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Abstract

:

In this paper, we propose a discrete Hamilton–Jacobi theory for (discrete) Hamiltonian dynamics defined on a (discrete) contact manifold. To this end, we first provide a novel geometric Hamilton–Jacobi theory for continuous contact Hamiltonian dynamics. Then, rooting on the discrete contact Lagrangian formulation, we obtain the discrete equations for Hamiltonian dynamics by the discrete Legendre transformation. Based on the discrete contact Hamilton equation, we construct a discrete Hamilton–Jacobi equation for contact Hamiltonian dynamics. We show how the discrete Hamilton–Jacobi equation is related to the continuous Hamilton–Jacobi theory presented in this work. Then, we propose geometric foundations of the discrete Hamilton–Jacobi equations on contact manifolds in terms of discrete contact flows. At the end of the paper, we provide a numerical example to test the theory.
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1. Introduction


This work lies at the intersection among the geometric Hamilton–Jacobi (abbreviated as HJ) theory, discrete dynamics and contact geometry. An HJ theory for discrete Hamiltonian dynamics on contact manifolds was missing in the literature, which is why our aim in this work is to fill this gap by introducing a discrete HJ equation for discrete contact Hamiltonian dynamics. Additionally, we shall examine the geometric foundations of the discrete HJ equation. Accordingly, we shall propose a geometric discrete HJ theorem in the contact framework.



The Hamilton–Jacobi equation was first given for classical and continuous Hamiltonian dynamics on symplectic manifolds [1,2]. More recently, a geometrization of the HJ equation was established in [3] and later in [4]. Let us stress that by geometrization, we mean the process of expressing the equation in a coordinate-independent form, which entails representing the equation by associating it with specific objects and relationships on the appropriate manifolds.



Long story short, the Hamilton–Jacobi equation (HJ equation) is a formulation of classical mechanics equivalent to other formulations, such as Newton’s equations, or Lagrangian or Hamiltonian mechanics. Our particular choice of the HJ theory to solve the dynamics is rooted in its particular use, for the identification of conserved quantities, of a mechanical system [2], as well as symmetries. The HJ theory is mediated by a generating function, which is key to proposing canonical transformations and a connection to quantum mechanics. Another interesting aspect of the HJ formulation is that generating functions provide transformations which allow us to inspect the integrability properties of the dynamics by using action angle coordinates. Let us take the triple   (  T ∗  Q , ω , H )  , where    T ∗  Q   is our   2 n  -dimensional phase space,  ω  is a non-degenerate   ( 0 , 2 )  -skew-symmetric tensor (the canonical symplectic form) and h plays the role of a Hamilton function on M.



The standard formulation of the Hamilton–Jacobi theory (HJ theory) consists on finding a function   S ( t ,  q i  )  , known as the generating function, such that


     ∂ S   ∂ t    + H   q i  ,    ∂ S   ∂  q i      = 0 ,  



(1)




where   H = H (  q i  ,  p i  )   is the Hamiltonian function of the system. If the function S is separable in space and time,


  S = W (  q 1  , ⋯ ,  q n  ) − E t  



(2)




where E is the total energy of the system; Equation (1) can be rewritten as [2,5]


  H    q  i  ,    ∂ W   ∂   q  i      = E .  



(3)







Equations (1) and (3) are the so-called t-dependent and time-independent Hamilton–Jacobi equations, respectively.



The Hamilton–Jacobi equation is a useful instrument to solve the dynamics of the system. Indeed, solving


        q ˙   i     =    ∂ h   ∂  p i     ,        p ˙  j     = −    ∂ h   ∂  q j     .      



(4)




is equivalent to solving (3). Indeed, if we find a solution W of (3), then any solution of (4) gives a solution to the Hamilton equations by taking    p i  = ∂ W / ∂   q  i  .  



If we aim at formulating the HJ equation from a geometric point of view, the primordial observation is that if a Hamiltonian vector field   X H   can be projected into the configuration manifold by means of a one-form   d W  , then the integral curves of the projected vector field   X  H   d W    can be transformed into integral curves of   X H   provided that W is a solution of (3) [4,6,7,8]. [image: Mathematics 12 02342 i001]



Depending on the choice of E, we will be constructing different HJ theories on different types of manifolds. For instance, if   E =  T ∗  Q  , we retrieve the classical HJ equation on a symplectic manifold (3). The diagram above can be reformulated on a contact manifold, a cosymplectic manifold, a discrete symplectic manifold, etc. [9,10,11,12,13,14,15,16,17,18]. We refer to two recent surveys [19,20] (and references therein) for a contemporary view of the current geometric HJ theory.



In this paper, we will develop an HJ theory for discrete contact mechanics. In the discrete realm, the formulation could be constructed with the aid of a commutative diagram like the one above or by finding a generating function that renders the dynamics trivial. Since the definition of discrete vector fields is not straightforward, not to say very little studied, we will make use of the second approach.



Concerning the discrete formulation of mechanics, in recent years, there has been a growing trend in providing proper discrete analogs of continuous differential equations and designing numerical methods adapted to the type of discretization pursued, as well as the type of differential equations that are dealt with. Numerical methods have shown their utility in solving equations that cannot be managed analytically [21,22].



Discretizing a Hamilton–Jacobi formulation is essential for practical computations, especially in complex systems where analytical solutions are not feasible. It enables numerical simulations, optimization and control; preserves geometric properties; and facilitates the study of both classical and quantum systems. Through various discretization techniques, the Hamilton–Jacobi formulation can be adapted to computational methods, making it a powerful tool in scientific and engineering applications. For example, many modern control systems, such as those in robotics, aerospace and automotive applications, use digital controllers. These controllers operate on discrete-time signals, making the discretization of continuous-time models necessary.



In the branch of geometric mechanics, we deal with a plethora of geometric structures that provide different underlying geometric properties to dynamical systems. This is why when one discretizes a dynamical system, one has to make sure that the discretization is compatible with the geometric structure and that we are applying specific methods that preserve the geometric structure. These specific methods are known as geometric integrators [23,24]. For example, in classical mechanics, there exist numerical methods that preserve the symplectic structure when one works on a phase space [25,26], and other methods are energy-preserving numerical methods [27], momentum-preserving methods [28], etc. Here, we will use very simple numerical integration techniques, as it is the explicit Euler method. The stiffness of our HJ equations has widely varying timescales than can lead to numerical instability if the step size is not chosen appropriately, which is why we carefully chose step sizes in our numerical examples.



Contact geometry is a popular theme in the recent literature, being widely used to describe mechanical dissipative systems, dissipative field theories and generalizations of the Hamilton principle [29,30,31,32,33,34,35]. Some of the main uses of contact geometry and its main characteristics can be consulted in [36]. The dissipative character of the formalism provides an important geometric foundation for irreversible dynamics, especially thermodynamics. Here is an incomplete list of works related to contact mechanics and its role in thermodynamics [37,38,39,40,41,42].



To propose a discrete Hamilton–Jacobi theory on a contact manifold as we shall, one needs to first review the discrete formulation of mechanics on the Lagrangian side [43]. This leads to the discretization of Lagrangian and Hamiltonian systems, as well as the variational principles for dynamical systems and principles of critical action on both the tangent and cotangent bundle [44,45]. Such discretizations have led to discretized versions of Noether’s theorem, Legendre transformations, infinitesimal symmetries, etc. The discretization of the Hamiltonian formulation has given rise to optimal control problems by developing a discrete maximum principle that yields discrete necessary conditions for optimality. Furthermore, discrete Hamiltonian theories have been particularly useful in distributed network optimization and derivation of variational integrators [46]. The geometry of the space is also key to performing better discretizations. For this matter, it is important to rely on symmetries and invariants of the geometric space [47]. In this work, we preserve the contact structure under discretization. Some very recent works addressing discrete Lagrangian and Hamiltonian dynamics on contact settings are [48,49,50,51,52]. In these works, one can see the discrete generalized Lagrangian (Herglotz) dynamics on the extended tangent bundle as well as the discrete Hamiltonian dynamics on a contact manifold. Since these works are fundamental for the present study, we shall give a quick review of the theories in the main body of the paper.



We refer to [53] for the discrete HJ equation on a symplectic manifold. In [53], the HJ equation is derived by employing discrete symplectic flows. In the present work, in similar fashion, we extend this discussion to contact geometry. The role of the discrete symplectic flows will be played by discrete contact flows analogously.



More recently, in [11], the geometrization of the discrete HJ equation in [53] has been established in the symplectic category. In this regard, it is possible to consider the present work as a continuation or an extension of the works [11,53] to contact geometry and discrete contact Hamiltonian dynamics. In the present paper, we both derive the discrete HJ equation on contact manifolds and then proceed with its geometrization.



The main body of this work contains three sections. In the upcoming section, Section 2, we shall first review the fundamental principles of contact manifolds as well as Lagrangian and Hamiltonian dynamics on contact manifolds, in order to fix the notation. In Section 2.4, we shall provide an HJ theorem for contact Hamiltonian dynamics. We shall start Section 3 by presenting discrete Lagrangian and Hamiltonian contact dynamics. In Section 3.3, we shall present our main result, which is a Hamilton–Jacobi equation for discrete contact Hamiltonian dynamics. We shall prove this result in terms of discrete contact flows. In Section 3.4, a geometrization of the HJ is provided. In Section 4, we conclude this work by proposing a numerical example applied to the well-known parachute equation in contact dynamics. To avoid mathematical conflict and without loss of generalization, we assume all objects to be smooth and globally defined unless stated otherwise. Manifolds are connected and differentiable.




2. Fundamentals of Continuous Contact Dynamics


In this section, we first recall briefly the main definitions and results of the theory of Lagrangian and Hamiltonian dynamics on contact manifolds following [29,31,32]. Later, we introduce a geometric Hamilton–Jacobi theory for Hamiltonian dynamics on contact manifolds. This novel theorem will be the continuous version of the discrete HJ theorem that will be presented in the upcoming section.



2.1. Contact Manifolds


We call a contact manifold a pair   ( M , η )  , where M is an odd-dimensional manifold, say,   ( 2 n + 1 )  -dimensional, with a contact form  η , i.e., a one-form on M such that   η ∧ d  η n  ≠ 0   is a volume form. This type of manifold has a distinguished vector field, the Reeb vector field  R , which is the unique vector field that satisfies the following two identities:


   i R  d η = 0 ,  η  ( R )  = 1 .  



(5)




There exists a Darboux coordinate system    ( q , p , s )  =  (  q i  ,  p i  , s )    on M (with i ranging from 1 to n) such that the contact one-form reads


  η = d s − p · d q .  



(6)




In these coordinates, we have   R =  ∇ s  = ∂ / ∂ s  . This local observation provides an example of a contact manifold as the extended cotangent bundle


   T ∗  Q × R , η = d s −  θ Q   



(7)




where   θ Q   is the pullback of the tautological one-form of    T ∗  Q  .



Musical morphisms. For a contact manifold   ( M , η )  , there is a musical isomorphism


  ♭ : T M ⟶  T ∗  M ,  v ↦  ι v  d η + η  ( v )  η .  



(8)




This mapping takes the Reeb field  R  to the contact one-form  η . We denote the inverse of this mapping by ♯. Referring to this, we define a bivector field  Λ  on M as


  Λ ( α , β ) = − d η ( ♯ α , ♯ β ) .  



(9)




Then, referring to  Λ , we introduce the following musical mapping:


   ♯ Λ  :  T ∗  M ⟶ T M ,  α ↦ Λ  ( α , • )  = ♯ α − α  ( R )  R .  



(10)




Evidently, the mapping   ♯ Λ   fails to be an isomorphism. Notice that the kernel is spanned by the contact one-form  η .



Legendrian submanifolds. Let   ( M , η )   be a contact manifold. Recall the associated bivector field  Λ  defined in (9). Consider a linear subbundle  Ξ  of the tangent bundle   T M   (that is, a distribution on M). We define the contact complement of  Ξ  as


   Ξ ⊥  : =  ♯ Λ   (  Ξ o  )  ,  



(11)




where the sharp map on the right-hand side is the one in (10) and   Ξ o   is the annihilator of  Ξ . We say that N is Legendrian if   T  N ⊥  = T N  .



Consider the contact manifold    T ∗  Q × R   in (7), and let W be a real valued function on the base manifold Q. Its first prolongation is


    J  1  W : Q ⟶  T ∗  Q × R ,  q ↦  q ,  W q  , W  ( q )   ,  



(12)




where    W q  = d W  ( q )   . The image space of the first prolongation     J  1  W   is a Legendrian submanifold of    T ∗  Q × R  . The converse of this assertion is also true, that is, if the image space of a section of    T ∗  Q × R → Q   is a Legendrian submanifold, then it is the first prolongation of a function W.



Contact diffeomorphisms. Let   ( M , η )   and   (  M ^  ,  η ^  )   be two contact manifolds. A diffeomorphism  φ  from M to   M ^   is said to be a contact diffeomorphism (or contactomorphism) if it preserves the contact structures, that is,   T φ  ( ker η )  = ker  η ^   . In terms of contact forms, a contact diffeomorphism  φ  is the one satisfying


   φ ∗   η ^  = μ η .  



(13)




where  μ  is a conformal factor. If we additionally impose that the conformal factor  μ  in definition (13) has to be equal to one, we arrive at the conservation of the contact form. We call such a mapping a strict contact diffeomorphism (or quantomorphism).



Consider two contact manifolds   ( M , η )   and   (  M ^  ,  η ^  )  . A contact product is the product manifold    M ^  × M × R   with a contact one-form   τ  η ^  ⊖ η  , where  τ  is a global coordinate on  R  [54]. The operator ⊖ is presented in (15). It is possible to validate that the graph of a contact diffeomorphism  φ  is a Legendrian submanifold of the contact product    M ^  × M × R   [54].



Generating functions for Legendrian submanifolds. In particular, consider two same-dimensional extended cotangent bundles    T ∗  Q × R   and    T ∗   Q ^  ×  R ^    equipped with Darboux’ coordinates   ( q , p , s )   and   (  q ^  ,  p ^  ,  s ^  )  , respectively. Then, we determine the contact product     T ∗   Q ^  ×  R ^   ×   T ∗  Q × R  × R   of these two contact manifolds and consider it a fiber bundle over the product manifold    Q ^  × Q × R   given by


    T ∗   Q ^  ×  R ^   ×   T ∗  Q × R  × R ⟶  Q ^  × Q × R ,   (  q ^  ,  p ^  ,  s ^  ; q , p , s ; τ )  ↦  (  q ^  , q ,  s ^  )  ,  



(14)




where  τ  is the coordinate on the extended  R . In the contact product manifold, the product contact one-form is defined to be


  τ  η ^  − η = τ  ( d  s ^  −  p ^  · d  q ^  )  −  ( d s − p · d q )  .  



(15)




By determining the isomorphism


    T ∗   Q ^  ×  R ^   ×   T ∗  Q × R  × R ≃  T ∗   (  Q ^  × Q × R )  × R ,  



(16)




we provide Darboux coordinates for the contact product manifold as


   (  q ^  , q ,  s ^  ;  π ^  , π ,  π ^  ; z )  =  (  q ^  , q ,  s ^  ; τ  p ^  , − p , − τ ; − s )  .  



(17)




where   (  q ^  , q ,  s ^  ;  π ^  , π ,  π ^  )   are the bundle coordinates of the cotangent bundle    T ∗   (  Q ^  × Q × R )    induced by the coordinates   (  q ^  , q ,  s ^  )   on    Q ^  × Q × R  . This enables us to recast the contact one-form in (15) in the canonical form given in (6), so that the one-form in (15) turns out to be


  τ  η ^  − η = d z −  π ^  · d  q ^  − π · d q −  π ^  d  s ^  .  



(18)




On the base manifold    Q ^  × Q × R  , we define a smooth function in the form


  W  (  q ^  , q ,  s ^  )  =  s ^  + S  (  q ^  , q ,  s ^  )  .  



(19)




for a function S, which is the generating function of the discrete contact transformation, and the relation between the new contact variables and the old ones is given in (21) and mediated by S. The theory states that the image space of the first jet     J  1  W   is a Legendrian submanifold of the contact product manifold in (14). The contact diffeomorphism determined by the Legendrian submanifold   i m (   J  1  W )   is computed to be


   T ∗  Q × R ⟶  T ∗   Q ^  ×  R ^  ,   ( q , p , s )  ↦  (  q ^  ,  p ^  ,  s ^  )   



(20)




where one has the following identifications:


  p =  D 2  S  (  q ^  , q ,  s ^  )  ,  s =  s ^  + S  (  q ^  , q ,  s ^  )  ,   p ^  = −     D 1  S  (  q ^  , q ,  s ^  )    1 +  D 3  S  (  q ^  , q ,  s ^  )     ,  



(21)




where    D i  S   represents the partial derivative of S with respect to its i-th entry.




2.2. Contact Lagrangian Dynamics


Now, we review the Lagrangian picture of contact systems. Although the Hamilton–Jacobi theory we will develop is based on a discrete contact Hamiltonian, we would like to start with the revision of contact Lagrangian mechanics from Herglotz’s action giving rise to Herglotz’s equations. From the Lagrangian picture, we will turn by a Legendre transformation to the Hamiltonian contact equations, which are also Herglotz’s equations, in the case where the Lagrangian is regular. Let us see this. In [55], one can find the case of singular Lagrangians. Let Q be an n-dimensional configuration manifold, and consider the extended tangent bundle   T Q × R  . If   q = (  q i  )   is a local coordinate system, then the induced coordinates on the   ( 2 n + 1 )  -dimensional manifold   T Q × R   are   ( q ,  q ˙  , s )  .



Herglotz’s action and Herglotz’s equation. Consider two points   q 0   and   q T   on Q, a Lagrangian L on the extended tangent bundle   T Q × R   and the following initial value problem:


     d s   d t    = L  q ,    d q   d t    , s  ,  s  ( 0 )  =  s 0  ,  



(22)




where   q = q ( t )   is the curve containing   q 0   and   q T   as initial and final points, i.e.,   q  ( 0 )  =  q 0    and   q  ( T )  =  q T   , with   0 ≤ t ≤ T  . Evidently, the Cauchy problem (22) will be different for different curves   q ( t )  . So, a solution   s = s ( t )   to the problem depends on the curve   q ( t )   substituted in the Lagrangian function.



Let    A ∞   ( Q )    be the space of all smooth curves on Q joining   q 0   and   q T  . This space depends on the end points, but we omit this fact in the notation.    A ∞   ( Q )    is an infinite-dimensional manifold. According to the Cauchy problem in (22), for every initial value   s  ( 0 )  =  s 0   , we determine Herglotz’s action as a map from the product space    A ∞   ( Q )  × R   to the real numbers as follows:


   A ∞   ( Q )  × R → R ,   ( q ,  s 0  )  ↦ s  ( T )  − s  ( 0 )  =  ∫  0  T     d s   d t    d t =  ∫  0  T  L  q ,    d q   d t    , s  d t .  



(23)




The extreme values of the action are the curves   q = q ( t )   solving Herglotz’s (generalized Euler–Lagrange) equations [34,35,56]


    d  d t     L  q ˙   −  L q  =  L s   L  q ˙   .  



(24)








2.3. Contact Hamiltonian Dynamics


Consider a contact manifold   ( M , η )  . For a Hamiltonian function H, the contact Hamiltonian vector field is defined in terms of the contact one-form  η  as


   ι  X H   η = − H ,   ι  X H   d η = d H − R  ( H )  η ,  



(25)




where  R  is the Reeb vector field. A direct computation determines that a Hamiltonian flow does not preserve the contact one-form


   L  X H   η = d  ι  X H   η +  ι  X H   d η = − R  ( H )  η .  



(26)







Notice that according to (26), the flow of a contact Hamiltonian system preserves the contact structure, which is defined to be the kernel of the contact one-form.   X H   does not preserve the Hamiltonian function nor the volume form   d  η n  ∧ η  . Instead, we obtain


   L  X H    H = − R  ( H )  H ,   L  X H     ( d  η n  ∧ η )  = −  ( n + 1 )  R  ( H )  d  η n  ∧ η .  



(27)







As shown previously, all contact manifolds locally resemble the extended cotangent bundle    T ∗  Q × R  . In this local view   ( q , p , s )  , the Hamiltonian vector field turns out to be


   X H  =  H p  ·  ∇ q  −   H q  + p  H s   ·  ∇ p  +  p ·  H p  − H   ∇ s  ,  



(28)




where   ∇ q  ,   ∇ p   and   ∇ s   are the partial derivatives with respect to the coordinates in the corresponding sub-indices. Thus, an integral curve   ( q ( t ) , p ( t ) , s ( t ) )   of   X H   satisfies the contact Hamilton equations


     d q   d t    =  H p  ,     d p   d t    = −   H q  + p  H s   ,     d s   d t    = p ·  H p  − H .  



(29)







The Legendre transformation. The fiber derivative   F L   of a Lagrangian function L determines a mapping from the extended tangent bundle to the extended cotangent bundle as


  F L : T Q × R ⟶  T ∗  Q × R ,   ( q ,  q ˙  , s )  ↦  ( q ,  L  q ˙   , s )  .  



(30)




See that for a regular Lagrangian,   F L   is a contactomorphism from the contact manifold   T Q × R   equipped with the contact one-form    η L  =   ( F L )  ∗  η   to the contact manifold    T ∗  Q × R   equipped with  η  in (7). By regular Lagrangian, we mean a Lagrangian such that   F L   is a local diffeomorphism. In this situation, we can define the corresponding Hamiltonian function as


  H :  T ∗  Q × R → R ,  H =  q ˙  ·  L  q ˙   − L .  



(31)




A direct computation proves that the contact Hamilton equations are the Herglotz’s equations; they coincide for regular Lagrangian functions. For the Legendre transformation of non-regular cases, we cite [30,55,57].




2.4. A Continuous Geometric Hamilton–Jacobi Theory on Contact Manifolds


We start with the fibration   Q ↦ R  , whose first jet bundle is the extended cotangent bundle    T ∗  Q × R  . In this case, the fibration is given by the target map


  ρ :  T ∗  Q × R ⟶ Q ,   ( z , s )  ↦  π Q   ( z )  ,  



(32)




where   π Q   is the cotangent bundle projection. The first prolongation of a smooth function F on Q is a section of the projection  ρ . We write the first prolongation as


  γ =   J  1  F : Q ⟶  T ∗  Q × R ,  q ↦  ( q ,  F q  , F  ( q )  )  .  



(33)







Notice that    T ∗  Q × R   is a contact manifold and the image space of the first prolongation  γ  is a Legendrian submanifold of this space.



Consider a section  γ  in form (33) and a contact Hamiltonian vector field   X H   given as in (28). We define a vector field


   X  H  γ  : = T ρ ∘  X H  ∘ γ ,  



(34)




on the base manifold Q according to the commutativity of the following diagram:


[image: Mathematics 12 02342 i002]



(35)




where   T ρ   is the tangent mapping of the fibration  ρ  in (32). Next, we recall a geometric Hamilton–Jacobi theorem for contact Hamiltonian dynamics (see [58]).



Theorem 1.

For the first prolongation γ of a function F on Q, the following two conditions are equivalent:




	
The vector fields   X H   and   X H γ   are γ-related, that is,


   T γ ∘  X H γ  =  X H  ∘ γ   



(36)







where   T γ : T Q ↦ T (  T ∗  Q × R )   is the tangent mapping of the section γ.



	
The equation


   H ∘ γ = 0   



(37)







is fulfilled.










Proof. 

We prove this theorem in local coordinates. The restriction of the Hamiltonian vector field   X H   to the image of  γ  is computed to be


      X H  ∘ γ  ( q )      =  q ,  F q  , F  ( q )  ;  H p   |  i m ( γ )   , −  H q   |  i m ( γ )   −  H s   F q   |  i m ( γ )   ,  F q  ·  H q   |  i m ( γ )   − H  |  i m ( γ )    .     



(38)




By using   T ρ  , we map this vector field down to the tangent bundle of Q. This is the projected vector field in (34), that is,


   X H γ   ( q )  =  H p   |  i m ( γ )   ·  ∇ q  .  



(39)




On the other hand, the tangent mapping of the section  γ  is computed to be


  T γ  ( q ;  q ˙  )  =  q ,  F q   ( q )  , F  ( q )  ;  q ˙  ,  F qq   ( q )   q ˙  ,  F q   ( q )  ·  q ˙   ,  



(40)




where the notation    F qq   ( q )   q ˙    stands for the multiplication of the Hessian matrix   F qq   with the column vector   q ˙  . Accordingly, the left-hand side of Equation (36) is computed to be


     T γ ∘  X H γ   ( q )      =  q ,  F q   ( q )  , F  ( q )  ;  H p   |  i m ( γ )   ,  F qq   H p   |  i m ( γ )   ,  F q  ·  H q   |  i m ( γ )    .     



(41)




To satisfy (36), the expressions in (38) and (41) must be the same. The first three entries of these local realizations are the same. The first of the fiber variables (which coincides with the fourth entries) are also the same. See that the fifth and the sixth entries of (38) and (41) are not equal. The fifth entries are equal if and only if


   F qq   H p   |  i m ( γ )   +  H q   |  i m ( γ )   +  H s   F q   |  i m ( γ )   = 0 .  



(42)




See that identity (42) can be compactly written as   d ( H ∘ γ ) = 0  . This gives that H turns out to be a constant if it is restricted to the image space of the first prolongation  γ . On the other hand, the sixth entries are the same if and only if H is not only constant, but it also vanishes on the image space of the first prolongation  γ . This is the second condition (37). The inverse of the assertion is proved by reversing the arguments. This completes the proof. □





There exist alternative versions of the geometric HJ theory for contact manifolds where the base space is considered to be the extended configuration space   Q × R  . To check these versions, we refer to [11,58,59], which include intrinsic proof.





3. Discrete Contact Dynamics


In this section, we first recall discrete Lagrangian and Hamiltonian dynamics on the contact framework. The definitions and the approach we adopt are the ones displayed in [48,49,50,51]. We also wish to cite [52]. Then, we introduce the HJ theory for discrete Hamiltonian dynamics. This is the contact version of the approach performed in [53] for the case of symplectic manifolds. In accordance with this, we state a geometric Hamilton–Jacobi theory. This is a contact generalization of the one presented in [11]. One could start with a definition of a discrete contact manifold, but there is no such concept defined so far. Intuitively, let us say that for us, a discrete contact manifold will be the set of discrete positions, momenta and discrete external parameter. Let us introduce such notation in the following paragraphs.



3.1. Discrete Contact Lagrangian Dynamics


In the framework of discrete dynamics, the role of differentiable curves in a configuration manifold Q is played by the finite sequences of points in Q. Therefore, we are interested in the space of sequences consisting of   N + 1   points, denoted by    S  N + 1    ( Q )   . It is interesting to note that    S  N + 1    ( Q )    is a manifold isomorphic to the number of copies   N + 1   of Q, denoted by   Q  N + 1   . We denote such a sequence by a set    [ q ]  =  {  q 0  , ⋯ ,  q N  }   , which is a point in   Q  N + 1   . Here,   q 0   is the initial point of the sequence, whereas   q N   is the end point. We use the sub-index   q κ   to denote the location of the point in the sequence from   κ = 0   to   κ = N  . We call   [ q ]   a discrete curve.



Herglotz’s action and Herglotz’s equation. A discrete Lagrangian in this framework is a real valued function   L d   defined on the product space   Q × Q × R  . Comparing with the continuous case, we see that in this geometry, the role of the tangent bundle   T Q   is played by the pair   Q × Q  . More technically, the discrete Lagrangian   L d   is an approximation of the exact contact discrete Lagrangian   L  d   e x   , which is defined to be


   L  d   e x    (  q κ  ,  q  κ + 1   ,  s κ  )  =  ∫   t κ    t  κ + 1     L  q ,    d q   d t    ,  s κ   d t   



(43)




where  q  is a solution of the continuous Herglotz Equation (24) with boundary conditions   q  (  t κ  )  =  q κ    and   q  (  t  κ + 1   )  =  q  κ + 1    . To each discrete curve   [ q ]   and for a fixed initial value point   s 0  , we introduce the discrete Cauchy problem as


   s κ  −  s  κ − 1   =  L d   (  q  κ − 1   ,  q κ  ,  s  κ − 1   )  ,   s 0  = s  ( 0 )  ,  



(44)




where  κ  runs from 1 to N. We determine the discrete Herglotz’s action as a map from the product space    S  N + 1    ( Q )  × R   to the real numbers, that is,


   S  N + 1    ( Q )  × R ⟶ R ,   (  [ q ]  ,  s 0  )  ↦  s N  −  s 0  =  ∑  κ = 0   N − 1    L d   (  q κ  ,  q  κ + 1   ,  s κ  )  .  



(45)




The extreme values of the discrete action in (45) are curves solving the discrete Herglotz’s (generalized discrete Euler–Lagrange) equations


         D 1   L d   (  q κ  ,  q  κ + 1   ,  s κ  )  +  1 +  D 3   L d   (  q κ  ,  q  κ + 1   ,  s κ  )    D 2   L d   (  q  κ − 1   ,  q κ  ,  s  κ − 1   )  = 0           s κ  −  s  κ − 1   =  L d   (  q  κ − 1   ,  q κ  ,  s  κ − 1   )  ,   s 0  = s  ( 0 )  ,     



(46)




provided that   1 +  D 3   L d  ≠ 0  . Here,    D i   L d    refers to the partial derivative of the discrete Lagrangian with respect to its i-th entry.



The discrete Legendre transformation. Assume a discrete Lagrangian function   L d   satisfying the condition   1 +  D 3   L d  ≠ 0  . We define the following Legendre transformations from the extended discrete space   Q × Q × R   to the extended cotangent bundle    T ∗  Q × R   as


     F  L  d  +      : Q × Q × R ⟶  T ∗  Q × R ,          (  q κ  ,  q  κ + 1   ,  s κ  )  ↦   q  κ + 1   ,  D 2   L d   (  q κ  ,  q  κ + 1   ,  s κ  )  ,  s κ  +  L d   (  q κ  ,  q  κ + 1   ,  s κ  )         F  L  d  −      : Q × Q × R ⟶  T ∗  Q × R ,          (  q κ  ,  q  κ + 1   ,  s κ  )  ↦   q κ  , −     D 1   L d   (  q κ  ,  q  κ + 1   ,  s κ  )    1 +  D 3   L d   (  q κ  ,  q  κ + 1   ,  s κ  )     ,  s κ   .     



(47)




So, we have two alternative definitions of the momenta given as


   p  κ − 1 , κ , κ  +  =  D 2   L d   (  q  κ − 1   ,  q κ  ,  s κ  )  ,   p  κ , κ + 1 , κ  −  = −     D 1   L d   (  q κ  ,  q  κ + 1   ,  s κ  )    1 +  D 3   L d   (  q κ  ,  q  κ + 1   ,  s κ  )     .  



(48)




In light of the discrete Herglotz’s Equation (46), one can directly establish the momentum matching equation


  F  L  d  +   (  q κ  ,  q  κ + 1   ,  s κ  )  = F  L  d  −   (  q  κ + 1   ,  q  κ + 2   ,  s  κ + 1   )  .  



(49)




So, in this case, one can define the momenta


   p κ  : =  p  κ − 1 , κ , κ  +  =  p  κ , κ + 1 , κ + 1  −  .  



(50)




A discrete Lagrangian   L d   is called regular if the Hessian matrix obtained by taking the partial derivatives of   L d   is non-degenerate, that is,


  det [  D 2   D 2   L d   (  q  κ − 1   ,  q κ  ,  s κ  )  ] ≠ 0 .  



(51)




Equivalently, a discrete Lagrangian is a regular Lagrangian if the Legendre transformations in (47) become invertible.



Diffeomorphisms. Consider a regular discrete Lagrangian function   L d  ; referring to the discrete Legendre mappings in (47), one can define a local diffeomorphism on the extended discrete space as


    Φ    : Q × Q × R ⟶ Q × Q × R ,          (  q κ  ,  q  κ + 1   ,  s κ  )  ↦  (  q  κ + 1   ,  q  κ + 2   ,  s  κ + 1   )  : =   ( F  L  d  −  )   − 1   ∘ F  L  d  +   (  q κ  ,  q  κ + 1   ,  s κ  )  .     



(52)




Similarly, one can define a diffeomorphism on the extended cotangent bundle as follows:


   Φ ˜  : = F  L  d  +  ∘   ( F  L  d  −  )   − 1   .  



(53)




A direct comparison shows that the diffeomorphism  Φ  given in (52) and the diffeomorphism   Φ ˜   given in (53) are related by the Legendre transformations


   Φ ˜  = F  L  d  +  ∘ Φ ∘   ( F  L  d  +  )   − 1   ,   Φ ˜  = F  L  d  −  ∘ Φ ∘   ( F  L  d  −  )   − 1   .  



(54)




In order to be more specific about the diffeomorphism, we plot the following commutative diagram.


[image: Mathematics 12 02342 i003]



(55)




See that in this diagram, in the bottom row, we have the flow on the extended cotangent bundle    T ∗  Q × R  , whereas the top row corresponds to the flow on the extended discrete space   Q × Q × R  . Here, the Legendre transformations establish the equivalency between the flows.




3.2. Discrete Contact Hamiltonian Dynamics


To derive Hamiltonian dynamics, we use the fact that a discrete contact Lagrangian is essentially a generating function of type one [1] and that we can apply the defined Legendre transformations to the discrete Lagrangian to find a discrete Hamiltonian [1,2]. We start with the definition of momentum   p  κ + 1    and the local inversion operation  Ψ  in order to obtain   q  κ + 1    in terms of   p  κ + 1   .


   p  κ + 1   =  D 2   L d   (  q κ  ,  q  κ + 1   ,  s κ  )  ,   q  κ + 1   = Ψ  (  q κ  ,  p  κ + 1   ,  s κ  )  ,  



(56)




provided that the regularity condition holds, i.e., the operator    D 2   D 2   L d    does not vanish.



Right discrete contact Hamilton equations. Referring to these local identifications, we introduce the right discrete Hamiltonian function on the extended cotangent bundle as


   H d +   (  q κ  ,  p  κ + 1   ,  s κ  )  =  p  κ + 1   ·  q  κ + 1   −  L d   (  q κ  ,  q  κ + 1   ,  s κ  )  .  



(57)




In the above and subsequent expressions, we identify each point in    T ∗  Q × R   with its coordinates. By taking the partial derivatives of the Hamiltonian function   H d +   with respect to its arguments (applying the chain rule referring to (56)), we arrive at the following expressions:


      D 1   H d +   (  q κ  ,  p  κ + 1   ,  s κ  )      = −  D 1   L d   (  q κ  ,  q  κ + 1   ,  s κ  )         D 2   H d +   (  q κ  ,  p  κ + 1   ,  s κ  )      =  q  κ + 1          D 3   H d +   (  q κ  ,  p  κ + 1   ,  s κ  )      = −  D 3   L d   (  q κ  ,  q  κ + 1   ,  s κ  )  .     



(58)




Notice that these equations hold under the identifications in (56). The second equation in the list determines   q  κ + 1   . We substitute the first and third identities in (58) into the discrete Euler–Lagrange Equation (46), and by using (56), we obtain


   p κ  =     D 1   H d +   (  q κ  ,  p  κ + 1   ,  s κ  )    1 −  D 3   H d +   (  q κ  ,  p  κ + 1   ,  s κ  )     .  



(59)




Considering the discrete Cauchy problem in (44) as part of the set, we arrive at the following system of equations, which we call right discrete contact Hamilton equations:


     q  κ + 1      =  D 2   H d +   (  q κ  ,  p  κ + 1   ,  s κ  )  ,       p κ     =     D 1   H d +   (  q κ  ,  p  κ + 1   ,  s κ  )    ( 1 −  D 3   H d +   (  q κ  ,  p  κ + 1   ,  s κ  )  )    ,       s  κ + 1      =  s κ  +  p  κ + 1   ·  D 2   H d +   (  q κ  ,  p  κ + 1   ,  s κ  )  −  H d +   (  q κ  ,  p  κ + 1   ,  s κ  )  .     



(60)







Left discrete contact Hamilton equations. The left discrete Hamiltonian function on the extended cotangent bundle is


   H d −   (  p κ  ,  q  κ + 1   ,  s  κ + 1   )  = −  p κ  ·  q κ  −  L d   (  q κ  ,  q  κ + 1   ,  s  κ + 1   )  .  



(61)




By taking the partial derivatives of the Hamiltonian function   H d −  , we arrive at the following expressions:


      D 1   H d −   (  p κ  ,  q  κ + 1   ,  s  κ + 1   )      = −  q κ         D 2   H d −   (  p κ  ,  q  κ + 1   ,  s  κ + 1   )      =  p  κ + 1          D 3   H d +   (  p κ  ,  q  κ + 1   ,  s  κ + 1   )      = −  D 3   L d   (  q κ  ,  q  κ + 1   ,  s  κ + 1   )  .     



(62)







The second equation in the list determines   p  κ + 1   .


   p  κ + 1   =  D 2   H d −   (  p κ  ,  q  κ + 1   ,  s  κ + 1   )  = −  D 2   L d   (  q κ  ,  q  κ + 1   ,  s  κ + 1   )  .  



(63)




Considering the discrete Cauchy problem in (44) as part of the set, we arrive at the following system of equations, which we call the left discrete contact Hamilton equations:


         q κ  = −  D 1   H d −   (  p κ  ,  q  κ + 1   ,  s  κ + 1   )            p  κ + 1   =  D 2   H d −   (  p κ  ,  q  κ + 1   ,  s  κ + 1   )            s κ  =  s  κ + 1   −  p κ  ·  D 1   H d −   (  p κ  ,  q  κ + 1   ,  s  κ + 1   )  +  H d −   (  p κ  ,  q  κ + 1   ,  s  κ + 1   )      



(64)







From now on, we shall focus on the right discrete dynamics, since everything can be reenacted in terms of left discrete approach straightforwardly.




3.3. Discrete Contact Hamilton–Jacobi Theory


How does one derive a discrete contact Hamilton–Jacobi equation? We will follow the classical steps that one can find in Goldstein’s book [2]. The process for obtaining this equation is rooted in the derivation of a generating function of a coordinate transformation that trivializes the dynamics, as in the classical continuous theory [2]. For this, we need a generating function to introduce a contact diffeomorphism from the contact manifold    T ∗  Q × R   to the contact manifold    T ∗   Q ^  ×  R ^   , that is,


   T ∗  Q × R ⟶  T ∗   Q ^  ×  R ^  ,   (  q κ  ,  p κ  ,  s κ  )  →  (   q ^  κ  ,   p ^  κ  ,   s ^  κ  )  .  



(65)







Recall from (21) that in Section 2.1, we have obtained a generating function defined on the product space    Q ^  × Q ×  R ^   , realizing the transformation. The main result for the generating function is described in the next theorem, following the lines of [53] in the symplectic case.



Theorem 2.

Consider the right discrete contact Hamilton Equation (60) and a discrete phase space   (   q ^  κ  ,  q κ  ,  s κ  )  . Consider also a transformation (65) that satisfies the following:




	1. 

	
The old and new coordinates are related by a generating function    S κ  :  Q ^  × Q ×  R ^  → R   of the type


    p κ  =  D 2   S κ   (   q ^  κ  ,  q κ  ,   s ^  κ  )  ,   s κ  =   s ^  κ  +  S κ   (   q ^  κ  ,  q κ  ,   s ^  κ  )  ,    p ^  κ  = −     D 1   S κ   (   q ^  κ  ,  q κ  ,   s ^  κ  )    1 +  D 3   S κ   (   q ^  κ  ,  q κ  ,   s ^  κ  )     .   



(66)








	2. 

	
The dynamics in the new coordinates   (   q ^  κ  ,   p ^  κ  ,   s ^  κ  )   is rendered trivial, i.e.,


    (   q ^  κ  ,   p ^  κ  ,   s ^  κ  )  =  (   q ^   κ + 1   ,   p ^   κ + 1   ,   s ^   κ + 1   )  .   



(67)













Then, the set of functions   {  S κ  }   satisfies the right discrete contact Hamilton–Jacobi equation


       S  κ + 1    (   q ^  0  ,  q  κ + 1   ,   s ^  0  )      −  S κ   (   q ^  0  ,  q κ  ,   s ^  0  )  −  D 2   S  κ + 1    (   q ^  0  ,  q  κ + 1   ,   s ^  0  )  ·  q  κ + 1          +  H d +   (  q κ  ,  D 2   S  κ + 1    (   q ^  0  ,  q  κ + 1   ,   s ^  0  )  ,   s ^  0  +  S κ   (   q ^  0  ,  q κ  ,   s ^  0  )  )  = 0 .      



(68)









If we prove this theorem, step by step, we will describing the derivation of the discrete HJ equation.



Proof. 

We establish the proof in four steps.



Step 1. Consider the right discrete contact Hamilton equations (60) in the new variables   (   q ^  κ  ,   p ^  κ  ,   s ^  κ  )  , that is,


      q ^   κ + 1      =  D 2    H ^  d +   (   q ^  κ  ,   p ^   κ + 1   ,   s ^  κ  )  ,        p ^  κ     =  D 1    H ^  d +   (   q ^  κ  ,   p ^   κ + 1   ,   s ^  κ  )  /  1 −  D 3    H ^  d +   (   q ^  κ  ,   p ^   κ + 1   ,   s ^  κ  )   ,        s ^   κ + 1      =   s ^  κ  +   p ^   κ + 1   ·  D 2    H ^  d +   (   q ^  κ  ,   p ^   κ + 1   ,   s ^  κ  )  −   H ^  d +   (   q ^  κ  ,   p ^   κ + 1   ,   s ^  κ  )  .     



(69)




These equations can be recast in the form of a total derivative of the right discrete contact Hamiltonian in the following way:


     d   H ^  d +   (   q ^  κ  ,   p ^   κ + 1   ,   s ^  κ  )      =  D 1    H ^  d +   (   q ^  κ  ,   p ^   κ + 1   ,   s ^  κ  )  · d   q ^  κ  +  D 2    H ^  d +   (   q ^  κ  ,   p ^   κ + 1   ,   s ^  κ  )  · d   p ^   κ + 1             +  D 3    H ^  d +   (   q ^  κ  ,   p ^   κ + 1   ,   s ^  κ  )  d   s κ  ^         =   p ^  κ  · d   q ^  κ  +   q ^   κ + 1   · d   p ^   κ + 1   +  D 3    H ^  d +   (   q ^  κ  ,   p ^   κ + 1   ,   s ^  κ  )    η ^  κ      



(70)




where we have employed (69) in the total derivative. More explicitly, we have replaced    D 1    H ^  d +    from the second equation in (69). Notice that we have used the following notation for the discrete contact form:


    η ^  κ  = d   s ^  κ  −   p ^  κ  · d   q ^  κ  .  



(71)







Step 2. Start with the generating function   S =  S κ   (   q ^  κ  ,  q κ  ,   s ^  κ  )    satisfying (66). The total derivative of the generating function is


     d  S κ   (   q ^  κ  ,  q κ  ,   s ^  κ  )      =  D 1   S κ   (   q ^  κ  ,  q κ  ,   s ^  κ  )  · d   q ^  κ  +  D 2   S κ   (   q ^  κ  ,  q κ  ,   s ^  κ  )  · d  q κ  +  D 3   S κ   (   q ^  κ  ,  q κ  ,   s ^  κ  )  d   s ^  κ           = −   p ^  κ  · d   q ^  κ  +  p κ  · d  q κ  +  D 3   S κ   (   q ^  κ  ,  q κ  ,   s ^  κ  )    η ^  κ      



(72)




in which we can introduce    D 1   S k    and    D 2   S k    from (66). We can write the expression for   d  S  κ + 1     as


  d  S  κ + 1    (   q ^   κ + 1   ,  q  κ + 1   ,   s ^   κ + 1   )  = −   p ^   κ + 1   · d   q ^   κ + 1   +  p  κ + 1   · d  q  κ + 1   +  D 3   S  κ + 1    (   q ^   κ + 1   ,  q  κ + 1   ,   s ^   κ + 1   )    η ^   κ + 1    



(73)




where     η ^   κ + 1   = d   s ^   κ + 1   −   p ^   κ + 1   · d   q ^   κ + 1    .



Coming back to the expression of the total derivative of the Hamiltonian in (70), realize that the second term     q ^   κ + 1   · d   p ^   κ + 1     can be written as   d  (   q ^   κ + 1   ·   p ^   κ + 1   )  −   p ^   κ + 1   · d   q ^   κ + 1    . Then, we substitute expressions (72) and (73) into the total derivative of the Hamiltonian function. With these, we can continue the calculation in (70) as follows:


     d   H ^  d +   (    q ^  κ  ,       p ^   κ + 1   ,   s ^  κ   ) =    p ^  κ  · d   q ^  κ  +   q ^   κ + 1   · d   p ^   κ + 1   +  D 3    H ^  d +   (   q ^  κ  ,   p ^   κ + 1   ,   s ^  κ  )    η ^  κ         =   p ^  κ  · d   q ^  κ  −   p ^   κ + 1   · d   q ^   κ + 1   + d  (   q ^   κ + 1   ·   p ^   κ + 1   )  +  D 3    H ^  d +   (   q ^  κ  ,   p ^   κ + 1   ,   s ^  κ  )    η ^  κ         =  p κ  · d  q κ  +  D 3   S κ   (   q ^  κ  ,  q κ  ,   s ^  κ  )    η ^  κ  − d  S κ   (   q ^  κ  ,  q κ  ,   s ^  κ  )          −   p  κ + 1   · d  q  κ + 1   +  D 3   S  κ + 1    (   q ^   κ + 1   ,  q  κ + 1   ,   s ^   κ + 1   )    η ^   κ + 1   − d  S  κ + 1    (   q ^   κ + 1   ,  q  κ + 1   ,   s ^   κ + 1   )           + d  (   q ^   κ + 1   ·   p ^   κ + 1   )  +  D 3    H ^  d +   (   q ^  κ  ,   p ^   κ + 1   ,   s ^  κ  )    η ^  κ  .     



(74)







Step 3. We take the exterior derivative of the second identity in (66). See that


     d  s κ      = d   s ^  κ  + d  S κ   (   q ^  κ  ,  q κ  ,   s ^  κ  )         = d   s ^  κ  +  D 1   S κ   (   q ^  κ  ,  q κ  ,   s ^  κ  )  · d   q ^  κ  +  D 2   S κ   (   q ^  κ  ,  q κ  ,   s ^  κ  )  · d  q κ  +  D 3   S κ   (   q ^  κ  ,  q κ  ,   s ^  κ  )  · d   s ^  κ         = d   s ^  κ  −  ( 1 +  D 3   S κ   (   q ^  κ  ,  q κ  ,   s ^  κ  )  )    p ^  κ  · d   q ^  κ  +  p κ  · d  q κ  +  D 3   S κ   (   q ^  κ  ,  q κ  ,   s ^  κ  )  · d   s ^  κ         =  1 +  D 3   S κ   (   q ^  κ  ,  q κ  ,   s ^  κ  )     η ^  κ  +  p κ  · d  q κ  .     



(75)




So, we arrive at two expressions. One is the relationship between the contact forms in terms of the generating function


   η κ  =  1 +  D 3   S κ   (   q ^  κ  ,  q κ  ,   s ^  κ  )     η ^  κ  .  



(76)




Notice that we have the followings identities:


         p κ  · d  q κ  +  D 3   S κ   (   q ^  κ  ,  q κ  ,   s ^  κ  )    η ^  κ  = d  s κ  −   η ^  κ  ,           p  κ + 1   · d  q  κ + 1   +  D 3   S κ   (   q ^   κ + 1   ,  q  κ + 1   ,   s ^   κ + 1   )    η ^   κ + 1   = d  s  κ + 1   −   η ^   κ + 1   .     



(77)




We continue the calculation in (74) by substituting these equations. Accordingly, we have that


     d   H ^  d +   (   q ^  κ  ,   p ^   κ + 1   ,   s ^  κ  )      =  p κ  · d  q κ  +  D 3   S κ   (   q ^  κ  ,  q κ  ,   s ^  κ  )    η ^  κ  − d  S κ   (   q ^  κ  ,  q κ  ,   s ^  κ  )          −   p  κ + 1   · d  q  κ + 1   +  D 3   S  κ + 1    (   q ^   κ + 1   ,  q  κ + 1   ,   s ^   κ + 1   )    η ^   κ + 1   − d  S  κ + 1    (   q ^   κ + 1   ,  q  κ + 1   ,   s ^   κ + 1   )   )           + d  (   q ^   κ + 1   ·   p ^   κ + 1   )  +  D 3    H ^  d +   (   q ^  κ  ,   p ^   κ + 1   ,   s ^  κ  )    η ^  κ  .        = d  s κ  −   η ^  κ  − d  S κ   (   q ^  κ  ,  q κ  ,   s ^  κ  )   − ( d   s  κ + 1   −   η ^   κ + 1   − d  S  κ + 1   + d  (   q ^   κ + 1   ·   p ^   κ + 1   )          +  D 3    H ^  d +   (   q ^  κ  ,   p ^   κ + 1   ,   s ^  κ  )    η ^  κ  .     



(78)




Since on the image space, i.e., the space with coordinates   (  q ^  ,  p ^  ,  s ^  )  , the dynamics are rendered trivial (67), we take the Hamiltonian function as


    H ^  d +   (   q ^  κ  ,   p ^   κ + 1   ,   s ^  κ  )  =   q ^  κ  ·   p ^   κ + 1   .  



(79)




This gives that the Hamiltonian function is independent of    s ^  κ  , so    D 3    H ^  d +    vanishes identically. We substitute this into (78) and arrive at


     d   H ^  d +      = d  s κ  −   η ^  κ  − d  S κ  −  ( d  s  κ + 1   −   η ^   κ + 1   − d  S  κ + 1   )  + d  (   q ^   κ + 1   ·   p ^   κ + 1   )  +  D 3    H ^  d +    η ^  κ  .       d (   q ^  κ  ·   p ^   κ + 1   )     = d  s κ  −   η ^  κ  − d  S κ  −  ( d  s  κ + 1   −   η ^   κ + 1   − d  S  κ + 1   )  + d  (   q ^   κ + 1   ·   p ^   κ + 1   )  .     



(80)







Step 4. Since the dynamics are trivial on the image space, the discrete contact forms coincide as


    η ^  κ  =   η ^   κ + 1    



(81)




and so do the coupling functions


    q ^  κ  ·   p ^   κ + 1   =   q ^   κ + 1   ·   p ^   κ + 1   =   q ^  0  ·   p ^  0  .  



(82)




Now, we take the exterior derivative of the third equation in (60) and replace the first equation in (60). We also use the first equation in (66) to replace the value of   p  k + 1   . This gives


     d  s  κ + 1   − d  s κ      = d  (  p  κ + 1   ·  q  κ + 1   )  − d  H d +   (  q κ  ,  p  κ + 1   ,  s κ  )         = d  (  D 2   S  κ + 1    (   q ^   κ + 1   ,  q  κ + 1   ,   s ^   κ + 1   )  ·  q  κ + 1   )  − d  H d +   (  q κ  ,  p  κ + 1   ,  s κ  )      



(83)




We collect all the equations in (81)–(83) and substitute them into (80). This reads as follows:


     d (   q ^  κ  ·   p ^   κ + 1   )     = d  s κ  −   η ^  κ  − d  S κ  −  ( d  s  κ + 1   −   η ^   κ + 1   − d  S  κ + 1   )  + d  (   q ^   κ + 1   ·   p ^   κ + 1   )        d (   q ^  0  ·   p ^  0  )     = d  s κ  −   η ^  κ  − d  S κ  −  ( d  s  κ + 1   −   η ^   κ + 1   − d  S  κ + 1   )  + d  (   q ^  0  ·   p ^  0  )       0    = d  s κ  − d  s  κ + 1   + d  S  κ + 1   − d  S κ       0    = − d  (  D 2   S  κ + 1    (   q ^   κ + 1   ,  q  κ + 1   ,   s ^   κ + 1   )  ·  q  κ + 1   )  + d  H d +   (  q κ  ,  p  κ + 1   ,  s κ  )  + d  S  κ + 1   − d  S κ       0    = d   S  κ + 1   −  S κ  −  D 2   S  κ + 1    (   q ^   κ + 1   ,  q  κ + 1   ,   s ^   κ + 1   )  ·  q  κ + 1   +  H d +   (  q κ  ,  p  κ + 1   ,  s κ  )   .     



(84)







Now, fix the initial point   (   q ^  0  ,  q 0  ,   s ^  0  )  . For the generating function (66) presented in the previous subsection, we introduce a new notation as follows:


   S d κ   (  q κ  )  : =   s ^  0  +  S κ   (   q ^  0  ,  q κ  ,   s ^  0  )  .  



(85)




This denotation determines a function from Q to the real numbers. In this notation, the discrete contact Hamilton–Jacobi Equation (68) turns out to be


      S d  κ + 1    (  q  κ + 1   )  −  S d κ   (  q κ  )  − d  S d  κ + 1    (  q  κ + 1   )  ·  q  κ + 1   +  H d +   (  q κ  , d  S d  κ + 1    (  q  κ + 1   )  ,  S d κ   (  q κ  )  )  = 0 .     



(86)







□





One can obtain a similar result in terms of the left discrete Hamiltonian. By using the new notation (85), we present the left discrete contact Hamilton–Jacobi equation


      S d  κ + 1    (  q  κ + 1   )  −  S d κ   (  q κ  )  + d  S d κ   (  q κ  )  ·  q κ  +  H d −   (  q  κ + 1   , d  S d κ   (  q κ  )  ,  S d  κ + 1    (  q  κ + 1   )  )  = 0 .     



(87)








3.4. A Geometric Discrete Hamilton–Jacobi Theory on Contact Manifolds


Having obtained a discrete contact Hamilton–Jacobi Equation (86) in the previous section, it is easy to see that that the differential of the discrete generating function in (85) is precisely the discrete version of the continuous section  γ  in Theorem 1. Here, we aim at interpreting the discrete contact Hamilton–Jacobi Equation (86) in terms of discrete flows.



Projection of discrete flow. Consider a Hamiltonian function    H d +  =  H d +   (  q κ  ,  p  κ + 1   ,  s κ  )   . Referring to the commutativity of diagram (55) and in the light of the discrete contact Hamiltonian dynamics in (60), we compute the Hamiltonian flow on the extended cotangent bundle as


   Φ ˜  :   q κ  ,     D 1   H d +    1 −  D 3   H d +     ,  s κ   ⟶   D 2   H d +  ,  p  κ + 1   ,  s κ  +  p  κ + 1   ·  D 2   H d +  −  H d +    



(88)




Recall the projection   ρ :  T ∗  Q × R ↦ Q × R   given in (32). For a function    S d  =  S d   (  q κ  )    on the base space, we define local sections of the projection  ρ  as


     γ κ     : Q ⟶  T ∗  Q × R ,   q κ  ↦  (  q κ  , d  S d κ   (  q κ  )  ,  S d κ   (  q κ  )  )  ,       γ  κ + 1      : Q ⟶  T ∗  Q × R ,   q  κ + 1   ↦  (  q  κ + 1   , d  S d κ   (  q  κ + 1   )  ,  S d  κ + 1    (  q  κ + 1   )  )  .     



(89)




According to the commutative diagram


[image: Mathematics 12 02342 i004]



(90)




we pull down the flow   Φ ˜   to the base manifold Q and obtain the following projected discrete flow:


    Φ ˜  γ  : Q ⟶ Q ,   q κ  ↦  q  κ + 1   =  D 2   H d +    q κ  , d  s d  κ + 1    (  q  κ + 1   )  ,  S d κ   (  q κ  )   .  



(91)




This procedure reduces the number of dependent variables to the coordinates  q  on the base manifold Q. By means of the section  γ , one can lift a solution of the projected flow to the extended cotangent bundle level. The lifted solution becomes a solution to the Hamiltonian flow if and only if the commutation relation


   Φ ˜  ∘  γ κ  =  γ  κ + 1   ∘   Φ ˜  γ  .  



(92)




holds.



Theorem 3.

For a section γ admitting the local forms in (89), the following conditions are equivalent:




	1. 

	
The flows   Φ ˜   and    Φ ˜  γ   commute, i.e.,    Φ ˜  ∘  γ κ  =  γ  κ + 1   ∘   Φ ˜  γ  .  




	2. 

	
S solves the HJ Equation (86).











Proof. 

In terms of the local coordinates, the commutation condition (that is, the first of the conditions in the statement of the theorem) gives rise to the following equations:


      S d  κ + 1    (  q  κ + 1   )      =  S d κ   (  q κ  )  + d  s d  κ + 1    (  q  κ + 1   )  ·  q  κ + 1   −  H d +    q κ  , d  s d  κ + 1    (  q  κ + 1   )  ,  S d κ   (  q κ  )   ,       d  S d κ   (  q κ  )      =   D 1   H d +    q κ  , d  S d  κ + 1    (  q  κ + 1   )  ,  S d κ   (  q κ  )    /  1 −  D 3   H d +    q κ  , d  S d  κ + 1    (  q  κ + 1   )  ,  S d κ   (  q κ  )    .     



(93)




A direct comparison gives that the second condition in (93) is the infinitesimal version of the first one. Indeed, if we take the derivative of the first equation in (93) with respect to   q κ  , we have that


  0 = d  S d κ   (  q κ  )  −  D 1   H d +    q κ  , d  S d  κ + 1    (  q  κ + 1   )  ,  S d κ   (  q κ  )   −  D 3   H d +    q κ  , d  S d  κ + 1    (  q  κ + 1   )  ,  S d κ   (  q κ  )   d  S d κ   (  q κ  )   



(94)




By collecting all the terms involving   d  S d κ    on the left-hand side, it is immediate to see that it is precisely the second condition in (93). We remark that the first equation is the discrete Hamilton–Jacobi Equation (86). The inverse of the assertion is straightforwardly proved by reversing the arguments. □







4. Application


4.1. Free Single Particle Contact Hamiltonian


Given a mechanical contact Lagrangian with an Euclidean metric and a potential function   V : Q → R   of the type


  L  ( q ,  q ˙  , z )  =   1 2     q ˙  2  − V  ( q )  + γ z ,   ( q ,  q ˙  , z )  ∈ T Q × R ,  γ > 0 .  








one usually approximates the exact discrete Lagrangian associated to L by means of a quadrature rule. Note that the restriction of  γ  to positive values is necessary to model a withholding oscillator receiving energy, though we could define the integrator for any value of   γ ∈ R  . If we use the middle point rule to approximate the positions, i.e.,   q ≈     q  k + 1   +  q k   2    , one may define the discrete Lagrangian    L d  : Q × Q × R → R   in the following way:


   L d   (  q k  ,  q  k + 1   ,  s k  )  =   1  2 h      (  q  k + 1   −  q k  )  2  − h V      q  k + 1   +  q k   2    + h γ  s k  .  








We remark that the value of h should be chosen small. In this case, the right Hamiltonian reads


   H +   (  q k  ,  p  k + 1   ,  s k  )  =   1 2   h  p  k + 1  2  +  p  k + 1    q k  − h γ  s k  .  



(95)




If we compute the Hamilton–Jacobi equation with this Hamiltonian, we obtain


      S d  κ + 1    (  q  κ + 1   )  −  S d κ   (  q κ  )  − d  S d  κ + 1    (  q  κ + 1   )  ·  q  κ + 1   +   1 2   h  p  k + 1  2  +  p  k + 1    q k  − h γ  s k  = 0 .     



(96)




We integrate (96) numerically with a first-order Euler method and fixed step   h = 0.001  . The choice of a not-so-relatively small h is due to instability or numerical oscillations of the first-order Euler method in stiff systems. Since our purpose is to show the qualitative behavior of the first derivative of the generating function in comparison with the momentum, we leave higher-order precision methods for further research. In the following graphics, one can see that p and   d S   qualitatively behave in the same way for the same set of initial values   (  q 0  = 1 ,  p 0  = 1 ,  s 0  = 0.1 , γ = 0.1 )  . The figures were generated with the library matplolib (Figure 1 and Figure 2).



In the case that we choose a proper V for the description of a parachute, we obtain the Hamiltonian


   H d +   (  q κ  ,  p  κ + 1   ,  s κ  )  =   1  2 m      (  p  κ + 1   + 2 λ  s κ  )  2  +    m g   2 λ     (  e  2 λ  q κ    − 1 )  ,  



(97)




where   λ , g ∈ R  .



This Hamiltonian describes the vertical motion of a particle falling in a fluid under the action of constant gravity. The friction is modeled by the drag equation, and it is proportional to the square of the velocity.



When calculating the discrete right contact Hamiltonian equations, we have the following discrete dynamics:


     q  κ + 1      =   1 m     p  κ + 1   + 2 λ  s κ   ,       p κ     =    m g  e  2 λ  q κ      1 −   2 λ  m    p  κ + 1   + 2 λ  s κ      ,       s  κ + 1      =  s κ  +    p  κ + 1  2   2 m    −    2  λ 2   s κ   m   −    m g   2 λ      e  2 λ  q κ    − 1      











This dynamic is represented in the following diagram obtained by plotting the points   ( q ( κ ) , p ( κ ) , s ( κ ) )  , which have been integrated recursively for different values of  κ . For   λ = − 0.01  ,   m = 1  ,   g = 10   and initial condition   ( q ( 0 ) , p ( 0 ) , s ( 0 ) ) = ( 100 , 1 , 1 )  , we obtain the dynamics of the parachute as follows.



Here, it is easy to see from Figure 3 and Figure 4 that the position coordinate (red line on the left) descends from the initial position   q ( 0 ) = 100   until the parachute reaches the ground. The momentum (blue line on the left) grows until it crosses the red line. This crossing point represents the instant in which the parachute opens and the momentum decreases until the parachute touches the ground, i.e., the parachute decelerates so that the parachuter can touch the ground safely. Nonetheless, as it happens, the velocity is not zero when the parachuter touches the ground.



Now, in order to prove the accuracy of the discrete contact Hamilton–Jacobi equation, we plot the differential of the generating function, i.e.,   D  S κ   (  q κ  )   , which, according to the first equation in (66), should match the dynamic of the blue line in the diagram depicted above. Let us corroborate this fact by plotting   γ = D  S κ   (  q κ  )    for different discrete values of  κ . For   λ = − 0.01  ,   m = 1  ,   g = 10   and initial condition   ( q ( 0 ) , S ( 0 ) , s ( 0 ) ) = ( 100 , 1 , 1 )  , we obtain Figure 2.



It is easy to check that the line representing   D S ( k )   (blue line on the right in Figure 3 and Figure 4) is very similar to the blue line depicted on the left. Indeed, both lines should be equal (see that for   k = 2  , both reach the maximum momentum p) since in the vicinity of the discrete Hamilton–Jacobi equation,   p ( k ) = D S ( k )  .




4.2. Rayleigh Systems


Physically, the Rayleigh equation represents systems with oscillatory motion influenced by nonlinear damping forces. Consider the discrete left Rayleigh Hamiltonian with a time-dependent mass which accounts for the third parameter in the contact framework [60].


   H d −   (  q  j + 1   ,  p j  ,  s  j + 1   )  = −  p j   q j  −   h 2    s  j + 1    p  j + 1  2  +   h 2   k  q  j + 1  2  .  



(98)




By making use of the left discrete contact HJ equation this time and using the formulation in (87), we obtain the equation


      S d  κ + 1    (  q  κ + 1   )  −  S d κ   (  q κ  )  + d  S d κ   (  q κ  )  ·  q κ  −  p j   q j  −   h 2    s  j + 1    p  j + 1  2  +   h 2   k  q  j + 1  2  .     



(99)







We integrate (99) numerically with a first-order Euler method and fixed step   h = 0.1  . The choice of a not-so-relatively small h is due to instability or numerical oscillations of the first-order Euler method. We represent the momentum versus the discrete-time step with conditions for   j = 0   and   ( q ( 0 ) = 0 , p ( 0 ) = 1 , s ( 0 ) = 1 )  . It is easy to see that the Rayleigh systems end up losing all the momentum stored and the oscillations tend to zero because of dissipation. One can check a more precise simulation in [60], but even a few-step integration like ours already shows the same qualitative behavior that our collaborators previously detected in [60] (Figure 5).





5. Commentaries


In this paper, we have proposed a discrete Hamilton–Jacobi equation (stated in Theorem 2) for contact discrete Hamiltonian dynamics. We have presented its geometric foundations in terms of contact discrete flows in Theorem 3. We have exhibited the relationship between the continuous geometric HJ Theorem 1 for contact Hamiltonian dynamics and Theorem 3 for discrete contact Hamiltonian dynamics. One may wonder if all of these examples could be solved with the aid of other theories, and the answer is yes. Indeed, it would be fairly easy to retrieve the equations of the discrete contact dynamics by using the discrete contact Hamilton equations. Nonetheless, here, we have made the choice of developing a Hamilton–Jacobi theory so that we can also obtain the generating functions, which are crucial in the identification of conserved quantities and symmetries, and they serve as a bridge to the quantum formulation.



We wish to continue in the following directions:




	
Contact Hamiltonian dynamics do not preserve the Hamiltonian function. There exists an alternative characterization of Hamiltonian dynamics on contact manifolds that preserves the energy, known as evolution dynamics [50,61]. We wish to examine the discretization of evolution dynamics and their HJ formulation.



	
For the extended cotangent bundle    T ∗  Q × R  , the continuous HJ theory for contact Hamiltonian dynamics was presented in [11,58,59]. The authors consider the base manifold as the extended configuration space   Q × R  . In this work, we consider the base manifold to be Q. We wish to write a discrete HJ equation on contact manifolds with base manifold   Q × R  .



	
If a Lagrangian is degenerate, then one cannot arrive at explicit Euler–Lagrange equations. In this case, the Legendre transformation is not immediate. Tulczyjew’s triple is a geometric formulation that allows us to also achieve this in singular cases [62]. In a discrete framework, Tulczyjew’s triple was constructed in [63]. This determines a proper geometry for implicit discrete Lagrangian and Hamiltonian dynamics [64]. For the continuous case, a geometric HJ theory has been recently given in [18,65] in the symplectic framework and in [59] in the contact framework. We wish to concentrate on generalizing the discrete HJ theories both for symplectic and contact geometry including the implicit case. On the other hand, Tulczyjew’s triple for contact geometry has been recently constructed in [57]. In the future, we aim at constructing a discrete contact Tulczyjew’s triple.



	
One could wonder what are the limitations of the discrete contact Hamilton–Jacobi equation. The equation has been exactly derived, so the limitations are up to the numerical integration of choice. For a simple visualization like the one we have displayed, the behavior is fair, given that the Euler method is the simplest method we can choose and the number of iterations is small. One could greatly diminish the error with a different integration procedure.



	
In the limit of very big number of steps in the discretization, one can easily depict that one retrieves the continuous contact HJ equation.



	
In the future, we would like to explore more intricate examples and implement more sophisticated numerical methods for the integration, since Euler is unstable. As we have mentioned, in modern control systems, controllers operate on discrete-time signals, making the discretization of continuous-time models necessary.



	
The discretization of field theories and the formulation of a corresponding HJ theory to study families of discrete Hamiltonian mappings as in [66] and the effects of diffusion.



	
Study of integrability properties of discrete solitons as in [67] by developing a discrete field HJ theory.



	
To redefine step by step our HJ theory to solve more real-world scenarios. The generalization of an HJ theory to classical mechanics and field theory from a discrete or quantum point of view will bring several potential difficulties. These can arise from both the theoretical aspects of the method and the practical considerations of implementation. Some challenges will be nonlinear effects, chaos and sensitivity, as in [66,67,68].



	
To find specific geometric integrators that preserve the contact discrete geometry. In this paper, we have used a very simple Euler method to depict the dynamic of simple discrete contact systems. Nonetheless, the Euler method does not preserve the geometric background of the system, and this is why we need to come up with specific integrators for these systems.












Author Contributions


Conceptualization, O.E.; Methodology, O.E. and C.S.; Investigation, O.E. and C.S.; Writing—original draft, O.E. and C.S.; Writing—review & editing, C.S. and M.Z. All authors have read and agreed to the published version of the manuscript.




Funding


This work was partially supported by MINECO MTM 2013-42-870-P and ICMAT Severo Ochoa project SEV-2011-0087.




Data Availability Statement


The original contributions presented in the study are included in the article, further inquiries can be directed to the corresponding author.




Acknowledgments


Marcin Zajac and Cristina Sardón acknowledge the hospitability of Universidad Politécnica de Madrid and the department of Applied Mathematics at ETSII for hosting Marcin Zajac to work alongside Cristina Sardón.




Conflicts of Interest


The authors declare no conflict of interest.




References


	



Arnold, V.I. Mathematical Methods of Classical Mechanics, 2nd ed.; Vogtmann, K.; Weinstein, A., Translators; Graduate Texts in Mathematics; Springer: New York, NY, USA, 1989; Volume 60, p. xvi+508. [Google Scholar]

	



Goldstein, H. Classical Mechanics, 2nd ed.; Addison-Wesley Series in Physics; Addison-Wesley Publishing Co.: Reading, MA, USA, 1980; p. xiv+672. [Google Scholar]

	



Abraham, R.; Marsden, J. Foundations of Mechanics; AMS Chelsea Publishing, AMS Chelsea Pub./American Mathematical Society: New York, NY, USA, 2008. [Google Scholar]

	



Cariñena, J.F.; Gràcia, X.; Marmo, G.; Martínez, E.; Muñoz Lecanda, M.G.; Román-Roy, N. Geometric Hamilton–Jacobi theory. Int. J. Geom. Methods Mod. Phys. 2006, 3, 1417–1458. [Google Scholar] [CrossRef]

	



Abraham, R.; Marsden, J.E. Foundations of mechanics; Benjamin/Cummings Publishing Co., Inc., Advanced Book Program: Reading, MA, USA, 1978; pp. xxii+m–xvi+806. [Google Scholar]

	



Cariñena, J.F.; Gràcia, X.; Marmo, G.; Martínez, E.; Muñoz Lecanda, M.G.; Román-Roy, N. Geometric Hamilton-Jacobi theory for nonholonomic dynamical systems. Int. J. Geom. Methods Mod. Phys. 2010, 7, 431–454. [Google Scholar] [CrossRef]

	



Cariñena, J.F.; Gràcia, X.; Marmo, G.; Martínez, E.; Muñoz Lecanda, M.C.; Román-Roy, N. Structural aspects of Hamilton-Jacobi theory. Int. J. Geom. Methods Mod. Phys. 2016, 13, 1650017. [Google Scholar] [CrossRef]

	



Cariñena, J.F.; Martínez, E.; Marmo, G.; Gràcia, X.; Muñoz Lecanda, M.C. A quantum route to Hamilton-Jacobi equation: Comments and remarks. In Geometry of Jets and Fields; The Institute of Mathematics of the Polish Academy of Sciences: Warsaw, Poland, 2016; Volume 110, pp. 41–56. [Google Scholar]

	



de León, M.; Sardón, C. Geometric Hamilton-Jacobi theory on Nambu-Poisson manifolds. J. Math. Phys. 2017, 58, 033508. [Google Scholar] [CrossRef]

	



de León, M.; Sardón, C. Cosymplectic and contact structures for time-dependent and dissipative Hamiltonian systems. J. Phys. A 2017, 50, 255205. [Google Scholar] [CrossRef]

	



de León, M.; Sardón, C. Geometry of the discrete Hamilton-Jacobi equation: Applications in optimal control. Rep. Math. Phys. 2018, 81, 39–63. [Google Scholar] [CrossRef]

	



Iglesias-Ponte, D.; de León, M.; Martín de Diego, D. Towards a Hamilton-Jacobi theory for nonholonomic mechanical systems. J. Phys. A 2008, 41, 015205. [Google Scholar] [CrossRef]

	



de León, M.; Sardón, C. A geometric Hamilton-Jacobi theory on a Nambu-Jacobi manifold. Int. J. Geom. Methods Mod. Phys. 2019, 16, 1940007. [Google Scholar] [CrossRef]

	



de León, M.; Marrero, J.C.; de Diego, D.M. A geometric Hamilton-Jacobi theory for classical field theories. In Variations, Geometry and Physics; Nova Science Publishers: New York, NY, USA, 2009; pp. 129–140. [Google Scholar]

	



Colombo, L.; De Léon, M.; Prieto-Martínez, P.D.; Román-Roy, N. Unified formalism for the generalized kth-order Hamilton-Jacobi problem. Int. J. Geom. Methods Mod. Phys. 2014, 11, 1460037. [Google Scholar] [CrossRef]

	



de León, M.; Martín de Diego, D.; Vaquero, M. A Hamilton-Jacobi theory on Poisson manifolds. J. Geom. Mech. 2014, 6, 121–140. [Google Scholar] [CrossRef]

	



Esen, O.; de León, M.; Sardón, C.; Zajac, M. Hamilton-Jacobi formalism on locally conformally symplectic manifolds. J. Math. Phys. 2021, 62, 033506. [Google Scholar] [CrossRef]

	



Esen, O.; de León, M.; Sardón, C. A Hamilton-Jacobi formalism for higher order implicit Lagrangians. J. Phys. A 2020, 53, 075204. [Google Scholar] [CrossRef]

	



Esen, O.; de León, M.; Lainz, M.; Sardón, C.; Zajac, M. Reviewing the Geometric Hamilton-Jacobi Theory concerning Jacobi and Leibniz identities. arXiv 2022, arXiv:2202.06896. [Google Scholar] [CrossRef]

	



Román-Roy, N. An overview of the Hamilton–Jacobi theory: The classical and geometrical approaches and some extensions and applications. Mathematics 2021, 9, 85. [Google Scholar] [CrossRef]

	



Atkinson, K.; Han, W. Theoretical Numerical Analysis, 3rd ed.; Texts in Applied Mathematics; Springer: Dordrecht, The Netherlands, 2009; Volume 39, p. xvi+625, A functional analysis framework. [Google Scholar]

	



Iserles, A. A First Course in the Numerical Analysis of Differential Equations, 2nd ed.; Cambridge Texts in Applied Mathematics, Cambridge University Press: Cambridge, UK, 2009; p. xx+459. [Google Scholar]

	



Blanes, S.; Casas, F. A Concise Introduction to Geometric Numerical Integration; Monographs and Research Notes in Mathematics; CRC Press: Boca Raton, FL, USA, 2016; p. xiv+218. [Google Scholar]

	



Hairer, E.; Lubich, C.; Wanner, G. Geometric Numerical Integration; Springer Series in Computational Mathematics; Springer: Berlin/Heidelberg, Germany, 2010; Volume 31, p. xviii+644, Structure-preserving algorithms for ordinary differential equations, Reprint of the second (2006) edition. [Google Scholar]

	



Candy, J.; Rozmus, W. A symplectic integration algorithm for separable Hamiltonian functions. J. Comput. Phys. 1991, 92, 230–256. [Google Scholar] [CrossRef]

	



Yoshida, H. Construction of higher order symplectic integrators. Phys. Lett. A 1990, 150, 262–268. [Google Scholar] [CrossRef]

	



Quispel, G.R.W.; McLaren, D.I. A new class of energy-preserving numerical integration methods. J. Phys. A 2008, 41, 045206. [Google Scholar] [CrossRef]

	



LaBudde, R.A.; Greenspan, D. Energy and momentum conserving methods of arbitrary order of the numerical integration of equations of motion. I. Motion of a single particle. Numer. Math. 1975, 25, 323–346. [Google Scholar] [CrossRef]

	



Bravetti, A.; Cruz, H.; Tapias, D. Contact Hamiltonian mechanics. Ann. Phys. 2017, 376, 17–39. [Google Scholar] [CrossRef]

	



de León, M.; Gaset, J.; Lainz, M.; Rivas, X.; Román-Roy, N. Unified Lagrangian-Hamiltonian formalism for contact systems. Fortschr. Phys. 2020, 68, 2000045. [Google Scholar] [CrossRef]

	



de León, M.; Lainz Valcázar, M. Contact Hamiltonian systems. J. Math. Phys. 2019, 60, 102902. [Google Scholar] [CrossRef]

	



de León, M.; Lainz Valcázar, M. A review on contact Hamiltonian and Lagrangian systems. arXiv 2020, arXiv:2011.05579. [Google Scholar]

	



de León, M.; Lainz Valcázar, M. Infinitesimal symmetries in contact Hamiltonian systems. J. Geom. Phys. 2020, 153, 103651. [Google Scholar] [CrossRef]

	



Herglotz, G. Berührungstransformationen, Lectures at the University of Göttingen; University of Göttingen: Göttingen, Germany, 1930. [Google Scholar]

	



Herglotz, G. Vorlesungen über die Mechanik der Kontinua; Teubner-Archiv zur Mathematik [Teubner Archive on Mathematics]; BSB B. G. Teubner Verlagsgesellschaft: Leipzig, Germany, 1985; Volume 3, p. 251, With a preface by H. Beckert, Edited and with a foreword by Ronald B. Guenther and Hans Schwerdtfeger, With English, French and Russian summaries. [Google Scholar]

	



Bravetti, A. Contact Hamiltonian dynamics: The concept and its use. Entropy 2017, 19, 535. [Google Scholar] [CrossRef]

	



Bravetti, A. Contact geometry and thermodynamics. Int. J. Geom. Methods Mod. Phys. 2019, 16, 1940003. [Google Scholar] [CrossRef]

	



Gaset, J.; Gracia, X.; Munoz-Lecanda, M.C.; Rivas, X.; Román-Roy, N. New contributions to the Hamiltonian and Lagrangian contact formalisms for dissipative mechanical systems and their symmetries. Int. J. Geom. Methods Mod. Phys. 2020, 17, 2050090. [Google Scholar] [CrossRef]

	



Goto, S. Contact geometric descriptions of vector fields on dually flat spaces and their applications in electric circuit models and nonequilibrium statistical mechanics. J. Math. Phys. 2016, 57, 102702. [Google Scholar] [CrossRef]

	



Grmela, M. Contact geometry of mesoscopic thermodynamics and dynamics. Entropy 2014, 16, 1652–1686. [Google Scholar] [CrossRef]

	



Mrugala, R.; Nulton, J.D.; Schön, J.C.; Salamon, P. Contact structure in thermodynamic theory. Rep. Math. Phys. 1991, 29, 109–121. [Google Scholar] [CrossRef]

	



Rajeev, S.G. Quantization of contact manifolds and thermodynamics. Ann. Phys. 2008, 323, 768–782. [Google Scholar] [CrossRef]

	



Marsden, J.E.; West, M. Discrete mechanics and variational integrators. Acta Numer. 2001, 10, 357–514. [Google Scholar] [CrossRef]

	



Guibout, V.M.; Bloch, A.M. Discrete variational principles and Hamilton-Jacobi theory for mechanical systems and optimal control problems. arXiv 2004, arXiv:math/0409296. [Google Scholar]

	



Marsden, J.E. Lectures on Mechanics; London Mathematical Society Lecture Note Series; Cambridge University Press: Cambridge, UK, 1992; Volume 174, p. xii+254. [Google Scholar]

	



Lall, S.; West, M. Discrete variational Hamiltonian mechanics. J. Phys. A 2006, 39, 5509–5519. [Google Scholar] [CrossRef]

	



Budd, C.J.; Piggott, M.D. Geometric integration and its applications. In Handbook of Numerical Analysis, Vol. XI; North-Holland: Amsterdam, The Nederland, 2003; pp. 35–139. [Google Scholar]

	



Bravetti, A.; Seri, M.; Vermeeren, M.; Zadra, F. Numerical integration in celestial mechanics: A case for contact geometry. Celest. Mech. Dynam. Astron. 2020, 132, 7. [Google Scholar] [CrossRef]

	



Bravetti, A.; Seri, M.; Zadra, F. New directions for contact integrators. In Proceedings of the International Conference on Geometric Science of Information, St. Malo, France, 30 August–1 September 2021; Springer: Berlin/Heidelberg, Germany, 2021; pp. 209–216. [Google Scholar]

	



Simoes, A.A.; de León, M.; Lainz Valcázar, M.; de Diego, D.M. Contact geometry for simple thermodynamical systems with friction. Proc. A. 2020, 476, 20200244. [Google Scholar] [CrossRef]

	



Simoes, A.A.; Martín de Diego, D.; Lainz Valcázar, M.; de León, M. On the geometry of discrete contact mechanics. J. Nonlinear Sci. 2021, 31, 53. [Google Scholar] [CrossRef]

	



Vermeeren, M.; Bravetti, A.; Seri, M. Contact variational integrators. J. Phys. A 2019, 52, 445206. [Google Scholar] [CrossRef]

	



Ohsawa, T.; Bloch, A.M.; Leok, M. Discrete Hamilton-Jacobi theory. SIAM J. Control Optim. 2011, 49, 1829–1856. [Google Scholar] [CrossRef]

	



Banyaga, A. The Structure of Classical Diffeomorphism Groups; Mathematics and Its Applications; Kluwer Academic Publishers Group: Dordrecht, The Netherlands, 1997; Volume 400, p. xii+197. [Google Scholar]

	



de León, M.; Lainz, M.V. Singular Lagrangians and precontact Hamiltonian systems. Int. J. Geom. Methods Mod. Phys. 2019, 16, 1950158. [Google Scholar] [CrossRef]

	



Guenther, R.B.; Schwerdtfeger, H.; Herglotz, G.; Guenther, C.; Gottsch, J. The Herglotz Lectures on Contact Transformations and Hamiltonian Systems; Juliusz Schauder Center for Nonlinear Studies; Nicholas Copernicus University: Toruń, Poland, 1996. [Google Scholar]

	



Esen, O.; Lainz Valcázar, M.; de León, M.; Marrero, J.C. Contact dynamics: Legendrian and Lagrangian submanifolds. Mathematics 2021, 9, 2704. [Google Scholar] [CrossRef]

	



de León, M.; Lainz, M.; Muñiz-Brea, Á. The Hamilton–Jacobi theory for contact Hamiltonian systems. Mathematics 2021, 9, 1993. [Google Scholar] [CrossRef]

	



Esen, O.; Valcázar, M.L.; de León, M.; Sardón, C. Implicit Contact Dynamics and Hamilton-Jacobi Theory. arXiv 2021, arXiv:2109.14921. [Google Scholar] [CrossRef]

	



de León, M.; Lainz, M.; López-Gordón, A. Discrete Hamilton–Jacobi theory for systems with external forces. J. Phys. Math. Theor. 2022, 55, 205201. [Google Scholar] [CrossRef]

	



Simoes, A.A.; de Diego, D.M.; Valcázar, M.L.; de León, M. The geometry of some thermodynamic systems. In Geometric Structures of Statistical Physics, Information Geometry, and Learning; Springer: Cham, Switzerland, 2021; Volume 361, pp. 247–275. [Google Scholar]

	



Tulczyjew, W.M. The Legendre transformation. Ann. Inst. H. Poincaré Sect. A (N.S.) 1977, 27, 101–114. [Google Scholar]

	



Leok, M.; Ohsawa, T. Discrete Dirac structures and implicit discrete Lagrangian and Hamiltonian systems. In XVIII International Fall Workshop on Geometry and Physics; American Institute of Physics: Melville, NY, USA, 2010; Volume 1260, pp. 91–102. [Google Scholar]

	



Iglesias-Ponte, D.; Marrero, J.C.; Martín de Diego, D.; Padrón, E. Discrete dynamics in implicit form. Discret. Contin. Dyn. Syst. 2013, 33, 1117–1135. [Google Scholar] [CrossRef]

	



Esen, O.; de León, M.; Sardón, C. A Hamilton-Jacobi theory for implicit differential systems. J. Math. Phys. 2018, 59, 022902. [Google Scholar] [CrossRef]

	



Borin, D.; Livorati, A.L.P.; Leonel, E.D. An investigation of the survival probability for chaotic diffusion in a family of discrete Hamiltonian mappings. Chaos Solitons Fractals 2023, 175, 113965. [Google Scholar] [CrossRef]

	



Yuan, C.; Yang, H.; Meng, X.; Tian, Y.; Zhou, Q.; Liu, W. Modulational instability and discrete rogue waves with adjustable positions for a two-component higher-order Ablowitz–Ladik system associated with 4 × 4 Lax pair. Chaos Solitons Fractals 2023, 168, 113180. [Google Scholar] [CrossRef]

	



Al-Raeei, M. Applying fractional quantum mechanics to systems with electrical screening effects. Chaos Solitons Fractals 2021, 150, 111209. [Google Scholar] [CrossRef]








[image: Mathematics 12 02342 g001] 





Figure 1. q vs. p. 
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Figure 2. q vs.   d S  . 
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Figure 3. Dynamics of the parachute. 
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Figure 4. Evolution of   D S ( k )  . 
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