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1. Introduction

Consider the following system of differential inclusions subject to the Dirichlet bound-
ary condition:
(=Ap uy + p1Dgur, —Ap,up + poAgyun) € OF(uq,up)  in Q) M
Uy = Uy = 0 on 0Q)

on a bounded domain Q C RN for N > 2 with a Lipschitz boundary 9Q). For a later
use, |()] denotes the Lebesgue measure of (). In (1) we have, for 1 < q; < p; < 400 and
1 < g2 < p2 < +oo, the py-Laplacian A, : W&’pl (Q) — WL (Q), g;-Laplacian Ag,
W(}"h (Q) — W1 (Q), po-Laplacian Ap, : Wé’pz(()) — W~LP2(Q), and g,-Laplacian
Ag, Wé 2(Q) — W~2(Q). Throughout the paper, corresponding to any real number
r > 1 we denote r' = ;X (the Holder conjugate of r). Furthermore, A; ,, and Ay, denote
the first eigenvalues of —A,, and —A,, respectively (see Section 2 for a brief review).

The multivalued term in the inclusion (1) is expressed as the generalized gradient
OF of a locally Lipschitz function F : R?> — R, so pointwise dF (u1(x), up(x)) is a subset
of R2. We reference [1] for the subdifferentiation of locally Lipschitz functionals. Some
basic elements are presented in Section 2. Any { € 9F(t,s) is a point of R?; thus, it has two
components, i.e., { = ({1,02) € R2. Hence, (1) is a system of two differential inclusions
that we call hemivariational inclusions because they involve generalized gradients. The
inclusion problem (1) incorporates systems of equations with discontinuous nonlinearities.
Differential equations with discontinuous nonlinearities via the generalized gradients were
first studied in [2].

According to the definition of generalized gradient, it is apparent that each solution to
system (1) solves the inequality problem.

(—=Apyu1,v1) + p1(Bg 1, 01) + (—Bpyuiz, 02) + p2(Ag,u2,v2)
< / FO(uq(x), ua(x); v (x),v2(x))dx forall (v1,v;) € W&’p] (Q) x W&’pz(Q), ()
Q

Mathematics 2024, 12, 1766. https:/ /doi.org/10.3390/math12111766 https://www.mdpi.com/journal /mathematics


https://doi.org/10.3390/math12111766
https://doi.org/10.3390/math12111766
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com
https://orcid.org/0000-0001-7391-9534
https://doi.org/10.3390/math12111766
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com/article/10.3390/math12111766?type=check_update&version=1

Mathematics 2024, 12, 1766

20f11

where the notation FY stands for the generalized directional derivative of the locally Lips-
chitz function F on R2. Problem (2) is a hemivariational inequality in the product space
W(} L) x Wg 2(Q)). The interest in hemivariational inequalities is that they allow non-
convex potentials. For the study of hemivariational inequalities, we refer to [3-7].

For the locally Lipschitz function F : R?> — R, we assume the following condition:

(H) There are positive constants co, ¢1, ¢, do, d1, d2, 11, 2, with c1 < Ay da < Aqp,,
1 <r; <pp,and 1 < rp < p; such that

P2
1C1] < co+ |t + ol

and .
0o| < do+dit]2 +das|P2 !

for all (t,s) € R? and ({1, {2) € 9F(t,s).

In the statement of (1), there are two parameters y; € R and yp € R. The leading
operators are —Ap, + u1lq, and —A,, + p2hy,, for which the ellipticity condition fails
when p; > 0 and pp > 0, which is the main point of our work (note that yy and yu; are
arbitrary real numbers). In this case, they become the so-called competing operators that
were introduced in [8]. Precisely, a competing operator was defined in reference [8] as
—Ap + Ag versus —A, — Ay ((p, q)-Laplacian) for 1 < g < p < +oc0. The essential feature of
such an operator is that the ellipticity property is lost. For any u € W& 7(Q)) and any scalar
A > 0, the following expression does not have a constant sign when A varies:

(=Ap(Au), Au) + (Ag(Au), Au) = AP(=Apu, u) + AT(Aqu, u).

Systems of differential equations with competing operators were investigated in [9].

Due to the possible loss of ellipticity for system (1), we introduce a new type of solution
called a generalized solution. It is said that (uq,u2) € Wé’p Q) x W&’pz (Q)) is a generalized
solution to problem (1) if there exists a sequence {(u1,,, t2,)} C Wé'pl (Q) x W&’p 2(Q) such that

(i) wuy; — u;in Wé’pi(Q) asn — oofori=1,2;
(i) —Ap i + Hilghin — Zin — 0in WIPi(Q) as n — oo, with z;, € LFi(Q) fori = 1,2,

and (z1,(x), z2n(x)) € OF (u1,(x), t2,(x)) a.e. on C);

(i) im0 {—Ap, U1y + H18g U1, U1y — 1) = 0 and limy, o (—Ap, Uz + P2Ag, Uz, U2y —
u2> =0.

The notion of a generalized solution was proposed in [10] for differential equations
driven by competing operators and in [9] for systems of differential equations with compet-
ing operators. The notion of a generalized solution for hemivariational inequalities with
competing operators was recently introduced in [7]. Here, for the first time, we define
the generalized solution for a system of hemivariational inclusions exhibiting competing
operators.

We also introduce the notion of a weak solution to system (1). By a weak solution
to system (1), we understand any pair (u1,up) € Wé’pl(Q) X Wg’pz(ﬂ) for which the
following holds:

(=Bpyur,01) + p1(Bgyur, 1) + (= Bp,uz, 2) + p2(Ag 12, v2)
= /Q(zl(x)vl(x) + zp(x)va(x))dx forall (v1,0v;) € Wé’pl(()) X Wé’pz(Q), (3)

with (zq,27) € LP1(Q) x LP2(Q) satisfying (z1,22) € 9F (u1, u2) a.e. on ). Equivalently, (3)
can be written in the system form as follows:

—Aplul + ylAqlul +z1 =0,
—Apzuz + yquzuz +2z,=0,
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with (z1,2;) as in (3), where the equalities hold in dual spaces W71 (Q) and W~ 172(Q)).
Notice that any weak solution to system (1) is a generalized solution. Indeed, if (u3,uy) €
W(}’pl (Q) x W&’pz(Q) is a weak solution, it is sufficient to take (i1, t2,,) = (u1,uz) and
(210, 22n) = (21, 22) in the definition of a generalized solution.

Our main results read as follows.

Theorem 1. Assume that condition (H) holds. Then, there exists a generalized solution to system (1)
for every (uq, p2) € R2.

Theorem 2. Assume that condition (H) holds. If y1 < 0 and yy < 0, then each generalized
solution to system (1) is a weak solution. In particular, if yq < 0and py < 0, system (1) possesses
a weak solution.

In the proof of Theorem 1, we make use of approximation through finite dimensional
subspaces via a Galerkin basis combined with minimization and nonsmooth analysis. We
obtain a priori estimates, which are of independent interest in the context of competing
operators. The proof of Theorem 2 relies on properties of the underlying spaces and of
operators of the p-Laplacian type. We end the paper with an example illustrating the
applicability of our results.

The rest of the paper is organized as follows. Section 2 is devoted to the related math-
ematical background. Section 3 contains the needed minimization results and estimates.
Section 4 sets forth the finite dimensional approximation approach. Section 4 presents the
proofs of Theorems 1 and 2, as well as an example.

2. Mathematical Background

Given a Banach space X with the norm || - ||, X* denotes the dual space of X, and
(-, -) denotes the duality pairing between X and X*. The norm convergence in X and X* is
denoted by —, and the weak convergence is denoted by —.

We outline basic elements of nonsmooth analysis. For a detailed treatment, we refer
to [1]. A function G : X — R on a Banach space X is called locally Lipschitz if, for every
point u € X, there are an open neighborhood U of u# and a constant C > 0 such that

|G(v) — G(w)| < Cl|jv—w|| forallv,w e U.

The generalized directional derivative of a locally Lipschitz function G : X — R at
point u € X in direction v € X is defined by

G°(u;v) := limsup G(w +to) = G(w)

w—u t !
£10

and the generalized gradient of G at u € X is the following set
0G(u) :={n € X*: G°(u;v) > (y,v) for every v € X}.
The following relation links the two notions:

G°(u;v) = max {(n,v) forallu,voe V.
(1) = max (1,9

We illustrate these definitions in two significant situations. For a continuous and
convex function G : X — R, the generalized gradient 0G coincides with the subdifferential
of G in the sense of convex analysis. If the function G : X — R is continuously differentiable,
the generalized gradient of G is just the differential of G.

We also mention a few things regarding the driving operators in system (1) (or hemi-
variational inequality (2)). Given any number 1 < r < 400, the Sobolev space W&/’(Q) is
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endowed with the norm || Vu||,, where || - ||, denotes the L" norm. The dual space of WS'Y(Q)

is W1 (Q)). As usual, * denotes the Sobolev critical exponent, that is, r* = Nr/(N —r)
if N > r and r* = +oco otherwise. The Rellich-Kondrachov embedding theorem ensures

that Wé’r(ﬂ) is compactly embedded into L(Q) for every 1 < d < r*. In particular, there
exists a positive constant 5, , such that

lula < Sa,lVully, Vu e W (Q). 4)

For the background of Sobolev spaces, we refer to [11]. Here, we solely recall that a Banach
space W&’r () with 1 < r < +o0 is separable. This implies the existence of a Galerkin basis
of space Wg’r(Q), meaning a sequence { X, }, . of vector subspaces of Wg’r(Q) satisfying
(@) dim(X,) <oo, Vmn;

b) X, C X1, Ym

© U Xu =Wy (.

n=1
We refer to [12] for background related to Galerkin bases.

The negative r-Laplacian —A, : W&’r(Q) — W~L(Q) is the operator (nonlinear if
r # 2) given by

(o) = [ [Tu(x)2Va(x) - Vo(x)dz, Vo€ W ().

The first eigenvalue of —A, is given by

Vol
vewd @ foy 1oll7

(5)

More details can be found, e.g., in [3]. Since g1 < p; and g2 < py, there are the continu-
ous embeddings Wé’p Q) — W&’ql (Q) and Wé’m Q) — Wé’qz (Q2), which can be readily
verified through Holder’s inequality. Therefore, the sums —A,, + 14y, : Wé’pl Q) —
W11 (Q) and —Ap, + U2y, Wé’pz(()) — W~LP2(Q)) entering system (1) are well de-
fined.

3. Associated Euler Functional

We focus on nonsmooth function F : R — R, for which assumption (H) holds true.

Lemma 1. Assume that condition (H) is satisfied. Then, for each € > 0, there exist constants
c(e) > 0and d(e) > 0 such that

Fs)| < IFOO)]+al+dolsl+ (5 +e ) i
1
d
+<p2 —i—s) 1572 + c(e)|t|"t + d(e) s|™. (6)
2

Proof. Rademacher’s theorem ensures that there exists a gradient VF(x1,x2) = (aaTFl (x1,x2),
)

% (x1,x2)) for almost all (x1,x2) € R2. On the other hand, for every (t,s) € R?, the function

T+ F(t,Ts) belongs to space W (I) on any bounded open interval I that contains [0, 1].
Therefore, we may write

1
F(t,s) — F(0,0) = /0 (aafl(rt, Ts)t + %(Tt, TS)S) dr forall (t,5) € R2,
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Then, taking into account that

oF oF
(axl(rt, s), E(Tf, Ts)) € oF(tt, Ts)
(see [1], p. 32), hypothesis (H) implies

[F(t,s)| < [F(0,0)|

P1

1 r 21
—l—/o ((co +cq|Tt|P 7 4 co|Ts| ) [t + (do + dy| Tt a +d2|TS|p2_1)|S|>dT

c d
< |F(0,0)| + colt| +dols| + =L|¢|Pr + Z2|s|P2
p1 p2
cor! B dqr? b
L t]ls| T + —2|t] 2 ]s].
p2+1 p1+1;

Now, using Young’s inequality with ¢, we arrive at (6), which completes the proof. [

Lemma 2. Under assumption (H), the functional ® : LP1(Q) x LP2(Q)) — R given by
D(vy,v7) = / F(v1(x),v2(x)) dx forall (v1,vp) € LP1(Q)) x LP2(Q)) (7)
0

is Lipschitz continuous on the bounded subsets of LP1(Q)) x LP2(Q)). The generalized gradient
oD : LP1(Q) x LP2(Q) — 2L (Q)xL2(Q) has the following property: if (T1,02) € 0P (uy, uz),
with (uq,uz) € LP1(Q) x LP2(Q)), then

(C1(x),C2(x)) € OF(u1(x),uz(x)) forae. x € Q. (8)

Proof. The verification of the Lipschitz condition for the function ® in (7) on the bounded
subsets of the product space LF1(Q) x LF2(Q}) is straightforward. The Aubin-Clarke
theorem on the subdifferentiation under the integral sign (see [1], p. 83) can be shown
to be valid under hypothesis (H). This readily leads to Formula (8), thus completing the
proof. [

In view of Lemma 2, the compact embeddings Wg’p Q) — LP(Q)),i = 1,2 yield the
multivalued mapping 3@ : Wy (Q2) x Wo2(Q2) — 2V (@)W 2(0), On this basis,
we introduce the functional | : Wg’pl (Q) x WS’pZ(Q) — R as follows:

1 1 1 H2
J(v1,v2) = al\vvlllﬁi - aHVUlHZi + EHVWH% - q*2||vvz||3§
— [ F@1(x),02(x)) dx ©)

for all (v1,02) € WeP' (Q) x WeP2(Q).

Proposition 1. Assume condition (H). Then, the functional | in (9) is locally Lipschitz, with the
generalized gradient expressed as

81(01,02) = (—Aplvl + “l/llAqul, —Apzvz + ]/leqZUz) — aq)(v],vz) (10)
L Lp2
forall (v1,v;) € Wy (Q) x W2 (Q)).

Proof. The functional | in (9) is the difference of a continuously differentiable function
and @ in (7), which is known from Lemma 2 to be locally Lipschitz. Therefore | is locally
Lipschitz continuous, and its generalized gradient on the product space L1()) x LP2(Q})
has the expression in (10). O
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Proposition 2. Assume condition (H). Then, the functional | in (9) is coercive on W&’pl (Q) x
1, .
W, P2(Q), that is, ] (v1,02) — o0 as || Voq |l p, + || Vo2llp, — .

Proof. From (9) and (6) in Lemma 1, we infer, for every e > 0, that

1 1 |11 |12
1,0 > Vo ||PF + = || Vo, |2 — 12| Voq |1 — 1220 Vo, || 2
J(v1,02) > p1|| 1l Pz“ 2l|ps 0 Vo1 llg P [Voallg,
- [, (FO.01+alorl + dofeal + (£ -6 fn
O P1
d
+<pz +e) |02]P2 + c(€) || +d(e)|vz|r2)dx
2

for all (v1,vp) € W&’pl(ﬂ) X W&’pz(ﬂ), with constants c(¢) and d(¢). Using (4), (5), and
Hoélder’s inequality, the preceding estimate entails

1 _ 1 _
Jone) 2 o (1-ar, = pidge) Vol +;(1—dzA1p2 p2ALE) IVl

P] ‘11

Iul\ pal |~ 202
Q] 7 ||VU1H211_7‘Q| . I\szHZi—CoSLplIIVlepl

_dOsl,pZHVUZHPz_C( £)Sy, pl\IVmII —d(e)S p, [ Vo2l — [F(0,0)[|2]-

It is known from assumption (H) that c; < Ay, and da < Ay, A value of ¢ > 0 so small
that1 — c1)»1_,r171 — P1/\1_,,1,]€ >0and1— d2/\1_,;2 — pzAi;Ze > 0 is selected. Since 1 < r1 < pq,
1<rm<py,l<gq <p,and1 < gy < pp, we conclude that the functional | is coercive,
which completes the proof. [

4. Finite Dimensional Approximations to Resolve System (1)

Let us fix a Galerkin basis { X, } of the space Wé’p '(Q)) and a Galerkin basis {Y,,} of
the space W&’pz(ﬂ). It follows that {X, x Y, } is a Galerkin basis of the product space

W& Q) x Wé P2(Q)). Minimization in the finite dimensional space X, x Y; will enable us
to construct a generalized solution to system (1).

Proposition 3. Assume condition (H). For each positive integer n, there exist (u1y,,uz,) €
X X Yy and (21, 220) € LP1(QY) x LP2(Q) with (21, (x), 220 (x)) € OF (11, (x), 1tz (%)) for ae.
x € Q) such that

<7Ap11/l1n, U1> + m1 <Aq1u1n,‘01> — /Qzlnvldx =0, Vv €X,, (11)

<—Ap2u2n,02> + ;42<Aq2u2n,02) - /sznvzdx =0, Vo €Y, (12)

Proof. According to Proposition 1, the functional | : Wl Q) x Wé’pz(Q) — Rin (9)
is locally Lipschitz and, thus, continuous, while accordmg to Proposition 2, | is coercive.

Taking into account that the subspace X;, x Y}, of Wl Q) x W&’p %(Q) is finite dimensional,
there exists (111, t2,) € Xn X Yy, satisfying

) = inf ). 13
J (1, t2n) (Ul,vz;ganYn](vl v2) (13)

A necessary condition of optimality for (13) is that

(0, 0) € a(”anYn)(uln/ uZn)- (14)

In view of (10), inclusion (14) provides (z1,,, z2,,) € 0P (11, t2,) for which (11) and (12) hold.
The fact that (z1,,, z2,,) € OF (u1y, ttp,) a.e. in Q is the consequence of Lemma 2. [J
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Proposition 4. Assume condition (H). Then, the sequence {(u1y,uz,)} in Proposition 3 is
bounded in W&’pl(ﬂ) X Wé’pz(Q).

Proof. Proposition 3 ensures that equalities (11) and (12) hold true. As (uy,, t2,) € X X Yy,
we are allowed to use v1 = uq, in (11) and vy = uy, in (12) as test functions. In conjunction
with Holder’s inequality, this gives

P17
Va1 = |Vl + [ zvatendx < i) 7 [ Vunlif + [ fzullualax 15

and

P2792
V3012 = pal| Vil + [ zautizadx < |l 7 [Vl + [zl luzaldx, (16)

with (z1,,22,) € OF (111, t12,) a.e. in (). We are entitled to invoke hypothesis (H) to obtain

P2

[ il < [ (e o +odln () ) ) |
= collurnll1 + crlluinllp; +02/ |uzn (x |“1n( )|dx

and

P
/o |22n [u2n |dx < /()(do+d1\u1n(x)| 2+ dafugn ()27 [ugn ()| dx
P

= do||uau |1 +d1 /Q |11 ()| 2 [0 () | dx + dba || 112 || 2

Through Young’s inequality with any e > 0, we find that

PZ

ca [ 120 (5) |+ g () < el + c(6)]
and
[ a1 () < el + @)

with positive constants c(e) and d(e). Take the sum of Inequalities (15) and (16) and insert
the preceding estimates, also using (4) and (5), which result in

(1= 2ip et o)) 19l + (1= g5, 2+ €)) [ Viazal

P1—11 q P2—1q2 7
< Q] 7 [V + (2] | P2 [ Vg ||p;
+0051,p1 Hv”lnHPl + dosl,m”v”ZnHPZ + C( ) rl,pl HvulnH ( ) rz,p2||v”2n||r)2
Assumption (H) postulates that ¢; < A1, and dy < Aq,, so we may choose a value of
e > 0 so small so as to have 1 — /\;’;l(cl +¢e) >0and 1— Ai;z<d2 +¢) > 0. Because

1<r <p,1<rp<pyl<g<pp,andl < gy < py, we can conclude that the sequence
{(u1p, u2y)} is bounded in Wg’pl (Q) x WS’pZ (Q), thus completing the proof. [

Proposition 5. Assume condition (H). The sequence {(u1y, uzy)} C Wg’pl(Q) X Wg’pz(Q)
given in Proposition 3 has the following property: there exists a constant M > 0 such that

| = Apy i1y + p1Bgy i1y — 7~1n||Wf1,p/1 @ <M, Vn (17)
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| = Apytin + p2Bgytion — ZZn”Wfl,p’Z(Q) <M, Vn, (18)
with z1,, and zpy, as stated in (11) and (12), respectively.
Proof. According to Proposition 4 there is a constant My > 0 such that
max{ || Vi |lp,, |Vizulp, } < Mo, Vn. (19)

Notice that
(=Ap 1y + pu1Dg U1y — Zin, —Dp iy + P2Dg oy — 224) € 9] (Ury, Uy), V1.

As the functional ] : W& Q) x WS P2(Q)) — R is Lipschitz continuous on the bounded

subsets of the space Wé’p Q) x Wé’p 2(Q)), we directly infer from (19) the existence of a
constant M > 0 for which (17) and (18) are fulfilled. The proof is achieved. O

5. Proofs of the Main Results and Example

Proof of Theorem 1. Consider the sequence {(u1y, uz,)} C W&'pl (Q) x W&'pz (Q)), which
is provided by Proposition 3 corresponding to the Galerkin basis { X, x Y, } of the space
W&’p Q) x W&’pz(ﬂ). It is known from Proposition 4 that the sequence {(u1,, t2,)} is
bounded in Wg’pl (Q) x W&’p 2(Q)). Precisely, the bound in (19) holds.

Thanks to the reflexivity of the space W&’pl (Q) x W& 72(0)), we may admit that along
a subsequence, we have uy, — uq in Wé’pl(Q) and up, — up in Wg’pz(Q), asn — oo
for some (uq,up) € Wé'pl (Q) x W&’pZ(Q). We will show that the weak limit (u1,u5) is a
generalized solution to system (1).

It is clear that condition (i) is verified. For each positive integer 7, Proposition 3 provides
(21, 22n) € LP1(QY) x LP2(Q)) with (215, 22,) € OF (i1, tiy,) ace. in Q) such that (11) and (12)
are satisfied. Proposition 5 ensures that the sequence { —Ap, 1, + p1Ay, 11, — 21, } is bounded
in W~171(Q) and that the sequence {—Ap, 1z, + HoAg, Uy — 22, } is bounded in WL (Q).
Specifically, the bounds are expressed in (17) and (18).

The reflexivity of the spaces W~ 171(Q)) and W~172(Q)) implies that we can pass
to relabeled subsequences satisfying —A, u1, + p18q, 11, — 21, — 11 in w-Lp (Q) and
—Apy oy + HaBgy oy — 2oy — 112 in WP2(Q)) for some (171, 172) € W 1P1(Q) x W—LP2(Q).

We claim that 7; = 0 and 7, = 0, thatis, (;,v) = Oforall v € Wg’pl(ﬂ) and
(n2,v)y =0forallv € Wé’p *(Q)). We only prove the first assertion because the second one
can be checked analogously. Let v € W&’p '(Q)) and suppose, first, that v € J5"; X,,. Fix

some m with v € X,,,. Then, for each n > m, the element v can be used as a test function
in (11), which gives

(=Ap U1y, v) + y1<Aq1u1n,v) — /Q z1pvdx = 0.

In the limit, as n — co, we obtain (1,v) = 0. If v € W&’p '(Q) is arbitrary, we obtain
(11,v) = 0, owing to the density of |J;_; X in Wé’p '(Q)), as required by condition (c) of
the Galerkin basis. Therefore, the claim is proven, which shows that condition (ii) in the
definition of the generalized solution to system (1) is satisfied.

Now, we deal with condition (iii) in the definition of the generalized solution to (1). It
is known from (11) and (12) that
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(—Ap Ui, Urn) + p1{Bg Uiy, t1n) — /szulndx =0, Vn,
(=D pyuon, Uoy) + P2 (Ag,ton, tzy) — /QZznuzndx =0, Vn

On the other hand, according to assertion (ii), one has

n—oo

lim |:<_Ap1 Ui, 1) + P (Dgy i, U1) — /szuldx] =0,

lim {(—Apzuzy,,uﬁ + ;42<Aq2u2n, uy) — /sznuzdx] =0.

n—o0

Combining the preceding estimates renders

n—o0

lim [( Ap Ui, Uty — U1) + 1 (Dgy Uin, Uiy — U1) /Qzln U1y — U dx} =0, (20)

n—o00

lim [(—ApzuZn,uZH —up) + y2<Aq2u2n, Uy — /Q (ugy — dx} =0. (21)

Lemma 2 guarantees that the functional ® : LP1(Q)) x LP2(Q)) — R given in (7) is Lipschitz
continuous on the bounded subsets of LF1(Q)) x LP2(Q)); thus, its generalized gradient

/ /
oD : LP1(Q) x LP2(Q) — 2L (Q)xL72(Q) js 3 bounded multifunction, which means that
the image of every bounded set is a bounded set. Hence, on the basis of the inclusion
(21, 22n) € 0P (11, t2,) and Proposition 4, we are led to the conclusion that the sequence

{(z14,220)} is bounded in LP1(Q) x LP2(Q)). Recalling that u;, — u in W&’pl(ﬂ) and
Upy — Uy in Wé’pz(()), the Rellich-Kondrachov compact embedding theorem provides
strong convergence (u1y, Up,) — (U, up) in LP1(Q)) x LP2(Q)). It turns out that

lim Z1, (U1, —u1)dx =0
n%mﬂln( in 1) y

lim Zoy (U, — s )dx = 0.
-0 JO 2n( 2n 2)

Inserting this into (20) and (21), we see that requirement (iii) in the definition of the

generalized solution is fulfilled. Therefore, (11, u;) € W1 PH0) x Wg’pz (Q)) is a generalized
solution to system (1). The proof of Theorem 1 is complete. O

Proof of Theorem 2. Assume that y1 < 0and pp < 0. Let (u,up) € W&’pl (Q) x Wé’pz(())
be a generalized solution to system (1). Then, there exists a sequence {(u1,,12,)} C

WP (Q) x W™ (Q) satisfying conditions (i), (ii), and ().
Using conditions (i) and (iii), as well as y; < 0 and the monotonicity of —A,,, we derive

im sup(—Ap, 1y, U1y — 1)
n—00

= J%[(*Aplulnluln —u1) + p1(Dg 1, U1, — 1) — p1 imsup(Ag ury, U1y — U1)
n—oo

= h’ﬂglﬂ—Aqlulm”ln —uy)

< priminf(—=Ag, ury + Agytty, urn — 1) + iy im (=Agy, 1y — 1) < 0.

This enables us to use the S, property of the operator —A, : Wé’p Q) — W),
meaning that 1y, — u; in W&’pl(Q) and limsup,_, (—Ap U1y, U1, — u1) < 0 provide
u1y, — uq (refer to [3]). Therefore, the S, property of the operator —A,,, implies the strong

convergence iy, — i in W&’p '(Q). According to the continuity of the operators —A,
and Ay, in the norm topologies, we have —Ap, w1, + p18q U1y — —Apur + p18qu1 in
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w1 (Q)). Similarly, we prove that up, — uy in W&’pz(ﬂ) and —Ap,up, + po g,z —
—Apytiz + HaB gyt in WLP2(Q)).

Lemma 2 establishes that the functional ® : L1(Q)) x LP2(Q)) — R in (7) is Lipschitz
continuous on the bounded subsets of LF1(Q) x LP2(Q)). Since (z1,,zon) € 0D (11, Uzn),
the sequence {(z1,22,)} is bounded in LP1(Q)) x LP2(Q) up to subsequence z;, — z
in LP1(Q) and zp, — 2 in LP2(Q) for some (z1,2z;) € LP1(Q) x LP2(Q)). Taking into
account the strong convergence (uy,, tz,) — (u1,uz) in LP1(Q)) x LP2(Q)), we find that
(z1,22) € 0P(uq,up) due to the fact that the generalized gradient 0 is strongly-weakly*
closed.

At this point, it suffices to pass to the limit as # — oo in condition (ii) in the defi-
nition of the generalized solution (11, u;) of system (1) to deduce that in the dual space
WL (Q) x WEP2(Q)), the following equality holds:

(—Aplul + ylAqlul — 21, —Apzuz + yquzuz — Zz) = (0, 0).

This is equivalent to (3). Since (z1,22) € 0P (u1y,, t2,), hypothesis (H) and the Aubin—
Clarke theorem (see [1]) confirm the validity of the pointwise inclusion (z;(x),z2(x)) €
oF (u1(x), up(x)) for almost all x € Q). We conclude that (u1,u5) is a weak solution to
system (1).

The existence of a weak solution to system (1) when y; < 0 and pp < 0 follows from
Theorem 1 and the first part of Theorem 2 that we have already proven. The proof is,
thus, complete. O

Here is an example showing how our results can be applied.

Example 1. Let B : R — 2R denote the generalized gradient of the absolute value function | - |
on R, thatis, B(t) = —1ift <0, B(t) = 1ift > 0, and B(0) = [—1,1]. Given the numbers
p1 € (2,+00) and p; € (2,+00), consider on the bounded domain QO C RN the following system
of hemivariational inclusions:

— Ap uy + Auq € upB(uq) + cos(uq + |uz|) in Q)
— Ap,ur + Auyp € |ug| + cos(ug + uz|)B(u2) in Q (22)
up=up =0 on 9Q),

where A stands for the ordinary Laplacian operator, i.e., A = Ay. This is system (1) for p1 = pp =1,
q1 = g2 = 2, and F : R? — R given by F(t,s) = (s|t|) + sin(t + |s|) for all (t,5) € R?, since
OF(t,5) = (s0|t| + cos(t + |s|), || + cos(t + |s|)a]s|) for all (t,s) € R2.

Setting r1 = ry = 2 (so ¥y = ry = 2), it is seen that condition (H) is fulfilled. Indeed, for
every ({1,02) € 0F(t,s), we have

P2
2

1G] <[s| +1 <24 s
and o
1G] <[t +1 <2+t 7.

Theorem 1 guarantees that the system presented in (22) admits a generalized solution (uq,uy) in
WP (Q) x WP (Q).

If in place of —Ap, + A and —Ap, + A, we take —Np, — A and —N,, — A, respectively.
Theorem 2 ensures the existence of a weak solution (uq,uy) in Wé’pl (Q) x Wé’pz(()) for the
obtained system.
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