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Abstract: In this paper, we present new presentations of group inverses for the sum of two group
invertible elements in a Banach algebra. We then apply these results to block complex matrices. The
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1. Introduction

A Banach algebra is an algebra A over C, with an identity e, which has a norm || - ||,
making it into a Banach space and satisfying ||e|| = 1, ||ab|| < ||a]|||b||, wherea,b € A. Let X
be a Banach space, then L(X), the algebra of all bounded linear operators on X, is a Banach
algebra with respect to the usual operator norm. The identity operator I is its unit elements.
L(X) is noncommutative when dim(X) > 1. An element a in a Banach algebra .4 has a
group inverse, provided that there exists b € A such that a = aba,b = bab and ab = ba.
Such a b is unique if exists, denoted by a*, and is called the group inverse of a. In view of
(aa*)? = (aa*a)a* = aa®, aa” is an idempotent of A. The symbol A* denotes the set of all
group invertible elements in .A. For some examples related to the group inverse in Banach
algebras see [1]. As is well known, a square complex matrix A has a group inverse if and
only if rank(A) = rank(A?). The group invertibility in a ring is attractive. It has interesting
applications of resistance distances to the bipartiteness of graphs (see [2,3]). Recently, the
group inverse in a Banach algebra or a ring was extensively studied by many authors, e.g.,
[4-10]. In [11], Theorem 2.3, Liu et al. presented the group inverse of the combinations of
two group invertible complex matrices P and Q under the condition PQQ* = QPP*. In
Theorem 3.1 of [12], Zhou et al. investigated the group inverse of a + b under the condition
abb* = baa® in a Dedekind finite ring in which 2 is invertible. Group inverse is very useful,
for example, in solving singular differential and difference equations formulated over a
Banach space X [13]. In fact, since the structure of the Banach space is mainly considered,
we can regard the operators on Banach space X as an element of the Banach algebra L(X)
of all bounded linear operators on a complex Banach space X. The motivation of this paper
is to extend the preceding results to a general setting for Banach algebras.

In Section 2, we present the group inverse for the sum of two group invertible elements
in a Banach algebra. Leta, b € A*.1f abb* = Abaa®, then a + b € A*. The representation of
its group inverse is also given. In Section 3, we apply our results and investigate the group
inverse of a block complex matrix

A C
=(55)

where A € C"*" B ¢ C"",C € C"™*",D € C"*". This problem is quite complicated,
and was extensively studied by many authors. As applications, the group invertibility of
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certain block complex matrices M is thereby obtained. Additionally, this paper extends the
results obtained in Theorem 2.3 of [11], and Theorem 3.1 of [12].

Throughout the paper, all Banach algebras are complex with an identity. Let A be the
Banach algebra. We use .A~! to denote the set of all invertible elements in .A. A always
stands for a complex number. C"*" stand for the set of all complex m x n matrices.

2. Main Results
Let S = {e1,--- ,en} be a complete set of idempotents in A, i.e., ejiej = 0(i # ),

n n

e? =¢(1 <i<mn)and Y ¢ = 1. Then, we havea = } ejaej. We write a as the
i=1 ij=1

matrix form a = (a;j)s, where a;; = e;ae; € e;Aej, and call it the Peirce matrix of a

relatively to S. We shall use this new technique with relative Peirce matrices and generalize
Theorem 2.3 of [11] and Theorem 3.1 of [12] as follows.

Theorem 1. Leta, b € A*, A € C. Ifabb# = Abaa®; then, a +b € A*. In this case,

(a4p)t = { @+ D)@ +b) , A=-1,
? T il b = afobt] + 25 [0Ta e, A £ L

Proof. Let p = aa*. Write
b by by = (T 2
b3 b4 p X3 X4 P

4 [ axp axp +# (b O
abb —( 0 0 )p,baa _<b3 O)p‘

Since abb* = Abaa®, we have

Then,

ax|y = /\bl,X2 = 0,b3 =0.
b b)
b= .
0 bs »
bz
(1 4)
0 b/,

x; = bibf, x5 = 0, x4 = bybl.

bibf 0
bW—(ll #>.
0 bub} /,

Since b = (bb*)b = b(bb*), we see that

Then,

Moreover, we have

for some z € A. This implies that

Therefore,

by = (byb%)by = by (bybl).

Then,
by = (b1b¥)by (bybh).
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Lete; = blb*f, er = aa’ — b1b¥,33 = b4b§, ey = a — b4bz. Since a,¢; € aa® Aaa®, we
write

a; a
a= ( %2 ) € aa® Aaa®.
el

az a4

Then,
a1 = x1axq1 = )\lel = Ab]b#bl = /\b],
a3 = (aa® — e1)ax; = ax; — Aby = 0.

Moreover, we see that

ay,a4 € (aa® Aaa®)71.

Since S = {e1,ez,¢€3,e4} is a complete set of idempotents in A, we have two Peirce
matrices of 4 and b relative to S:

ap dp 0 0
4 0 a 0 O
o 0 0 0O !
0 0 0 0/,
by 0 b, O
b— 0 0 0 O
B 0 0 by O
00 0 0/
Then,
(1+)\)b1 an bz 0
_ 0 agz 0 0
atb= 0 0 b oo
0 0 0 0/,
One directly checks that
a;l —a;laza4 00
N a;! 00
0 0 00 ’
0 0 0 0/
byt 0 —bi'bbt 0
b 0 0 0 0
I b, ! 0|
0 0 0 0/
Then,
et 0 0 O et 0 0 O
0 e 0 0 0 0 0 O
# _ 2 # __
W= 000 "= 00 e 0
0 0 00/ 00 0 0/
Case1l. A = —1. Then,
0 an bz 0
| 0 ag 0 O
=190 b o |-
0 0 0 O
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0 az(ﬂ4);2 by(bs)™2 0

w_ | 0 (ag)” 0 0
(@+b)"=1| o ()1 0
0 0 0 0

S

Since al_l + bl_1 =a (b + al)bl_l =a1(1+ )&)blbl_1 = 0, we see that

0 —aylapayt —blbbt 0
-1
# . o# 0 a 0 0
b = 4
o 0 0 bl 0
0 0 0 0/
Therefore,
(a+b)(a" +b*)?
0 ap by O 0 —al_lazagl *bl_lbzbzl 0 z
|0 a 00 0 a, ! 0 0
10 0 by O 0 0 b, ! 0
00 0 0/,\0 0 0 0/
= (a+0b)*
as desired.
Case 2. A # —1. Then,
(a+b)*
(T+A) 71 =1+ A) T aat —(14+A) o et 0
_ 0 a;! 0 0
B 0 0 b, ! 0
0 0 0 0/
byt —brlapat —bi bt 0
B 4| 0 0 0 0
=(1+41) 0 0 0
0 0 0 0/
0 0 00 00 0 O
0 a' 00 00 0 0
o o oo T{ooupto
0 0 00/, 00 0 0/,
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We compute that

a* + bv* — a*bp*
1

aq —a11a2a4 0 0 by" 0 —bflbzb;1 0
-1
| o a, 00| | 00 0 0
0 0 00 0 0 b, 0
0 0 00/ 0 0 0 0/
a;b 000
0 000
0 000
0 00 0/
byt —aylapat —bi bt 0
0 a, ! 0 0
| oo 0 b,! 0]’
0 0 0 0/
0 0 00 00 0 0
-1
S 0 a;' 00 a4 | 00 0 0
=10 0 o0 |2 T 00 bt oo
0 0 00 00 0 0

Therefore, we have

A
Bk o mok
1+/\[a +b abb]—i—l /\[ba—l—u b"]

byt —brlagat —brbbt 0
_ 4| 0 0 0 0
B 0 0 0
0 0 0 0/
0 0 00 00 0 O
0 a,' 00 00 0 0
Lo o 00| T|oo b, 0
0 0 00/, 00 0 0/

Therefore, we have

(a+0b)* = [a" +b" — a"bb"] +

LA [b7a" + a™b"),

1
1+A 1+

as asserted. [

Corollary 1. Leta,b € A*, A € C. If aa*b = Abb%a, then a + b € A*. In this case,

(@bt = [ @HIa+D) » A=
- 1+LA[{J# + b* — aa®b*] + 1JrL)L[a#b” +b*a"] , A # -1

Proof. Let (R, %) be the opposite ring of R. That is, it is a ring with the multiplication
a*b="b-a. Applying Theorem 1 to the opposite ring (R, *) of R, we obtain the result. [
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Corollary 2. Let a,b € A be idempotents, and let A € C. If ab = Aba, then a+b € A*. In

this case,
(a+b)3 , A=-1,
(a+b)* = 2+ A

a+b—1+)\ab , A#£E—L

Proof. Since 2 and b are idempotents, we have
aa"b = ab = Aba = Abb"a.
Therefore, we establish the result by Corollary 2.2 [8]. [
Theorem 2. Leta,b € A*, A € C. Ifabb# = Ab(A # —1),thena+Db € A*. Tn this case,

(a+b)* = (14+ 1) W* + 7" p"
+ A1+ A) 2 aa® ™ — (1 + A)1o*ab™a®b".

as ay4 00
Abb*b = Aband a3 = (1 — bb*)abb* = A(1 — bb*)b = 0. Hence,

g = Ab ar Ca4b= (1+/\)b an .
0 a4 ? 0 a4 p

Obviously, ag = (1 — bb*)a(1 — bb*) = b™a. We easily check that a’ = b™a*b™ and
af =1— bTab™a?b™ = 1 — b™aa®b™. Moreover, we have

Proof. Let p = bb*. Write a = < m > b= ( b0 ) . Then, a; = bb*abb* =
p

[(1+ A)b) " azal = b™bb*al;
= bbb b a* b
=0.

According to Theorem 2.1 of [8], a+ b € A* Further, we have

(a+b)#:< [(A+M)b]* 2 )p,

0 aﬁ
where z = [(1+ A) "10*?a2a] — (1 + A) ~1b*aza}. We compute that
a0} = bb*ab™[1 — b"aa"b")
= bb*ab™a" b
= bb*abb*a” b
= Abaa*b™.
Therefore, we have
(a+b)* = (1+1)"" + b"a"p"
4+ [(1 4+ A)716"2azaf — (1 4+ A) o ayal;
= (1+A)" "+ b7a"p"
+ A1+ A)2b*aab™ — (1+ 1) TP ab™ab"”,

as asserted. [
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Corollary 3. Leta,b € A* A e C. Ifaa#b = Aa(A # —1), then a +b € A*. In this case,
(a+b)* = (1+A)"1a* +a™b*a™
+ A1+ A)"2a"bb*a" — (1+A)~1a™b"a" ba.
Proof. Let (A, *) be the opposite algebra of A. By applying Theorem 2 to elements b, 2 in
this opposite ring, we obtain the result. []

We demonstrate Theorem 2 by the following numerical example.

Example 1. Let A = ( _11 ::1)) ),B = ( 8 1 ) € C2%2. Then, A and B have group

_3 1
inverses and ABB* = —2B. Since A* = ( 4 ) and B* = ( 8 1 > By using
4 13

Theorem 2, we obtain

(A+B)* = —B* + BTA*B™ — 2B*AA*B™ + B* AB"A*B™
-1 0
(4 5)
2 2

The aim of this section is to present the group invertibility of the block matrix M by
using our main results. We are ready to prove the following.

3. Applications

Theorem 3. Let A and D have group inverses. If A"B = 0,D"C = 0, ACD* = AC and
BCD* = AD, then M has a group inverse.

Proof. Write M = P + Q, where

A 0 0 C
r=(50) e (o5)
Since A™B = 0, D™C = 0, it follows by Theorem 3.4 of [4] that P and Q have group

inverses. Moreover, we obtain
#_ (0 C(D*)?
Q= ( o D* )

We easily check that

POO" = A0 0 C 0 C(D*%)?
“\B 0 0 D 0 D*
(A DO 0 CD*
“\B 0 0 D*
(0 AcCD*
~\ 0 BCD*

0 C

()
= AQ.

In light of Theorem 2, M = P + Q has a group inverse, as desired. O

Corollary 4. Let A and D have group inverses. If CD™ = 0,BA™ = 0, A*BD = AB and
A*BC = \A, then M has a group inverse.
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Proof. Applying Theorem 3 to the block matrix

pT BT

we prove that MT has a group inverse. Therefore, we easily check that M = (MT)T has a
group inverse, as asserted. [

Theorem 4. Let A and D have group inverses. If AC = 0,D"B = 0,A*AB = AA and
A*AD = AC, then M has a group inverse.

Proof. Write M = P + Q, where
A C 0 0
=5 0)e-(5 )

Since A™C = 0, DB = 0, by using Theorem 3.4 of [4], we see that P and Q have group
inverses. Moreover, we obtain

ot _ ( 1?)# (A#O)zA )

Then, we have

In light of Corollary 3, M = P + Q has a group inverse, as desired. [

Corollary 5. Let A and D have group inverses. If BD™ = 0,CA™ = 0,CDD*¥ = AD and
ADD* = AB, then M has a group inverse.

Proof. Applying Theorem 4 to the block matrix
DT BT
w- (25,
we easily obtain the result as in Corollary 4. [

It is convenient at this stage to prove the following.

Theorem 5. Let A € C"*™, D € C"*" be idempotents and rank(B) = rank(C) = rank(BC) =
rank(CB). If AD = AAC, A (I — CB) = 0and DBA™C = 0, then M has a group inverse.
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Proof. Since r(B) = r(C) = r(BC) = r(CB), it follows by Lemma 2.3 of [14] that BC and

. (0 C » (CB 0 .
CB have group inverses. Let K = < B 0 ) Then, K= = ( 0 BC > By hypothesis,
we have

rank(K?) = rank(CB) + rank(BC)
= rank(C) + rank(B)
= rank(K).
Then, K has a group inverse.

7T
Write Q := ( DE)TB AOC ).Then, we have

o=(% o )5 0)

By hypothesis, we see that

=(5 o )(% o)

Therefore, N has a group inverse, and
4 AT 0 0 C(BC)*
Q' = s # .
0 D B(CB) 0

LetP = ( S‘B ’L})C > Then, M = P+ Q. Clearly, A*A(DB) = ADB = AA, A*AD =

AD = AAC, A"(AC) = 0and D™(DB) = 0. In light of Theorem 4, P has a group inverse.
Since ACD™B = 0, DBA™C = 0, we check that

A AC 0 A"C
PQ_(DB D)(D”B 0 )
=0.
According to Theorem 2.1 of [4], M has a group inverse, as asserted. [

Corollary 6. Let A € C"*™ D € C"*" be idempotents and rank(B) = rank(C) = rank(BC) =
rank(CB). If AD = ABD, (I — CB)D = 0 and BD™CA = 0, then M has a group inverse.

Proof. Applying Theorem 5 to the block matrix

pT BT
MT - ( CT AT )/
we complete the proof as in Corollary 5. O
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