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Abstract: In this paper, we make use of the simultaneous decomposition of eight quaternion matrices
to study the solvability conditions and general solutions to a system of two-sided coupled Sylvester-
type quaternion matrix equations A; X;C; + B;X;1D; = Q;, i = 1,2,3,4. We design an algorithm to
compute the general solution to the system and give a numerical example. Additionally, we consider
the application of the system in the encryption and decryption of color images.
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1. Introduction
1.1. Background

Quaternions, the decomposition of quaternion matrices and the matrix equations over
quaternions, and so on, play important roles in mathematics and have a wide range of
applications in various fields, such as color image processing, robotics, physics, aerospace
engineering, control systems, and statistic model and graph theory. There are a great
number of papers and monographs that investigate quaternion theory and corresponding
applications from different aspects [1-18].

Chen et al. [2] proposed a robust blind watermarking scheme based on quaternion QR
decomposition for color image copyright protection. He et al. [19] considered the theory
and application of a system of Sylvester-type quaternion matrix equations, the system
shown as follows:

X1A1 — B X2 =y,
X342 — BoXp = (y,
X3A3 — B3Xy =G5,
XAy — ByX5 = Cy,
XgAs — B5X5 = Cs.

Li et al. [11] came up with a quaternion biconjugate gradient method based on a
structure-preserving method for solving non-Hermitian quaternion linear systems arising
from color image deblurred problems. Took et al. [17] introduced the quaternion least mean
square algorithm for the adaptive filtering of the three- and four-dimensional process.

There are a good deal of papers from various perspectives using various methods to
study quaternion matrix equations, including the solvability conditions, general solutions,
the properties of the general solution, the extreme rank of solutions, minimum norm least
squares solution, ¢-Hermitian solution, ¢-skew-Hermitian solution, #-Hermitian solution,
n-skew-Hermitian solution, and their applications [5,20-32].
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Kyrchei [23] derived explicit formulas for the determinantal representations of solu-
tions to the systems of the quaternion equations A1 X = C;, XB, = C; and A1 X = Cy,
A»X = C; using the determinantal representations of the Moore-Penrose matrix inverse
put forward in [22]. Xu et al. [29] provided some useful necessary and sufficient conditions
and a general solution to a constrained system of Sylvester-like matrix equations over the
quaternion in terms of ranks and the Moore—Penrose inverse of the coefficient matrices.
Xie et al. [33] considered the solvability conditions using ranks and the Moore-Penrose in-
verse for the system of three Sylvester-type quaternion matrix equations with ten variables
A Xi+YiBi+CZ;D; + FZ; 1G; = EZ(Z =1,2, 3)

To our knowledge, there has been little information on the theory and applications of
the following system:

AiX;C; + BiXi1D; = O, i =1,2,3,4. (1)

Motivated by the wide applications of quaternion matrix equations and the needs of their
theoretical developments, we, in this paper, consider the solvability conditions, the general
solutions and the applications to system (1).

The paper is organized as follows. First, we extend the simultaneous decomposition
of seven quaternion matrices, which are shown in [21], to the simultaneous decomposition
of eight quaternion matrices. Then, we make use of the simultaneous decomposition to
prove that system (1) is consistent if and only if 40 rank equalities or 40 block matrix
equalities hold. In the meantime, we also prove that these rank equalities as a whole are
equivalent to these block matrix equalities as a whole. Next, we show an algorithm which
clearly illustrates the steps taken to obtain the general solution to system (1) and we also
give a numerical example. Afterwards, we make use of the system of two-sided coupled
Sylvester-type quaternion matrix equations to develop a framework that can be used to
encrypt and decrypt four color images simultaneously. Finally, we summarize our work.

1.2. Notation

Let R and H stand for the real number field and quaternion algebra, respectively. H can
be viewed as a four-dimensional linear space over R with the basis: {1, 1, j, k}, satisfying
i?=j2=Kk?>=ijk=—1,ij = —ji=k, jk = —kj = iand ki = —ik = j, where i, j, k are
called imaginary units.

Throughout this paper, we denote H"*" as all m x n matrices over the real quaternions.
The rank of a quaternion matrix A over H is defined to be the maximum number of columns
of A, which are linearly independent to the right. Quaternion matrix A and PAQ have
the same rank if P and Q are invertible quaternion matrices [18]. For convenience, we
USE 7411 Ay Al Aoy Asa.n A Ayt A A £O TEPTESENE the rank of a block quaternion matrix,
as follows:

An A ... A
Ay A ... Ay

: : . : ! 2)
Aml Amz v Amn

and if A;; in the block (2) is a zero matrix, we use “0” to represent it. For instance, 74,05,
rc;j0y|p; and 7 4,0, 0p; stand for the ranks of the following block matrices:

G
(Air Qi/ Bi)r Qi 7 (Al gl>/
D; i

respectively.
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2. The Solvability Conditions of System (1)

In this section, we investigate the solvability conditions of the system of quaternion

matrix equations as follows:

A;X:C; + BiX;1D; = Q, i = 1,2,3,4.

Notice that the sizes of the coefficient matrices A;, B;, C; and D; have certain rules. They

can be arranged into block matrices as

71 92 493 g4 45

P A B

P2 Ay By

P3 A3 Bs

Pa Ay By

and

51 S2 83 54

[ G

t| D1 &

t3 D, GCs

tg Dy C4
t5 Dy

©)

4)

Lemma 1 ([19,21]). Considering block matrix (3), there are nonsingular quaternion matrices

P; € HPi*Pi, Q; € H%*%, such that

PiAiQi = Sa;, PiBiQiy1 =5y, i=1,...

qa 92 43 43 g4

p1 (Say Sp > = P3 <5u S

where 1 1 , denoted by ABq, 3 3
P2 < Sa, Sp, VAR by Sa,

we have

/4, (&)
g5

>, denoted by ZE, and
Sb,
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where I and 0 stand for the identity matrix and zero matrix with appropriate size, respectively.

Similarly, there are the nonsingular quaternion matrices T; € H'*ti, S; € HS*Si, such that

(6)
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where

Sﬂ4 Sb

4

He et al. [21] showed the simultaneous decomposition of seven quaternion matrices.
Starting from that, and using a similar method as [19], we can reach our conclusion.
According to (5) and (6), we have

P18, Q' X, T 1SS + P 1s,.Q

1

X T hSa S =y 1=1,2,3,4.
Multiply P; and S; to the left and right sides of the equations, respectively. Then, we have
S Qi ' XiT 1Se, + Sy, Qi Xina T, 1 S, = PiCYiS;, i =1,2,3,4.

LetQ; = PQ)S;, i=1,...,4, ?j = Qj‘lijj‘l, j=1,...,5. Hence, we have

S0, XiSe, + Sy, Xi1154, = O, i = 1,2,3,4. @)

According to the equivalence canonical forms of (3) and (4) and system (7), we divide
X;,j=1,...,5and Q;,i = 1,2,3,4 into the following partitioned matrices:

X = (Xi(jl))9x9, X; = (Xl(]-z))21x21/ X3 = (Xl(f))zsus, Xy = (Xi(;}))21><21/ X5 = (XlSE))9x9,
(/)\1 = (wi(jl))16><16/ ()\2 = (wi(jZ))24><24/ é\s = (wl(]'3))24><24/ 6\4 = (wl'(;l))16><16-

Through computation, we have

0 = (@), @), ®)
where
o ) A A ) )
DN 0 0
EECEEEEEEE
i ax xDaex@) xexE < exE) xBexP o x) e xE
ol dod bl g Dod D
I 00 T 0 . T 0
RIDSC (0 0 % 0 0
o _ | T AT T Tt et T
Al D D D B
x5 x5 x5 x5 xjs) Xje)
X%>l X%)z X%)s X%)z; X%)s x%)&
Xﬁsl Xﬁsz Xﬁﬁa Xﬁl Xﬁjs Xﬁje
Xg>l ng Xgé Xg,)z; Xg,)s Xg,)e
x5 x5 X3 X x5 x5
Xﬁ?l Xﬁ?z Xﬁ?a Xﬁl Xﬁjs Xﬁje
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Wexp oxy xR 1) X;,lo X1,1)1 Xl,l>2 X1,1)3 X1,1)4 0
lexl o) kg xP xh xdY x) ) K o
lex oy w0 xR K o
ey xy oy g xRy Y x x o« o
el g xg x xS K x8, x xd o
©exy  oxg o ox) x@ xG X3 x8, x xd, o
ML B B A
X X 0 0 0 0 0 0 0 0
. S R N R N
X‘Sg) 0 Xég) Xg) Xé,zl)o X‘g,21)1 Xé,zl)z Xé,21)3 th,21)4 0
X%)7 0 X%/)s X§(2)>9 X%/)w X%?n X%[Z))lz X%)ls X%)m 0
Xﬁ% 0 Xﬁ)s Xﬁsg Xﬁlo Xg)ll Xﬁﬁlz Xﬁﬁls Xﬁsm 0
X§§?7 0 XQ& Xg 9 Xglo ngu nglz ngl?. ngm 0
Xg)7 0 Xg?s ngc) Xg?lo Xg?n nglz ngls ngm 0
Xﬁ?7 0 Xﬁ)s Xﬁsg Xﬁ,)lo Xﬁ?n Xﬁ?lz Xﬁ?ls Xﬁ?w 0
0 0 0 0 0 0 0 0 0 0
We have
2 (2) (2
—~ b b b
M={0 o0 o) ©)
21 22 23
where
CRrErECECEE R,
X7+ x5 x5 + x5 x5 + X5 X7 + X5 X2 + x50 X5 X5 + x5 x5+ X5
R R N R R I R
wexg o oxgex) o xead xPexl) xBed ) xQexd g axp)
00 e e e e e e Do o
o) = <2>X( ) o) <2>X‘E’2) ) <2>Xé3) @) <2>Xé4) () <2>Xés> ® X‘f’%i <z;(é8> o) <Z§(é9) )
B T N D M1 T T S - e 3
Xg1 + X7y Xoy' + X7y Xo3' +X73 Xoq' +X74 Xo5' +X75 Xo6 Xog' +X76 Xgo' +X77
SO RN R C N JORN Y D T I Y I B
Xg,)1 + Xé? Xﬁ,)z + Xé? Xg,)s + Xég) Xﬁ?4 + Xéi) Xﬁﬁs + Xé?s) Xg)e Xﬁ?s + thse) Xﬁl} + X‘g)
Xg)l + Xl(())l Xg)z + ng 2 Xg 3t X% 3 X%A + X%A Xg,)s + X%?))s Xgl Xg)s + ng,)e ng + X§?J,)7
X1?1 Xé)z X1?3 Xlg?zl X%)S Xgl Xlg)s Xg,)9
Xg?1 + Xl@l X%)z + Xl(l)z X%g + Xl(?)S X]?A + Xﬁ)‘t Xg)s + X§1)5 X%)e Xg?& + Xl(?)é X§?9 + Xﬁ)7
Xg)l + ngl Xg)z + ngz Xﬁ)a + Xgﬁs X1?4 + ngz; X@s + Xlzss X%?s X%?s + XS?& ngc) + XSL
ngl + Xgﬁl Xg)z + Xgﬁz X17)3 + ngs X17)4 + Xgl Xg)s + X1355 Xg)e X£758 + Xg)e ngf) + Xg?7
X%% + Xl(ijl X%?z + Xl(ijz X%?3 + X%iss XE?A + XSSA X{?s + X%iss X1<§36 X%?& + Xl(ije X§§S9 + Xl(?l)7
Xg,)l + Xg?l Xg)z + ng2 Xg)a + ngs Xgl + Xgl Xg,s + ngs Xg?s xgsx + Xg?é ngt) + X§13357
A
N . S .
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0 0 0
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(2) X, X X X X X X
<I>12 o Xs(;,21)06;f1 (;(g) Xgﬁ)léf 1X(t33) Xs(; ) Tié?ﬂo Xgi Xz(a,zl)sil;sl)1 Xg,zf(,il;é,sl)z Xs(s,21>7(11;é 1)3 !
th,zfo + X%) Xé,zl)l + Xg) th,zl)z + X;31)0 Xé,zl)s Xé,zl) + X;31)1 Xé,zl)é + X;?l)z Xtg,21>7 + X;31)3
X%?lo + Xé?s) X%)ll + Xf(sg) Xg)lz + ng?l)o Xg(z))ls X%)ﬁ + th,31)1 X%)le + Xz(;,alz X%?l? + ng,Sl)S
Xﬁ,)lo + Xég) Xﬁ?ll + Xg Xﬁ?u + Xé,al)o Xl@ls Xl(%?ls + th,s1)1 Xﬁ?w + Xg,slz Xﬁ,)w + X‘gi)a
Xlz?lo + ng,)s Xg?n + Xg)g Xg,)lz + Xg)w ngl_% Xg?ls + Xg?n Xg)lé + Xg)lz Xg,)w + X%?J?lS
Xg,)l Xg?ll Xg,)lz X%?B X%?lS ng 16 Xg,w
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X%?l + Xgo 1 X%z)z + XY(}],)Z X%Z)s + X%,)a Xg)z; XS,)(; + X%)4 Xg,)7 + Xg?))s XS?& + Xg?),)() X%Z{J
ngl + Xﬁ 1 XS 2t Xﬁ)z X1;j3 X5 Xgl Xg)e + x{‘il XS)7 + Xﬁss ng X6 Xg?g
Xg,l + Xlg,l Xg,z + Xlé,z Xg?s + X{;,s Xgl Xg?s + X1;,4 Xl%y + Xl;,S Xg,)s + Xg,é ng

Xg?l Xg?z Xg,s Xg 4 Xg?s Xg?7 Xg?s ngta
XS?l + X13)1 Xg)z + Xg)z Xg)a + Xg)s Xgl Xg)s + X%)4 XS)7 + Xg 5 XS)S + Xg)s Xg?g
op-|dd EE TRy o vk e
X1t Xisp XpptXisy Xzt Xisy o Xpzao XpzetXisg  XyzptXiss o XpgtXise Xz
Xéi)l Xf;)z Xﬁ)s xéil Xéi?e XS)7 XS)S XS%
XE?] Xg?z X@S 0 Xl(‘él Xl(éjs Xl(‘éje 0
X %51 X Y;Sz X Y;)s 0 X%l ngs X%jé 0
X%?l Xg?z Xg?s 0 X%i; X%?s X%?e 0
0 0 0 0 0 0 0 0
Xl(?l)l + X§7) Xl@z + X%) Xﬁ)a + Xl%) Xﬁl Xﬁ)é + Xl(ﬁ)o X%% + X{A}l)l Xl(:,?s + Xﬁ)z Xfl)a
hexy)  xhexy  xPhexd xPl el xhexd xflext),  xP)
X§,31>1 + Xg) Xé,sl)z + Xég) X§,31)3 + Xég) X§1>4 Xé?l)é + Xéé,ll)o X§,31)7 + Xg,‘l)l Xé,al)s + Xé?l)z X§,1)9
X4(1,31)1 Xﬁz Xfl)B X4(1,1)4 X4(1,3 X4(1,31)7 Xfl)B Xé(l,l)9
Xéi)l + X‘(é) Xe,sl)z + xfé) Xé,sl)a + Xg) X((3,31>4 Xf(,i)s + Xi,l)o Xé,31)7 + Xé(l,l)l Xé?l)S + Xﬁ)z Xé,/31)9
FEEERER SRR R
Xg11 + Xe7 Xg12 T Xes X813~ Xe0 Xg1a  Xg16tXei0  Xs17tXenn  XsistXe12  Xgo
X‘S?l)l ng,sl)z Xé,sl)a Xéi)z; Xé,sl)s Xé?l)7 Xé,sl)s Xé/g1)9
Xﬁ)ll +x{) Xg)lz + X%) Xﬁ>13 + X%) Xﬁ?u Xﬁ)lé + X;,1>O Xﬁ>l7 + X;?l Xﬁ)ls + X;i)z Xﬁ)w
ngu + Xa(}é nglz + Xt(ig) ngla +Xgg XS,)M Xg?m + Xg,ll)o ngw + Xz(341)1 ngls + Xg,ll)z Xg?w
Xg?n + Xé‘; Xg?lz + Xéé Xg?m +Xg9 Xg)m Xg,)m + Xé?l)o Xg?n X911 Xglg + Xéﬁ)z Xg)w
8?11 S?lz Xﬁ?ls XQM Xﬁ?ls Xﬁ?ﬂ Xﬁ?ls 8?19
X%s,)u + X% 7 Xg)u +X{o8 xg)ls + X% 9 XS,?M Xg)lé + x%)lo Xg)w + ng)n Xg)w + X% 12 Xg)w
Xg)u + Xﬁ 7 X912 X8 ngls + Xﬁ 9 XS)M Xg,lé +X{1ho Xg 17+ X1411,11 Xg)ls + Xﬁ 12 Xgﬁw
Xl(?i?ll + Xl(gi Xg?u + x5 3 Xg?w + ng Xl(gjm Xl(g,)ls + Xé,m Xg,n + X211 Xg?m + Xl(; 12 Xl(gjw
xg?n Xg,)u Xg,)ls XS?M xlg,lé X(S,) Xg,)w ngw
X+ Xg)7 Xg?u + Xg)s Xg)ls +x{3, XS)M Xg)lé +X{310 XS>17 + Xg,)ll Xg)lii + Xg 12 ngw
cpg) = X%u + X%27 X%lz + Xigs X%w + ng X%M X%Zz’ 16+ Xiano X% 17+ Xli,ll X%m + Xg 12 X%;z’zw ,
X1 T X157 X312 T Xiss X313 X9 Xozua o X6t Xisp0 X317 T X511 Xasus T X512 Xos0
Xg?n Xéi,)lz Xhs XS?M X6 Xh Xyihs S?w
xie) Xgé,)s Xeh 0 X0 Xgi?u X{:?lz 0
XY% X XY% 0 X0 X Xg?u 0
X5y X;;?s Xg?g 0 Xig1o Xg?ll Xghs 0
0 0 0 0 0 0 0 0
sz)l + X#l)s sz)z + X%%l)zl X%,sz)s + Xﬁ)s X5‘2)4 Xsil)é X§j11)7 X%%l)s 0
ng)l + Xgll)s sz)z + X§f1)4 Xé,sz)a + Xﬁ‘ﬁ)s XS2)4 Xg,ll)e Xéﬁ@ Xg,ll)s 0
Xé,sz)1 + Xg?a X§32)2 + X§ 1)4 Xg?z)s + Xg,ll)s X:E;,s2)4 X§,1)6 Xéﬁ? X§,1)8 0
o X% x2 X% 0 000
ng)l + Xi‘,ll)S Xé32>z + Xg,l1)4 Xé,sz)a + Xi,l)S Xf(,,2)4 Xi,l)e Xfl)7 Xi,l)s 0
op- | Aok H md w LR
Xgo1t X613 XgmtXeia  Xga3tXeis  Xgou Xeie  Xeiz Xe1s O
Xé?z)l Xg?z)z Xéaz)s Xé,2)4 0 0 0 0
XS)Zl +X713 Xﬁ)zz +X714 Xﬁ)za + X;fll)s Xﬁ)u X;‘,ll)é X;fll)7 X71,11)3 0
Xgﬁm +Xg 13 Xg)zz +Xg14 ngzs + Xt(;i)s XS?M Xé‘,ll)é Xt(;fll)7 Xz(;%l)s 0
Xg,)n X913 Xg?zz X914 Xg?zs + Xé41)5 Xg)ﬂ Xé,l)() Xé1)7 Xé,l)s 0
XS?ZI XS,)zz Xﬁ,)za XS?M 0 0 0 0
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3 4 3 1 3 4 3 4 4 4
X +Xiohs  Xm+ Xgo,)n Xge,zs X015 X Xoe Xow  Xous O
(3 (4 @ 3) ) ) )
ngn + Xli 13 Xg »nt Xl}l 14 Xlg 23+ Xli 15 ngz; X%ijm Xﬁﬁw Xﬁjls 0
Xls,zlg) X213 XlS,ZZ(; X214 Xls,za(;f) X215 ngm X216 X217 Xi2as O
<%>X19’21 <3>X19'22<4) € Xlg’23<4> X?gim <2> (i)) (Z .
X%% 21+t X133 X% 2+ X314 X%l 23+ X}i 15 X%%jz; X%ijm Xgﬁw X%s 18 0
(I)gz) = ng 20t Xigas Xt X]z,u X3+ Xl(i 15 X%gjn Xiate  Xiaz  Xiaas O
Xés,n(; X513 X23,22(;> X15,14 X23,23(;)X15,15 X%s,)24 X516 %1517 X508 0
O T I S
ijls ngim X‘%%ﬁ 0 Xl(gjlé Xl(gjn X%sﬁls 0
X17313 Xlz§14 X%Z')IS 0 X%Zﬁm X%ZSU x%7 18 0
Xi813 X814 X815 0 X816 Xis17 Xisas O
0 0 0 0 0 0 0 0
We have
a — (% @
04 - (q)l ,q)2 )/ (11)
where
) xR xPex) k) xP e X e
4 1 4 1 4 4 4
<4>X<1> ) X% <4>X£4> ) X%E; <4>X£7) ) X%f; <4;(§’1)° )
Xy &5(21 XA&) Xyy &;(22 X?i) Xy7 &;(23 X?E) X4,1O(Z)Xz4
<4>X ) X%) <4>X 2 X?E) <4>X 75 X?ff) <4>X5'w ()
X7 &;(31 Xﬁ) X74 &;(32 Xﬁ) X77 (*4;%3 Xﬁ) X7,1O(Z)X34
T P - P TR -
4 X101 (:)Xu X %232 X10,4(:)X42 X %%5 X10,7(:)’(43 X %2,)8 Xl[),l(()4)+ Xgy
CDg ) - (4;(11,1 (5) X%‘hz (4)X11,4 (5) X%‘BS (4)Xll,7 (5) X%‘hs (4;(11,10 ’
X131 (I)Xm X%Z,)z X13,4(X)X52 X}z,)s X3 7&;{53 X}z,)s )(13,1(()4;r Xs5q
<4>X M Xﬁﬁz <4>X t0) Xﬁf’ <4>X e X%ffﬁg <4>X )
X161 (Z)Xél X%[%z X16,4(Z)X62 X%%s X6, 7(2)’%3 X%%s Xls,u()4)+ Xea
(4)X17’1 ) sziz (4)X17’4 ®) X&S <4>X17’7 ®) szis <4>X17’1 )
Xi91 (:)Xn Xlzﬁz X19,4(:)X72 XlZﬁs X19,7(:)X73 X%ng X19,1(()4;r X74
X30,1 X202 X204 X205 X207 X208 %20,10
X 0 x5 0 x5 0 xg
0 0 0 0 0 0 0
4 4 5 4 4 5 4 4 5 4 5
XIE ‘11;1 X1(,1)3 :)ng) X1E 41;4 Xg ,1>6(Z>X1(6) XE 41;7 Xg 1)9(:)}(1( 7) XE&%O XI(S) 0
Xﬁl)l (4)X ) xﬁlf <4>X Mo X%ﬁff (4;( Mo X%fﬁo ?5) X
X%A,ll)l X ,13(;)(25 X%al)zx X4/16(:>X26 X%211)7 Xy, 19(1)"27 X%1,12)0 X5 0
X pé pé X X X X 0o o0
) @ s ) @ %) o @ W
X@l X7 13(; X35 Xal)zl X7, 16(1)X36 X211)7 X7/19(:)X37 Xaz)o X3 0
Xg 11 X813 Xg 14 Xg,16 Xg 17 Xg,19 X820 o0
ng)n XE?)?]B +Xg5 X%?u Xm)m + X45) X%)W Xm,)w + Xg) Xl(é)zo Xg) 0
4 4 4 f) 4 4 4
q>£4) = xgljn X%l?l&} Xgl)lzl Xgl,)lé X§1?17 X§1?19 X%ljzo 0 0
ngll X%)B + Xé? ngu Xg,)le + Xég) Xg)w Xg>19 + Xég) Xgﬁzo Xég) 0
1 4 1 4 1 4 1
Xliizll (4)X§4?1 (5) Xéizu (4;(54')1 (5) Xéizw (4;(1(4?1 (5) XEZ;ZO ?5) ’
x%gsn Xl(:,l:(iA;r X5 X%M Xlé,l?;)r Xo6 X%g,)w X16/1?4;r X7 X%gﬁzu Xeg 0
X%Zjll (4))(17,13 (5) X%Zju (4;(17'16 (5) X%Zﬁw (4;(17,19 (5 X%ZSZU ?5) ’
X&u X19,1?4;r X75 Xzz,)u X9 1?‘; X76 X%Z')W X19,1?4;r X77 X%zjzo X3 0
X201 %2013 X20,14 X20,16 X20,17 X20,19 %2020 0 0
0 X 0 X 0 x 0 £ o
0 0 0 0 0 0 0 0 o
Theorem 1. In terms of system (1), the following conditions are equivalent to each other:
1. System (1) is consistent.
2. Theranksof A;, B;, C;, D;, Q) ,i =1, ..., 4 satisfy the following 40 rank equalities:
TA;Q;B; = TA;Bis (12)

Tci|oD; = T¢y|Dy (13)
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T A4;0;|0D; = TA; + 7D, (14)

rci0/0;B; = TC; T TBys (15)

¥ A1) B100|0D;0C,0{00A2 — (2B, = ''A;B10[0A2B, T 7Dy Car (16)
¥'C,00[Q2 B10|D10C2 |04, —2]00D, = TBy|A; T 1C10|DyCo|0D, 17)
¥ 4101 B10]0D10C,|00A,—,|000D, = T A1B;|04, T D1 C, (0D, (18)
¥'C1000|Q2; B,00| D10C50{0A5— By = TB,0|AsB, T 7C10|D1Car (19)
¥ Ay By00]0D20C30{00A3—23B; = ! AB,0|0A3B; T 'DyCs- (20)
¥'C500] 002 B20|D20C3|0A5—Q3|00D3 = T'By| A5 T 1'C20/D,C5]0D57 (21)
" Ay B,0|0D,0C3]00A3—3]000D5 = T A;B,]0A; T 7Dy C5|0D5- (22)
7'C,000] Q3 Bo00| D20C30{0A3—3B3 = TBy0|A3Bs T 7'C,0|D2Cs7 (23)
¥ A3023B300|0D50C40{00A4 — 4By = ' A3B30{0A4B, T "'D5Cyr (24)
¥'C300( Q23 B30| D30C4 |04, —4|00D; = "B3|Ay T 1'C30|D5Cy|0D,7 (25)
¥ A3013B30/0D50C4|00A,— 4 |000D; = T A3B3|0A, T 7 D5C4|0Dy 7 (26)
¥'C3000] Q23 B300| D30C40{0A, — By = TB30|AygBy T 7'C30|D5Cy7 (27)
7 4103 B;0000|0D; 0C2000]00 A, — €5 B00|000D,0C0[{0000A32Bs = T A1 B100]0A;B,0[0043B5 T D1 C,0{0D,C5 (28)

¥C,0000]02; B1 000 D1 0C00]045 — Q5 B,000D,0C3|000A305(0000D; = 'B10|A2B,04; + 7C100[D;C,0/0D,C5l00D5,  (29)

7 4100 B;000]0D; 0C,00{00 Ay — () B;0]000D,0C3 000043023 [00000D3 = ¥ A1 B10]0A; B2 00A5 T 7Dy C,0/0D,C5]00D5 - (30)

7'€100000| 21 B,0000| D1 0C;000{0A; — 2 B,00|00D,0C50{000A32Bs = T'B100|A2B,0/0A3B5 T 7C100|D; C20/0D,Cs 7 (31)
T A0 B»0000]0D»0C3000{00A3 — )3 B300]000D30C;0{0000A4 04 By = ¥ A»B»00/0A3B50/00A,B5 t 7DyC50/0D5C, 7 (32)
¥ C,0000]02 B,000| D, 0C300]0 A3 — Q23 B50/00D50C4 00044024 [0000D, = "B,0|A3B304, + 7C,00[D,C30/0D5C,J00D, s (33)

T Ay 00 By000|0D0C300]00A3 — 23 B30|000D30C4 [00004,024/00000D, = T AyB,0/0A3B5/0044 + 7D, C50/0D5C4]00D, - (34
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¥ C,00000]C23 B,0000] D,0C3000|0A3 — 3 B;00(00D30C40{000A4 4 By = 'B,00{A3B30[0A4B; T 'C200|D,C50[0D5Cy  (39)

7 A104 B1000000|0D; 0C,00000{00.A — ) B, 0000|0000, 0C3000]0000.A3 23 B300/00000D30C,40{000000.A 4 — 2y By

= 7' A1 B1000]0A2B500]00A3B50]000A4B; T 7Dy C200/0D,C50/00D5Cy 7 )
7¢,000000|Q2; By 00000| D1 0C,0000{0A; — ) B,000]00D,0C300]000 A3 023 B50|0000D50C, |00000.A 4 — 24 |000000D; 37)
= TB,00|AyB,0]0A3B3]00A44 T 7'C;000|D; C,00]0D5C30{00D3Cy 000D, 7
7 A1 Q1 B;00000]0D; 0C50000]00 A — 2 B,000/000D,0C300]0000A323 B30/00000D30C,4 |000000A4 — 24 [0000000D, (38)
= T A, B100]0A2B20]00A3B3]0004; T Dy C200]0D,C50/00D3C4 [000D,
7'¢,,0000000] €21 B;000000| D1 0C,00000{0 A5 — 2 B,0000|00D,0C3000{000.A3 23 B300{0000D50C40{00000A, — )4 By (39)
= T'B1000] Ay By00]0A3B30]00A4B5 T+ 7'C;000|D; C,00]0D,C50{00D5Cy -
3. The block matrices satisfy
w%,)1 w%?z “’%?16 =0 wi,ll)é “75,22)4 “’52)4 “’511)6
“’5421,)1 “’5421,)2 e wﬁi@; =0 w§,11)6 ~0 “’é,z2>4 _o w§?2)4 _0 “’g}l)6 —0 (40)
PP N )N [ : o : o : - : -
241 Y42 24,24 ’ : : : :
“’Yé,)l “’Yé,)z “’%,)16 =0, wié?lé “’51324 “’éz,)y “’Yé?m
wgé) =0, “’%,)8 =0, wﬁ?s =0, wg?s =0, “’%,)8 =0, wﬁ?s =0, “’%?8 =0,
‘Ug)e =0, “’é(z)?é =0, “’g,)e =0, ‘*’gé =0, w§§?6 =0, “’g,)lz =0, w%?lz =0, “’g?u =0,
“’gu =0, “’23?12 =0, “’g,)lg =0, “’%?18 =0, wg?w =0, “’g?w =0,wy3153 =0, (41)
“’Sl& =0, “’S?LL =0, “’g,)zt =0, “’S?s =0, “’S?s =0, ‘*’g?s =0, wﬁfn =0, ‘*’S?u =0,
“’g?lz =0, “’S,)le =0, “’g,)le =0, “’g?le =0, “’g?zo =0, ‘Ug?zo = 0,wp399 =0,
“’%?2 =0, wi& =0, “’%,)6' “’%,)8 =0, “’%,)10 =0, “’%,)12 =0,wy54 =0,
“’s(ﬁé) =0, “’é,ll)o =0, wé(B,ll)l =0, wé,ll)z =0, “’é,ll)a =0, “’é(s,l1)4 =0, “’zg,ll)s =0,
“’é,Z1>9 =0, wé,zz)o =0, wé,zz)l =0, “’é,22>2 =0, wé,22)3 =0, wg?m =0, ‘Ug?zo =0, “’g,)zl =0,
‘*’922 =0, wg,)zs =0, wg?w =0w %?20 =0, “’%,)211“’%22 =0w %?23 =0, (42)
‘*’gl =0, wzfz)z =0, “’Sz)s =0, ‘*’gl =0, wz(;?z)z =0, “’s(;?z)s =0, ‘*’8321 =0, “’g?zz =0,
‘*’S)z?, =0, “’%21 =0, “’g?zz =0, “’g?za =0, Wég?zl =0, ‘*’g?zz =0, “’23,23 =0,
‘*’glljS =0, wfl)s =0, “’g,ll)5 =0, wéjil)S =0, w%?ls =0, “’3315 =0,wy415 =0,

m_ @ @O _ @ @O _ @ (1 _ 2 (1 _ (2 (1 _ (2

Wiy = Wyp 1/ Wigp = Wpps Wiyz = Wips, Wigy = Wiy, Wyy5 = Wips Wy = Wip e (43)
W _ @ ay e ) ) ) @) ) @) @) T ()

12,77 Y1410 = W12,8' Y1411 T Y12,9r Y1412 T W12,100 Y1413 T V12,110 Y1414 T Y1212/

Wig9

m_ @ @O _ 2 (1 _ 2 O _ (2 (1) _ 2 (1) _ (2

Wi1g = W12/ Wo 14 = Wy 10/ W31y = W3 15, Wy 14 = Wy 10, Ws 14 = Ws 15, W 14 = We 127 (44)
O _ 2,0 e ) 2 ) 2 ) 2) ) (2)

= Wy 12, Wip14 = W 12: V1114 = W 12/ W1p 14 = W1012/ Y1314 = W11,12: V14,14 = Y1212/

@ 1 @ (1) @ (1) @ @ @ @)

1 _
“’?,6 = Wy, Wpe = We » W11 = Wog 1 Wp g = Wy er Wz 6 = W11 60 Wige = W16 (45)
9 712 W10,14 = W8 12/ W11,14 = W9 12: W1214 = W1p,12: V13,14 = W11,12: V14,14 T Y1212

B
I
g

m_ @ @O _ @ O _ (2 @1 _ @ 1 _ (2 (1 _ (2

We9 = Wey 1 Wq 10 = Weg r We 11 = Weg »We 19 = We 10r W 13 = We 11/ Wg 14 = We 127 (46)
oV @ @) ) @) ) @) ) @) ) (2)

149 = W27/ W1410 = Y128 V1411 = Y129 Y1412 T W12100 Y1413 T V12110 V14,14 — Y1212
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@ _ 6 @ _ @6 (2 _ @ (2 _ & (2 _ (3 2 _ (3
“’%251 = “’%651*"%232 = wl?,z)r “’2%,3) = “Jle,(3r)w22,(4 )— “’16,4(/ ‘)"22,7 (—) “’16,5/‘("2)2,8 —(‘;’16,« .

2 3 2 3 2 3 2 3 2 3 2 3
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3 4 3 4 3 4 3
“’201 + W81 = w§4)1, W§0)2 + ‘*’fgz) = “’54)2/ ‘*’50)7 + “’5(53) = “’E4>5""§0)8 + “Jz(s4) = ‘*’54)6' (59)
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w3,

©) 2 4 _ (3 (2) 4) _  (3) (2) 4) _ (3
ot “’58 = Wg 14 Wiy T Weg = Wip1ar Wighg T Wrg' = Wiz14, Woppp T Weg' = Wiy 14/
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“’19 14T w76 = Wi310: Who14 T Wee' = Wig10:Wigp0 T W = Wigliy Wogog T Weg = Wiy 1y

2 3 4 3 4 3 4 3
%1)9 + “’27 = “’é (1;3) “’é 2)(02 )JF Wés) (4—) “’é 1)4(,3 ‘)"z(z 1)9 (er)“’zi7) 74‘;%5 1)3/ ‘(‘;% 2)0 +(‘2*;£8> = ‘;’4% 1> 5 (62)
Wig19 t “’67 = W13, Wigo T Weg' = Wig14r Wog19 + W7 = Wiy Wy T Weg = Wiy 14
4 3 2 4
{ ‘Ulo 1 + w61 = w%li + w%, w%o)z + wé%i) wé%) )—i— wi%is 63)
‘”109 + “’65 = Wy T Wyg', Wygq T Wee' = Weg' + Wy,
2 4 1 3 2 4
1 10 + “’16 wgs) + “’54)' wg 1)0 + “’56) = wés) + “’£4)r (64)
( ) 4) (1) (3) (2) (4)
910 = Wgzg T Wy, Wigqo T Wee' = Weg' + Wy,
“’92 + “’52) = Wy 5 + wg), w§0)2 + wés) = ‘*’5(32) + “’S)f 65
T w6 @) _ @, @ (65)
“’9 10 + ‘U56 = Wypg' Wy, Wyg1g T Weg = Weg' + Wyy s
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Wi T Wes = Wgy + Wyz', Wyg g+ Weg' = Weg' + wyy -

Proof.
(1) = (2): Suppose that (X;, X/z, Xl3, X;, X;-) is a solution to system (1), that is,

AiX;Ci+ BiX;, 1D = O, i = 1,2,3,4,

we can employ elementary matrix operations to show that the rank equalities (12)-(39) hold.

2) = @)
i=1 (wigh @igy - wigrs) =0
N i=2, (0 W@ ... w?,) =0,
(12) & r(Sa; Q4 Sp,) = 1(Sq; Sp,) = 3 w%;l ajg,)Z w%m iy
=4 (ol olfh - elihe) =0
Similarly, we have: (13) = (40), (14) = (41), (15) = (42),
(16) = (43) with (40) — (42), (17) = (44) with (40) — (42),
(18) = (45) with (40) — (42), (19) = (46) with (40) — (42),
(20) = (48) with (40) — (42), (22) = (49) with (40) — (42),
(23) = (50) with (40) — (42), (24) = (51) with (40) — (42),
(25) = (52) with (40) — (42), (26) = (53) with (40) — (42),
(27) = (54) with (40) — (42), (28) = (55) with (40) — (50),
(29) = (56) with (40) — (50), (30) = (57) with (40) — (50),
(31) = (58) with (40) — (50),
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(32) = (59) with (40) — (42) and (47) — (54),
(33) = (60) with (40) — (42) and (47) — (54),
(34) = (61) with (40) — (42) and (47) — (54),
(35) = (62) with (40) — (42) and (47) — (54),
(36) = (63) with (40) — (62), (37) = (64) with (40) —
(38) = (65) with (40) — (62), (39) = (66) with (40) —

(3) & (1): By (8), (9), (10) and (11), system (1) is consistent if and only if (40)—(66)

hold. O

By utilizing the simultaneous decomposition, we give out some necessary and suf-
ficient conditions for system (1) to be solvable. However, it is hard to verify the condi-
tions (40)—(66) because the amount of them is huge. It is easy to check conditions (12)—(39).
In terms of conditions (40)-(66), we put more emphasis on their mutual verification with
(12)—(39). In addition, by making use of the decomposition, we can obtain some useful
properties related to the general solution. We refer the readers to [5].

3. The General Solution to System (1)

In this section, we detail the general solution to system (1) by using the partitioned
matrix, and Algorithm 1 which clearly illustrate the steps to obtain the general solution to

system (1) is set up.

Theorem 2. If (12)—(39) or (40)~(66) hold, then X; = Q]'S(;Tj are the general solution to system

(1), wherej =1,2,3,4,5. 5(\] are listed as follows:

X =V, (67)
where
T e o e
DBTD T BT B DB R
@ (’1;"31 (*2;"31 (’3;(31 w3y (’1‘)"32 ?;‘)"32 (’3;(32 w33 (’1‘)"33 ?;’)*’33 (’3))(33
Yy — BT BB BB
1 U 202 0 W% o) ’
O o oG]
wy (’)’(71 Wy (’UX wg3 (’UX73
Hh D 5
Xg1 Xgp Xg3
1 2 3 1 2 3 1 2 2 1 1
L0 T 30 T e
R T T c N O T T
I DO T DO (O SO O B
yO BRSO CR TR hE hB kR
N e R K S B SO L I
o N O T T S
wzy — X7, wzs’ — Xyg wyg — X756  wy7 —Xgy  wpg Xpg
e el D L0 L D
i) g i) i o L0
Xo4 X95 Xg6 Xg7 Xgg  Xgg
(2) (2) (2)
w- (0 ) o
Y. Y. Y.
21 22 23
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Algorithm 1 An algorithm to Find the General Solution to System (1)

1. Input A; € HPiX4i, B; € HPi*Ti1, C; € H*Si, D; € Hb+1%8i, (); € HPI®Si, i =1,2,3,4.
2. Compute the decompositions of (3) and (4) and derive the invertible quaternion matrices

P,S;,Q;, T;,i=1,234andj=1,2,34,5.

Compute X; and O; by X; = Q' X;T; ! and O; = PQ;S;, j = 1,2,3,4,5and i = 1,2,3,4.

Partition Xj, j = 1,2,3,4,5and (;, i = 1,2,3,4.

5. Check whether (12)—(39) or (40)-(66) hold or not. If one of them holds, then proceed

to the following steps.
6.  Compute X; by (67)-(71),j =1,2,3,4,5.

7. Compute X; by X; = Q;X;T}, j = 1,2,3,4,5.

4. A Numerical Example of System (1)

In this section, we show a numerical example of system (1).

Example 1. Let

1 —i k 1 —j 2+k 1 i 2472
A= (2 —2i 2k, A= j 0 3+i-k|,As=| - 0 3+i],
j -k —i 2-k 3-itk 3 2—-j 3—-i 3
-1 j  i-k 2 —i 0 i j i ki
Ay=k 2-kx —i |,Bp=[3 k 1|,Bo=[j 1 2k|Bs=[k i j
i j+k —2+i -2i 0 k -i 3 -1 i j k
1 2 -1 1 2 1 i 2-k
By=| i 2i -i |,g=[(i 20 kx|, G=( - 0 3+Kk],
1+i 2+2i —1-i kK 2k i 24k i—-k -3
1§ -1 -1 Kk j 2 2 -2
G=[ j o i L= j 2-x j+k |,Dj=|-i -1 k |,
242 2 —2+2j —i-k i —2-i i k1
0 j i -i Kk 1 - ok
D, = ~i  j-k —1-i+k|,Ds=|(j 2+k 4—j|,Dy={2 3-2i 2k
1+i—-k 3k k kK i+2j -1 i -k
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—i+7j—k —12 -3k 5—1i+3k
Q= | —7+6i+14j +4k —24—9i+6j—2k 10+4i+7j—2k |,
—5i + 16j — 6k —8-2i+13j  12—8i—2j+5k
9+ 3i +13j + 7k —7—i+7j —18 4 13i — 9j — 15k
Q= [12+8i+13j+3k —2+3i+8j+3k —35+11i—11j—4k |,
10 —4i —2j — 17k —14+6i +18j+k 3+ 21i + 10j + 14k
5+43i+14j+7k  —20+4j—7k  —17+11i —10j — 9k
Q3= | 12410i—3j—2k —5-10i+6j—3k —12—6i—7j—2k |,
27 —10i+24j — 6k  —5+16j — 9k —23 4 18i

10+i—j+2k 18+2i—9j—10k 5—3j+13k
Qp=|1+43i—j—4k —6+9i—4j+9k 5-—7i—7j—4k|.
7+8i—j—k 12415i—j—15k 5—14j+ 11k

Upon examination, (12)—(39) hold. Then, system (1) has a general solution. Note that

1+j —2—i+j i+2k j+k i 2-j
Xp=|[-24i -1+42k i-j |, Xx=| i 1-k -3-k|,

j+2k —i—j 2 2i—j —2-k 1+j

0 2+4i 3+k 2 —i4j 1+i —2—j 24i j—k
Xs=(2-i 1 —i+j|, Xa=[i+j —2—j i-k|, Xs=|2—-i 1-k 1—il,
3+k i—j j-k 1+j k 0 kK 1-k k

is a solution that satisfies system (1).

This experiment is conducted using MATLAB R2023B (MathWorks, Natick, MA, USA)
running on a computer with the Windows 10 operating system.

5. Application of System (1) in Color Image Encryption and Decryption

In section, we make use of system (1) to develop a model which can be used to simultane-
ously encrypt four color images; this idea is similar to the idea put forward in [19].

The model simultaneously encrypting four color images is shown in Figure 1.

Let X1, Xp, X3 and X4 stand for the four encrypted color images, and X5 stand for a
key used for encryption and decryption. It should be noted that X5 can be a color image
and can also be a general quaternion matrix with a proper size). The cipher consists of the
invertible quaternion matrices A;, B;, C; and D;, wherei =1,2,3,4.

Then, we explain the encryption process. First, we randomly select an invertible A;,
B;, C;, D;(i =1,2,3,4) with a proper size, and select a key X5. Then, we perform numerical
calculations on X;(i = 1,2,3,4,5) and A;, B;, C;, D;(i =1,2,3,4) to obtain Q;(i = 1,2,3,4)
according to system (1). In this way, we can obtain the encrypted quaternion numerical
matrices );(i = 1,2,3,4). Based on this encryption process and the general solution to
system (1), shown in Section 3. It is very difficult to correctly find the original color images
when the keys are not disclosed. Hence, the encryption model is effective and secure, since
there are an infinite number of choices of the free terms in the general solution.
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Figure 1. Simultaneous encryption of four color images based on system (1).
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In terms of the decryption process, we have utilized a picture to illustrate it. The
model simultaneously decrypting four color images is shown in Figure 2.

Decrypted color images
= & (i — B o
A — -
A I — I o
s (] — I

Figure 2. Simultaneous decryption of four color images based on system (1).
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In the decryption process, DPX;(i = 1,2,3,4) represent the decrypted color images.
Once the “Key” is given, we can reconstruct the original color images, starting with DPX}
and going through to DPX; based on the process depicted in Figure 2.

Next, we give a numerical example. First, we select four color images to be encrypted
and a key from the set of the sample pictures of MATLAB R2023B. The four images are
“Indiancorn”, “Llama”, “Sevilla” and “Strawberries”, with the key “Yellowlily”. These
original color images are shown in Figure 3.

Original color image
Original color image
Original color image

Indiancorn Sevilla

Original color image

Strawberries Flamingos

Figure 3. The required encrypted original four color images and key.
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Then we carry out the encryption process. Figure 4 shows that the encryption process
makes the original image unrecognizable.

Omega4 Omega3 Omega2 Omegal

Real Part 1 Part

Figure 4. Images display of encrypted data.

Next, we carry out the decryption process. The decrypted color images are shown in
Figure 5.

It is easy to see from Figure 5 that the decrypted images are consistent with the original
image in Figure 3. We use the Structural Similarity Index (SSIM) as an indicator to measure
the decryption effect. Upon computation, the SSIM between the original images and the
decrypted images is 1. This shows that the decryption process is effective and the decrypted
images are of excellent quality.

Finally, it should be pointed out that encryption process based on the system of two-
sided coupled generalized Sylvester quaternion matrix equations makes the decryption
process more difficult without a key, and makes the decrypted color images have a stronger
similarity with the original images.

5] 5]

on on /

< <

E E g

o] ko] )

2 3 i

3 3 ’L

) ) ! t
A

Llama

(] (]

sn sn

< <

E E

=) =)

2 2

A A

Sevilla Strawberries

Figure 5. Decrypted color image after algorithm restoration.
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This experiment is conducted using MATLAB R2023B (MathWorks, Natick, MA, USA)
running on a computer with the Windows 10 operating system.
He et al. [19] made use of a system of Sylvester-type quaternion matrix equations

X1A1 — B1Xp =(Cy,
X3A; — BpXp = Cy,
X3A3 — B3Xy = Csg, (72)
XAy — ByX5 = Cy,
XeAs — BsX5 = Cs,

to develop a frame to encrypt five color images simultaneously, where A;, B;, and C; are
given quaternion matrices. The advantages of the encrypted frame developed by system
(1) is more complex and safe than system (72). Beyond that, the decrypted images of the
frame developed by system (1) is much more similar to the original images than the those
of system (72), indicated by comparing the PSNR. The PSNR of the result of our frame is
over 200, and is much larger than the result of the frame referred in [19]. The disadvantage
of our frame is that it deals with four images simultaneously, which is less than the frame
referred in [19]. If one wants to deal with more images, the simultaneous decomposition
for more quaternion matrices should be considered.

6. Conclusions

In this paper, we study the solvability conditions and general solutions to a system of
two-sided coupled Sylvester-type quaternion matrix equations

AiX;Ci+BiX;11D; =0, i=1,2,3,4,

in terms of the partition of quaternion matrices. Meanwhile, we show the equivalent
relationship between the rank conditions of the coefficient matrices and the partitioned
matrix conditions of the quaternion matrices. We also develop an algorithm to compute the
general solution to the system. In addition, we give a numerical example. We also make
use of system (1) to build a model that can be used to simultaneously encrypt and decrypt
four color images.

We have shown that the simultaneous decomposition of multiple quaternion matrices
play an important role in data storage and transmission. Our future work will include
extending the simultaneous decomposition of eight quaternion matrices to the simultaneous
decomposition of nine quaternion matrices or more, using the simultaneous decomposition
of eight quaternion matrices to study the variations of system (1) to adapt to some specific
physical systems.
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