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Abstract

:

In this paper, by using the Riccati transformation and integral inequality technique, we establish several oscillation criteria for second-order Emden–Fowler neutral delay differential equations under the canonical case and non-canonical case, respectively. Compared with some recent results reported in the literature, we extend the range of the neutral coefficient. Therefore, our results generalize to some of the results presented in the literature. Furthermore, several examples are provided to illustrate our conclusions.
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1. Introduction


In this paper, we consider the oscillation of the following second-order Emden–Fowler neutral delay differential equation


   ( a  ( t )  |   z ′     ( t )  |   α − 1    z ′     ( t )  )  ′  + q  ( t )    | x  ( σ  ( t )  )  |   β − 1   x  ( σ  ( t )  )  = 0 ,  



(1)




where   t ≥  t 0   ,   z ( t ) = x ( t ) + p ( t ) x ( τ ( t ) )  ,   a  ( t )  , τ  ( t )  , σ  ( t )  ∈  C 1   (  [  t 0  , ∞ )  ,  ( 0 , ∞ )  )   ,   p  ( t )  , q  ( t )  ∈ C (  [  t 0  , ∞ )  ,  [ 0 , ∞ )  )  ,   α > 0  , and   β > 0  . Additionally, the following two assumptions are satisfied:




	(H1).

	
   a ′   ( t )  ≥ 0  ,    τ ′   ( t )  > 0  ,    σ ′   ( t )  > 0  ,   σ ( t ) ≤ t ,  τ ( t ) ≤ t  ,    lim  t → ∞   τ  ( t )  =  lim  t → ∞   σ  ( t )  = ∞  ;




	(H2).

	
  p ( t ) > 1  .









If


   ∫   t 0   ∞   1   a  1 / α    ( t )    d t = ∞ ,  



(2)




then we say that Equation (1) satisfies the canonical case.



If


   ∫   t 0   ∞   1   a  1 / α    ( t )    d t < ∞ ,  



(3)




then we say that Equation (1) satisfies the non-canonical case.



In this paper, we investigate the oscillation of Equation (1) when it satisfies (2) and (3), respectively.



We only consider the nontrivial solution of (1), which satisfies   sup { | x ( t ) | : t ≥ T } > 0   for all   T ≥  t 0   .



Definition 1.

A nontrivial solution of (1) is oscillatory if it has an arbitrarily large zero point on the interval   I = [  t 0  , ∞ )  . Otherwise, it is nonoscillatory.





Definition 2.

Equation (1) is oscillatory if all its solutions are oscillatory.





The Emden–Fowler equation is in honor of astrophysicist Jacob Robert Emden (1862–1940) and astronomer Sir Ralph Howard Fowler. This equation was established by Fowler to model some phenomena in fluid mechanics [1]. With the development of science, this equation has many applications to model various physical phenomena, such as in the study of astrophysics, gas dynamics, fluid physics, and nuclear physics [2,3,4,5]. Wong [5] established the oscillation criteria of the following second-order super-linear equation


   x  ′ ′    ( t )  + q  ( t )    | x  ( t )  |  β  s g n x  ( t )  = 0 .  








Since then, many researchers have found that delay and oscillation effects are often formulated with the help of external sources and/or nonlinear diffusion, perturbing the natural evolution of related systems; see, e.g., [6,7,8]. Therefore, the oscillatory properties for Emden–Fowler delay differential equations have attracted the attention of many researchers. We refer the reader to the papers [9,10,11,12,13,14,15,16,17,18,19,20,21,22,23,24,25,26,27,28,29,30].



In [11,17,18,19,20,26], the authors considered the oscillation of the following second-order half-linear equation:


    ( a  ( t )    (  z ′   ( t )  )  α  )  ′  + q  ( t )   x α   ( σ  ( t )  )  = 0 ,  t ≥  t 0  ,  



(4)




where   α ∈  Q ∗   ,   Q ∗   represents the set of all the ratios of odd positive integers. When the neutral coefficient   p ( t )   satisfied   0 ≤ p ( t ) < 1  , Agarwal et al. [11] studied the oscillation of Equation (4) under the non-canonical case. Grace et al. [17] and Jadlovská [20] considered the oscillation of Equation (4) under the canonical case. When the neutral coefficient   p ( t )   satisfied   p  ( t )  ≡  p 0  > 1  , Hassan et al. [19] studied the oscillation of Equation (4) under the non-canonical case. In [26], based on condition (2), Moaaz et al. obtained several oscillation criteria for (4) under the condition   0 ≤ p  ( t )  ≤  p 0  < ∞   (  p 0   is a constant). In [18], based on condition (3), Hindi et al. provided several oscillation criteria for (4) under the condition   0 ≤ p  ( t )  ≤  p 0  < ∞  . These results expanded the range of the neutral coefficient   p ( t )   in [11,17,20].



Abdelnaser et al. [10] studied the oscillation of the following second-order Emden–Fowler equation under the canonical case


    ( a  ( t )    (  z ′   ( t )  )  α  )  ′  +  ∑  i = 1  l   q i   ( t )   x β   (  σ i   ( t )  )  = 0 ,  



(5)




where   α , β ∈  Q ∗   .



When   l = 1  , Equation (5) becomes the following second-order Emden–Fowler-type equation:


    ( a  ( t )    (  z ′   ( t )  )  α  )  ′  + q  ( t )   x β   ( σ  ( t )  )  = 0 .  



(6)




Under the non-canonical case and   0 ≤ p ( t ) < 1  , Agarwal et al. [9] provided some oscillation criteria for Equation (6) when   β ≥ α  ,   β < α   and   β < α = 1   are satisfied, respectively. By introducing some new comparison theorems, Baculíková et al. [13] established several new results. They transformed the study of second-order neutral differential equations into the research on first-order delay differential equations and extended the range of   p ( t )   from   0 ≤ p ( t ) < 1   to   0 ≤ p  ( t )  ≤  p 0  < ∞  . Based on the assumptions that   0 < β ≤ 1   and the neutral coefficient   p ( t )   satisfies   0 ≤ p  ( t )  ≤  p 0  < ∞  ,   p  ( t )  ≡  p 0  ≠ 1   and   p ( t ) > 1  , respectively, Li et al. [22] provided some oscillation criteria for Equation (6) under the canonical case and non-canonical case, respectively.



In [21,23,27,28,29], the scholars obtained some oscillation criteria for Equation (1). When   α = 1  , then (1) becomes the following equation:


    ( a  ( t )   z ′   ( t )  )  ′  + q  ( t )    | x  ( σ  ( t )  )  |   β − 1   x  ( σ  ( t )  )  = 0 .  



(7)




Under the non-canonical case,   β ≥ 1   and   0 ≤ p ( t ) < 1  , Li et al. [21] obtained some oscillation criteria for (7). In [23], Li et al. provided some oscillation criteria of (7) under the canonical case. They extended the range of   p ( t )   from   0 ≤ p ( t ) < 1   to   0 ≤ p  ( t )  ≤  p 0  < ∞  , with the conditions   β > 1  ,    τ ′   ( t )  ≥  τ 0  > 0  , and   σ ∘ τ = τ ∘ σ  .



Under the canonical case and non-canonical case, respectively, and   0 ≤ p ( t ) < 1  , Wu et al. [27,28] and Zeng et al. [29] provided some different oscillation criteria for Equation (1) by different methods.



In this article, we study the oscillation of Equation (1). When the neutral coefficient   p ( t )   satisfies   p ( t ) > 1   and   α = β = 1  , compared with the results of Baculíková et al. [13], Li et al. [22,23], and Moaaz et al. [26], we establish a new oscillation criterion of Equation (1) without the condition   τ ∘ σ = σ ∘ τ  . For the same Equation (1), compared with the above results of [21,27,28,29], we extend the range of neutral coefficient   p ( t )   from   0 ≤ p ( t ) < 1   to   p ( t ) > 1   (see also [31,32]). The main difficulty is, under the non-canonical case, when   p ( t ) > 1   and    z ′   ( t )  < 0   hold, the inequality


  x ( t ) > ( 1 − p ( t ) ) z ( t )  








is not valid. Moreover, we extend the ranges of  α  and  β . Compared with the research of [9,29], we do not need to discuss   α ≥ β   or   α ≤ β   separately because we provide a unified form of the oscillation criteria for Equation (1). Therefore, our results extend the works of previous researchers. At the end of this article, we provide some examples to verify our criteria.




2. Main Results


For simplicity, we introduce the following temporary notation:


  P  ( t )  : =  1  p ( t )    1 −    (  τ  − 1    ( t )  )   1 l    p  (  τ  − 1    ( t )  )   t  1 l      ,    P ∗   ( t )  : =  1  p ( t )    1 −  1  p (  τ  − 1    ( t )  )    ,  








where   l ∈ ( 0 , 1 )  ,   p  (  τ  − 1    ( t )  )  >   (    τ  − 1    ( t )   t  )   1 l    .



Before starting to present our main results, we first introduce the following useful lemmas.



Lemma 1

([30]). Let   g  ( u )  = E u − F  u   β + 1  β    ; where E and F are positive constants, β is a quotient of odd natural numbers. Then, g attains its maximum value on   ℜ +   at    u ∗  =   (   β a   ( β + 1 ) b   )  β    and


   max  u ∈  ℜ +    g = g  (  u ∗  )  =   β β    ( β + 1 )   β + 1      E  β + 1    F β   .  













Lemma 2

([33,34]). If a function   f ( t )   satisfies    f  ( i )    ( t )  > 0  ,   i = 1 , 2 , ⋯ , k  , and    f  ( k + 1 )    ( t )  ≤ 0  , then, for every   l ∈ ( 0 , 1 )  ,     f ( t )    f ′   ( t )    ≥   l t  k   .





First, we consider the oscillation criteria for Equation (1), which satisfy the canonical case; that is, (2) holds.



2.1. Equation (1) Satisfies Condition (2)


Theorem 1.

Assume that (2) and


    ∫   t 0   ∞   q  ( s )    ( P  (  τ  − 1    ( σ  ( s )  )  )  )  β   d s = ∞   



(8)




hold; then, (1) is oscillatory.





Proof. 

Conversely, suppose that (1) has a nonoscillatory solution   x ( t )  . Without loss of generality, we may assume that   x ( t )   is eventually positive. That is, there exists    t 1  ≥  t 0   , such that   x ( t ) > 0  ,   x ( τ ( t ) ) > 0  , and   x ( σ ( t ) ) > 0   for   t ≥  t 1   . A similar approach applies to the case that   x ( t )   is an eventually negative solution. According to (1), we obtain


   ( a  ( t )  |   z ′   ( t )     |  α − 1    z ′   ( t )  )  ′  = − q  ( t )   x β   ( σ  ( t )  )  < 0 ,  t ≥  t 1  .  



(9)




Therefore,    a  ( t )  |   z ′     ( t )  |   α − 1    z ′   ( t )    is decreasing. Thus, we know that    z ′   ( t )  < 0   or    z ′   ( t )  > 0   for   t ≥  t 1   .



Case 1.    z ′   ( t )  < 0   for   t ≥  t 1   . By means of the fact that    a  ( t )  |   z ′     ( t )  |   α − 1    z ′   ( t )    is decreasing, we have


   a  ( t )  |   z ′     ( t )  |   α − 1    z ′   ( t )  ≤ a  (  t 2  )    |  z ′   (  t 2  )  |   α − 1    z ′   (  t 2  )  ,  t ≥  t 2  ≥  t 1  .  



(10)




Dividing both sides of (10) by   a ( t )  , integrating from   t 2   to t and using (2), we obtain


  z  ( t )  ≤ z  (  t 2  )  −  a  1 α    (  t 2  )   |  z ′   (  t 2  )  |   ∫   t 2   t    a  −  1 α     ( s )   d s → − ∞  a s  t → ∞ ;  








this contradicts the fact that   z ( t ) > 0  .



Case 2.    z ′   ( t )  > 0   for   t ≥  t 1   . According to (1),   a ( t ) > 0   and    a ′   ( t )  ≥ 0  ; we know that    z  ′ ′    ( t )  < 0  . Thus, by Lemma 2, we have     z ( t )    z ′   ( t )    ≥ l t  , where   0 < l < 1  . Then, we have that    z ( t )   t  1 l     is nonincreasing. By   τ ( t ) ≤ t   and    τ ′   ( t )  ≥ 0  , we obtain     (  τ  − 1    ( t )  )  ′  ≥ 0  ; thus,    τ  − 1    ( t )  ≤  τ  − 1    (  τ  − 1    ( t )  )   , and then


    z (  τ  − 1    ( t )  )    (  τ  − 1    ( t )  )   1 l    ≥   z (  τ  − 1    (  τ  − 1    ( t )  )  )    (  τ  − 1    (  τ  − 1    ( t )  )  )   1 l    .  



(11)




By the definition of   z ( t )  , we have


     x ( t )     =  1  p (  τ  − 1    ( t )  )    ( z  (  τ  − 1    ( t )  )  − x  (  τ  − 1    ( t )  )  )           =   z (  τ  − 1    ( t )  )   p (  τ  − 1    ( t )  )   −  1  p (  τ  − 1    ( t )  )      z (  τ  − 1    (  τ  − 1    ( t )  )  )   p (  τ  − 1    (  τ  − 1    ( t )  )  )   −   x (  τ  − 1    (  τ  − 1    ( t )  )  )   p (  τ  − 1    (  τ  − 1    ( t )  )  )             ≥   z (  τ  − 1    ( t )  )   p (  τ  − 1    ( t )  )   −  1  p (  τ  − 1    ( t )  )     z (  τ  − 1    (  τ  − 1    ( t )  )  )   p (  τ  − 1    (  τ  − 1    ( t )  )  )   .     



(12)




By (11) and (12), we arrive at


  x  ( t )  ≥ z  (  τ  − 1    ( t )  )  P  (  τ  − 1    ( t )  )  ,  t ≥  t 3  ≥  t 2  .  



(13)




From (1), we have


    ( a  ( t )    (  z ′   ( t )  )  α  )  ′  ≤ − q  ( t )   z β   (  τ  − 1    ( σ  ( t )  )  )   P β   (  τ  − 1    ( σ  ( t )  )  )  .  



(14)




Now, we introduce a Riccati substitution


  u  ( t )  : =   a  ( t )    (  z ′   ( t )  )  α     z β   (  τ  − 1    ( σ  ( t )  )  )    ,  t ≥  t 3  .  



(15)




Then,   u ( t ) > 0   on   [  t 3  , ∞ )  , and we have


      u ′   ( t )      =    ( a  ( t )    (  z ′   ( t )  )  α  )  ′    z β   (  τ  − 1    ( σ  ( t )  )  )    −   β a  ( t )    (  z ′   ( t )  )  α   z ′   (  τ  − 1    ( σ  ( t )  )  )    (  τ  − 1   )  ′   ( v )    |   v = σ ( t )    σ ′   ( t )     z  β + 1    (  τ  − 1    ( σ  ( t )  )  )             ≤ − q  ( t )   P β   (  τ  − 1    ( σ  ( t )  )  )  −   β a  ( t )    (  z ′   ( t )  )  α   z ′   (  τ  − 1    ( σ  ( t )  )  )    (  τ  − 1   )  ′   ( v )    |   v = σ ( t )    σ ′   ( t )     z  β + 1    (  τ  − 1    ( σ  ( t )  )  )    .     



(16)




By   β > 0  ,   a ( t ) > 0  ,     (  τ  − 1   )  ′   ( t )  ≥ 0  ,    σ ′   ( t )  > 0  ,   z ( t ) > 0  , and    z ′   ( t )  > 0  , we obtain


   u ′   ( t )  + q  ( t )   P β   (  τ  − 1    ( σ  ( t )  )  )  ≤ 0 ,  t ≥  t 3  .  



(17)




Integrating both sides of (17) from   t 3   to t and using (8), we obtain


  u  ( t )  ≤ u  (  t 3  )  −  ∫   t 3   t  q  ( s )   P β   (  τ  − 1    ( σ  ( s )  )  )  d s → − ∞ ,  a s  t → ∞ ,  








which contradicts the positivity of   u ( t )  . Therefore, the assumption does not hold. □





Obviously, Theorem 1 is a generalization of [27] (Theorem 2.1).



If condition (2) is satisfied and condition (8) is not valid, we can also provide an oscillation criterion of Equation (1). First of all, we need the following useful lemmas.



Lemma 3.

Assume that   x ( t )   is an eventually positive solution of (1),   u ( t )   is defined by Equation (15), and   σ ( t ) ≤ τ ( t )  . Then,


    u ′   ( t )  ≤ − q  ( t )   P β   (  τ  − 1    ( σ  ( t )  )  )  −   ϑ   (  τ  − 1   )  ′   ( v )    |   v = σ ( t )    σ ′   ( t )  Q    a  1 ϑ    ( ϕ  ( t )  )     u   ϑ + 1  ϑ    ( t )  ,   



(18)




where   ϑ = min { α , β }   and


      Q : =      1 ,     α = β       c o n s t > 0 ,     α ≠ β      ,   ϕ  ( t )  : =      t ,     α > β        τ  − 1    ( σ  ( t )  )  ,     α ≤ β      .      













Proof. 

Continuing the proof of Case 2 of Theorem 1, we obtain (16). By   σ ( t ) ≤ τ ( t )   and    z  ′ ′    ( t )  < 0  , we have


      u ′   ( t )      ≤ − q  ( t )   P β   (  τ  − 1    ( σ  ( t )  )  )  −   β a  ( t )    (  z ′   ( t )  )  α   z ′   (  τ  − 1    ( σ  ( t )  )  )    (  τ  − 1   )  ′   ( v )    |   v = σ ( t )    σ ′   ( t )    z   (  τ  − 1    ( σ  ( t )  )  )   β + 1              ≤ − q  ( t )   P β   (  τ  − 1    ( σ  ( t )  )  )  −   β a  ( t )    (  z ′   ( t )  )   α + 1     (  τ  − 1   )  ′   ( v )    |   v = σ ( t )    σ ′   ( t )    z   (  τ  − 1    ( σ  ( t )  )  )   β + 1     .     



(19)







If   β ≥ α  , by the fact that   z (  τ  − 1    ( σ  ( t )  )  )   is increasing, then there exist constant    Q 1  > 0   and    t 4  ≥  t 3    such that     [ z  (  τ  − 1    ( σ  ( t )  )  )  ]    β − α  α   ≥  Q 1    for   t ≥  t 4   . Thus, according to (19),    a ′   ( t )  ≥ 0  ,   a ( t ) > 0  , and   σ ( t ) ≤ τ ( t )  , we obtain


      u ′   ( t )       ≤ − q  ( t )   P β   (  τ  − 1    ( σ  ( t )  )  )  −   β   (  τ  − 1   )  ′   ( v )    |   v = σ ( t )    σ ′   ( t )    [ z  (  τ  − 1    ( σ  ( t )  )  )  ]    β − α  α      a  1 α    (  τ  − 1    ( σ  ( t )  )  )     u   α + 1  α    ( t )           ≤ − q  ( t )   P β   (  τ  − 1    ( σ  ( t )  )  )  −   α   (  τ  − 1   )  ′   ( v )    |   v = σ ( t )    σ ′   ( t )   Q 1     a  1 α    (  τ  − 1    ( σ  ( t )  )  )     u   α + 1  α    ( t )  .     



(20)




Obviously, if   α = β  ,    Q 1  = 1  .



Next, if   α > β  , by    z  ′ ′    ( t )  < 0  , then    z ′   ( t )    is decreasing and    [  z ′   ( t )  ]    β − α  β    is increasing. Then, there exist constant    Q 2  > 0   and    t 5  ≥  t 4    such that     [  z ′   ( t )  ]    β − α  β   ≥  Q 2    for   t ≥  t 5   . Hence, by (19), it has


      u ′   ( t )      ≤ − q  ( t )   P β   (  τ  − 1    ( σ  ( t )  )  )  −   β   (  τ  − 1   )  ′   ( v )    |   v = σ ( t )    σ ′   ( t )    [  z ′   ( t )  ]    β − α  β      a  1 β    ( t )     u   β + 1  β    ( t )           ≤ − q  ( t )   P β   (  τ  − 1    ( σ  ( t )  )  )  −   β   (  τ  − 1   )  ′   ( v )    |   v = σ ( t )    σ ′   ( t )   Q 2     a  1 β    ( t )     u   β + 1  β    ( t )  .     



(21)




Combining (20) and (21), we obtain that inequality (18) holds. □





In order to continue the analysis, we need the following notation:


  M  ( t )  : =  ∫  t  ∞  q  ( s )   P β   (  τ  − 1    ( σ  ( s )  )  )  d s ,  A  ( t )  : =   ϑ   (  τ  − 1   )  ′   ( v )    |   v = σ ( t )    σ ′   ( t )  Q    a  1 ϑ    ( ϕ  ( t )  )    .  



(22)




Define a sequence of functions    {  ω n  }   n 0  ∞   by


   ω 0  = M  ( t )  ,  t ≥  t 0  ,  








and


   ω n   ( t )  =  ∫  t  ∞   A  ( s )   ω  n − 1    ϑ + 1  ϑ    ( s )   d s +  ω 0   ( t )  ,  t ≥  t 0  ,  n = 1 , 2 , 3 , … .  



(23)




By induction, it is thus established that    ω n   ( t )  ≤  ω  n + 1    ( t )   ,   t ≥  t 0  ,  n = 1 , 2 , 3 , …  .



Lemma 4.

Assume that   x ( t )   is an eventually positive solution of (1). Then, we obtain    ω n   ( t )  ≤ u  ( t )   , where   u ( t )   and    ω n   ( t )    are defined by (15) and (23), respectively. Moreover, there exists a function   ω ( t ) ∈ C ( [ T , ∞ ) , ( 0 , ∞ ) )  , such that    lim  t → ∞    ω n   ( t )  = ω  ( t )    for   t ≥ T ≥  t 0    and


   ω  ( t )  =  ∫  t  ∞   A  ( s )   ω   ϑ + 1  ϑ    ( s )   d s +  ω 0   ( t )  ,  t ≥ T .   



(24)









Proof. 

Proceeding as in the proof of Lemma 3, we have


   u ′   ( t )  ≤ − q  ( t )   P β   (  τ  − 1    ( σ  ( t )  )  )  − A  ( t )   u   ϑ + 1  ϑ    ( t )  .  



(25)




Thus,   u ( t )   is decreasing. Then, integrating both sides of (25) from t to   t ′  , we obtain


  u  (  t ′  )  − u  ( t )  +  ∫  t   t ′   q  ( s )   P β   (  τ  − 1    ( σ  ( s )  )  )  d s +  ∫  t   t ′    A  ( s )   u   ϑ + 1  ϑ    ( s )   d s ≤ 0 .  



(26)




Then, it is not difficult to know that


  u  (  t ′  )  − u  ( t )  +  ∫  t   t ′    A  ( s )   u   ϑ + 1  ϑ    ( s )   d s ≤ 0 .  



(27)




Thus, we claim that


   ∫  t  ∞   A  ( s )   u   ϑ + 1  ϑ    ( s )   d s < ∞ ,  t ≥ T .  



(28)




Otherwise, by (27),   u  (  t ′  )  ≤ u  ( t )  −  ∫  t   t ′    A  ( s )   u   ϑ + 1  ϑ    ( s )   d s → − ∞   as    t ′  → ∞  , which contradicts the positivity of   u ( t )  . By   u ( t ) > 0   and the fact that   u ( t )   is decreasing, from (28), we obtain    lim  t → ∞   u  ( t )  = 0  . Thus, from (26), we have


  u  ( t )  ≥ M  ( t )  +  ∫  t  ∞   A  ( s )   u   ϑ + 1  ϑ    ( s )   d s =  ω 0   ( t )  +  ∫  t  ∞   A  ( s )   u   ϑ + 1  ϑ    ( s )   d s ;  



(29)




that is,


  u  ( t )  ≥ M  ( t )  =  ω 0   ( t )  .  








Moreover, by induction, we obtain that   u  ( t )  ≥  ω n   ( t )    for   t ≥  t 0   ,   n = 1 , 2 , 3 , …  . Thus, since the sequence    {  ω n   ( t )  }   n = 0  ∞   is monotone increasing and bounded above, it converges to   ω ( t )  . Using Lebesgue’s monotone convergence theorem in (23), we obtain that (24) holds. □





Theorem 2.

Suppose (2) is valid and (8) is not satisfied. Assume that


    lim inf  t → ∞    1  M ( t )    ∫  t  ∞   A  ( s )   M   ϑ + 1  ϑ    ( s )   d s = ∞   



(30)




holds, where ϑ,   M ( t )  , and   A ( t )   are defined by (18) and (22). Then, (1) is oscillatory.





Proof. 

Suppose that   x ( t )   is an eventually positive solution of (1). Then, proceeding as in the proof of Lemmas 3 and 4, we obtain (29) and


    u ( t )   M ( t )   ≥ 1 +  1  M ( t )    ∫  t  ∞   A  ( s )   M   ϑ + 1  ϑ    ( s )      u ( s )   M ( s )      ϑ + 1  ϑ    d s ,  t ≥ T .  



(31)




From (30), we obtain that the following inequality is satisfied


   lim inf  t → ∞    1  M ( t )    ∫  t  ∞   A  ( s )   M   ϑ + 1  ϑ    ( s )   d s >  ϑ   ( ϑ + 1 )    ϑ + 1  ϑ    .  



(32)




Then, by (32), we know that there exists a constant C such that


   lim inf  t → ∞    1  M ( t )    ∫  t  ∞   A  ( s )   M   ϑ + 1  ϑ    ( s )   d s > C >  ϑ   ( ϑ + 1 )    ϑ + 1  ϑ    .  








Thus, there exists   T 0   sufficiently large enough such that


   inf  t ≥  T 0     1  M ( t )    ∫  t  ∞   A  ( s )   M   ϑ + 1  ϑ    ( s )   d s > C >  ϑ   ( ϑ + 1 )    ϑ + 1  ϑ    .  



(33)




Let   λ =  inf  t ≥  T 0      u ( t )   M ( t )    . Then from (31), we have


  λ ≥ 1 +  λ   ϑ + 1  ϑ   C .  



(34)




According to Lemma 1 and (33), we obtain


     λ − C  λ   ϑ + 1  ϑ       ≤   ϑ ϑ    ( ϑ + 1 )   ϑ + 1     1  C ϑ            < 1 .     








Thus, we have


  λ < 1 + C  λ   ϑ + 1  ϑ   ,  








which contradicts inequality (34). Therefore, the assumption does not hold. Thus, Equation (1) is oscillatory. □





Remark 1.

The conclusion of Theorem 2 remains valid if we replace (32) with (30).





Finally, we provide an oscillation criterion for Equation (1) that satisfies the non-canonical case; that is, (3) holds.




2.2. Equation (1) Satisfies Condition (3)


Theorem 3.

Suppose (3) holds. If there exists a function   δ  ( t )  ∈  C 1   (  [  t 0  , ∞ )  ,  ( 0 , ∞ )  )    such that for all constants   Q > 0  ,   N > 0  , the following integral formulas are satisfied


    lim  t → ∞    ∫  T  t   q  ( s )  δ  ( s )   P β   (  τ  − 1    ( σ  ( s )  )  )  −     (  δ ′   ( t )  )   ϑ + 1   a  ( ϕ  ( s )  )      ( ϑ + 1 )   ϑ + 1     ( δ  ( s )    (  τ  − 1   )  ′   ( v )   |  v = σ ( s )    σ ′   ( s )  Q )  ϑ     d s = ∞   



(35)




and


    lim  t → ∞    ∫  T  t    κ θ   ( s )  q  ( s )      κ (  τ  − 1    (  τ  − 1    ( σ  ( s )  )  )  )   κ ( σ ( s ) )    P ∗   (  τ  − 1    ( σ  ( s )  )  )   β  −  ϵ  κ  ( s )   a  1 / α    ( s )     d s = ∞ ,   



(36)




where   ϑ = min { α , β }  ,   θ = max { α , β }  ,


      ϕ  ( t )  : =      t ,     α > β        τ  − 1    ( σ  ( t )  )  ,     α ≤ β      ,   κ  ( t )  : =  lim  l → ∞    ∫  t  l   1   a  1 α    ( s )    d s ,      








  ϵ =   (  θ  θ + 1   )   θ + 1     (  θ N  )  θ    (when   α = β ,  Q = 1 ,  N = α  ), and then (1) is oscillatory.





Proof. 

To obtain a contradiction, suppose that (1) has a nonoscillatory solution   x ( t )  . Without loss of generality, we may assume that   x ( t )   is eventually positive. That is, there exists    t 1  ≥  t 0   , such that   x ( t ) > 0  ,   x ( τ ( t ) ) > 0  , and   x ( σ ( t ) ) > 0   for   t ≥  t 1   . If   x ( t )   is an eventually negative solution, it can be proved in a similar way. According to (1), we obtain


   ( a  ( t )  |   z ′   ( t )     |  α − 1    z ′   ( t )  )  ′  = − q  ( t )   x β   ( σ  ( t )  )  < 0 ,  t ≥  t 1  .  



(37)




Therefore,    a  ( t )  |   z ′     ( t )  |   α − 1    z ′   ( t )    is decreasing. Thus, we have two possible cases for    z ′   ( t )   . That is, there exists a    t 2  ≥  t 1    such that    z ′   ( t )  > 0   or    z ′   ( t )  < 0   for   t ≥  t 2   .



Case 1.    z ′   ( t )  > 0   for   t ≥  t 2   . In view of (10), we know that   a  ( t )    (  z ′   ( t )  )  α    is decreasing. Proceeding as in the proof of Case 2 of Theorem 1, we have that (13) and (14) hold. Define a function   w ( t )   as follows


  w  ( t )  : = δ  ( t )    a  ( t )    (  z ′   ( t )  )  α     z β   (  τ  − 1    ( σ  ( t )  )  )    ,  t ≥  t 3  .  



(38)




Then,   w ( t ) > 0   for   t ≥  t 3   . Taking differentiation on both sides of (38), we obtain


      w ′   ( t )      =  δ ′   ( t )    a  ( t )    (  z ′   ( t )  )  α     z β   (  τ  − 1    ( σ  ( t )  )  )    + δ  ( t )     ( a  ( t )    (  z ′   ( t )  )  α  )  ′    z β   (  τ  − 1    ( σ  ( t )  )  )             − δ  ( t )    β a  ( t )    (  z ′   ( t )  )  α   z ′   (  τ  − 1    ( σ  ( t )  )  )    (  τ  − 1   )  ′   ( v )    |   v = σ ( t )    σ ′   ( t )     z  β + 1    (  τ  − 1    ( σ  ( t )  )  )    .     



(39)







If   β ≥ α  , in view of the fact that   z (  τ  − 1    ( σ  ( t )  )  )   is increasing,    z   β − α  α    (  τ  − 1    ( σ  ( t )  )  )    is thus increasing, and there exist constants   Q 1   and    t 4  ≥  t 3   , such that    z   β − α  α    (  τ  − 1    ( σ  ( t )  )  )  ≥  Q 1    for    t 4  ≥  t 3   . According to (39) and (14),    a ′   ( t )  ≥ 0  ,   a ( t ) > 0  , and   σ ( t ) ≤ τ ( t )  , and we obtain


      w ′   ( t )      ≤ − q  ( t )  δ  ( t )   P β   (  τ  − 1    ( σ  ( t )  )  )  +    δ ′   ( t )  w  ( t )    δ ( t )            −   β   (  τ  − 1   )  ′   ( v )    |   v = σ ( t )    σ ′   ( t )   z   β − α  α    (  τ  − 1    ( σ  ( t )  )  )     ( a  (  τ  − 1    ( σ  ( t )  )  )  δ  ( t )  )   1 α     w   α + 1  α    ( t )           ≤ − q  ( t )  δ  ( t )   P β   (  τ  − 1    ( σ  ( t )  )  )  +    δ ′   ( t )  w  ( t )    δ ( t )   −   α   (  τ  − 1   )  ′   ( v )    |   v = σ ( t )    σ ′   ( t )   Q 1     ( a  (  τ  − 1    ( σ  ( t )  )  )  δ  ( t )  )   1 α     w   α + 1  α    ( t )  .     



(40)




It is not difficult to know that, if   α = β  ,    Q 1  = 1  .



If   α > β  , in view of     ( a  ( t )    (  z ′   ( t )  )  α  )  ′  ≤ 0   and    a ′   ( t )  ≥ 0  , then    z  ′ ′    ( t )  < 0  . Thus,    z ′   ( t )    is decreasing and    [  z ′   ( t )  ]    β − α  β    is increasing. Then, there exist constants   Q 2   and    t 5  ≥  t 4   , such that     [  z ′   ( t )  ]    β − α  β   ≥  Q 2    for   t ≥  t 5   . Thus, by (39) and (14), we obtain


      w ′   ( t )      ≤ − q  ( t )  δ  ( t )   P β   (  τ  − 1    ( σ  ( t )  )  )  +    δ ′   ( t )  w  ( t )    δ ( t )            −   β   (  τ  − 1   )  ′   ( v )    |   v = σ ( t )    σ ′   ( t )    [  z ′   ( t )  ]    β − α  β      ( a  ( t )  δ  ( t )  )   1 β     w   β + 1  β    ( t )           ≤ − q  ( t )  δ  ( t )   P β   (  τ  − 1    ( σ  ( t )  )  )  +    δ ′   ( t )  w  ( t )    δ ( t )   −   β   (  τ  − 1   )  ′   ( v )    |   v = σ ( t )    σ ′   ( t )   Q 1     ( a  ( t )  δ  ( t )  )   1 β     w   β + 1  β    ( t )  .     



(41)







Similarly, proceeding as in the proof of Lemma 3, we obtain that the following inequality holds for any   α > 0   and   β > 0  ,


   w ′   ( t )  ≤ − q  ( t )  δ  ( t )   P β   (  τ  − 1    ( σ  ( t )  )  )  +    δ ′   ( t )  w  ( t )    δ ( t )   −   ϑ   (  τ  − 1   )  ′   ( v )    |   v = σ ( t )    σ ′   ( t )  Q    ( a  ( ϕ  ( t )  )  δ  ( t )  )   1 ϑ     w   ϑ + 1  ϑ    ( t )   



(42)




for   t ≥  t 5   , where   ϑ = min { α , β }   and


     Q : =      1 ,     α = β       c o n s t > 0 ,     α ≠ β      ,  ϕ  ( t )  : =      t ,     α > β        τ  − 1    ( σ  ( t )  )  ,     α ≤ β      .     








Let   y = w ( t )  ,   E  ( t )  : =    δ ′   ( t )    δ ( t )    , and   F  ( t )  : =   ϑ   (  τ  − 1   )  ′   ( v )    |   v = σ ( t )    σ ′   ( t )  Q    ( a  ( ϕ  ( t )  )  δ  ( t )  )   1 ϑ     , where   E > 0  ,   y ≥ 0  , and   F > 0  . By (42) and Lemma 1, we have


     E y − F  y   ϑ + 1  ϑ       ≤   ϑ ϑ    ( ϑ + 1 )   ϑ + 1      E  ϑ + 1    F ϑ            =     (  δ ′   ( t )  )   ϑ + 1   a  ( ϕ  ( t )  )      ( ϑ + 1 )   ϑ + 1     ( δ  ( t )    (  τ  − 1   )  ′   ( v )   |  v = σ ( t )    σ ′   ( t )  Q )  ϑ    .     








Then, we obtain


   w ′   ( t )  ≤ − q  ( t )  δ  ( t )   P β   (  τ  − 1    ( σ  ( t )  )  )  +     (  δ ′   ( t )  )   ϑ + 1   a  ( ϕ  ( t )  )      ( ϑ + 1 )   ϑ + 1     ( δ  ( t )    (  τ  − 1   )  ′   ( v )   |  v = σ ( t )    σ ′   ( t )  Q )  ϑ    .  








Integrating both sides of the above inequality from T to t,   T ≥  t 5   , we obtain


    w    ( t ) ≤ w ( T ) −           ∫  T  t   q  ( s )  δ  ( s )   P β   (  τ  − 1    ( σ  ( s )  )  )  −     (  δ ′   ( s )  )   ϑ + 1   a  ( ϕ  ( s )  )      ( ϑ + 1 )   ϑ + 1     ( δ  ( s )    (  τ  − 1   )  ′   ( v )   |  v = σ ( s )    σ ′   ( s )  Q )  ϑ     d s .     



(43)




Letting   t → ∞   in (43) and using (35), we obtain   w ( t ) < − ∞  , which contradicts the fact that   w ( t ) > 0  .



Case 2.    z ′   ( t )  < 0   for   t ≥  t 2   . By means of (1), we have


    ( a  ( t )    ( −  z ′   ( t )  )  α  )  ′  > 0 ,  t ≥  t 2  .  








Then,   a  ( t )    ( −  z ′   ( t )  )  α    is increasing and the following inequality holds


   z ′   ( s )  ≤     a ( t )   a ( s )     1 α    z ′   ( t )  ,  s ≥ t ≥  t 2  .  



(44)




Integrating both sides of (44) from t to l, we obtain


  z  ( l )  ≤ z  ( t )  +  a  1 α    ( t )   z ′   ( t )   ∫  t  l    a  −  1 α     ( s )   d s ,  l ≥ t ≥  t 2  .  








Letting   l → ∞  , we obtain


  z  ( t )  ≥ κ  ( t )   a  1 α    ( t )   ( −  z ′   ( t )  )  ,  t ≥  t 2  .  



(45)




Then, we have


   z α   ( t )  ≥  κ α   ( t )  a  ( t )    ( −  z ′   ( t )  )  α  ,  t ≥  t 2  .  








Define


  W  ( t )  : =   a  ( t )    ( −  z ′   ( t )  )  α     z β   ( t )    ,  t ≥  t 2  .  



(46)




Then,   W ( t ) > 0   for   t ≥  t 2   .



If   α ≥ β  , then    z  α − β    ( t )    is decreasing and thus there exists a constant    m 1  > 0   such that    z  α − β    ( t )  ≤  m 1    for   t ≥  t 2   . Hence, we have


   κ α   ( t )  W  ( t )  ≤  z  α − β    ( t )  ≤  m 1  ,  t ≥  t 2  .  



(47)







If   α < β  , then    (  a  1 α    ( t )   ( −  z ′   ( t )  )  )   α − β    is decreasing and thus there exists a constant    m 2  > 0   such that


   κ β   ( t )  W  ( t )  ≤   (  a  1 α    ( t )   ( −  z ′   ( t )  )  )   α − β   ≤  m 2  ,  t ≥  t 2  .  



(48)




Using (47) and (48), we obtain


  0 <  κ θ   ( t )  W  ( t )  ≤ m ,  t ≥  t 2  ,  








where   θ = max { α , β }   and   m = max {  m 1  ,  m 2  }  .



According to (45), we know that    z ( t )   κ ( t )    is nondecreasing for   t ≥  t 2   . Thus, by    τ ′   ( t )  > 0  ,   t ≤  τ  − 1    ( t )  ≤  τ  − 1    (  τ  − 1    ( t )  )   ,    z ′   ( t )  < 0  , and (12), we have


  x  ( t )  ≥ z  (  τ  − 1    (  τ  − 1    ( t )  )  )   P ∗   (  τ  − 1    ( t )  )  ≥   z  ( t )  κ (  τ  − 1    (  τ  − 1    ( t )  )  )   κ ( t )    P ∗   (  τ  − 1    ( t )  )  .  








Thus,


   x β   ( σ  ( t )  )  ≥  z β   ( t )      κ (  τ  − 1    (  τ  − 1    ( σ  ( t )  )  )  )   κ ( σ ( t ) )    P ∗   (  τ  − 1    ( σ  ( t )  )  )   β  .  



(49)




Using (1) and (49), we obtain


    ( a  ( t )    ( −  z ′   ( t )  )  α  )  ′  − q  ( t )      κ (  τ  − 1    (  τ  − 1    ( σ  ( t )  )  )  )   κ ( σ ( t ) )    P ∗   (  τ  − 1    ( σ  ( t )  )  )   β   z β   ( t )  ≥ 0 .  



(50)




Differentiating on both sides of (46), using (50), we obtain


   W ′   ( t )  ≥ q  ( t )      κ (  τ  − 1    (  τ  − 1    ( σ  ( t )  )  )  )   κ ( σ ( t ) )    P ∗   (  τ  − 1    ( σ  ( t )  )  )   β  +   β a  ( t )    ( −  z ′   ( t )  )   α + 1      z  β + 1    ( t )    .  



(51)




If   α ≥ β  ,    z   β − α  α    ( t )    is increasing, and then there exists a constant    N 1  > 0  , such that    z   β − α  α    ( t )  ≥  N 1   . From (51), we have


      W ′   ( t )      ≥ q  ( t )      κ (  τ  − 1    (  τ  − 1    ( σ  ( t )  )  )  )   κ ( σ ( t ) )    P ∗   (  τ  − 1    ( σ  ( t )  )  )   β  +  β   a  1 / α    ( t )     z   β − α  α    ( t )   W   α + 1  α    ( t )           ≥ q  ( t )      κ (  τ  − 1    (  τ  − 1    ( σ  ( t )  )  )  )   κ ( σ ( t ) )    P ∗   (  τ  − 1    ( σ  ( t )  )  )   β  +   β  N 1     a  1 / α    ( t )     W   α + 1  α    ( t )  .     



(52)




Obviously, if   α = β  ,    N 1  = 1  .



If   α < β  ,    (  a  1 / α    ( t )   ( −  z ′   ( t )  )  )    β − α  β    is increasing and there exists a constant    N 2  > 0  , such that     (  a  1 / α    ( t )   ( −  z ′   ( t )  )  )    β − α  β   >  N 2   . By (51), we obtain


      W ′   ( t )      ≥ q  ( t )      κ (  τ  − 1    (  τ  − 1    ( σ  ( t )  )  )  )   κ ( σ ( t ) )    P ∗   (  τ  − 1    ( σ  ( t )  )  )   β           +  β   a  1 / α    ( t )      (  a  1 / α    ( t )   ( − z  ( t )  )  )    β − α  β    W   β + 1  β    ( t )           ≥ q  ( t )      κ (  τ  − 1    (  τ  − 1    ( σ  ( t )  )  )  )   κ ( σ ( t ) )    P ∗   (  τ  − 1    ( σ  ( t )  )  )   β  +   β  N 2     a  1 / α    ( t )     W   β + 1  β    ( t )  .     



(53)




Thus, combining (52) and (53), we have


   W ′   ( t )  ≥ q  ( t )      κ (  τ  − 1    (  τ  − 1    ( σ  ( t )  )  )  )   κ ( σ ( t ) )    P ∗   (  τ  − 1    ( σ  ( t )  )  )   β  +  N   a  1 / α    ( t )     W   θ + 1  θ    ( t )  ,  



(54)




where   θ = max { α , β }   and   N =      α ,     α = β       K ,     α ≠ β       .



Multiplying both sides of (54) by    κ θ   ( t )    and integrating from T to t, we obtain


      ∫  T  t   κ θ   ( s )  q  ( s )          κ (  τ  − 1    (  τ  − 1    ( σ  ( s )  )  )  )   κ ( σ ( s ) )    P ∗   (  τ  − 1    ( σ  ( s )  )  )   β  d s ≤  ∫  T  t   κ  θ − 1    ( s )   a  − 1 / α     ( s )  [ θ W  ( s )            − N κ  ( s )   W   θ + 1  θ     ( s )  ] d s +   κ θ   ( t )  W  ( t )  −  κ θ   ( T )  W  ( T )  .     








Let   y = W ( s )  ,   E = θ  , and   F = N κ ( s )  . By Lemma 1, we arrive at


      ∫  T  t   κ θ   ( s )  q  ( t )          κ (  τ  − 1    (  τ  − 1    ( σ  ( t )  )  )  )   κ ( σ ( t ) )    P ∗   (  τ  − 1    ( σ  ( t )  )  )   β  d s          ≤  ∫  T  t   ϵ  κ  ( s )   a  1 / α    ( s )    d s +  κ θ   ( t )  W  ( t )  −  κ θ   ( T )  W  ( T )  .     








Thus, we have


   ∫  T  t    κ θ   ( s )  q  ( s )      κ (  τ  − 1    (  τ  − 1    ( σ  ( s )  )  )  )   κ ( σ ( s ) )    P ∗   (  τ  − 1    ( σ  ( s )  )  )   β  −  ϵ  κ  ( s )   a  1 / α    ( s )     d s ≤ m ,  








where   ϵ =   (  θ  θ + 1   )   θ + 1     (  θ N  )  θ   , which contradicts condition (36). The proof is complete. □





Clearly, Theorem 3 is also a generalization of ([27], Theorem 2.5).





3. Example


Example 1.

Consider the following second-order neutral differential equation


    ( |   z ′     ( t )  |   α − 1    z ′     ( t )  )  ′  + q  ( t )    | x  (  t 2  )  |   β − 1   x  (  t 2  )  = 0 ,   



(55)




where   z  ( t )  = x  ( t )  + 8 x  (  t 8  )   ,   a ( t ) ≡ 1  ,   p ( t ) = 8  ,   α > 0  ,   β > 0  ,   τ  ( t )  =  t 8   ,   σ  ( t )  =  t 2   , and   q  ( t )  ∈  U 1  =  { b  t n  | n ∈ Z , n ≥ − 1 , b ∈  ℜ +  }   . It is clear that   U 1   is a semigroup under the usual multiplication operation.



Letting   l =  1 2   , then    ∫  t  ∞  q  ( s )    ( P  (  τ  − 1    ( σ  ( s )  )  )  )  β  d s = ∞   for   β > 0  . Thus, it is not difficult to verify that all conditions of Theorem 1 are satisfied. Therefore, Equation (55) is oscillatory.





Example 2.

Consider the following second-order neutral differential equation


    (   t  − 2    |   z ′     ( t )  |   α − 1    z ′     ( t )  )  ′  +  q 0   t  − 3     | x  (  t 8  )  |   β − 1   x  (  t 8  )  = 0 ,   



(56)




where   z  ( t )  = x  ( t )  + 8 x  (  t 2  )   ,   a  ( t )  =  t  − 2    ,   p ( t ) = 8  ,   α > 0  ,   β > 0  ,   τ  ( t )  =  t 2   ,   σ  ( t )  =  t 8   ,    τ  − 1    ( σ  ( t )  )  =  t 4   ,   q  ( t )  =  q 0   t  − 3   ,  q 0  > 0  , and   l =  1 2   . Note that Equation (56) satisfies the canonical case.


   M  ( t )  =   q 0  2     1 16   β   t  − 2   ,   










   A  ( t )  =  1 4  Q ϑ  ϕ  2 ϑ    ( t )  .   








For   α > β  ,    ϕ  2 ϑ    ( t )  =  t  2 ϑ    , and   ϑ = β  , we obtain


          lim inf  t → ∞    1  M ( t )    ∫  t  ∞  A  ( s )    [ M  ( s )  ]    β + 1  β   d s          =  lim inf  t → ∞    2  q 0    16 β   t 2   ∫  t  ∞   1 4  Q β  s  2 β       q 0  2    (  1 16  )  β   s  − 2      β + 1  β   d s          =  lim inf  t → ∞     (   q 0  32  )   1 β     Q β  4  t = ∞ .      








For   α ≤ β  ,    ϕ  2 ϑ    ( t )  =   (  t 4  )   2 ϑ    , and   ϑ = α  , we obtain


          lim inf  t → ∞    1  M ( t )    ∫  t  ∞  A  ( s )    [ M  ( s )  ]    α + 1  α   d s          =  lim inf  t → ∞    2  q 0    16 β   t 2   ∫  t  ∞   1 4  Q α   (  1 4  )   2 α    s  2 α       q 0  2    (  1 16  )  β   s  − 2      α + 1  α   d s          =  lim inf  t → ∞     (   q 0  2  )   1 α     (  1 16  )    β + 1  α     Q α  4  t = ∞ .      








It is clear that all conditions of Theorem 2 are satisfied if    q 0  > 0  . Therefore, Equation (56) is oscillatory.





Remark 2.

When   α ≠ β ≠ 1  , the oscillation criteria of [13,18,19,22,23,26] cannot be applied to Equation (56) because they are different equations, and the oscillation criteria of [21,27,28,29] cannot be applied to Equation (56) because   p ( t ) > 1  .



When   α = β = 1  , Equation (56) becomes the following special case


     (  t  − 2    z ′   ( t )  )  ′  +  q 0   t  − 3   x  ( t / 8 )  = 0   



(57)




where   z ( t ) = x ( t ) + 8 x ( t / 2 )  ,   α = 1  , and   β = 1  . According to Example 2, we know that Equation (57) satisfies the canonical case and is oscillatory if    q 0  > 0   by Theorem 2.



Using Corollary 4 of [13] or Theorem 2.8 of [22] or Theorem 2.2 of [26] (letting   φ  ( t )  =  t 2   ), it is not difficult to verify that Equation (57) is oscillatory if    q 0  > 0  . However, the additional condition   σ ∘ τ = τ ∘ σ   is necessary in these results. In [23], Li et al. considered Equation (57) under the condition   β > 1  . Thus, the oscillation criteria of [23] cannot be applied to Equation (57). The oscillation criteria of [18,19] cannot be applied to Equation (57) because they considered the non-canonical case.





Example 3.

Consider the following second-order neutral differential equation


    (   t 8   |   z ′     ( t )  |  3   z ′     ( t )  )  ′  +  q 0   t 5   | x  (  t 8  )  |  x  (  t 8  )  = 0 ,   



(58)




where   z  ( t )  = x  ( t )  + 8 x  (  t 2  )   ,   a  ( t )  =  t 8   ,   p ( t ) = 8  ,   α = 4  ,   β = 2  ,   τ  ( t )  =  t 2   ,   σ  ( t )  =  t 8   ,    τ  − 1    ( σ  ( t )  )  =  t 4   ,   q  ( t )  =  q 0   t 5   ,    q 0  > 0  .



According to Equation (58), we know that Equation (58) satisfies the non-canonical case. Thus, letting   δ ( t ) = 1   and   l =  1 2   , we obtain


    lim  t → ∞    ∫  T  t    q 0    (  1 16  )  2    s 5  d s = ∞ ,   








which implies that (35) holds. Letting   N > 0  , we have


          lim  t → ∞    ∫  T  t    κ θ   ( s )  q  ( s )      κ (  τ  − 1    (  τ  − 1    ( σ  ( s )  )  )  )   κ ( σ ( s ) )    P ∗   (  τ  − 1    ( σ  ( s )  )  )   β  −  ϵ  κ  ( s )   a  1 / α    ( s )     d s          =  lim  t → ∞    ∫  T  t      q 0   7 2    128 2   s −   4 9    5 5   N 4     s  − 2    d s = ∞ ,      








which implies that (36) holds. Thus, all conditions of Theorem 3 are satisfied. Therefore, Equation (58) is oscillatory.



If   α = 4  ,   β = 5  ,   q  ( t )  =  q 0   t 6   , and other parameters remain unchanged, it is not difficult to verify that conditions (35) and (36) are satisfied. Thus, Equation (58) is oscillatory.



By view of   α = 4   and   β = 2  , the oscillation criteria of [10,13,18,19,22,23,26] cannot be applied to Equation (56) because they are different equations, and the oscillation criteria of [21,27,28,29] cannot be applied to Equation (56) because   p ( t ) > 1  .






4. Conclusions


In this paper, by using the Riccati transformation and integral inequality technique, we establish several oscillation criteria for second-order Emden–Fowler neutral delay differential equations under the canonical case and non-canonical case, respectively. Compared with some recent results reported in the literature, we extend the range of the neutral coefficient. Therefore, our results generalize to some of the recent results reported in the literature. Furthermore, we provide some examples to verify our criteria. For researchers interested in this field, and as part of our future research, we would like to further investigate the oscillatory properties of the following even-order Emden–Fowler differential equation:


   ( a  ( t )  |   z  ( n − 1 )      ( t )  |   α − 1    z  ( n − 1 )      ( t )  )  ′  + q  ( t )    | x  ( σ  ( t )  )  |   β − 1   x  ( σ  ( t )  )  = 0  








under conditions (2) and (3), respectively, where n is even.







Author Contributions


Writing—original draft, H.T. and R.G. All authors have read and agreed to the published version of the manuscript.




Funding


This research is supported by Wuxi University Research Start-up Foud for Introduced Talents.




Data Availability Statement


Data are contained within the article.




Conflicts of Interest


The authors declare no conflicts of interest.




References


	



Fowler, R.H. Further studies of Emden’s and similar differential equations. Q. J. Math. 1931, 2, 259–288. [Google Scholar] [CrossRef]

	



Berkovich, L.M. The generalized Emden-Fowler equation. Symmtry Nonlinear Math. Phys. 1997, 1, 155–163. [Google Scholar]

	



Hale, J.K. Theory of Functional Differential Equations; Springer: New York, NY, USA, 1977. [Google Scholar]

	



Muhib, A.; Alotaibi, H.; Bazighifan, O.; Nonlaopon, K. Oscillation theorems of solution of second-order neutral differential equations. AIMS Math. 2021, 6, 12771–12779. [Google Scholar] [CrossRef]

	



Wong, J.S.W. On the generalized emden-fowler equation. SIAM Rev. 1975, 17, 339–360. [Google Scholar] [CrossRef]

	



Li, T.X.; Frassu, S.; Viglialoro, G. Combining effects ensuring boundedness in an attraction-repulsion chemotaxis model with production and consumption. Z. Angew. Math. Phys. 2023, 74, 109. [Google Scholar] [CrossRef]

	



Li, T.X.; Pintus, N.; Viglialoro, G. Properties of solutions to porous medium problems with different sources and boundary conditions. Z. Angew. Math. Phys. 2019, 70, 86. [Google Scholar] [CrossRef]

	



Li, T.X.; Viglialoro, G. Boundedness for a nonlocal reaction chemotaxis model even in the attraction-dominated regime. Differ. Integral Equ. 2021, 34, 315–336. [Google Scholar] [CrossRef]

	



Agarwal, R.P.; Bohner, M.; Li, T.X.; Zhang, C.H. Oscillation of second-order Emden-Fowler neutral delay differential equations. Ann. Mat. Pura Appl. 2014, 193, 1861–1875. [Google Scholar] [CrossRef]

	



Abdelnaser, A.; Moaaz, O.; Cesarano, C.; Askar, S.; Elabbasy, E.M. Oscillation Test for Second-Order Differential Equations with Several Delays. Symmetry 2023, 15, 452. [Google Scholar] [CrossRef]

	



Agarwal, R.P.; Zhang, C.H.; Li, T.X. Some remarks on oscillation of second order neutral differential equations. Appl. Math. Comput. 2016, 274, 178–181. [Google Scholar] [CrossRef]

	



Baculíková, B. Oscillation of second order half-linear differential equations with deviating arguments of mixed type. Appl. Math. Lett. 2021, 119, 107228. [Google Scholar] [CrossRef]

	



Baculíková, B.; Džurina, J. Oscillation theorems for second-order nonlinear neutral differential equations. Comput. Math. Appl. 2011, 62, 4472–4478. [Google Scholar] [CrossRef]

	



Baculíková, B.; Džurina, J. New asymptotic results for half-linear differential equations with deviating argument. Carpathian J. Math. 2022, 38, 327–335. [Google Scholar] [CrossRef]

	



Džurina, J.; Grace, S.R.; Jadlovsk, I.; Li, T.X. Oscillation criteria for second-order Emden-Fowler delay differenrial equations with a sublinear neutral term. Math. Nachr. 2020, 293, 910–922. [Google Scholar] [CrossRef]

	



Feng, L.M.; Sun, S.R. Oscillation of second-order Emden-Fowler neutral differential equations with advanced and delay arguments. Bull. Malays. Math. Sci. Soc. 2020, 43, 3777–3790. [Google Scholar] [CrossRef]

	



Grace, S.R.; Džurina, J.; Jadlovsk, I.; Li, T.X. An improved approach for studying oscillation of second-order neutral delay differential equations. J. Ineuqal. Appl. 2018, 2018, 193. [Google Scholar] [CrossRef] [PubMed]

	



Hindi, A.A.; Moaaz, O.; Cesarano, C.; Alharbi, W.; Abdou, M.A. Noncanonical Neutral DDEs of Second-Order: New Sufficient Conditions for Oscillation. Mathematics 2021, 9, 2026. [Google Scholar] [CrossRef]

	



Hassan, T.S.; Moaaz, O.; Nabih, A.; Mesmouli, M.B.; El-Sayed, A.M.A. New Sufficient Conditions for Oscillation of Second-Order Neutral Delay Differential Equations. Axioms 2021, 10, 281. [Google Scholar] [CrossRef]

	



Jadlovská, I. New criteria for sharp oscillation of second-order neutral delay differential equations. Mathematics 2021, 9, 2089. [Google Scholar] [CrossRef]

	



Li, T.X.; Han, Z.L.; Zhang, C.H.; Sun, S.R. On the oscillation of second-order Emden-Fowler neutral differential equations. J. Appl. Math. Comput. 2011, 37, 601–610. [Google Scholar] [CrossRef]

	



Li, T.X.; Rogovchenko, Y.V. Oscillation of second-order neutral differential equations. Math. Nachr. 2015, 10, 1150–1162. [Google Scholar] [CrossRef]

	



Li, T.X.; Rogovchenko, Y.V. Oscillation criteria for second-order superlinear Emden-Fowler neutral differential equations. Monatsh. Math. 2017, 184, 489–500. [Google Scholar] [CrossRef]

	



Li, T.X.; Rogovchenko, Y.V. On asymptotic behavior of solutions to higher-order sublinear Emden-Fowler delay differential equations. Appl. Math. Lett. 2017, 67, 53–59. [Google Scholar] [CrossRef]

	



Moaaz, O.; Elabbasy, E.M.; Qaraad, B. An improved approach for studying oscillation of generalized Emden-Fowler neutral differential equation. J. Ineuqal. Appl. 2020, 2020, 69. [Google Scholar] [CrossRef]

	



Moaaz, O.; Ramos, H.; Awrejcewicz, J. Second-order Emden-Fowler neutral differential equations: A new precise criterion for oscillation. Appl. Math. Lett. 2021, 118, 107172. [Google Scholar] [CrossRef]

	



Wu, Y.Z.; Yu, Y.H.; Xiao, J.S. Oscillation of second-order Emden-Fowler neutral delay differential equations. Electron. J. Differ. Equ. 2018, 2018, 1–15. [Google Scholar]

	



Wu, Y.Z.; Yu, Y.H.; Zhang, J.M.; Xiao, J.S. Oscillation criteria for second-order Emden-Fowler functional differential equations of neutral type. J. Ineuqal. Appl. 2016, 2016, 328. [Google Scholar] [CrossRef]

	



Zeng, Y.H.; Luo, L.P.; Yu, Y.H. Oscillation for Emden-Fowler delay differential equations of neutral type. Acta Math. Sci. Ser. A (Chin. Ed.) 2015, 35, 803–814. [Google Scholar]

	



Zhang, S.-Y.; Wang, Q.-R. Oscillation of second-order nonlinear neutral dynamic equations on time scales. Appl. Math. Comput. 2010, 216, 2837–2848. [Google Scholar] [CrossRef]

	



Li, T.X.; Rogovchenko, Y.V. Oscillation criteria for even-order neutral differential equations. Appl. Math. Lett. 2016, 61, 35–41. [Google Scholar] [CrossRef]

	



Li, T.X.; Rogovchenko, Y.V. On the asymptotic behavior of solutions to a class of third-order nonlinear neutral differential equations. Appl. Math. Lett. 2020, 105, 106293. [Google Scholar] [CrossRef]

	



Chatzarakis, G.E.; Grace, S.R.; Jadlovská, I.; Li, T.X.; Tunç, E. Oscillation criteria for third-order Emden-Fowler differential equations with unbounded neutral coefficients. Complexity 2019, 2019, 5691758. [Google Scholar] [CrossRef]

	



Kiguradze, I.; Chanturia, T. Asymptotic Properties of Solutions of Nonautonomous Ordinary Differential Equations, Mathematics and Its Applications; Kluwer Academic Publishers Group: Dordrecht, The Netherlands, 1993. [Google Scholar]












	
	
Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to people or property resulting from any ideas, methods, instructions or products referred to in the content.











© 2024 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access article distributed under the terms and conditions of the Creative Commons Attribution (CC BY) license (https://creativecommons.org/licenses/by/4.0/).








Check ACS Ref Order





Check Foot Note Order





Check CrossRef













nav.xhtml


  mathematics-12-01559


  
