
a number of Hermite-Hadamard-type inequalities for many kinds of functions using
various assumptions, like convex functions defined on a disc in the plane and on a ball
in the space. See Ref. [2] for further details. The Hermite-Hadamard-type inequalities
for convex functions on n-dimensional convex bodies were investigated in 2006 by de la
Cal and Carcamo [3]. They derived two main results; the first one is related to mappings
on polytopes in #”, and the second one is related (1) via symmetric random vectors on
arbitrary norms on R". Another extension of (1) for a function defined on a convex subset
of 3 was introduced by Yang in 2012 [4]. Furthermore, matrix and operator inequalities of
the Hermite-Hadamard type were introduced by Moslehian recently in [5]. The idea of a
coordinated convex function was given by Dragomir [6]; it is defined as follows:
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For any two-dimensional interval [ag, a;] x [cp, ¢;] € R?, with ag < aj and ¢y < c;.
A function §f : [ag, aj] X [co, 1] — R is a coordinated convex if the partial mappings
fy : [ao, a1] — R, fy(u) = f(u, y) and fx : [co, c1] — R, fx(u) = f(x, u) are convex for all
X € [ag,a1] and y € [co, ¢1].

Using this definition, Dragomir derived the Hermite-Hadamard inequality on a
coordinated convex function, which is stated as follows:

Theorem 1 ([6]). Let f : [ag, a1] x [co, c1] € R?* — R be a convex coordinated function, then

ag+a; ¢+ 1 1 /al Cco+ ¢ 1 /Cl ap + a1
< ~ 7 d 7 d
f( 2 72 ) 2|:a1—a() ap f(x 2 ) X+C1_C0 o F 2 Y)Y
1 al C1
< / / f(x, y)dydx
ag Joo

(a1 —ap)(c1 — o)

1 a 1 a
< m /30 f(X,CO)dX—‘— m /ao f(X,Cl)dx

1 C1 1 o
+ m /CO f(aO/Y)dy + m /CO f(al,y)dy
< f(ao, co) + (a1, co) Zf(ao, c1) +f(a, 1) 2

inequalities hold.

In the current era, the study of quantum calculus is also a center of attention for re-
searchers. Euler (1707-1783) was the first person to propose the concept of quantum calculus
after the 17th century. Its role provides a bridge between physics and mathematics. E H. Jack-
son and others focused more on quantum calculus in the early 20th century. Quantum calculus
(g-calculus), a subfield of time-scale calculus, deals with the study of difference equations
and provides solutions to a wide range of dynamical problems. Furthermore, we can state
that g-calculus generalizes the derivative and integration of classical calculus and that we
retrieve the classical conclusions as q — 1. The Euler notion was first studied by Jackson [7]
in 1910. He used it to define g-integration and g-derivatives for continuous functions over an
interval (0, o0), commonly called calculus without limits. Al-Salam [8] introduced the concepts
of g-fractional and q-Riemann-Liouville fractional inequalities in 1966. The fundamental prin-
ciples of g-calculus were first discussed by Kac and Cheung in their book [9]. We recommend
reading [10,11] for some details on quantum calculus.

The g-integral and g-derivative of continuous functions over finite intervals were
specifically presented in 2013 by Tariboon and Ntouyas.

Definition 1 ([12]). For a continuous function f : [ag, a;] — R, suppose that for 0 < q < 1

lim 1) —flax+ (A —g)ao) _,
x@a (1 =q)(x—ap) '

Then, ayDqf(x) is defined as follows:

) —f(gx+ (A —qag) .o
aquf( )_{ ’ f 7& o

(1-q)(x—ap) 3)

b, Zf X = ap.
If we put ag = 0, (3) becomes

_ 1) —f(ex)
ST
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Definition 2 ([12]). For a continuous function § : [ag, a;] — R, the q-integral on [ag, a1] can be
obtained by

[50 adat = (1= @)~ a0) 3 sl + (1~ ")ao), @

<40 n=0

If we put ag = 0, (4) becomes
X 00
| i dat = (1= @)x Y- a"Fa"™).
n=0
Furthermore, Jackson [7] derived its subsequent form:
ap a ag
/ f(t) dqt = / f(t) dqt — / f(t) dqt.
a 0 0

0

Utilizing the above essentials of quantum calculus, Tariboon and Ntouyas developed var-
ious well-known inequalities on finite intervals in [13] and the Hermite-Hadamard inequality
is one of them. But there is an error in the first form of the quantum Hermite-Hadamard
inequality, which was pointed out by Alp et al. in [14], where they gave a counter-example to
the previously established form of this inequality. Thus, they formulated the corrected form
of Hermite-Hadamard inequality in quantum calculus, which can be presented as

Theorem 2 ([14]). For f: [ag, a1] — R being a convex function on [ag, a1], then

qa0 + a1 17 qi(ao) + j(a1)
f( ) <o _aoa/f(t) adgt < TR

1+q 14+q

inequality holds for q € (0,1).

Dragomir et al., in [15], published some work on quantum calculus. They provided
some definitions of the partial qg-derivative, q4-derivative, qgqy-derivative, and qeqg-
integral and shifted the notion of quantum calculus on finite intervals with work on
bi-intervals (i.e., coordinates in plane).

Definition 3 ([15]). Let § be a continuous function of two variables from [ag, a1] x [co, ¢1] € R?
toRand0 < qp <1,0<qp <1, then

20997 y)  §(qex+ (1 —qg)ao,y) — f(x,y)

= , X #ay,
e (1—q0) (x— a0) s
wdaf%Y) _ fcagy + (1 -ap)e0) ~Fxy) -,
@99,y (1—qp)(y —co) ’ ’
and
ao,Coaég,%f(X/ y) 1

ey A0 ap & —a0)(y —a) < U(@0x+ (1= de)ao, dgy + (1= dp)co)

— f(gox + (1 —qp)ao, y) —f(x qpy + (1 — qp)co) +§(x,¥)], x# a0,y # co,

are  called the partial  qe-derivative,  qg-derivative, —and  qgqe-derivative at
(x,y) € [ao, a1] x [co, c1].
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Definition 4 ([15]). Let f be a continuous function from [ag, a1] X [co, ¢1] € R? to R, then
y X
[ [ 009) soap colayy = (x = 20)(y = <o) (1 = o) (1 - ap)
Yo Y40

DI quZ’f(qSX + (1 —qgp)ao, qpy + (1 - q$)00)
m=0n=0

is called the qpqg-integral on [ag, aq] X [co, ¢1].

With the help of these definitions, they derived the Hermite-Hadamard inequality for
the convex function of two variables.

Theorem 3. Let | : [ag, a1] X [co,c1] € N2 — R be a convex coordinated function on
[ag, a1] X [co, c1], then for 0 < q9 < 1and 0 < qp < 1, the following inequalities hold:

f<a0+.511 c0+c1)
<

1 1 1 co+C1 1 /Cl ap + a;
2 |: ~/alo f(X’ 2 ) aodqu + C1 — €0 Joo f( 2 IY) COdq(py:l

a; — ag
1 ‘ap
= (a3 —ap)(c; — o) /ao /Co F(6¥) codggy agdg,X
d¢ a 1 aj
< S T ag) oy 100 %0 5 gy f, TO0en)
9¢ " c1
* 2(c1 —co)(1+qp) / H(a0,y) odapy + 2(c1 —¢0)(1+qp) /CO f(a1,y) codgyy
qe%f(ao,co) + qgf(a1, co) + gef(ao, c1) + f(al,cl) 5
(1+90)(1+qg)

In July 2020, N. Alp and M. Z. Sarikaya [16] published an article in which they gave
a counter-example that disproves the (5) and derived the correct form of the Hermite—
Hadamard inequality.

Theorem 4 ([16]). Let f : [ag, a1] X [co,c1] € RZ — R be a convex coordinated function on
[ag, a1] X [co, c1], then for 0 < q9 < 1and 0 < qp < 1, the following inequalities hold:

f<fvloqe +a; coqp + C1>
1+q " 1+4+qy
11_1 Mo C0dp T C / 090 + a1
< = P —Jav - 7L
D) l:al —ag AO f(xr 1 +q¢ ) aodqu+ 1 — o Jeg 1 +q9 ,y) Cqu¢y
< 1 /a1 /C1 ( ) d d
= (a1 —ao)(c1 — <o) w0 Jeo f(X,¥) o qe Y agGqeX

ai

q(P al 1
201 —a0) (1 qp) /ao T <o) aodanX + 5 T T qp) /ao

Je 1 "cq
+ 2(c1 — o)1+ q5) / f(ao, y) codq¢y+ 2(cr — o)1+ q0) /CO f(a1,y) cdqyy
q9q¢f(a0, co) +qgf(ar, co) + qef(ao, c1) + f(al,cl) ©
(14+qe)(1+qp)

N

fx €1) agdgyx

In the recent past, a number of publications have been presented regarding the im-
provement and development of different variants of the quantum Hermite-Hadamard and
related inequalities (see [17-20], and references therein). However, in the present article we
are interested in exploring such findings under the new and latest perspective of symmetric
quantum calculus.
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2. Preliminaries and New Results in Symmetric Quantum Calculus
The symmetric partial derivatives of the function are defined below.

Definition 5 ([21]). Let f(x,y) be a function which is defined on R?, then
I _ iy Ix+HHy) —f(x—hy)
X nl 2h @
I fxy+h) —jlxy—h)
A | 8
ay B0 2h ®

are said to be symmetric partial derivatives of f with respect to x and y, respectively.

Da Cruz et al. introduced a new concept called symmetric quantum calculus in [22]. It plays
an important role in developing hypergeometric and a class of harmonic functions in complex
analysis [23]. The symmetric quantum analogue of any number m can be defined as [9]

. qm_q—m
[m]zi,
q—q!

In addition to this, the g-differential and h-differential for q # 1 and h # 0 can be
defined as

wherem € N.

dgf1(x) = f1(gx) —f1(q7'x), x # aq,
dnfa(x) = f2(x +h) —f2(x —h), x# ag.

The derivative and integral in symmetric quantum calculus can be derived as

Definition 6 ([24]). For a continuous function § : [ag, a1] — R, then the §-derivative or 5,q-symmetric
derivative on [ag, aj] is defined as

5 ety — B0 _ f(gx+ (1-q)ao) —f(q'x+(1-q Hao)
aquf(X) - d~qX - (q* q_l)(x — aO) ’ 7& 0s

if ag = 0, this becomes

SSTTR (CO N (O (C I
Dqf(x) = ix ~ @-alx # 0.

Definition 7 ([24]). For a continuous function § : [ag, a;] — R, then the G-integral or 4,q-symmetric
integral on [ay, aj] is defined as

/; 0 H(t) agdgt = (97" — q)(x —a0) ioqz”“f(qz”“x + (1= )a);

here, x € [ag, a1] or

X - &%)
[ 70 aodat = (1= @) (x—a0) ¥ @ (@ x+ (1= g+)ao ).
a0 n=0

In this section, with the help of all of the notions above, we will define some new
definitions in symmetric quantum calculus that assist in constructing the qgqy-symmetric
Holder’s inequality and Hermite-Hadamard inequalities.

We introduce and provide definitions below.
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Definition 8. Let | be a continuous function of two variables from [ag, a1] X [co, ¢1] € R? to R
and 0 < qg < 1,0 < qp <1, then

wdepf(ey) _ flax+ (1= anaoy) —fla'x+ (1 —qpaoy) -~
ag9gpX (g9 *qg_l)(X*aO)
cdayf(xy) T apy +(1—dp)eo) —flx gy 'y + (1 - g5 )co) ot
c00aY (a9 — g, ") (y — o)
and
92,0514 ¥) 1
ap,C , ’
e = : x [{(gex + (1 — qp)a0, gpy

20990X 00q,Y  (qo =gy ) (dp — gy ") (x —a0) (y — <o)
+ (1 —qg)co) — F(gex + (1 —ge)ao, g, 'y + (1 — g, ' )co)
— (g X+ (1 —q5 H)ao, gpy + (1 — g¢)c0)
+ (g x+ (1= g5 Ha0, g,y + (1 =g, )e0)], x A0y #co ()

are called the partial qg-, q¢-, and qeqe-symmetric derivatives at (x, y) € [ag, a1] X [co, c1].

. ~ 2
If aoaq9~f(x, y) Coaq(’;-f(xl Y) d aO'anqe’CWf(X, Y)
adgX T o g4y a99qpX 9y

f is called partially qg-, q¢-, and qgqp-symmetric differentiable on [ag, a1] % [co, ¢1].

4

exist for all (x, y) € [ag, a1] X [co, ¢1], then

Example 1. Let f : [ag, a1] X [co, ¢1] € R? — R be a function.
Case 1. If § is a non-convex function. Suppose that f(x, y) = xy, then the partial qg-symmetric
derivative of f(x, y) is

209, f(%,y) _ (qox + (1 —ge)ao)y — (g 'x + (1 — g5 ao)y
2009 % (g0 — g5 ) (x — ap)
ylgex + a0 — qpa0 — gy 'x — a0 + gy 'a] _
(90 — 5 ') (x — a9)

The partial qp-symmetric derivative of f(x,y) is

c0dq, (6 y)  x(qpy + (1 —qg)co) —x(q, 'y + (1 =g, )co)

c099Y (qp — 95" (y — o)
_ x[apy +co—qpco — g,y — co + ;o))
(99 —q,")(y — o)

And also, the partial qgqe-symmetric derivative of f(x,y) is

ag,Co éag,qﬁ(xf y) 1
= = = X 1-— a
aoaqex Coaq¢y (q@ - qal)(q¢ _ q(;l)(x — aO)(y _ CO) [{qG + ( q9) 0}{q¢y
+ (1 —qp)co} — {qox+ (1 — qo)ao}{q, 'y + (1 — q; ' )eo}
— {gg 'x+ (1= g5 ao}{apy + (1 — qp)co}

+ g7 "x+ (1= g5 HaoHg, 'y + (1 - 4o} ]
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1
= N 1 B R
(=0 e~ 2 ) (x— ey —ao) LT (17w} {agy
+ (1 - th)CO — quly_ (1 — qal)CO} o {q51X+ (1 _ q;l)ao}

x {qpy + (1 - ap)eo — a5y — (1 - g5 )eo} |

1
(90 — g5 ") (@p — g5 (x —a0)(y — co) [

— (1=g;aoHagy + (1 = qp)o — g5 'y — (1= g5 ")eo}
= ! —q; )x 1—qgy—1 “Da
<q9 —%_1)(% _q(;lxx_ao)(y_c(]) |:{(q9 9e ) +( qJ6 +q9 ) 0}
X {(q¢—q471)y+(1—q¢—1+q4§1)cO}]
1

_ .
TR e

x {(ap— a5 )y — (9 — a5 "o},

{gqex + (1 —qg)ap — q; 'x

and finally,

a0,€0 éég,q(pf(xl Y)

= < =1

ap a%X o aq¢y
Case 2. If f is a convex function. Suppose that §(x, y) = x? + y?, then the partial qg-symmetric
derivative of f(x, y) is

2099, F(y)  (qex+ (1 —gp)ao)? +y* — (g 'x+ (1 —qp ' )ag)? — y?

209X (g0 — g5 1) (x — o)
1
= — [(90)*x* + a§ + (qe)*aj — 2qpaj + 2qpxag — 2(qp)*xag
(@9 —qp ) (x—ap)
— (g5 ")>* —ag — (95 ')?ag + 29, 'ag — 29, 'xap +2(qq ') *xao]
1 - _ -
= — [{(q0)* — (a5 ")*}x* + {(q0)* — (95 ")*}a§ — 2a5(qe — 95 ")
(q6 — gy )(x—ao)
+2(qp — g5 V)xa0 — 2{(qe)* — (q *)*}xa)
(g0 + ' )X% + (qo + qp ')a3 — 223 + 2xag — 2(qe + g, ' )xap
X —ap

Similarly, the partial qg-symmetric derivative of f(x,y) is

g, fy)  (Ap+ap")y* + (qp + 9, ") — 265 +2yco — 2(qp + q; yco

o aq<py Y—=¢o
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And also, the partial qgqe-symmetric derivative of f(x,y) is

ao,coéég,q¢f(X/Y) _ 1 [
aoéqex COéq¢Y (qe —qgl)(q(p —qgl)(x—ao)(y—cO)
+ (1—gp)co}® = {qox+ (1 —gp)ao}* — {q, 'y + (1 = q; " )eo}?
= {a5 'x + (1= g Hao}? — {gpy + (1 - qp)co}?
+ {g5 x+ (1= g3 a0} + {g; 'y + (1 - g, eo}?] = 0.

{qex + (1 —qe)ao}* + {qgy

Remark 1. If qg,qp — 1 in both cases of Example 1, then the results will coincide with the
symmetric partial derivatives of such functions coming from (7) and (8), respectively.

Definition 9. Let f be a continuous function from [ag, a1] X [co, c1] € R? to R, then for
(X' Y) € [a()/ al] X [C(), C]]/

y [x 5 3 .
/CO /ao f(x,y) agdqeX codqyy = (x —a0)(y — c0)(qyt — qe)(q —qgp) Zo qugnﬂ

v qém+lf(q§n+1x+< qgnﬂ) ,qéerly qéerl) )

/y / 10, ¥) aofaeX codgyy = (x —a0)(y — o) (1~ q3)(1 — qj)

y 2 Zanqémf( 241, ( q§n+1> a0, 2"y + ( qém—H) ) (10)

m=0n=

is called qpqg-symmetric integral on [ag, a1] X [co, c1].

From (10), we can say that

y o x . . Xy - -
/ / f(X, Y) ap dqu Codqqyy = / / f(xf Y) COdCM?y aOquX
Cpo Jag Jag JCp

Moreover, for any point (xg, yo) € (ag, x) X (co, y), we can write

y [x y [Xo ~ ~
/ / f(xy) aod X¢ d%y / / f(¥) a %X dCI¢y / / f(xy) apfgeX ¢ apy
Yo /Xo Yo Jag Yo Jao

:/ / f(x,y) aod%xcod%y_/ / f(xy) ao‘{qucoj%y

Co Jap ag
y [Xo

_/C /a f(x,y) aod X ¢ d%y—l-/ / (x,y) aod X ¢ dq¢y (11)
0 Jag

Some results that are given below hold for Definitions 8 and 9.

Theorem 5. Let | be a continuous function from [ag, a1] X [co, c1] € R? to R, then

@ el [T st oy = Fx,y)
— — u,v u VvV = X,
aoaqucoa%y Co aglqet cohqy y

X u v j 7
/ / ap, Co qe ‘lcv >a0dq9u cfqyv = f(x,y)
<o

ag qeu €0 a%v

X agp, CO 0, V) ~ ~
/y /X q q¢ —=——x——aplqyU odq,V = f(x,y) — f(x,y0) — f(x0,y) + (X0, y0)

V
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for (xo,y0) € (ap,a1) x (co, 1)
Proof. (1) Using (10), and then, (9),

52
o, Co QG 30079099 / / i i __a0c%pqp B B T
a X aqq)y o u, V aglqyU co q¢V aoaquC[)éqq)y [(X aO)(y Co)( qe)( q¢)

% Z Zan 2m ( 2041y ( qgn+1> /qéerlY"‘( qém+1> )]

m=0n=

1
_ (@ -2 ) (g = q;1)(x S [%%(X —ag)(y —co)(1—q3)(1— qé)

% Z Zan 2m ( 2042, ( 2n+2

m=0n=

a0, qéerz ( qém“) )

% Z Zqzn 2m ( 2042, ( 2n+2

m=0n=

- ngq, (X —ap)(y — co)(1 - q3) (1 — q3)
)

—qy q¢(x—ao)<y—cO)(1—qe)(l—q4>
<y Z a8 a3 F(a"x+ (1 - 48" )ao, 432y + (1 - 43" *?) o)
m= On

+qq q¢ H(x —ap)(y — co) (1 —q3) (1 —q3)

P qﬁ"“qff”w (1= Joncie (1))
q§n+2 2mf( 2n+2x+ ( q§”+2)ao, qémy_‘_ (1 . qém)co)

a"ap" 2 (af"x+ (1 — i )ao, g3 2y + (1 - 0" <o)

3
ij8
3

|
ngk:

3
Il
o
3
Il
o

|
hgk
Mg

(2) Using (9), and then, (10),

S ap, C() u/ ) ~ ~
/ / q9 q¢ ap d%u Co d%v
() %y

1
— /CO /ao 90— 5 ) (9o — 95 )X — a0)(y — o) [f(qeu + (1 — gp)ao, qpv + (1 — g )co)

- f(qe_lu + (1 - qe_l)ao, qev + (1 - q(p)CO) - f(qeu +(1—qp)ap g, 'v + (1 - q?)CO)

+ f(qglu + (1 - qgl)ao, qp v+ (1 - qqgl)co)]




Mathematics 2024, 12, 1517 10 of 29

= i i f(q5n+zx+( q§n+2) ’qém+2 ( q¢2)m+2) )
— 8" )a0 "2y + (1 - 43" )co)

(a"x-+ (
_ f(q§n+2x+ ( q§n+2) a0, qé’”er (1 _ qém Co)
(a3 (

e N

— (@ + (1-a3")a0 g3y + (1 - a3") o)
- 5 B (oo ()
m=1n=

[
hgk
hgk
Q0
oR

X
_|_

3
I
—
3
Il
o

|
gk
78
o,
/ /N /N
Q0
DN
=
X
+
N VS VS
—_
|
e}
=y
N——— N——— N———
g
QO
=N
3
<
+
/ / /
—_
|
e
Y
N——— N———— N———
[@)
N——— i/ N———

m=0n=1

+ Y Y e+ (1—q5")ao, g3y + (1 —q3" )co
m=0n=0

= f(x,y).

(3) Using (11), and then, (2) results in

S agp ,Cg , u/ ) ~ ~
/ / qg q¢ ap d%u Co d%V
yo % y

XaOCO q9q¢, u,v) / /XaoCo ng¢( ) . .
= u v — dg,U ¢ndg, v
/C ) / 8 X c aq¢y ag qs €0 q<p 8 ap“qe - co"qyp

X0 ag,co0 q9q¢ f(u,v) X0 aOrCO ng ( v) i i
/CO/ 8 o X ¢ qu,y 0 q9 / / é oY agftqet cofigyV
= f(x,y) — f(x,y0) — f(x0,y) + f(x0, y0)-
O

Holder’s inequality for the double sum can be stated as

Theorem 6 ([15]). For any two real or complex sequences (ast) ste N'(CSt)s,tE N and % + i 1,
withtg > 1,1p > 1

1
Ty

Z 2 lastest] < <i i |ast|r"> (Z Y lestl *") ' (12)

s=0t= s=01t=0 s=0t=0

1
T

inequality holds for finite sums.

Now, with the help of Theorem 5, we construct Holder’s inequality for the function of
two variables in symmetric quantum calculus.

Theorem 7. (qpqy-Symmetric Holder's Inequality). Let § and f be continuous functions from
[ag,a1] x [co,c1] € R2to R, then for0 < g < 1,0 < qe < 1,and % + %zl, withrg > 1,1y > 1, then

ap C1 ~ ~
L om0y coday g
ag (&)

a C 1 a C <
1 1 ~ ~ Iy 1 1 - - r4,
<( / / 0o y)[® cOdq¢Yaodq9><> ( / / F2(x, y)|™ Codq4,yaodq9x> (13)
ap Co ap Co
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inequality holds.

Proof. Using the definition of a ggqp-symmetric integral and (12), we have

L b0yl ey sodaex
= (a1 —ag)(c1 — co) (1 —q3)(1 — q3)

% 2 qunqq%m‘fl( 2n+1a1+( q§n+1)a qémﬂcl+ (1 2m+1) )‘

m=0n=

% ‘f2< 2n+1a1+( qgn+1) ,qémHClJr( 2m+1)C0>’

2 2{ a; —ag)(c1 — o) (1 —q5) (1 —q3) } { gnqém}
)

i
m=0n= N

@ (- o+ (-7

< et~ )1 -1} {&%%}%

<[ o (1= g+ (1 G )

< [(al —ag)(c1 —co)(1—qp)(1—qp)

: ii:Onio o' Zm‘fl( 2n+la1 - ( qénﬂ)a qémH + (1 — Qém#)Co) j '

3

(a1 —ap)(c1 — o) (1 —q3) (1 —q5)

Y 3 aia (G e (1 G a0 @ e+ (1= 3o

m=0n=0

L el ada,y sods ) (/ [t C0¢y%%9>

X

T

¢

X

o
=

| IS
-
<

S

O

In our previous work [25], we derived some results in symmetric quantum calculus
which are given below.

For any function §f : J[ag,a;] — R which is convex differentiable on
(ag,a;) and 0 < q < 1, then

(1—q+9%ao +ga 1 2 7 (1—q+9H)j(a0) + gf(a1)
(T < [ i) i < L (14)

fqm+%1—q+qﬁm _ﬂl—qfﬁr—m%/qm+%1—q+q5m
1+q2 1+¢? 1+¢q?

1 al " 1—q+ 2 b n
< a; —ag /ao FO) agdqx < (-9 ql )j_(qg) qj(a1) 5)
(0+«) 1—®(m—ﬂ®ftm+m>
2(1+¢%) 2
Fi U—q+qﬁ@w+q@g
\al_aO/ 1+q (16)
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3. Hermite-Hadamard Inequalities for Coordinated Convex Function in Symmetric
Quantum Calculus

In this section, we will construct the Hermite-Hadamard inequality for the convex
coordinated function in symmetric quantum calculus and its types. For this, let (2 be a class
of continuous functions from a one- or two-dimensional interval to I that satisfies some of
the following properties of symmetric quantum integrals:

(i) Forfy,f. € Qwith f; < f, and [ag, a1] C R, then f:ol f1(x) aod~qx < fazl f2(x) a0d~qx for
all x € [ag, a1].
(ii) For f; € O, then ‘fazl f1(x) aoﬁqu‘ < faaol 11 (%) | agdqx-
It is important to mention here that throughout the rest of the paper all the functions
that we will consider belong to the class Q2.

Theorem 8. Let f : [ag,a1] x [co,c1] € R? — R be a convex coordinated function on
[ag,a1] x [co, c1], then for 0 < qg < 1and 0 < qp < 1,

; (1—qo+q3)ao + qear (1= qg +q3)co + qgc1
1+q; ’ 1+q;

1—qp+9q5)c0 + .
1 /al (X,( qp +dqg)c0 q¢C1)a o
2|a; —ag Jay 1+qé 076
1 @ (1—qg+9q3)ao + gpar -
+ / ) od
€1 —¢o Jop ( 1+q; V) olasY
! " dory ad
h (a1 —ag)(c1 — <o) /ao /co Foey) e %Y aoftap
l-qp+q o . ap a ~
< ,C0) agapX + / ,c1) ad
2(a1 _ ao)(l +q%¢) /ao f(X CO) agqeX 2(a1 — ao)(l +q§>) 20 f(X C1) agdgpX
g : @ ‘ :
V) coflay + / y) od
2(cy —Co)(1+q§) o f(ao.y) wo’tagY 2(cy —co)(1+q5) o faty) gy
1
< (1—qo +q5) (1 — qp + q5)F(a0, €0) + go(1 — qp + q5)F(a1, o)
(1+q5)(1+q?p)[ ‘ o o
+ p(1 = 4o + G)F(20, 1) + qodpi(a )] (17)

inequalities hold.

Proof. Let by be a convex function from [cy, ¢1] to # and defined as bhx(y) = f(x,y). Then,
using (14), we have

‘ (1-gp+gp)eotaper) _ 1 /Clb ) iy < (1~ qp +q3)bx(co) + qgbx(c1)
x 1+ Sop g o Y0t S 1+ ’
(1—qp +9q3)c0 + gpc1 1 ra - (1—qp + q3)F(x, c0) + gof(x,c1)
ix < —— [0y gy < e (18)
+q5 €1 — €0 Jep 1+q;
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for 0 < gy < 1 and for all x € [ag,a;]. For any 0 < gy < 1, taking the symmetric qg-integral
on [ag, a1

1 /al f(x, (1—qp+qj)co+ CI¢C1> p

a1 —ag 1+ S

ao

1 ap C1 B _
h (a; —ap)(cp — o) /ao /Co f(x,y) codq¢ya0dq9x

1 /‘al (1—qp +q5)f(x co) + qgf(x,c1)
a1 —ap Jag 1+ qﬁ,

= 1—q¢+q§, /alf(xc) dgx + o /alf(xc) dg,x.  (19)
(a1—a)) 1+ ) Jag T (@ —ag) (14 ) Jag T

< aglqeX

Similarly, let by be a convex function from [ag, a;] to ¢ and defined as by (x) = f(x,y).
Then, again using (14), we have

(1—qe +9q3)ao + gea 1 a . (1—qe +q3)by(ao) + qoby(ar)
by 1_|_9 5 < — / hy(x) aodq9X < Zhdi 5 Y ’
P a; —ap Jag 1+q;
1— 2 a ~ 1-— 2 7 ’
i ( %‘fl'%)io taar ) 1 / ' y) wllayx < (1—qe +q5)f(ao Z) + qpf(a,y) 20)
+q5 a; —ag Jag 1+ qj

for0 < q9 < landforally € [cg,c1], forany 0 < gy < 1.
Taking the symmetric q¢-integral on [cg, c1],

1 €1 (1 —qe +q2)ao+qga1 -
/ f( : Y ) cfapy

C1 —Cp Jo 1+q§

]. (o] ap 5 _
S (al — aO)(Cl — CO) ‘/CO AO f(le) aodqu Codquy

1 /Cl (1—qo+93)f(a0,y) + qef(ary)

< d
b @ 1+ ot

€1 —¢C

1—qp+ qg /Cl - qe /Cl -
= 1Y) cd 1Y) qdg,y- (21
@)@+ @) o Y T T A ey TV e @D

Adding (19) and (21):

1

2

1 s (1—qp+qzco+qecr
/ f X/ 1 + 2 aodqex
EN) q‘P

a; —ap

1 a (1 —q9+q§)ao+qga1 -
, d
CﬁCO/CO T+ Y) coflayy

1 ai "C] B _
= (a1 —ag)(c1 — o) ./ao ./CO FO0 ) coflayYandayX

l-qptqy (= ) 4 a )
< ,c0) aoflag + [ i) ad
o @) 1O w0 g gy [, T o

1-qp+qj /Cl ; 96 < -
/Y) coflgpy + / JY) coday (22
2(c1 — o) (1 +q5) Joo Haoy) codayy 2(c1 — co)(1+ ¢2) Joo i(a1,y) codqyy.  (22)
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(1-qp+q5)co+qpct

_ 2
Replacing x by % in (18) and y by s in (20), then adding,
0 ¢

we have

j (1—qo +q3)ao +gear (1—dp +95)co +qpc1
1+qj ' 1+q;

1 1 1—qgp+q5)co+qpc1,
1 /1fx,< qp q¢)20 b1y x
2| a; —ag Jag 1+q
1 /Cl (1—gp +9gg)ao + qgear ) od
¢ —¢o Jo 1+q; 1Y) coltapy
1-qo+q3)ao+ 1-qg+q3)ao+
_ (1 ap+ (IR ) 4 gy (RN, o)
= 2
1+q¢
(1-gp+q3)co+qgc (1-qp+q3)co+qgc
(1= qo + q3)f(a0, — /) + efar, — /)
p 9y
+ 3 (23)
2(1+qp)

Applying (14) on the right-hand side of (22):

1 _q‘P—i_qé a ~ qe ai -
, dgeX + / , d
2(a1 —ag)(1 +qi) /ao f(x,€0) ao qX 2(a; —ap)(1 +Cﬁ) a0 f(x,€1) ag qX

1-q0+q; /Cl y il “ 7
4 C d + / 7 C d
2er— o)1+ ) ey 1Y) oY F o T T ) ey T ey

1—qp+q5 [ (1 qp + g3)f(a0, co) + qof(ar, o)
2(1+q3) 1+q3
d¢ (1—qo + q3)f(a0, c1) + qef(ar, c1)
+ 2 2
2(1+qy) 1+q;
1—qo+q2 [ (1—qp +qj)i(ao, co) + qgf(ao,c1)
2(1+q3) 1+q;
LW (1—qp +9q3)f(a1, co) + qef(ar, c1)
2(1+q3) 1+q;

1 [(
(1+q5)(1+q3)

1-qo+q3)(1—qp + q3)f(a0, o) + qo(1 — qy + q3)f(a1, o)
+ qp(1 — ge + q3)f(a0,c1) + qeq¢f(a1,cl)} : (24)
Joining (22)-(24), we obtain the desired result. O

Remark 2. If qg,qg approach 1 in Theorem 8, then it is reconstructed into the classical one (2).

Now, we derive another new result of symmetric quantum calculus which will assist
in proving some related results of Hermite-Hadamard inequalities.
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Theorem 9. Let § : [ag,a;] — R be a convex function on (ag, a1) and differentiable as well, then
for0<q<1

f<(1—q+q )ao+qa1> < 1 /a1 09 s

1+ q a1 —ag Jag
. 9(1—q+9*)f(a0) +q*f(ar) <1—q+¥)(0—q+q%%+qm>
h (1+q2)2 1+¢? 1+¢?

inequalities hold.

Proof. Let ¢ (x) and  go(x ) be the line segments joining the points
(aolf(ao)),((l q+q*)ag+gar f( (1-q+q’ a0+qa1))and((lqurqz)aoJrqal fi( (17q+q2)a0+qal)),(al,f(al)),

1+q? 1+q? 1+q?2 1+¢?
respectively. Owing to the convexity of f on [ag,ai], f is always below the line segments
g1(x) and g (x). The equations of these line segments are
(1-q+q?)ag +qa; (1-q+q?)ag +qay
fo——2 ) f(a) f— ) —f(a)
g1(x) = (1,q1+:§)ao+qal (x —ag) + f(ap) and gz (x) = (1,q1+;§‘)a0+qal (x —ap) +f(ar).
1+q? —a 1+ -

From Figure 1, we can write the equations of g;(x), g2(x), and g3(x) using the two-
point form formula of the equation of a line as

(1—g+9*)ap+9a1 ) — §(a0)

0109 = (14 q°) s (x— a0) + (),
e )

0(x) = (1+4q%) ( (x —a1) +f(a1),

1-q+q?)(ao—ar)
_ f(al) _—f(aO)(

aip —ap

93(x) x —ag) + f(ao)-

ao (1—-q+g*ag+qa, a
L g

Figure 1. Continuous convex function defined on [ag, a1].
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. (1—q+ 2)a0+ a
Also, from Figure 1, from ag to %,
(1—q+ 2)a0+ al
. 1C‘qu2 . ) - f(aO)

q(a1 —ao)

f(x) < gr1(x) = (1+q%) (x —ap) + f(ao). (26)

i (1-9+q*)ap+qga;
Similarly, from g toay,

_ 2
U a) — f(a)

(1-q+q?)(ag —a1)

f(x) < g2(x) = (1+ %) (x—a1) + f(a1). (27)

(1-g+g*)ap+qar

Taking the symmetric g-integral, the inequalities (26) and (27) from ag to Trq?

_ 2
and % to ay, respectively, then from Figure 1,

(1-q+9%)ag+qaq

ap - 2 ~ ap ~
/a f(x) agdqx < /a T e (%) agdgx + ‘/(1*q+q2)a0+qa1 92(%) apgX, (28)
0 0 1+q2

where x € [ag, a1].

(1-q+9?)ag+qay

e ; 1+¢° { (1-q+g*ap+qas ]
dox = -

ay g1 (X) apdgX q(al — aO) ( 1 +q2 ) f(aO)

(1-g+9q?)ag+qag 2

7 ; (1-q+9°)ag +9ga
X!ao T+q xaodqx—ao( 1+q2 —ag
(1-q+9q*)ap +qas
+f(a0)( 1 _|_q2 —ap
_ 1+¢° { (1—q4‘q2)ao+qa1)_f(a0)} (1_q2)((1—q+q2)ao+qa1 _a0> = ez
q(a1 —ap) 1+¢q? 1+ Z

0
_ 2 _ _
ot (R () (2)
1+q* [, (1-q+q*ag+qa (1—9g*)q(a; —ag) 1 q
q(a —ap) {f( 1+¢2 )7f(aO)H 1+¢2 {(1—q271*q4)a°

L
TARTE S aS e TS S
+aitao) (3522
= [T am) )| [0 g (220
- o =) fos (U9 DI 9 gia) +flao) 1.+ )|
_ ‘1((1a1+:12a)°2) {qf( 1-q j; fc)lio 9 ) Y (1-q+ q2)f(a0)} : (29)
Similarly,
/<iq+q2>ao+qal 02(x) aydgx = h {q fa)+(1-q+q—q’+ q4)f< 09 j;?r ()lao L )] (30)

T+q2

Adding (29) and (30):
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(1-q+9%)ag+gag

2 ~ al -
tra gl(x) aOqu + ‘/(1—q+q2)a0+qa1 92 (X) aOqu
0 S g2
oy [90 =g+ gP)f(@0) +?i(ar) | (1-q+q?) ((1—q+gP)ag+qa
- (al aO)|: (1 +q2)2 + 1 +q2 f 1 +q2 : (31)
So, inequality (28) becomes
& y q(1—q+9*)f(ao) +g*j(a1)
dgx < (a1 —
/ao f(x) agdgqx < (a1 —ao) [ 1+ )2
1-q+q?\./(1-g+q*)ao +ga
(Rl e
From Figure 1, we can also conclude that
Mﬁ% ) a ) a )
91(X) agdqx + /(17q+q2)a0+qa1 92(X) agdgx < / 93(x) agdqX
a“ T w0
1—q+ q*)f(ag) + gf(a

1+¢q?

Finally, if we combine the left-hand side of (14) with (32) and (33), we obtain the desired
result. [

Remark 3. If q approaches 1 in Theorem 9, then it is reconstructed into corollary 2.1 from [26].

Theorem 10. Let § : [ag,a1] X [co, c1] € R? — R be a convex coordinated function on [ag,a;] X
[co,c1], then for 0 < qg < 1and 0 < qp <1,

i (1—qp +q3)ao +qear (1 —dp+qg)co +qpct
1443 ' 1+q

<t [ ) s

= 1 - /C: (1—qe Jlrili)]go + qeay ¥) cofqu,,y]
< a@ ey fy 1009 ey adax < 5o - ao??liq%))z [ 10%.0)
" 2(a; — a(:l)%l + qé)z /: F(x,€1) agdgex

+

1—qp+9; /a1 § (1—qp +9q5)co +qpct -
7 a

2(ay fao)(1+qé) a 1+q§) 0%qp
qo(1 — qo + ) l/q 7 9% t/q 7
1Y) V) od

2(c1 —co)(1+q3)2 Jop f(a0,y) cpdqyy + 2(c1 — o) (1 + )2 Jeo f(a1,y) codqyy

1—qp+ q% < ((1—qe+ qﬁ)ao + goa1 =
2 2 /Y | cotlqyy
2(c1 —co)(1+q3) /o I+qq

0

0
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1
<3 TP TP [qe(l — g0+ 95)a9 (1 — a9 + q5)§(a0, <o) + go(1 — qo + q5)q3f (a0, c1)

+ 939 (1 — qp + q3)f(a1, <o) + qéqéf(al,q)}

(1—-qo+q3)ap(1 —dp +3q3) [ (1—qg+q2)ao + qoar
(1+q3) (1 +q3)? ( 1+q; 'C0>

(1—qo+93)95 <(1 ~ 9o+ 4h)ao +qpar _ )

1+ (1 +q})2 1+ -

qo(1 —qe +q5) (1 — qp +q5) (a (1—qp+q3)co + ‘I¢Cl>
(1+q3)%(1+q3) ' 1+q

q5(1 —qp +q3) (1—qp +q5)co +qgcr

<1+q5>2<1+q$>f< VT g )

(1-qo+93)(1—dp+95) ((1—qe+q})ap+qear (1—dyp+q5)co+dpct
(34)

(1+q3)(1+q3) 1+q; ' 1+qj
inequalities hold.

Proof. Let hx be a convex function from [y, ¢1] to # and defined as hx(y) = f(x,y). Then,
using (32), we have

1 ra - g (1 — g +q)bx(co) + qbx(c1)
/ bx(y) C(]dthy< d v : i 1

C1 —Co Jeg (1+q3)?
N 1-qp+q; ‘ (1—qp +9q5)co +qpct
1+q3 ) 1+4;
1 /Cl 09 edory < qp(1—qp +q3)f(x co) + qaf(x 1)
1 — g Jo VY @Y S (1+q3)2
. 1-qp+q; i x (1—qp +q3)co +qgc1
1+q5 ' 1+q5

holds for all x € [ag,a;] and 0 < q¢,qg < 1. Taking the symmetric qg-integral from ag to a;:

Lo i v.d
Cc1—C /ao /0 Fooy) o BY 20X

C

Gp(1—gp+q3) [ . @ )
< (1_'_—(:1?))2 /ao f(x,co) apdqeX + W /ao f(x,¢1) apdqeX

1-qp+9q5) ra [ (1—qp+qi)co+agpar) -
() [ e ) dax (35)
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Similarly, let by be a convex function from [ag, a;] to ¢ and defined as by (x) = f(x,y).
Then, again using (32), we have

qe(1 —qo +q3)by(a0) + @by (a1)

1 ap -
[ 000 audx <

al —ag Jag (1+q5)2
1-qo+q; (1—qp +93)a0 + gear
+ 7 |y )
1+q; 1+q5
1 . o(1—qo + g)f(20,y) + g3i(a1,y)
— / f(x,y) aggyX < a d g 2\ g
a1 —ag Ja (1+4+q5)
N (1 —qe+qﬁ>f<(1 — Qo+ 93)a0 + qoan y>
1493 1+q;
holds for all y € [cg, 1] and 0 < g¢,qs < 1. Now, taking the symmetric qg-integral from cg
to ¢;.
1 1 rag -~ -
a; —ap /Co /ao F0oy) soarx cattapy

o(1—qp+ 2y re . 5 “ 7
< q(q%)/c i(a0,y) Codq¢y+i/ f(a1,y) codqyy
0

(1+q3)? (1+q3)? Jeo
1—qo+q;\ /o, (1—qo+q5)ao+ qeas -
§ (H—q{% ! g )t o

1 1
Now, s (35) + (36), we have

€1—C

1 ap - - q¢(1 —q¢ —i—qé) ap _
¥) coflagy apfasX < [ ix0c0) o
(a1 —ag)(c1 — o) /a0 /CO FO0y) coflayy apdaX 2(a; —ao)(1+ qé)z 2 f(x,€0) agdqeX
2
q¢ /al -
+ , d
2ar —a0) (1T @2 Jag | 1) oo
1-qp+q;

2(a1 —ao)(1+qj)
a ([ (1-qp+qyeotaper)
X / fl x, 1 5 apdqyX
ap +q¢
qo(1 — g9 +95) /Cl
2(c1 —co)(14q3)?

CI§ a i
e T o ")
1—qo+9;
2(c1 —co)(1+q3)

a [ (1—qg+qj)ao + gea -
, dg.v. 37
X /Co f( 1 +q§ Y | collqyy- (37)

f(aO/ Y) Cojquy

€0

Now, applying (32) on the right-hand side of (37), we have
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(1~ a9 + ) [ 600 iy < % (1~ 9 +95) [ 9o(1 — g + G3)F(20, c0) + (a1, <o)
2(31—30)(1‘*“]%4;)2 ag ’ T 2(1‘*“1%4;)2 (1+q5)2
1— 2 1-— 2
N qe+2qe i ( qe+qe)2o+qea1’C0 ’ 38)
1+q9 1—|—q9
2 a 2 1— 2 2
dp 1 Pxe B qe(1 — qo + qy)f(ao, c1) + qgf(as, c1)
_ V) f(X,Cl) alqeX X 22 2\
2(ay —ap)(1+qy)? Jay 2(1+qp) (1+qp)
1—-qo+q3 1—qo+q3)ao +
N ( 1% 2q9>f<( qe lqg)a;o qeallclﬂl )
q(l—qe+q) o Iue qo(1—qo +2) [de(1 — g +q3)i(a0, o) + q3f(ao, 1)
> — 1 2 2/ f(aO/Y) lqpy S (1 2\2 1 212
(c1 —co)( +q9) Co ( +q9) ( +q¢)
1-qp+9; (1—qp +93)c0 + gpc1
T G pl 1 i , (40)
+q¢ 1+q4,
B /Cl o y) adery < % g (1 —dg + q3)f(a1,co) + q5f(ar, c1)
2(c1 — o)+ @R Jy Y @RS g2y (1+q3)?
1-qp+q; (1—qg +q5)co +qpc1
+ BT fl a1, 5 ’ (41)
+4q5 T+qg

1—-qp+q; /a1 § (1—qp +q5)co +qpc1 i
2(a; —a)(1+q3) Ja \’ 1+q5 o

(1-qp+q3)co+qpcs 2 (1-qp+qp)co+qper
— | T q5f aer

2
1_q¢_|_qé qe(l—qe+q9)f(ao, T+

2(1+q3) (1+q5)?

n 1-q9+49; i (1—qo +q3)ao +qear (1~ g +qj)co +qpct
1+4q3 1+4q3 ’ 1+qj ’

1-qo+q; /‘C1 (1—ge +gg)ao + geas v ) wdesy
7 C
Z(Cl —Co)(l-‘rqg) [ 1+q§ 0" e

0

(1—ge+g3)ao+gea ’C0> + qéf( (1—-qe+q3)ao+gear

2
1o g+ qf |0 T (T Tiep

T 2(1+q) (1+q3)?

<1q¢+qé> ((1qe+q5)ao+qea1 (1q¢+q§;)Co+q¢Cl)}

1+q§) 1+43 ’ 1+qf,,

42)

(43)

Adding (38)-(43), and then, combining the obtained result with (37) and the left-hand

sides of (22) and (23), we obtain the desired result. [

Remark 4. If qq, q¢ approach 1 in Theorem 10, then it is reconstructed into the classical one of

theorem 2.2 from [26].
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Theorem 11. Let f : [ag,a1] X [co,c1] € R? — R be a convex coordinated function on
[ag,a1] x [cg, c1], then for 0 < qg < 1and 0 < qp < 1,

f(ao+al C0+C1> (1 —qp)*(ag —ap) Of(*5™, ©5%)

2 72 4(1+q3) ox
B Y (G
7 C
4(1+q3) dy 4(1+q3)(c1 —co) Jo X'\ 2 e

(1—qg)*(c1 — o) /al ) ( C0+c1> .
_ Zix, d
11+ @) (ar—ag) Ja 2y 02 ) e

1 1 a1 co+Cp - 1 "¢l ag + a1 -
< =
=2 Ll —ap /ao f(x, 2 ) aoquXJr 1 — <o /Co f( 5 /Y) codq¢Y:|
~ (1-gg)*(a1 —ap) /Cl (
4(1 +q3) <

0

(
(1—qp)*(c1 — o
(

X
) /a1 d ( (o)) +C1> ~
a 2T X d
4(1 +q%¢) a; —ag) Jag E)yf X5 aplqeX
1 a;  rC d~ d~
- m/au [, T00¥) wda,y asdapx
ik /al 4 a )
h X, G dgyx + / X, C dq, X
2(61 - a())(l +qé) Jag f( 0) ao*qe 2(a1 _ ao)(l +qé) a f( 1) g
1-qo+9; /'Cl 7 Jo o B
ARG ) ey B [y o
2(C1 _CO)(1+C{§) o f( 0 Y) Co quy Z(Cl _CO)(1+q5) . f( 1 Y) Co q¢y

1
< T [(1 —qo +q3) (1 — g9 + q3)f(a0,c0) + (1 — g + 03 )f(a1, <o)
+qp(1 - qo +q)f(a0, 1) + qeqqaf(al,cl)] (44)

inequalities hold.

Proof. Let hy be a convex function from [c, ¢1] to R and defined as bhx(y) = f(x,y). Then,
using (16), we have

(0 oars () 1

< dq,y,
2 2(1+q3) dy c1—co Jo Ix(y) codlag:
co+¢g
w+ca)  (1—qp)(a—c) af(x, T) 1 /Cl _
’ - < , de,y, (45
f<x 2 ) 2(1+ qqza) dy C1—Cp Jog Foey) @y )

for 0 < q¢p < 1and forall x € [ag,a1]. Forany 0 < gqg < 1.
Taking the symmetric qg-integral on [ag, a;| and dividing by (a; — ap), we have

1 a (ot (1—qp)?(c1 — ) /al ) ( cO+C1> -
) d.x— Zi(x, d
a; —ag /&10 f(X 2 >a0 e 2(1+q42>)(al_30) ap ayf X 2 a0
1

a4 - >
< V) adesV anda x. 46
(c1 —co)(a1 —ap) /ao /co oY) colap aodlge (46)

Similarly, let by be a convex function from [ag, a1] to # and defined as by (x) = f(x,y).
Then, again using (16), we have

+
by (2002 0 aa e (M) [ 0y) audlgx
Y\ 2 2(1+q3) ox S a;—ap YAR 20T e

ao
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f<ao+f¢11,y> (1 —gp)*(a1 —ap) af( B ) o 1

2 [i0y) adax @)

2(1+q3) ax ~ap —ag Ja

for0 < g9 < landforally € [cg,c;], forany 0 < gy < 1.
Taking the symmetric qg-integral on [cy, ¢1] and dividing by (¢ — ¢p), we have

1 @ (ag+a 7 (1—qp)*(a1 —ag) [ 9 (ao+a1 ) 7
/ dg,y — — , d
€1 —¢o /Co f( 2 y) <oflapy 2(1+ qg)(cl —cp) Jeo Bxf 2 Y ) ey
1

al €1 ~ ~
< , d dg,X. 48
(c1—co)(a1 —ap) /ao /co 06 Y) coflagY aofan 48

Adding (46) and (48), we have

1 1 a co+C1 - 1 /Cl ap + a1 =

2 L\l —ap ./ao f(X/ 2 ) aogyX + c1 —¢o Jo f( 2 ’y> COdq(Py]
(1—-qe)*(a1—ag) (% 9 <a0+a1 >

_ , d
41+ ) (e — o) Jey Y) ofand

(
(1—% %(ep — o) /al d < c0+c1) i x
(1—|—q¢)(a1—ao ag 4079

1 a - -
< , d dg, X. 49
(c1 —co)(a1 —ap) /ag ./co TO0Y) coflayy agflasX (49)

Replacing x by 2278 and y by ©3°L in (45) and (47), respectively, then adding, we have

+ +
f(aO‘i‘al C0+C1> B (1 _qo)Z(al _aO) af(ao—zkal,co—;q) - (1—(]4;) (Cl —CO) af(ao al,C02c1>
2 72 4(1+q3) 0x 4(1+q3) oy

1 1 a1 co+Cp = 1 /Cl ap + a1 =
< 7T A d 7 d
Z[al—ao /ao f(x 2 )aﬂ L p—— < T2 oY) oty

+ +
= f ag+a; co+a)  (1—qg)*(a —ap) af(aOZal’%Zq)
2 72 4(1+q3) Ix

f<1—q¢>2<cl—Co>af(*a“§“ffc°¥”) A
41+ ) 41+ ) (1 —co) Je 2 1Y)ty

1—qg)*(c1 — 7
4(1+q¢)(a1 —ag) 0 dy
+ 1

1 ¢ [ap+ap =
|:a1 —a / f(X/ ) agdqu+ c1— ¢ / f( 2 ry> Codq¢Y:|

( —qe)z(al—ao)/ aaf(ao—i-a

0 OX

rY> <o fkpy

1
4(
1_q¢2(C1—C0)/ af(x C0+C1) J (50)
( ( a ) ap“qe

Finally, by (22), (24), (49), and (50) we obtain the desired result. [
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Theorem 12. Let f : [ag,a1] X [co,c1] € R? — R be a convex coordinated function on
[ag,a1] X [co, c1], then for 0 < qg < 1and 0 < qp < 1,

[ G20+ (1—ao+ GBar Ggco+ (1 —qp +qj)cr
143 ' 1+qj

; qeao+(1-qe+q3)ar dpco+(1-dp+qj)er
(1 —gp)*(a1 —ap) 1+ ' l+q,
2(1+q3) 9x

; Qao+(1-gpt+ad)a dpot(1-gp+qj)e
~ (1—gp)*(c1 — <o) L+q; ' Ttq;
2(1+q3) dy
~ (1—ge)*(a1 —ap) /Cl af qoao + (1 —qp + q5)a v\ adey
2(1+q3)(c1 — <o) Jey Ox 1+4q3 )T
(1—qg)*(c1 — o) / 94y, Ggco + (1 —qp +qp)er I
20 +q¢)(a1 —ag) Jay 9y 1+qj 070

a o+ (1-qp+q3)c .
< 1 1 / 1f X qpco + (1 —qg q¢) 1 X
2la; —ap ap 1~|»q§)

1 a _(qgpap+ (1—qo+q3)ar 3
, d
+C1—C0/c0 f( 1+q62) Y | colqpy

~ (1—ge)?*(a1 —ap) /Cl ﬂf qpao + (1 — qp + q5)a1 d
2(14q3)(c1 — co) Joy Ox 1+q; Y] fapy

~ (1—gp)*(c1 — o) /'a1 4/« ot (1—dptaglar) .
2(1+q¢)(a1 —ag) Jag 9y \ 1+q42, 807

1 ai C1 B _
s (al - ao)(C1 - CO) /ao /Co f(X, Y) Codq4’y aﬂd%x

1- qe + qé a ~ q¢ aj .
< o) agllgpX + [ i0en) aod
or a0l (1+ ) oy 100 o g Sy T
1-qo+q; /Cl ; 96 @ .
¥) codlagy + [ iany) o
2es o)L+ ) ey 1Y I e e ) ey Y Y
1
< ]- - 2 ]- - 2 7 1 - 2 7
r Q)+ D) [( 9o+ q5) (1 — g + q)f(a0, <o) + qo(1 — g9 + q5)f(a1, co)
+ qp(1 — qo + q3)f(a0,c1) + (l9q¢f(al,C1)] (51)

inequalities hold.

Proof. Using (15) and same methodology of Theorem 5, we will get the desired result. O

Now, we will investigate our main result (17) through examples.

Example 2. Let f: [1, 2] x [3, 4] C N2 — R be a convex coordinated function on [1, 2] x [3, 4]
and defined as §(x,y) = x* + y?, applying it on (17). Letag = 1,a; = 2,cg = 3, and ¢; = 4.

Case 1. Ifqp < q¢, put qp = % and qg = %
Then, the term on the left-hand side of (17) becomes
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24 of 29
[ (=90 + 9)ao + o (l-gp+ag)ootaper) _ (13 17\ 169 289 .. 52
1+q3 1+qj - '\10" 5 100 " 25
The right-hand part of the extreme left term of (17) becomes
1 1 /eu f(x (1—qp+qg)cotaper . .
2 a3 —ap ag 1+qé apqp
1 o (1-qo+qgao+gear -
+ €1 —Cp /Co i 1+q5 ) COdqq)y
172, 17, - 4 13 .
= 3| g okt [ y) ]
12, . 17\ 2 13\ 4,
=5 /1 X 1dqu+<5> (2—1)+<10> (4—3)+_/3 y* 3dq,y
o )1 — ) B @ (1 — g1y 1 4 qrig)? 4 280, 169
=3|@-D-a) Lo {1 -a" D1+ a2} + 55+ 5
e 2
+(4—3)(1—qi)1§0qém{ — gyt 3+ g }]
2| 11-q¢ " 1-q§ 1-¢ 100 Pl1-¢ 1-q5 1-q;
1| % 29, 1325 9 69y
2| 1+ggrg 14gy 100 l+q3+q, 1+q;
1 9 3 1325 4 12
_510+9—1+g 100+21+5} 13.27. (53)
The middle term of (17) becomes
! : dayy aod
(a1 —ag)(c1 — <o) ./ao /co oo y) o %Y 20aeX
1 204 L
:m/l /3 (X" +¥7) 3dq,y 1dg,x
[e0] o0 2
=0-9)0-9) L L a"s" [{ — g2t 4 (3 3q2’"“+4q2m“”
m=0n=0
(1*%)(1*%) Z qu) [q2n+q6n+2+2qgn+1 +9q9 anqém-&-l q2nq4m+2}
m=0n=0
2m+1 4m—+2
- 1 G 290 9o L0 Y
=(1-q)1-qp) ) q3" [ + +
P e P A B I B e S e
2 2m
= 9699 q9q¢ dm+1 | _6m+2
=(1-q3) 10q3" + +6q," " +qq
e i P
2 2
2 6 9 3 12 4
04— 2 B B g0 42 2R s (54)
l+qs+qs 1+q; 1+q 1+q;+q; 91 "5 5 2

The second term from the right-hand side of (17) becomes
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l-qptqy (= ) 4 ar )
X, C dg, X + / X, C dq, X
o @) [ w10 s
RS M : % . :
+ ao, d + / f a 7 d
2(C17C0)(1+q5) @ f( Y) €0 %y 2(C1*C0)(1+q§) @ ( 1 Y> [S)] quy
3112 5 2 102 . - 2 7 |12 g
=10 /1 X" qdgx +3°(2—-1) +§ /1 X" qdgx +4°(2-1) +% 1 (4—3)%—/3 y* 3dq,y
3 24 -3)1 [ y2sd
+og |24 )+'/3y 3dq,y
3 [ 2 2 11 2 2
~ 10 qze i q92+9 +z qze i q92+16
10 l+qg+qy 1495 5 l+qg+qy 1495
2 2
6 6
+1 1+9+ Ciqj 4 q¢2 +i 449+ Ciq: 4 q¢2
20 1+q¢—|—q¢ 1—|—q¢ 20 1+q¢+q¢ 1+q¢
3 9 3 1 9 3 7 4 12 3 4 12
—10(10+91+5)+5(17+91+5)+20(10+21+5>+20<13+21+5)
= 13.49. (55)
The extreme right-hand term of (17) becomes
s (1= o+ ) (1 — qp + a)F(a0, o) + qo(1 — qp + 43 )j(ar, <o)
(1+q9)(1+q¢)
+qp(1 — go + q3)f(a0,c1) + q9q¢f(a1,q)}
_ @0+ GG+ HE) + HhE) y
- 10\(5 = 13.7. (56)
(9)(2)
From (52)—(56), we have
1325 < 13.27 < 1329 < 13.49 < 13.7.
Which endorses our result.
Case 2. Ifqg > qqp, put qp = 3 and qp = %
Then, the term on the left-hand side of (17) becomes
- 7 1—qp+9q5)c+
(e e Qs Borua) (73 L g
1+q} 1+q; 510

The right-hand part of the extreme left term of (17) becomes

1[ 1 oy, (1—-qp+qj)eotaper
3 aa T d

X, X
. 1+ ot

1 a (1 —qg—o—qg)ao + qeai -
, d
/co 1+ q% Y) <oy

a; —ag

C1 —C
1 4 9 1089 49 13
—2|:10+21+91+100+25+5:|—12.87. (58)
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The middle term of (17) becomes

1
(a1 —ap)(c1 — o)

a ra - 5 4 4 9 9
/«30 /Co f(x,y) coflqyy agdgqex =10 + 21 + 5 + o1 + 5= 12.89. (59)

The second term from the right-hand side of (17) becomes

1- qe + q%q) ai . qe a; 5
,€0) apflqpX + [ ien) ad
S T ) L 1000wt g s [ Tioe) wiyx

1—qp+9;

€1 - qe €1 -
+ [ ia0,9) oy + [ iany) o
2er o)L+ ) ey 1Y I e e ) ey Y Y

7 4 4\ 3 4 4\ 3 9 9\ 1 9 9
_20(10+21+5)+20<17+21+5>+10<10+91+5>+5<13+91+5>

=13.09. (60)

The extreme right-hand term of (17) becomes

1
e [(1 —qo +3) (1 — qp + 93)f(a0, co) + qo(1 — qg + q3)§(a1, o)

+ q¢(1—qp + q§)f(ag, 1) + qutpf(al/Cl)}

_ D19+ HH) + O+ HHEY) _ ., -
BIEY ~

From (57)—(61), we have
12.85 < 12.87 < 12.89 < 13.09 < 13.3.

Which also endorses our result.

Case 3. Ifqg = qg, put g9 = q¢p = %
Then, the term on the left-hand side of (17) becomes

_ 2 1—qp+q3)co + qec
f((1 qo +93)a0 +qpar (1 —dyp +qp)co q‘Pl): <7 17):13.52. (62)

1+ ’ 1+¢} 55

The right-hand part of the extreme left term of (17) becomes

1[ 1 /al x (1—-qp+qj)co+qpcr

_ , X
2|a; —ag Ja 1+q3 207 de
1 /Cl (1—qe +93)ao + goar ) od
Cl — CO < 1 + q% /y o q(Py

1 4 4 289 49 4 12
—2|:10+21+5+25+25+21+5:|—13.55. (63)

The middle term of (17) becomes

1 aora ; : 4 4 4 12
(a1 —a0)(c1 — <o) /ao /CO FO0Y) codapy agdgex =10+ 5 + syt =1358 (64)
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The second term from the right-hand side of (17) becomes

1-qp+q5 /al i % . )

X,€0) apdlgyX + / X, 1) apasX

Z(alfao)(1+q%¢) a9 f( 0) ao~qe 2(a1fao)(1+qq2>) a f( 1) g
1—qp+9;

C1 - q9 /C1 -
PSR IY a0,y) g,y + - a1, y) od
2(c1 — c)(1+ q5) ./co Fao.y) gy 2(c1 —co)(1+q3) Hary) aday

3 4 4\ 1 4 4\ 3 4 12\ 1 4 12
10(10+ﬁ+5)+§(17+ﬁ+5) 10(10+ﬁ+5) <13+i+5)

=13.79. (65)

The extreme right-hand term of (17) becomes

AT D) [(1— a0 +G3)(1 — 4y + G3)F(a0, %) + qo(1 — g + a7 (a1, <o)

+ q¢(1 — qo + q§)f(a0, c1) + qutpf(aerl)}
($)(3)(10) + (3)(3)(13) + (3)(3)(17) + (3)(3)(20)

- 50 - (%0

From (62)—(66), we have
13.52 < 13.55 < 13.58 < 13.79 < 14.
Which also endorses our result.

4. Application

Like a quantum Hermite-Hadamard inequality [15], the inequality (17) can also be used
to find the range for coordinated convex functions whose symmetric quantum integrals cannot
be calculated.

Example 3. Let f(x,y) = Y be a coordinated convex function whose quantum and symmetric
quantum integrals cannot be calculated on A= [0, 1] x [0, 1]. But the range of this function for
qoqg- and qgqg-symmetric integrals can be calculated with the help of the Hermite—Hadamard
inequality in quantum and symmetric quantum calculus, respectively.

In Quantum Calculus:

In example 2 from [15], we have

+ qee + qge + €
(1+q9 1+q4, / / y2d d < ng(P 67
¢ @YX S )T+ gp) ©7)

Casel.Ifqg = qp = 2, then (67) becomes

2432 < / / 5 dg,ydgyx < 4.603. (68)

Case 2. Ifqg # qg and qg = 1, qp = 3, then (67) becomes

1
2737 < /0 /0 9 dg, ydg,x < 4911, (69)

In Symmetric Quantum Calculus:
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We have
q%
e(1+qg Hq / / y dq¢ydqex
_ (190 +g9) (1 —gp +p)e+a0(1 —gp +gp)e + o (1~ qo + gg)e + dogye’ 70)
- (1+q3)(1+q5) '
Casel.Ifqp = qp = 3, then (70) becomes
1338 < / / Byl x < 2.847. 1)
Case 2. If qg # q¢ and qp = % qp = % then (70) becomes
128 < / / A ydgx < 2234 72)
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In this work, we develop the calculus of symmetric quantum calculus on coordinates
in plane that helps us to construct the ggqy-symmetric Holder’s and Hermite-Hadamard
inequalities for functions of two variables. We provide examples to justify our novel results.
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