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Abstract: In this note, we investigate the pinching problem for oriented compact submanifolds of
dimension 7 with parallel normalized mean curvature vector in a space form F"*7(c). We first prove
a codimension reduction theorem for submanifolds under lower Ricci curvature bounds. Moreover,
if the submanifolds have constant normalized scalar curvature R > ¢, we obtain a classification
theorem for submanifolds under lower Ricci curvature bounds. It should be emphasized that our
Ricci pinching conditions are sharp for even n and p = 2.
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1. Introduction

The geometric rigidity of compact submanifolds plays an important role in subman-
ifold geometry. In 1968, Simons [1] first studied the rigidity for minimal submanifolds
in spheres. Later, a series of striking rigidity theorems for minimal submanifolds were
obtained by some geometers [2—6]. Let M" be an n-dimensional oriented compact subman-
ifold in the complete and simply connected space form F"*?(c) with constant curvature
c. In 1979, Ejiri [7] proved a rigidity result for minimal submanifolds with pinched Ricci
curvatures in spheres.

Theorem 1 ([7]). Let M"(n > 4) be a simply connected, compact oriented minimal submanifold
in S"TP. If the Ricci curvature of M satisfies Ricpy > n — 2, then M is either the totally geodesic
submanifold S", the Clifford torus S™ (\/g) x Sm(\/;) in S" with n = 2m, or CPZ(%) in §7.
Here (CPZ(%) denotes the two-dimensional complex projective space minimally immersed into S”
with constant holomorphic sectional curvature %.

Later, Shen [8] and Li [9] obtained that if M2 is a compact oriented minimal submani-
fold in S3*7, and Ricy; > 1, then M is totally geodesic. Afterward, Xu and Tian [10] got a
refined version of Theorem 1, where the condition “M is simply connected” was removed.
In 2013, Xu and Gu [11] generalized the Ejiri rigidity theorem to compact submanifolds
with parallel mean curvature vector in space forms.

Theorem 2 ([11]). Let M"(n > 3) be an oriented compact submanifold with parallel mean
curvature vector in F"+P(c) with c + H? > 0. If

Ricpr > (n—2)(c+ H?),

then M is either the totally umbilic sphere S" (———), the Clifford hypersurface S™ (———) x

\/ﬁ \/m
m(____ 1\ e nil, 1 ) _ A )
( 2(C+H2)) in the totally umbilic sphere S (m) with n = 2m, or CP*(5(c + H?))
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in §7( \/chrW) Here (CPZ(%(C + H?)) denotes the two-dimensional complex projective space
1

minimally immersed in S” ( N

) with constant holomorphic sectional curvature %(C + H?).

Further discussions for submanifolds with parallel mean curvature vector have been
carried out by many authors (see [12-14], etc.).

On the other hand, it is important to study the rigidity problem for compact submani-
folds with constant scalar curvature. In 1977, Cheng and Yau [15] constructed a self-adjoint
second-order differential operator to study n-dimensional closed hypersurfaces with con-
stant scalar curvature in the space form F"*1(c), and obtained a classification result.

Theorem 3 ([15]). Let M" be a compact hypersurface with constant normalized scalar curvature R
in the space form F"*1(c) with constant curvature c. If R — ¢ > 0, and the sectional curvature of
M satisfies Kpy > 0, then M is either a totally umbilical hypersurface, or a (Riemannian) product
of two totally umbilical constantly curved submanifolds.

In 1996, Li [16] studied Cheng-Yau's self-adjoint operator, and proved a rigidity
theorem for submanifolds with pinched scalar curvature.

Theorem 4 ([16]). Let M"(n > 3) be a compact hypersurface with constant normalized scalar
curvature R in the unit sphere S"*1. If R = R — 1 > 0, and the norm square S of the second
fundamental form of M satisfies

n

S R

[n(n —1)R?4+4(n—1)R + n},

then either S = nR, and M is a totally umbilical hypersurface, or

I _1\®2 _1\p
S = ORI [n(n 1)R2 + 4(n 1)R+n],
anszsl(\/l—rZ) x S"1(r),r = n&i—fl)andf{:R—l.

After that, some rigidity theorems for submanifolds with constant scalar curvature
were obtained [17,18]. In 2013, Guo and Li [19] generalized Theorem 4 to the case
of n(> 4)-dimensional submanifolds with parallel normalized mean curvature vector
in spheres.

The pinching problem of submanifolds with parallel normalized mean curvature
vector seems interesting. In this paper, we first study the compact submanifolds with
parallel normalized mean curvature vector in space forms. Using Li-Li’s inequality [20]
and the DDVV inequality proved by Lu, Ge-Tang [21,22], we obtain a codimension reduc-
tion theorem.

Theorem 5. Let M"(n > 3) be an oriented compact submanifold with parallel normalized mean
curvature vector in the space form F" P (c)(p > 1). If the Ricci curvature of M satisfies

Ricyy > (n—2+8(n, p))(c + H?) >0,
then M lies in the totally geodesic space form F"+1(c). Here

0, forp =2,

o(n,p) = _
mp={ %y b3

Ifp >3, % <d(n,p) < % Moreover, we investigate the compact submanifolds with
constant scalar curvature and parallel normalized mean curvature vector, and prove a
rigidity result.
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Theorem 6. Let M"(n > 3) be an oriented compact submanifold with constant normalized scalar
curvature R and parallel normalized mean curvature vector in the space form F"*F(c). IfR > ¢, and

Ricyr > (n—2+48(n,p))(c+ H?) >0,

then M must be the totally umbilical sphere S™

\/chrT) Here 6(n, p) is defined as in Theorem 5.

2. Notation and Lemmas

Let M" be an n-dimensional oriented compact submanifold in the (1 + p)-dimensional
complete and simply connected space form F"*7(c¢) with constant curvature c. We make
the following convention on the range of indices:

1§A/B/C1"'§n+pl1§i/j/k/"'§n/n+1§“/ﬁ/7§n+p'

For an arbitrary fixed point x € M C F"*P(c), we choose an orthonormal local frame
field {e4} in F"*7(c), where {e;} are tangent to M. Let {w} and {w 4p} be the dual frame
field and the connection 1-forms of F"*7(c) respectively. Let i, ¢ and Rm be the second
fundamental form, mean curvature vector and the Riemannian curvature tensor of M,
respectively, and Rm the Riemannian curvature tensor of F"*7(c). Then

th] i h“ = h}xl,

h—zh wl®w]®elxl é{_ Zh”eﬂé/

a,i,j

Riju = c(dudjt — dudjr) + ) (hichsy — hijh), 1)
4

Rupet = Y (Hihty = Wi, @)

i

The squared norm S of the second fundamental form of M are giveby S :=}_, ; ]»(h;?;-)2.
Define H, = (K¢ ])nxn and choose ¢, 1 such that it is parallel to . Hence, we have

trH,.1 =nH, trH, =0, fora #n+1.

Here H is the mean curvature of M. Denote by Ric(u) the Ricci curvature of M in the
direction of u € UM, where UM is the unit tangent bundle. From (1) we have

Ric(e;) = (n —1)c + Z [hiihs; — (1) )2, 3)

and
n(n—1)(R—c) =n?H? -5, 4)

where R is the normalized scalar curvature, given by R = ﬁ Y. Rijij. Denoting the

first and second covariant derivatives of hf; by h ik and h;,; respectively. Then, by definition

ijk
Zh%kwk = d]’l thkwk] Zh%wki - Ehgw’gm

k k B

;h?}klwl = dh?}k - ;h?;lw,k - ;]’l?‘lka)l]‘ — ;hlﬂ;‘kwli - %h‘gkw‘ga.

The Laplacian of #j; is defined by Ahj; = Yk h?;-kk.
Now, we assume that M has parallel normalized mean curvature vector. Then,
Wp41,, = 0 for any a. Therefore, } ; w,11; A wia = 0, for any a. Thus,

Hn+1Hzx = HaHn+1/
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and
Ry+1 400 =0, for anya, k, 1.

Following [5,6], we have

hnﬂ Zthf} + Z(hn—ik_lRmijk + B Ry ) (5)

Aha thkl] + thm mijk =+ Z hmszk]k E hgiRlXﬁjk/ fOT’ o 7é n+1. (6)
k,m B#n+1k

We define the gradient and Hessian of f by
df = Zfiwi, Zfljw] = dfz + Zf]w],,
t ] ]

where f is a function f defined on M. We make appeal to the differential operator due to
Cheng and Yau [15], acting on any C?-function f by

1
Of =Y, (nH(sij — ) fii 7)
L]
It follows from [15] that the operator [ is self-adjoint, that is,

/M Ofdv =0, forany f € C3(M). ®)

The following lemma will be used to prove our main theorems, which is essentially
due to Cheng-Yau [15], and see also [16,19].

Lemma 1. Assume the normalized scalar curvature R =constant and R — ¢ > 0, then
|Vh|* > n?|VH|? )

Denote by N(A) the square of the norm of A, where A = (a;;) is a matrix. Then,
N(A) = tr(A'A) = 1 alzj, and we have the following lemmas.

Lemma 2 ([20]). Let By,..., By be symmetric (n x n)-matrices. Set S,z = tr(B,iBﬁ),
SIX - SIXDU then

2
EN B.Bg — BsBa) +ZS,X;;< 1+fsgn( 1))(;sa),

and the equality holds if and only if one of the following conditions holds:

(1)Bi=By=...=B; =0
(2) only two of the matrices By, By, ..., By, are different from zero. Moreover, assuming
By #0,By # 0,B3 = ... = By, = 0, one has S1 = Sy, and there exists an orthogonal

(n x n)-matrix T such that

S
t 21
TBiT > ,
1 019
TBLYT 501
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The following DDVYV inequality is proved by Lu and Ge-Tang [21,22].

Lemma 3 (DDVV Inequality). Let By, ..., By, be symmetric (n x n)-matrices. Then,
2
Y N(BuBg — ByBa) < (L N(B.))
a,B o

where the equality holds if and only if under some rotation all B,’s are zero except two matrices
which can be written as

0 0 -0 u o 0 0
w00 -0 0 —u 0 - 0
B,=p 0 0 0 - 0 pt’ B,=P 0 0 0 0 Pt,
0 00 ---0 0 0 o --- 0

for an orthogonal (n X n)-matrix P.

3. A Codimension Reduction Theorem

In this section, we assume M is a compact submanifold with parallel normalized mean
curvature vector in F"*7(c) for p > 1. Since trH, = 0, we have } hlofkij =0fora #n+1.
Then, we obtain from (6) that

ija§n+l h;‘}Ah"; N zjkm%:#nﬂ(h?}h’ué mRmijic + hz]hmlRmkfk)
1
N hﬁRaﬁ]k (19
i,j ko, prn+1

We obtain from (1) and (2) that

Z ha km m1]k+ Z hZ]hmszkjk

i,j,k,ma#n+1 i,jkmua#n+1
= ncS;+ Y. trHg-tr(HiHg)— Y [tr(HuHp)]?
a#n+1,6 a#n+1,8
— Y [tr(HZHp) — tr(HyHp)?,
BaF#n+1

and

Y MHReg= Y [tr(H2H3) — tr(H Hg)?).
i,jke,B#En+1 a,p#En+1

For submanifolds with parallel normalized mean curvature, H, 11 H, = HyH,,;1 for
any a. (tr(HyHpg)) is a symmetric (p — 1) x (p — 1)-matrix for a, # n + 1. Then, we
choose the normal vector fields {eq } 4,41 such that

tr(HyHg) = trH; - 8,p.

This implies

Y [tr(HeHp) > = Y tr(H7)? (11)
ﬂ‘rﬁ#n""l a#n—&-l

Then, we have
L KAk =neSy - ZZa,ﬁ#nH[tr(HﬁHfg) —tr(HyHg)?] — ¥ (trH3)?
i,ja#n+1 a£En+1

+ X tr(Hng’lJrl).trHﬂJrl_ )3 [tr(HsznJrl)]z-
a#n+1 aFn+1

(12)
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Hence,
1
5081 = Y, (WP Y hiaRg (13)
i,jka#En+1 ija#En+1
= X1+Y,
where
Xy = — Y N(HyHg—HgHy)— Y. (trH2)?
a,f#n+1 a#En+1
+ Y tr(HiHu41) - trHyo1 — Y [tr(HoHyi1)]? 4 1Sy,
a#En+1 aFEn+1
no= )3 (?;'k)z'
i,jka#En+1

Lemma 4. X; > nSy[Ricmin — (n —2)(c + H?)] — sgn(p — 2) 2(’;;_12) s2.

Proof. Since H,y1Hy = HyHy,4+1, Hy+1 and H, can be simultaneously diagonalized for
every fixed a:

(i) If p = 2, we choose {e;} such that H,, is a diagonal matrix, i.e., hg.*z = 0fori #j.
Then, it can be seen from (3) that

(n— 2)H(h§+l - H) > Ricmin — (1 — 1) (c n H2) n (hg.“ - H)2 n (h;;“)z.
Hence, we obtain

tr (H%JranH) ctrHy 1 — [tr(Hys2Hy1)]?

= —[tr(Hpp1 — HD)Hyso]® + nHtr [(H,H1 — HI)H? H} + nH2S;

n

— nH; (hzﬂ _ H) (h3+2>2 B [Ll—: (thrl _ H) (hzgrz)

2
+ I’ZHZSI

2
n . 1
> — [Ricmin — (n = 1)(c + H)]S; + H[(Z(hg“ - H)h;;+2> (14)
i
+(trHZ )% — [ (Y — H)RE22 4+ nH2S,
i
n . 2
> [Ricmin — (n = 1)(c + HY)]S;
1 n—3
+m(”Hﬁ+z)2 — (Su —nH?)S; + nH?Sy,

where [ is the unit (1 x n)-matrix. Then, it follows from (4) and (14) that

n

X, > n_z[Ricmm—(n—l)(c+H2)]SI
n—3 n—3
—n_z(trHﬁH)z—n_Z(SH—nHZ)SI+nHZSI—|—ncSI
n .
> m[RICmin—(”—l)(C‘FHZ)]SI
n—3 5 >
—n_z(S—HH)SI+HH51+TlC51

> nS;[Ricmin — (1 —2)(c + H?)].
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(ii) If p > 3, for a fixed a, let {¢;} be a frame diagonalizing the matrix H, such that
h‘l?;- = 0 fori # j. So we observe that these terms can be written as follows:

Y, tr(HgHup1) trHup1— Y [tr(HoHyy1)]?

aFn+1 a#n+1
= nH Y [tr(Hy1 —HDHZ — Y [tr(Hpg1 — HI)Hy)? +nH?S; (15)
atn+1 atntl
= nH Y [ (T —H)()H - Y (Y (r — H)hg? + nHS).
aFn+l i aFn+l i

We also obtain from (3) that

(n—=1)(c+ H2) + (n = 2)H(Hy™ = H) = (Wt = H)2 = ()2 = Y (h)? > Ricmin.

j.Bp#an+1
This implies that
nHZ (mt—H) ) = 2 (et - H) (%) %;(@)4
n B a2
+ AN
= (1) ()
ij
+- - 5 [Ricmin (1) (c + HZ)} trH2 (16)
2
1 +1 2
> — [Xl:(hg —H)(h;?;) +—2(trH )

+ [Ricmin —(n-1) (c + Hz)} trH2.

n—2
From (15) and (16), we obtain

— Y N(HeHg— HgH,) — Y. (trH,,%)z

Ba#n+1 aF#En+1
+ % tr(H2Hy )ty = Y [r(HaHa)
aF#n+1 a#n+1
> — Y N(HeHs—HgHo)— ¥ (trH2> +nH Y Y (i H) ()
B.a#n+1 aF#En+1 a#En+1 i
2
-y [Z (h;?i“ - H)h;?;. 1 nH2s; 17)
aFEn+1 [ i
> —( L0 _3> Y N(HeHs— HgHy) — =2 ¥ (trH,,%)ernstI
n—2 n—2 Ba#En+1 n_zoc;én-H
2
__3 .
—Z — 2a7§+1 [Z (meet = H) () |+ % [Ricamin — (1= 1) (c + H?) |51,

It follows from Lemmas 2 and 3 that

2 3
N(HoHp - HgH) — Y (#H2) < 383,
Ba#n+1 aF#n+1
and
N(HyHp — HgH,) < S7.
B.a#n+1
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These together with (4) and (17) imply that

X > Si{n(c+H?) - Z:;(SH ~ nH?) + % [Ricemin — (1= 1) (c+ H2) | }

1 3(n—3)1.,
B n—2+2(n—2)}51 (18
> nS; [Ricmin —(n—2)(c+ Hz)} + 2(";1__12) 2.

This proves the lemma. [

Theorem 7. If M"(n > 3) is an oriented compact submanifold with parallel normalized mean
curvature in the space forms F"*P(c)(p > 2), then

/M {nSI[Ricmin — (n—2)(c+ H?) —sgn(p — 2)2(1;_12)5%}51M <0.

Proof. Since M has parallel normalized mean curvature, H,,,1Hy, = HyH,,;1. This implies
that Y1 =% jkaznt1 (h?;k)z > 0. Then, it follows from Lemma 4 that

n—1 _,

1 )
~AS; = X1 +Y; > nSj[Ricmin — (n —2)(c + H?)] — sgn(p — 2) S7. (19)
2 2(n—2)
Hence,
1
0 = 5[ asidm
2/m
. n—1
> /M {nSI[chmin — (n—=2)(c+ H?)] —sgn(p — Z)WS%}EZM.
This proves Theorem 7. [J
Now, we are in the position to prove Theorem 5.
Proof of Theorem 5. It follows from (4) that
S; <S—nH? < n[(n—1)(c+ H?) — Ricpin). (20)

This together with (19) implies that

1
A

st

n_

> nSI[RiCmin - (n - 2)(C + Hz) - Sgi’l(P B 2)2(71—12)

(Ricmin — (1 —1)(c + H?))]

> nS; [1 +sgn(p — Z)Z(nn_—lz)} X [Ricmm - (n —2+sgn(p— 2)3:1__15) (c+ H2)}

Therefore,

0 = 1/ASWZM
2 Jm

/M {7151 {1 +sgn(p — 2)251__12)}

X [Ricmm - (n —2+sgn(p—2) ;;__15) (c + HZ)} }dM.

Y
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If Ricpin > [n —2+4sgn(p —2) 5= 5] (c + H?), then S; = 0. It follows from a theorem due
to Erbacher [23] that M lies in the totally geodesic submanifold F"*1(c) of F"*7(c). This

proves Theorem 5. [

4. Submanifolds with Constant Scalar Curvature

In this section, we assume M is an oriented compact submanifold with constant
normalized scalar curvature R and parallel normalized mean curvature vector in the space

form F"*P(c). Since trH, 1 = nH, we obtain from (5) that

n+1apn+1 _ n+l n+1ypn+1 B n+1ypn+1 .
Zhij Ahij - Z”Hljhz] 2 (hz'j Pk le]k+hij Hion Rmk/k)'
ij ij ijk,m

Applying (1) and (2), we obtain
D B R+ 35 L R
ijJem ijJem

= nc(Sy —nH?) + Z:HH,,é tr(Ha 1 Hy) — Y [tr(Hyy1Ha))?

o
_Z [tr(H +1H — tr(Hy41Ha)?).

Since H,,y1Hy = HyH, 41 for any «,

1 +1y2 1 A gl
EASH = Z]:( th —i—Zh” Ah"
i,
= Xp+Y,
where
X, := nHtrHy, — (trHpq)* — Y [tr(HuHo)* + nc(SH — nHz),
a#n+1
Y, = Z I’l:;kJrl + Z?’lHith-Jrl.
i,jk

Lemma 5. X, > n(Sy — nH?) [Ricy, — (n —2)(c + H?)].
Proof. We choose the orthonormal frame fields {e;} such that hf;“ = /\?H&ij. Let

fo= YAt — g A = 1,2,

i

B =Y (ui ™,

i

and we have
B; =0, By = Sy — nH?, B3 = 3HSy — 2nH> — f;.

Then
X, = —Sh+nHf3— Y (Zy”“h“) +nc(SH—nH2)
aFn+1 i
— S +nH(3HSy —2nH® —B3) — Y. (ny“h“)
aFEn+1 i

+nc (SH — nHz)

— By[nc+2nH? —Sy] —nHBs — Y. (ny“h“) .
aFn+1 i

(21)

(22)

(23)
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According to Equation (3) in space form F"*7(c), we have
(n —1Dc+nHAM — (A7*1)2 — 3" (hf)? = Ric(e;) > Ricmin,
aF#En+1,j
S —nH? < n[(n—1)(c + H?) — Ricmin], (24)

and

(n=2)HA™ —H) = (A = HP? + (n=1)(c+ H) — ) (h$)* = Ricmin >0,
a#En+1,j

from which it can be deduced that

1 2 (}h%)2 .
H()\:-H_l ) > (A —H) n Za;én+1,](h1]) n Ricpmin  n—1

2
n—2 n—2 n—2 n—2(C+H)'

So,

3 = () ()

—nHBs > " Z(M?Jrl)
n—2 i a;én—O-l i,j

2l )

This together with (23) and (24) implies that

X, > Bz{nc+2nH2 SH+72[chmm (n—l)(c+H2)]}
n
+n_22 n+l + Z [ Z zlxl n+1 (Zyn+1hﬂé>:|
aF#En+1
> Bz{nc—i-ZnHz Sn+ - 2[Ricmm—(n—1)(c+HZ)]}
B% n—3 n+1pa
n—-2 n-—2 #ZH(;V h)
2 n=3 .. >
> Bz{nc—i—nH n—Z(S nH?) (25)
+%[Ricmm — (n=1)(c+H?)]}
> isz{(n—z)(CﬂLHz)

—(n—3)[(n —1)(c + H?) — Ricmin] + [Ricmin — (1 — 1)(c + H2)]}
= n(Sy — nH?)[Ricmin — (n —2)(c + H?)].
This completes the proof of the lemma. O

Proof of Theorem 6. Since the normalized scalar curvature R is constant, we obtain from
(4) that
n?AH? = 21> HAH + 2n?|VH|* = AS. (26)

On the other hand, we obtain from (13) and (22) that

fAS = |V + Yo nHE R 4 X+ X, 27)
Ll
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This together with (7) implies that
D(?’ZH) = Z(”Héij — hl])(nH)l]
ij
1 2
= SAS- n?|VH|* - Znh?].“Hij (28)
i
= (|Vh]* = n*|VH]*) + X1 + Xo.
Therefore, we obtain from Lemmas 1, 4 and 5 that
-1
> — nH? _ 2 o n=1 @
O(mH) > n(S nH )[chmm (n (C+H )} sgn(p —2) (n—Z)SI
2)(n—1)
> a2 _ 2 sgn(p — g2
> ( nH ) [chmm (n (c—i— H ) 2n(n—2) (S nH )
> ( — nHZ) {chmm (n— (c + H? (29)

)
+sgn(p — 2)2(11__12) {chmm (n—1) (c + HZH }
n(S —nH2) [1+sgn(p—2)2(nn__12)}

X [Ricmin — (n —2+sgn(p—2) 3’;__15> (c + HZ)] .

Since the operator [ is self-adjoint, we conclude
0 > / n(S —nH?) |14 sgn(p — Z)ni_l
- JM 2(n—2)
. n—1 5
X [Rlcmm— (n—2+sgn(p—2)3n_5> (c—l—H )}

Thus, we obtain from the assumption Ricy > (n — 2+ sgn(p — 2) =% ) (c + H?) that

S—nH?=0.

This means M must be the totally umbilcal sphere S" ( ). This proves Theorem 6. [

1
Vc+H?

5. Discussion

The following example shows the pinching constant is the best possible in even
dimensions and p = 2.

Example 1. Let S"*1( \/chrT) be the totally umbilic sphere in F"*P(c) with c + H? > 0. Here
the mean curvature H is a constant.

Let M = S™( ) be a Clifford hypersurface in S"™1(———

m 1
2(c +H2)) xS ( 2(c+H?) C+H2)
with n = 2m. Then, M is a compact submanifold in F'*2(c) with parallel normalized mean
curvature vector, the Ricci curvature Ricy; = (n — 2)(c + H?), and the normalized scalar curvature
R = =2(c+ H?).
More generally, M is also a submanifold in F"*P(c) with parallel normalized mean curvature
vector for p > 3, and the Ricci curvature of M satisfies Ricp; = (n —2)(c + H?).

For n = 4 and p > 4, we have the following example.
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Example 2. Let §7( \/Ciw) be the totally umbilic sphere in F**P(c) with ¢ + H?> > 0. Here

the mean curvature H is a constant. Let (CPZ(% (c + H?)) be the two-dimensional complex pro-
jective space minimally immersed in S7(———) with constant holomorphic sectional curvature

Ve+H?
2(c + H?). Then, M is a compact submanifold in F4*P (c) with parallel normalized mean curvature

vector for p > 4, the Ricci curvature Ricyy = 2(c + H?), and the normalized scalar curvature
R = %(c+ H?).

Motivated by Theorem 6, Examples 1 and 2, we propose the following conjecture.

Conjecture 1. Let M be an n(> 3)-dimensional oriented compact submanifold with constant
normalized scalar curvature R and parallel normalized mean curvature vector in the space form
F™P(c). If R > ¢, and

Ricpr > (n—2)(c+ H?) >0,

then M must be the totally umbilical sphere S™ \/C-}-T)
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