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Abstract: In this paper, I explore a specific class of bi-parameter pseudo-differential operators char-
acterized by symbols 0 (x1, xp, &1, &) falling within the product-type Hérmander class S;’f 5- This
classification imposes constraints on the behavior of partial derivatives of o with respect to both spa-
tial and frequency variables. Specifically, I demonstrate that for each multi-index «, B, the inequality
|Bga€(7(x1,xz,§1/§2)\ < Cop(1+1[EH™ T2, (1 + |&]|)—Plul+olPil is satisfied. My investigation culmi-
nates in a rigorous analysis of the LP-boundedness of such pseudo-differential operators, thereby
extending the seminal findings of C. Fefferman from 1973 concerning pseudo-differential operators
within the Hérmander class.

Keywords: bi-parameter pseudo-differential operators; LP-boundedness; cone decomposition;
BMO space
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1. Introduction

Consider a Schwartz function denoted by f. We define a pseudo-differential operator
T, as follows:

Tof()= [

R

@0 (x, e, )

where f(&) represents the Fourier transform of f, and o(x, &) € C®(R" x R") is referred
to as the symbol. Of primary interest is the symbol class denoted S;’f 5, commonly known
as the Hormander class. A symbol o(x,¢) belongs to S;’f 5 if it satisfies the following
differential inequalities:

9830 (x,8)] < Cup(1+ |2 Ple 2, @

for all multi-indices &, B.

The LP-boundedness of pseudo-differential operators, defined as in (1) and (2), has
been a topic of extensive investigation in recent decades. Notably, the seminal works of
Calderén and Vaillancourt [1,2] established the L?-boundedness of T, for symbols o € 58,0.
Furthermore, Calderén and Vaillancourt showed that T, remains bounded on L? when the
symbol o belongs to Sg,p, 0 < p < 1, a class known as the exotic symbol class. However,
the boundedness results are not universal. For instance, consider the symbol ¢(&) given
by the Fourier transform of the Riemann singularity distribution R(x) = el | x| 3, then
Ty is not bounded on L7 for p # 2. More recently, Wang [3] investigated a subclass of the
exotic symbol class and demonstrated that pseudo-differential operators belonging to this
subclass are bounded on L? for 0 < p < 1.

The primary objective of this paper is to extend the following theorem originally
established by C. Fefferman in 1973 [4].
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Theorem 1 (Fefferman). Let o(x,{) € Sl_ﬁw with0 <6 <1—a<land B < na/2. Then, T,
is bounded on LP for

’1_1‘9_!3{'%} A Ma/2-p
p 2 n| B+A 1—a

To be more specific, we turn to the multi-parameter setting. Let o(x1, x2,81,82) €
C®(R™ x R" x R™ x R"), where n = ny + np. We say o € Sf; if it satisfies the estimates

1

" . 2 plai|—6|Bil
08950 (x,&)| < Cap(1+13]) H(HIC,I) ®)

my,my

for all multi-indices «, 5. Moreover, we define the bi-parameter Hérmander class BS 05

my,my

0 if it satisfies the estimates:

wesay o € BS
Jogf ; 2 1 plai|=0|Bil—m;

7 < 4

okt 01 < Cop T (1775 ) @

Note that if m = mq 4+ my and mq, m, < 0, then we have

m my,my
Sps C BS)§™.

The classical theory of harmonic analysis may be described as around the Hardy—
Littlewood maximal operator and its relationship with certain singular integral operators
which commute with the classical one-parameter family dilations 6 : x — éx = (dxy,...,0xy),
6 > 0. The multi-parameter theory, sometimes called product theory corresponds to a
range of questions which are concerned with issues of harmonic analysis that are in-
variant with respect to a family of dilations 6 : x — dx = (d1x1,...,04%4), 6; > O,
i =1,...,d. Such multi-parameter symbol classes, associated with singular integral opera-
tors, pseudo-differential operators, and Fourier integral operators, have been the subject of
extensive study by various authors. Notable contributions include works by Miiller, Ricci,
and Stein [5], Yamazaki [6], Wang [7], Chen, Ding, and Lu [8], Huang and Chen [9,10],
Hong, Zhang, and Lu [11-14], Muscalu, Pipher, Tao, and Thiele [15,16], among others.

Main Results
Main Theorem:

(@) Leto(xy,x2,¢1,80) € Sf_ﬁ with0<d<1l—a<1,B< ™ andny,ny, > 2. Then, T,
1—a,0 2
is bounded on L? for

g

R R IE S o RS e v

n/24+A _na/2—B
! 1—a

(b) Leto(xy,x2,¢81,8) € Sl__”%z. The critical L? space is L', while T, is unbounded on

L}, it is bounded on the Hardy space H'.

Remark 1. C. Fefferman originally proved the above theorem with symbols belonging to the classical
Hormander class S;,” 5. Thus, the sharpness of the theorem follows from Fefferman'’s theorem, as

555 C Sps
The results in [17] lead to the following propositions.

Proposition 1. Let o'(x,&) € SY  ;for0 <6 <1—a < 1. Then, T, is a bounded operator from
L2 to L2,
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Proposition 2. Let o(x,{) € ST ””/zfor 0<é<1—a<1. Then, T, is a bounded operator
from L* to BMO.

Here, BMO(R") denotes the class of functions of bounded mean oscillation defined by
F. John and L. Nirenberg in [18]. A locally integrable function f on R" belongs to BMO if

| fllBmo = Slép|1Q|/Q|f(x) — foldx < oo,

where Q is an arbitrary cube in R” and fg = ] Q\ Jof of x)dx.

We will prove the L2-boundedness of T, w1th o of order 0 in Section 2, and T; is
bounded from L* to BMO with ¢ of order —na/2 in Section 3. We primarily follow the
proofs in [19] and [4] to establish Propositions 1 and 2, respectively. However, a single
Littlewood-Paley decomposition in the {-space is insufficient; we require a further cone
decomposition to fully utilize the inequalities in (4).

2. L2-Boundedness of Tl, of Order 0
Since S0 a5 C BSl as C BSo 5 it suffices to prove

Lemma 1. Suppose that o(x,&) € Bsg 2, where 0 < p < 1. Then the operator T, defined in (1) is
bounded from L?(R") to iteself.

Proof. First we use the Cotlar-Stein lemma to show that the lemma is true in the case
p=0.

By Plancherel’s theorem, we observe that it suffices to establish the L?-boundedness of
the operator S defined by

n

Sf(x) = [ ™ Ef@)(x )de.

Notice that, in view of the assumption of 7, the role of x and ¢ in the above symbol class
are perfectly symmetric. We choose a smooth non-negative function ¢; that is supported in
the unit cube

Q={x:|¥|<1 j=12...,n}, i=12

and for which -
L ¢ —k) =1
kiez'i
To construct such a ¢', simply fix any smooth, non-negative ¢6 that equals 1 on the
cube Q) ,, = 1/2- Q] and is supported in Q. Noting that } ic 7 ¢(x’ — k') converges
and is bounded away from 0 for all x € R", we take

-1
¢i(xi)=¢6(xi)[ )3 ¢6(xi—ki)] :

liczM

Next, let k' = (k', k") € Z2' = 7" x 7 denote an element of Z2", and similarly
write ' = (ji, /') for another element of Z2". We set k = (k',k2) and

e

2

[Te & - k”')] = p(x —k)o(x,E)p(E — k')

i=1

and

Sef(x) = [ ™ F@oy(x )z
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Therefore, we have the decomposition

=) Sif(x)

kezn

The main point is then to verify the almost-orthogonality estimates as follows:

2 .
ISzl < AT+ =K~ (6)
i=1
and X
Isgsill < AT+ 17~ F) 7)
i=1
Here, || - || denotes the L? operator norm, N; is sufficiently large, and the bound A is
independent of E,f

Now, we can write
S:5:£(8) = [, FmKsz(@ ),

where

K@) = [, 70 0)op(x, )™ 0 O

In the above integral, we integrate by parts, using the identities

2
(I . Axi)NieZHix-(q—g) _ H(l +47T2|17i . éri|2)NieZ7tix~(17—§)‘
i=1 i=1

e

We also note that oy(x, ¢) and ch(x, 1) are given by
o (x,0) = ¢p(x = K)o (x,8)P(E — k), 03(x,8) = p(x — j)o(x,m)¢(S —f)

respectively, and so have disjoint x-support unless j' — ki e Q! . These observations lead to
the bounds

d i_ k/z
H ¢'(& =o' (' — k)

L iff-KeqQl, i=12
11 1+|¢1 )2V J !

|K;—k» &n) =0, otherwise.

Therefore, we have
sup/ C’?\d’?<AH1+U*kl|)
i=1
and

2 .
sup [ [Ksz(@mldg < AT+ )~
n i=1

which implies our desired estimate (6). Moreover, as we have noted, the situation is
symmetric in x and ¢, the same proof also shows the estimate (7). Now, it is only a matter
of applying the Cotlar-Stein lemma; setting N; sufficiently large, we see

2 .
Yo T+ &) ~N < oo,

Fezni=1

and as a result, S = ) S is bounded from L%(R™) to itself.
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Now, we prove our Lemma 1.
We start by defining a C® function ¢ with compact support on R, satisfying ¢(t) =1
for |[t| < 1and ¢(t) = 0 for || > 2. Foreachi = 1,2, we set ¢o(&;) = ¢(|&;]) and

¢, (&) = e77|&]) — e THE]), ji€Z, ji>0, i=12,
and i
$;(8) = 1—{45]‘,'(61')/ jez
i
Then, we define the partial operators

Tif(x) = [ @ @)oy(x,0)de,  0j(x,8) = o(x,0)5(2).

Let 577 (&) = ¢i (%) £(&), and we have the decomposition of T

T-YT-yTs,  L-T1L. ®

>0 >0 j>0  i=1j;>0

It will be convenient to break the sum (8) into two parts

-y Tey., L=l T

2
j even j odd jeven  i=1j;>0 even

so that the summands in each parts have disjoint ¢-support; it suffices to prove the bound-
edness of each sum separately.
Let us consider the sum taken over the odd j. Note that

TiTy = TSj(TSx)* = TS;S;T =0,  j#k

because the supports of the multipliers corresponding to S; and S are disjoint. Next, we
estimate T]* T}, and we write

T Tef (x) = /R Ko y)f(y)dy,

with

K(x, ]/) _ / Ek(zr 17)0,](21 C)EZHZ'[@‘(Z—y)_’i'(z—X)]dzdﬂdg_

R xR” xR"

First, one carries integration by parts with respect to z-variable by writing

(I— ;)N

2
2z _ i)z
7 (L4472 (G — myf2)Ni

Next, one performs a similar process on the #-variable, beginning with

(I— Ay)N:

2
627Ti17~(x—z) _ 627'1'1'17'(9(—2).
i1 (1 +4712\x1- — Ziyz)Ni

Finally, an analogous step is carried our for {-variable. If we take into account the
differential inequalities for the symbols ¢}, and the restrictions on their supports, we see
that each order of differentiation in the z;-variable gives us a factor of order

(141 — i) 71 ~ 27 maxtkii}
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for every factor of order
(1 + 18] + )P~ 2pmeticii)

that may lose. As a result, the kernel K is dominated by a constant multiple of

2 .
H2max{k"’]i}QPN"*ZN"H"")/ Qi(xi — i) Qi(zi — yi)dz;.

i=1 R

Now, if we let K,‘(X,‘, yl) = fRni Q,‘(x,' — Zi)Q,‘(Z,' — yi)dz,», then
2
/Rni Ki(xi,yi)dy; = /]R”i Ki(xj, yi)dx; = (/Rni(l + Zi|)2Ni> < o0,
if 2N; > n;. Thus, we obtain
2 .
||T/* Tk|| < AH2max{k,-,]i}(ZpN,-72N,'+2n,v), ik,
i=1
which implies that
2
T Tel| < T Tvili)vitks),  j#k
i=1

with v;(j;) = A-27%i,e > 0, if we choose N; so large that N; > n;(1 — p).
In order to apply the Cotlar-Stein lemma, we need to show that the partial operators
T; are uniformly bounded in the norm. To prove this, we set

7i(x, &) = 0j(27Px,2PE), 270Px = (2xy,27Px;), 0<p < 1.

Thus, &; (x,8) € Sg’,g form; =0, p; = 0foreachi =1,2,...,d uniformly in j. Therefore,
the operator

Tif(x) = [ ()00, 8)de
is bounded on L?(IR"). Next, define the scaling operators given by

Af(x) = f(2Px) = f(2Px;, 2713,

then, as is easily verified,

—AT-ATL
T = ATiA

Now, |[Ajfll2 = TTy 2"#/2||fll 2 and [|A; fll 2 = TTEy 27"072|f][ 27 s0 to-
gether with the L2-boundedness of T]-, we have

|Tj|| <A, uniformlyin j.

We may therefore conclude that }; ;44 Tj is bounded from L%(R") to itself, the sum
Yj cven 18 treated similarly, and our Lemma 1 is proved. O

3. LP-Boundedness of T,

We make a further decomposition, let { = (§1,82) € R™ x R"2. Recalling the defini-
tion of ¢ in the above section, define

5(8) = (p(ﬂ:gf) - <p(2‘€“:gﬂ), (el ©)
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Note that é,(&) has a support in the cone region,

A= 1@ e 2 < 2 <o, (10)
By symmetry, we can always assume / is a non-negative integer. Now for fixed j, we
make a cone decomposition in the frequency space, define partial operators

Tyf(x) = Toy f(x) = [ @ f(@ay(x, e, ay(x,8) = o(x, D@0 (D

Furthermore, we define

[0 9)

()0l (x,6)dE, 0] (x,8) = Y. o(x,E)¢;(£)0,(E), (12)

l=j

Tf(x) = Tpf(x) = |

n

and

o J
eme@f(g)U.]@(x,é')dé‘, a]ﬁ(x,tf) = Z 0(x,§)¢](5)5z(§) (13)

=0

TG = Tafo) = [
3.1. A Key Lemma

Leta symbol o(x,¢) € SZf 5, then we define its norm as

2
lolls = sup  [983ke(x,&)|(1+1g) " TTA+ &)™ =Fl, kN >n/2. (4
la|<k,|B|<N i=1

Let r > 0 be a real number, recall the definitions of ¢;(¢) and ¢,(¢), define the par-
tial operators

Tif (x) = Ty f(x) = |

R

PR (v, )G, ofy(x,8) = o(x )0 (E)g(rE),  (15)

and

T/ f(x) = T f(x) = / TR ()l (x,8)dE, ol (x,8) = Y 0:(x, ). (16)

>0

n

Lemma 2. Let the symbol o(x, ) be defined as (4), and Tg’j, T]-r defined as above, then we have

T3f]|. < ca 2ol If

T
T f

| <Cllellsliflles,
17)

Moreover, let 28 < r=1 < 2841 if gy (x, &) = Yj<—k 0} (x,G), we have

I Toofll 1 < Cllells]|fl]ze- (18)
Proof. We denote 6'(x,y) = [pn e 2™ €0 (x,&)d¢ throughout this paper. Now write
T = [ f0)5 (y —x)dy. (19)

We see that [T | < [167(x, )|l where 167(x, )lIus = fe 972, y)ldy. There-
fore, it suffices to show that [|67(x,-)|[1 < Clle]ls, [167;(x, )|l < Cc2-"t/2||g||g and
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00(x,)||;1 < Cl||o||ls . Let us consider T7, let b = (2/r~1)2~1. Applying the Cauchy—
L i pplymng y
Schwartz inequality and Plancherel theorem we see

1 1
. . 2 2
[ ety <cr([ 16 Pay) < cur?( [ 1e7se) P

(20)
< Cllol|s (since (7]7 lives in |&| ~ 2/r~1),
and |
/\ylzb 107G y)ldy < coEt </|y>b \y|2k|&]((x’y) |2dy> 2
(21)

1
2
<cp/ ( S V0 C)|2d6> < Cllells

(since o lives in |&| ~ 2/r~1,k > n/2).
Thus, [|o7 (x,)||x < Cllells.
Similarly, we can prove ||&Ej(x,~)|\L1 < C27M2||g||s and ||6g(x,-)||;1 < Cllo]ls
once we note that o7, supported in the region |E1] ~ 277, |&| ~ 2/ and 0y supported in the

region |¢| < 1. Therefore, we have proven Lemma 2. O

3.2. Proof of the Main Theorem

Now, we can prove our proposition, fix f € L* and Q C R" having side r and center
xo. We have to show that

1
O Jo [Tef (5) = (Tof)gldx < Clfl1=. 22)
|Ql /R
Case one r < 1. Now let k > 0 be an integer such that
2k <71 < oL (23)
A direct computation shows 9y, T(T]_rf(x) = T,rf(x), where (T;’(x, ¢) = 0,07 (x,C) +
".
27Ti§i0]7(x, ). Since cT]{’(x, Z) is supported in |¢| ~ 2/r~!, then an elementary computation
gives that ||U]{r||s < Cr~127J¢ for —k < j < 0. By the Lemma 2,

0
o Y Tofll = Z||Ta]frf||L°°
f:*k L j<0 (24)
<cCr Y 27 olls||flle < CrY|olls||f]]Le-
j<0

Therefore, |} ;<o ngr f(x) — ag| remains bounded in Q for some constant a, so that

1
ial o

Now, let us turn to j > 0 and let 0" (x,¢) = L~ (Tj’(x, ¢) . Fix a bump function A on
R", with0 < A <10, A >1onQand A is supported in |Z| < r*~1. Then, we write

> Torf(x) —ag|dx < Cllo]|s]| ||| (25)

j<0

M) Tor f(x) = Tor (Af) () + [A, Tor}f (x) = 1 + L. (26)
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In order to estimate I;, we write

Tar()\f) = (TLT' ’ G—nu/4) ' (Gna/4(/\f))/ éﬂé(g) = (1 + |€‘2)_a‘

Observe that T,r - G_,,/4 is a pseudo-differential operator with symbol o' (x, )
(1+1¢|?)m/* € S9_ 5, so that by Hérmander’s L? result,

I Ter (AP)I72 < Cllol1§]1GuasaAA)IT2 < ClIelSIf|E |1 GuasalZ2, (27)

now since for x > 0, G, € L!, Young’s inequality leads to || G,z aA 2, < [Gpayall?1 114112, < CIQ.
Therefore,

1 . 1 . 2 \? N 28
G 1T () las < (|Q|/Q|Ta AH)] dx) <clollsliflls. @9

To estimate I, we set 07;(x, ) = Jgn €A () [07,(x,8) — 07;(x,& +17)]d, then we

can rewrite I as I, = Yy>0 Lj>0 Tg;]_f(x). Notice that B;j is supported in |&;| ~ 277671,

|&| ~ 2/r~1. Hence, simple calculations show that \|0§]| ls < C2U=D0-9)||g||s. Applying
the Lemma 2, we have

1A Torl flles < Y0 30 NTgy fllee < 32 3 €272 16 s 1112

£>0j>0 £>07>0
(29)
<C Y Y o200 o ([g||f] |1 < Cllo][s]|f]]ie, 1 > 2.
£>07>0

Now putting (28) and (29) into (26), we obtain

|(12/Q|A<x) Ty f(x)|dx < Cl|o||s||f]|Le,

and since [A(x)| > 1 on Q, we have

1
@/Q | Tor f(x)|dx < Clle[s][f]]r=,

and together with (25), this proves (22).

Case two r > 1. We make the decomposition by setting » = 1, then in the region
|¢| < 1, applying the Lemma 2 and for || > 1, repeating the proof above, we finally proved
our main theorem.

Remark 2. The above proof shows if a > 1/2, the main theorem holds for ny = 1 or np = 1.

Remark 3. We posit that our results can be further extended to encompass the general bi-parameter
Hormander class BS;'Y"™2. This broader class encompasses a wider range of operators and offers

opportunities for deeper exploration and generalization of our findings.

4. Conclusions

We extend Fefferman’s results on pseudo-differential operators to the bi-parameter
setting by introducing a novel decomposition on the phase space, known as the cone
decomposition. This decomposition allows us to analyze pseudo-differential operators
in a more intricate and nuanced manner, capturing the behavior of operators across
multiple dimensions.

One key observation is that although there are infinitely many partial operators arising
from the cone decomposition, the sum of their norms remains finite. This finiteness arises
from the decay present in each partial operator norm, ensuring convergence in the overall
operator analysis.
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However, a challenge emerges when one subspace dimension is 1. In such cases, the
decay of the partial operator norm may vanish, complicating the analysis and necessitating
alternative approaches for handling these scenarios.

Overall, our paper contributes to advancing the understanding of pseudo-differential
operators in bi-parameter settings, laying the groundwork for future research in this area.
Through our novel decomposition approach and careful analysis, we uncover insights that
extend Fefferman’s seminal work and pave the way for broader applications in harmonic
analysis and operator theory.
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Conflicts of Interest: The author declares no conflicts of interest.

References

1. Calderdn, A,; Vaillancourt, R. On the boundedness of pseudo-differential operators. |. Math. Soc. Jpn. 1971, 23, 274-378. [CrossRef]

2. Calderén, A.; Vaillancourt, R. A class of bounded pseudo-differential operators. Proc. Natl. Acad. Sci. USA 1972, 69, 1185-1187.
[CrossRef] [PubMed]

3. Wang, Z. Singular Integrals of Non-Convolution Type on Product Spaces. 2023. Available online: https:/ /arxiv.org/abs/1409.2212
(accessed on 2 July 2023).

4.  Fefferman, C. LP bounds for pseudo-differential operators. Isr. ]. Math. 1973, 14, 413-417. [CrossRef]

5. Miiller, D,; Ricci, F,; Stein, E. Marcinkiewicz multipliers and multi-parameter structure on Heisenberg (-type) groups, I. Invent.
Math. 1995, 119, 199-233. [CrossRef]

6. Yamazaki, M. The LP-boundedness of pseudo-differential operators with estimates of parabolic type and product type. Isr. J.
Math. 1986, 38, 199-225.

7. Wang, Z. Regularity of Multi-Parameter Fourier Integral Operator. 2022. Available online: https:/ /arxiv.org/abs/2007.02262
(accessed on 7 June 2022).

8. Chen,],; Ding, W,; Lu, G. Boundedness of multi-parameter pseudo-differential operators on multi-parameter local Hardy spaces.
Forum Math. 2020, 32, 919-936. [CrossRef]

9.  Huang, L.; Chen, J. Boundedness of bi-parameter pseudo-differential operators on bi-parameter #-modulation spaces. Nonlinear
Anal. 2019, 180, 20-40.

10. Xu, C.; Huang, L. The boundedness of multi-linear and multi-parameter pseudo-differential operators. Commun. Pure Appl. Anal.
2021, 20, 801-815.

11. Hong, Q.; Zhang, L. Symbolic calculus and boundedness of multi-parameter and multi-linear pseudo-differential operators. Adv.
Nonlinear Stud. 2014, 14, 1055-1082. [CrossRef]

12. Hong, Q.; Zhang, L. L? estimates for bi-parameter and bilinear Fourier integral operators. Acta Math. Sin. (Engl. Ser.) 2017,
33, 165-186. [CrossRef]

13.  Hong, Q.; Lu, G. Weighted L? estimates for rough bi-parameter Fourier integral operators. J. Differ. Equ. 2018, 265, 1097-1127. [CrossRef]

14. Hong, Q.; Lu, G.; Zhang, L. LP boundedness of rough bi-parameter Fourier integral operators. Forum Math. 2018, 30, 87-107. [CrossRef]

15.  Muscalu, C.; Pipher, ].; Tao, T.; Thiele, C. Bi-parameter paraproducts. Acta Math. 2004 193, 269-296. [CrossRef]

16. Muscalu, C.; Pipher, ]J.; Tao, T.; Thiele, C. Multi-parameter paraproducts. Rev. Mat. Iberoam. 2006 22, 963-976. [CrossRef]

17.  Fefferman, C.; Stein, E. H? spaces of several variables. Acta Math. 1972, 129, 137-193. [CrossRef]

18.  John. E; Nirenberg, L. On functions of bounded mean oscillation. Comm. Pure Appl. Math. 1961, 14, 415-426. [CrossRef]

19. Stein, E. Harmonic Analysis: Real-Variable Methods, Orthogonality and Oscillatory Integrals; Princeton University Press: Princeton, NJ,

USA, 1993.

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.


http://doi.org/10.2969/jmsj/02320374
http://dx.doi.org/10.1073/pnas.69.5.1185
http://www.ncbi.nlm.nih.gov/pubmed/16591985
https://arxiv.org/abs/1409.2212
http://dx.doi.org/10.1007/BF02764718
http://dx.doi.org/10.1007/BF01245180
https://arxiv.org/abs/2007.02262
http://dx.doi.org/10.1515/forum-2019-0319
http://dx.doi.org/10.1515/ans-2014-0413
http://dx.doi.org/10.1007/s10114-016-6269-6
http://dx.doi.org/10.1016/j.jde.2018.03.024
http://dx.doi.org/10.1515/forum-2016-0221
http://dx.doi.org/10.1007/BF02392566
http://dx.doi.org/10.4171/rmi/480
http://dx.doi.org/10.1007/BF02392215
http://dx.doi.org/10.1002/cpa.3160140317

	Introduction
	 L2-Boundedness of T of Order 0 
	 Lp-Boundedness of T 
	A Key Lemma
	Proof of the Main Theorem

	Conclusions
	References

