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Abstract: Almost contact complex Riemannian manifolds, also known as almost contact B-metric
manifolds, are equipped with a pair of pseudo-Riemannian metrics that are mutually associated with
each other using the tensor structure. Here, we consider a special class of these manifolds, namely
those of the Sasaki-like type. They have an interesting geometric interpretation: the complex cone
of such a manifold is a holomorphic complex Riemannian manifold (also called a Kdhler-Norden
manifold). The basic metric on the considered manifold is specialized here as a soliton, i.e., has an
additional curvature property such that the metric is a self-similar solution to an intrinsic geometric
flow. Almost solitons are more general objects than solitons because they use functions rather than
constants as coefficients in the defining condition. A B-Ricci-Bourguignon-like almost soliton ( is a
real constant) is defined using the pair of metrics. The introduced soliton is a generalization of some
well-known (almost) solitons (such as those of Ricci, Schouten, and Einstein) which, in principle,
arise from a single metric rather than a pair of metrics. The soliton potential is chosen to be pointwise
collinear to the Reeb vector field, or the Lie derivative of any B-metric along the potential to be the
same metric multiplied by a function. The resulting manifolds equipped with the introduced almost
solitons are characterized geometrically. Suitable examples for both types of almost solitons are
constructed, and the properties obtained in the theoretical part are confirmed.
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1. Introduction

The notion of Ricci-Bourguignon flow was introduced by J. P. Bourguignon in 1981 [1].
A time-dependent family of (pseudo-)Riemannian metrics g(t) considered on a smooth
manifold M is said to evolve through Ricci-Bourguignon flow if g(t) satisfies the following
evolution equation:

%g =-2(p—prg),  g(0) =g,

where B is a real constant, p(t) and 7(t) are the Ricci tensor and the scalar curvature
regarding g(t), respectively.

This flow is an intrinsic geometric flow on M whose fixed points or self-similar
solutions are its solitons. The Ricci-Bourguignon soliton (RB soliton for short) is described by
the following equation [2,3]:

1
pt5Log+(A+pT)g =0, (1)
where L3¢ denotes the Lie derivative of g along the vector field ¢, called the soliton
potential, and A is the soliton constant. Briefly, we denote this soliton by (g, 5; 9, A). In the
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case where A is a differential function on M, the solution is called the RB almost soliton [3].
The RB soliton is called expanding if A > 0, steady if A = 0, and shrinking if A < 0. In the
case where the soliton potential ¢ is a Killing vector field, i.e., L3¢ = 0, the RB soliton is
called trivial.

This family of geometric flows contains the famous Ricci flow for § = 0, the Einstein
flow for B = %, the traceless Ricci flow for f = %, and the Schouten flow for = m,
where m is the dimension of the manifold [4,5]. For this reason, we consider it more correct
to say B-RB solitons and B-RB almost solitons, respectively.

Many authors have recently investigated various aspects of these solitons and almost
solitons considered on manifolds with different additional structures. For example, some
results for conformal Ricci-Bourguignon flow were obtained in [6]. Also, for suitable values
of the scalar parameter involved in these flows, the short-time existence is proven in [2],
and curvature estimates are provided.

Other recent studies on (almost) solitons of this type have been performed in the
last four years. In particular, some integral formulas were derived in [3] for compact
gradient Ricci-Bourguignon (almost) solitons. The scalar curvatures of Ricci-Bourguignon
solitons of various special types were studied in [7,8]. Ricci-Bourguignon solitons and
almost solitons with a concurrent potential vector field on Riemannian manifolds were
studied in [9], where such (almost) solitons were first classified and then their geometric
properties were obtained. The geometrical characteristics of Ricci-Bourguignon almost
solitons with a potential parallel to the Reeb vector field on Kenmotsu manifolds were
givenin [10]. In [11], some properties of Ricci-Bourguignon almost solitons with a gradient
and a torse-forming potential vector field were first derived, then some of these results were
generalized to #-Ricci-Bourguignon almost solitons using a structure 1-form. Furthermore,
gradient Ricci-Bourguignon almost solitons on a doubly warped product manifold were
investigated. In [12], properties of #-Ricci-Bourguignon solitons on a Riemannian manifold
equipped with a semi-symmetric metric (or non-metric) connection are studied. Moreover,
the potential vector field is torse-forming with respect to the corresponding metric. Almost
n-Ricci-Bourguignon solitons in compact and non-compact cases were investigated in [13].
The object of study in [14] was (gradient) 7-Ricci-Bourguignon almost solitons on almost
Kenmotsu manifolds and (, ) almost Kenmotsu manifolds.

These studies inspire us to study almost solitons of this type generated by the pair of
metrics and the contact 1-form on almost contact complex Riemannian manifolds, which
we have been working on for a long time.

2. Almost Contact Complex Riemannian Manifolds

Let us consider a (21 + 1)-dimensional smooth manifold M, equipped with an almost
contact structure (¢, ¢, #7) and a B-metric g. It is called an almost contact B-metric manifold or
almost contact complex Riemannian (abbreviated accR) manifold, and is denoted by (M, ¢, &,
1,8). In detail, ¢ is an endomorphism of the tangent bundle TM, ¢ is a Reeb vector field,
1 is its dual contact 1-form, and g is a pseudo-Riemannian metric of signature (n + 1,1),
such that

pi=0,  ¢=—1+n®E pop=0 @) =1,

glox, y) = —g(x,y) +1(x)n(y),

where ¢ denotes the identity on I'(TM) [15].

In the last equality and further, x, y, and z will denote arbitrary elements of I'(T M) or
vectors in the tangent space T, M of M at an arbitrary point p in M.

The following equations are immediate consequences of Equation (2):

glox,y) =g(x, 9y), g &) =nx), gEd =1  n(V) =0, 3)

where V denotes the Levi-Civita connection of g.
The associated metric § of g on M is also a B-metric, and is defined by

§(x,y) = g(x, o) +1(x)n(y). (4)

(2)
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The Ganchev-Mihova-Gribachev classification of the investigated manifolds, given
in [15], consists of eleven basic classes F;, i € {1,2,...,11}, determined by conditions for
the (0,3)-tensor F defined by

F(x,y,2) = g((Vx9)y,2). (5)

It has the following basic properties:
F(x,y,z) = F(x,z,y) = F(x, 9y, 9z) + 7(y)F(x,{,z) +1(2)F(x,y,), (6)
F(x, 9y,¢) = (Van)y = 8(V,y). (7)

2.1. Sasaki-Like accR Manifolds

An interesting class of accR manifolds was introduced in [16] by the condition that the
complex cone of such a manifold is a Kdhler-Norden manifold. They are called Sasaki-like
manifolds, and are defined by the condition

F(x,y,z) = g(ox, y)n(z) + g(ox, pz)1(y). (8)

The class of Sasaki-like manifolds is contained in the basic class F; of the Ganchev—
Mihova-Gribachev classification, not intersecting with the special class Fy of cosymplectic
accR manifolds defined by F = 0.

Moreover, the following identities hold for this type of accR manifolds [16]:

Vig=—¢x,  p(x,¢)=2nn(x),  p(¢)=2n, )

where p stands for the Ricci tensor for g.
Let T and T be the scalar curvatures with respect to g and §, respectively, and let
T* be the associated quantity of T regarding ¢, defined by t* = g/p(e;, @e;). Then, for a
Sasaki-like manifold, we have
T=—-7"+42n. (10)

2.2. Einstein-Like accR Manifolds

The following concept was introduced in [17]. An accR manifold (M, ¢, ¢, 17, g) is said
to be Einstein-like if its Ricci tensor p satisfies

p=ag+bi+cy®y (11)

for some triplet of constants (a,b,c). In particular, when b = 0 and b = ¢ = 0, the man-
ifold is called an #-Einstein manifold and an Einstein manifold, respectively. If a, b, c in
Equation (11) are functions on M, then the manifold is called almost Einstein-like, almost
n-Einstein, and almost Einstein, respectively [17].

The consequences of Equation (11) are the following: T = (2n+ 1)a + b + ¢ and
T = —2nb.

3. B-RB Almost Solitons

A generalization of the known RB soliton on a manifold with additional 1-form 7 is
the #-Ricci-Bourguignon soliton, defined following Equation (1) by

1
p+§£ﬁg+(/\+ﬁr)g+wy®ry:0, (12)

where y is also a constant [11]. Obviously, the #-Ricci-Bourguignon soliton with y = 0
is an RB soliton. Again, in the case where A and y are functions on the manifold, almost
solitons of the corresponding kind are said to be given.

In the present paper, we study the accR manifold. The presence of two B-metrics,
g and §, related to each other with respect to the structure of such a manifold gives us
reason to introduce a more natural generalization of the B-RB soliton than Equation (12). In
addition, we also have the structure 1-form 7 so that # ® 7 is included in both B-metrics g
and § as their restriction on the vertical distribution span(¢).
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Definition 1. An accR manifold (M, ¢,&,1,8) is called a B-Ricci-Bourguignon-like soliton
(briefly B-RB-like soliton) with potential vector field ¥ if its Ricci tensor p satisfies the following
condition for a pair of constants (A, A):

1 1 -
o+ Eﬁgg-l-iﬁﬂg—F()\—FﬁT)g-l-()\—F,Bf)g:0, (13)

where T is the scalar curvature of the manifold with respect to § and the corresponding Levi-Civita
connection V. If (A, A) is a pair of functions on M satisfying Equation (13), then (M, ¢,&,1,8)
is called a B-Ricci—-Bourguignon-like almost soliton (briefly B-RB-like almost soliton).

Taking the trace in (13) with respect to g, we obtain

1 .
1+ (21 + DB + BT + divg & + 5 trg(Log) + (20 + 1A+ A =0

by means of the formula divy ¢ = % tre(Lsg) = §7¢(Ve,0, ¢j). The trace expression in the
above equality is the following:

1 N
5 1 (Log) = 873 (Ve,8,¢5).

3.1. The Potential Is a Conformal Vector Field

Recall that a vector field, e.g., the potential ¢ on M, is called a conformal vector field
with respect to g if there exists a function ¢ on M such that [3]

L8 = 2g.

The conformal vector field is nontrivial if ¢y # 0. If ¢ = 0, then ¢ is called a Killing
vector field with respect to g.

Similarly, ¢ is called a conformal vector field with respect to § if there exists a function ¢
on M such that

Log =2¢3.
Depending on whether § is nonzero or zero, we have a vector field ¢ that is nontrivial
scalar or Killing, respectively.

Theorem 1. Let (M, ¢,&,1,8) be a (2n + 1)-dimensional Sasaki-like accR manifold that is a
B-RB-like almost soliton with a pair of soliton functions (A, A) and a conformal potential vector
field O with potential functions ¥ and ( with respect to g and g, respectively. Then, the manifold is
Einstein-like, and has the following Ricci tensor:

T T <
P= (Zn—l)g+<2n—1>g (14)
and the following property is valid:
T+ T=4n(n+1). (15)

If B # — -, then the scalar curvatures with respect to g and § can be expressed separately as
2n 2n

T=—1+2nﬁ(1/}+/\—1), T:—1+2nﬁ(lp+)\—1) (16)
and the following condition for the used functions is valid:
Y+A+P+A+2n1+2(n+1)p] =0. (17)

Ifg=— %, then the following properties hold:
p+A=1, P+A=1. (18)
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Proof. Under these circumstances, regarding the considered manifold, due to Equation (13),
its Ricci tensor for g has the following form:

p=—(+A+pr)g— (P+A+pT)3. (19)

Taking the trace of the last expression, we obtain that the scalar curvatures of (M, ¢, &,
17,g) with respect to ¢ and § are related as follows:

14+ Qn+1D)BlT+pt+2n+1)(p+A)+P+A=0. (20)

Using Equation (19), we take the appropriate trace to obtain T* on the left-hand side,
and the resulting relation to 7 is

T =2n(P+ A+ BT). (21)

By virtue of Equation (10) for a Sasaki-like accR manifold, and Equation (21), we
obtain the expression of the scalar curvature with respect to § as follows:
P+A-1

i

(22)

The last formula is true for the case f # —5-.
Combining Equations (20) and (22), we obtain the following form of the scalar curva-
ture with respect to g:

_ 1 P+A-1
T= 1+(2n+1)ﬁ{(2n+1)(¢+)\)+1+ 1+21B }, (23)
where 8 # fﬁ. Otherwise, for f = fﬁ, the identity in Equation (17) is valid for this

value of B.
On the other hand, a consequence of Equation (19) and the value of p(¢,¢) from
Equation (9) for the Sasaki-like case gives the following relation:

BT+BE+Yp+A+P+A+2n=0. (24)

Let us check what follows in the particular case where § = 0. The last relation implies

P+A+P+A+2n=0,

which we apply in Equations (22) and (23) to specialize them in the following form:
T=-2n(p+A-1), FT=-2n(¢+A-1). (25)

Therefore, the identity in Equation (15) holds, as do the formulas in Equation (16).
Thus, we find that no different results are obtained for B = 0 compared to the case f # — %
Let us return to Equation (24) and the solution of the system of equations in (20) and

24) in terms of T and T for 0 and — i, which gives us
2n g

_ AL LAl sy
T=-2n T4 218’ T = Bl T+ 2nB +Pp+A+2n+1,. (26)

After comparing the equalities for T in Equations (23) and (26), we obtain Equation (17).
The same relation results from a similar comparison for ¥ in Equations (22) and (26). The
identity in Equation (17) is a generalization of the corresponding result in the = 0 case.
Thus, we obtain the formulas in Equation (16).

Because of Equation (17), the sum of T and 7 is a constant that depends only on the
dimension of the manifold, as in Equation (15).

For the case p = — ﬁ, the equalities in Equations (15) and (17) imply the relations in

Equation (18). Therefore, Equations (20) and (24) take the form in Equation (15).
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In conclusion, using Equations (16) and (19) , we obtain the Ricci tensor expression
in Equation (14), which shows that the manifold is Einstein-like, since Equation (11) is
satisfied fora = 5, —1,b = 5. —landc=0. O

Example of a B-RB Almost Soliton with a Conformal Potential

As in [16], let us consider a Sasaki-like accR manifold of arbitrary dimension with
Einstein metric §. The image of this manifold by contact homothetic transformation of
the metric givenby ¢ = pg+q93+ (1 —p—qg)y®@nyforp,g € R, (p,q) # (0,0),is also a
Sasaki-like accR manifold. The corresponding Ricci tensor has the form

__2n _ 0 2,2
P—p2+q2{P8 ’18"‘(}’ +4q P)’7®’7}-
We now calculate the scalar curvatures with respect to B-metrics g and § as follows:
2np . 2ngq
T=21’l{1+}, TzZn{l—}. (27)
P2 + qZ pz + qZ

Let @ be a conformal vector field with respect to the two B-metrics, ¢ and §, with
functions i and ¢, respectively. We construct a f-RB-like almost soliton on the transformed
manifold with potential ¢ and a pair of functions (A, A) satisfying Equation (13).

By virtue of Equations (15) and (27), we obtain the following condition p? + g2 — p +
q = 0, which has a solution p = (1 ++v/2cost), g = —3(1 — v/2sint) for t € R. Then, the
scalar curvatures from Equation (27) specialize into the following form for t # (8] +3)%,

leZt (n+1)v2+ (2n+1) cost —sint

=2n
\@—Fcost—sint

7

28
f_zn(n+1)ﬁ+cost—(2n+1)sint (28)
V2 +cost —sint '
We then determine the functions i, , A, A in the case p # — -, as follows:
p+A=1—(1+2nB) (n+1)v2+ (2n+1)?ost—smt,
V2 + cost —sint (29)
~ ~ 1 _ 1 .
P+A=1—(1+2np) (n+1)v2+ cost (2.n+ )smt'
V2 + cost —sint
In the case B = —ﬁ, the equalities in Equation (29) obviously reduce to those in

Equation (18).

We directly verify that Equations (28) and (29) satisfy the expressions in
Equations (16) and (17).

In conclusion, we found that the constructed manifold satisfies the conditions of Theorem 1.

3.2. The Potential Is a Vertical Vector Field

Suppose that (M, ¢, ¢, 17, g) is a Sasaki-like accR manifold admitting a f-RB-like almost
soliton, whose potential vector field ¢ is pointwise collinear with ¢, i.e., & = k¢, where k is
a differentiable function on M. It is clear that k = #(9) is true and, therefore, ¢ belongs
to the vertical distribution H+ = span(¢&), which is orthogonal to the contact distribution
H = ker(n) with respect to both g and §.

We easily obtain the expression (L£4g)(x,y) = h(x,y) — 2kg(x, gy) for the vertical
potential ¢, where the first equality of Equation (9) is used and the symmetric tensor
h(x,y) = dk(x)n(y) + dk(y)n(x) is denoted for brevity. Then, by virtue of Equation (4),

we obtain .
Log =h—=2k(§—n®mn). (30)

Similarly, since one can obtain Vil = —@x for a Sasaki-like accR manifold, we have
(Lsg)(x,y) = h(x,y) — 2kg(¢x, py), and considering the last equality of Equation (2),
the last expression takes the following form:
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Lo =h+2k(g—nQn). (31)

Theorem 2. Let (M, ¢,&,1,8) be a (2n + 1)-dimensional Sasaki-like accR manifold that is a
B-RB-like almost soliton with a pair of soliton functions (A, ) and a vertical potential vector field ©
with potential function k. Then, the manifold is Einstein-like, and has the following Ricci tensor:

T T ~ T+7T
p_(Zn—1)g+(2n—1>g—{2n—2(n+1)};7®;7. (32)
In the case of B # — ﬁ, the scalar curvatures with respect to g and § are determined by:
2n . 2n -
T——1+2nﬁ()x+k—1), T= 1+2n,B(A k—1). (33)
Moreover, the following condition is true for the functions used:
A+A-2
dk = dk(¢)n, dk(¢) = BT n—1 (34)
In the case of B = — -, the two scalar curvatures satisfy the following relation:
T+ T =4n{dk() +n+1} (35)

and the soliton functions are expressed in terms of k as follows:

A=1-k A=1+k (36)

Proof. Substituting Equations (30) and (31) into Equation (13), we obtain
p=—(A+Br+k)g—(A+BEt—k)§—h. (37)

For a Sasaki-like accR manifold, we know the expression of p(x, {) from Equation (9).
Then, we compare it with the corresponding consequence of Equation (37), and obtain
dk = dk(&)n, where 1 3
dk(é):—i{/\+/\+ﬁ(7+f)+2n}. (38)

Therefore, k is a horizontal constant, and / takes the following form:

h=—{A+A+B(t+1)+2n}n . (39)

Then, applying the last equality and Equation (38) in (37), for the Ricci tensor p,
we obtain

p=—A+Bt+k)g—(A+BT—k) g+ {A+A+B(t+T)+2n}n®7. (40)

Taking the appropriate traces in Equation (40), we obtain for B # — 5 the first equality
in Equation (33), as well as
T =2n(A + B% —k). (41)

Then, bearing in mind Equation (10), the equality in Equation (41) implies, for
B # f%, the second equality in Equation (33). Substituting the expressions of T and
T from Equation (33) into Equation (40), we obtain Equation (32).

As a consequence of Equations (33) and (38), we express T + T in two ways. One is
given in Equation (35), and the other is as follows:

B 2n
1+2np

T+T= (A+A-2). (42)
Comparing two expressions implies the relation in Equation (34) between the functions
used and the constant .
Comparing Equation (40) with Equation (11), it follows that (M, ¢, &, 7, g) is Einstein-
like, and the coefficients in (11) are
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a—%—l, b—ﬂ—l, c=-— +2(n+1). (43)

In the particular case where p = —%, the dependencies in Equation (36) are valid

due to Equation (33). Then, Equation (40) is specialized, as in Equation (32). In addition,
according to Equation (38), the equality in Equation (35) also holds. Note that, in this
case, the scalar curvatures with respect to each of the B-metrics cannot be expressed
separately. O

Example of a B-RB Almost Soliton with a Vertical Potential

Let us consider an explicit example, given as Example 2 in [16]. It concerns a Sasaki-
like accR manifold constructed on a Lie group G of dimension 5, i.e., for n = 2, with a
basis of left-invariant vector fields {ey, ..., es}. The corresponding Lie algebra is defined by
the commutators

leo, e1] = pex +e3+qes,  [eg,e2] = —per — qes + ey, (44)
leo,e3] = —e1 — gea + pes, [eo, ea] = qer — ex — pes, p,q€R.
The introduced accR structure is defined as follows:
g(eo,e0) = g(er,e1) = g(ea, e2) = —g(ez, e3) = —g(es,e4) =1,
g(ei/ej) :0/ Z/]6 {0/1/"'/4}/ l#]/ (45)

¢ =ey, @ep=e3, @ex=¢e4 @Qe3= —e], @eg= —e.

Then, in [17], the components of the curvature tensor R;j; = R(e;, ej, ek, ¢;) and those
of the Ricci tensor p;; = p(e;, ¢j) are calculated. The non-zero ones are determined by the

following equalities and the property R;jy = —Rjixt = —Rjjix:
Ro110 = Ro220 = —Ropzszp = —Roaso = 1,
Ri234 = Rig3p = Rp341 = Ryupp =1, (46)

Rizz1 = Roggp = 1, poo = 4.

Therefore, its Ricci tensor has the form p = 45 ® 7, and the manifold is #-Einstein.
Hence, the scalar curvature of g is T = 4, and the constructed manifold is *-scalar flat, i.e.,
7% = 0. Then, due to Equation (10), we obtain the value ¥ = 4 for the scalar curvature of §.

Using Equation (13), let us construct a B-RB-like almost soliton on (G, ¢, &, 7, ) with
vertical potential & = k¢ for a constant 8 and a pair of functions (A, A).

From Equation (33), we determine the following conditions in the case where § # — %:

A+k=—4p, A—k=—4p. (47)

Then, Equation (34) implies dk(¢) = —2 and dk = —2#. A solution to the last equation

is, e.g., k = —2t, assuming that # = df. This form of k also satisfies the condition in
Equation (35) for the case p = —ﬁ. This allows us to determine functions (A, 1) from

Equation (36) and Equation (47) for all values of B by
A=2(t-2B), A=-2(t+28). (48)

Hence, and from Equation (39), we obtain & = —45®7#. Consequently,
Equations (30) and (31) take the following form:

Log=4t3—4(t+ 1)@y,  Le§=—4g+4(t+1)n®7.
Finally, we found that all the findings in Theorem 2 are true for the given example.
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