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Abstract

:

The wrapped method is the most widely used method for constructing distributions for circular data. In this paper, we provide a review of all known wrapped distributions, including 45 distributions for continuous circular data and 10 distributions for discrete circular data. For each wrapped distribution, we state its nth trigonometric moment, mean direction, mean resultant length, skewness, and kurtosis. We also discuss data applications and limitations of each wrapped distribution. This review could be a useful reference and encourage the development of more wrapped distributions. We also mention an R package available for fitting all of the reviewed distributions and illustrate its applications.
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1. Introduction


Circular data, also known as directional data, refer to measurements where the values are cyclical and repeat over a defined interval. This kind of data arises naturally in situations where the end of the scale reconnects with the beginning, such as angles, time, and compass directions. For example, angles measured in degrees or radians are circular because 0 is the same as 360, and similarly, 0 radians equates to   2 π   radians. This cyclical nature poses unique challenges for statistical analysis because traditional linear methods are not suitable for data that wrap around.



Practical examples of circular data abound in various fields. In meteorology, wind directions recorded over time create circular datasets, as the direction can be anywhere between 0 and 360. In biology, the study of animal movement, such as the migratory patterns of birds or the rotational behavior of certain animals, often involves circular data. Time-related data are another common example; for instance, the times of day at which certain events occur (like sleep cycles or peak traffic hours) are inherently circular because they repeat every 24 h. Analyzing such data requires careful consideration of its circular nature to avoid misinterpretation and to uncover meaningful patterns and insights.



There have been many distributions proposed for circular data. Refs. [1,2,3,4,5,6] provide excellent reviews. Most of the distributions for circular data are based on the method of wrapping. Hence, we feel it is appropriate to provide a review of all known wrapped distributions to date, which is the aim of this paper. No such review is known to date. Such a review could be a useful reference for those interested in both the theory and applications of wrapped distributions. It could also enhance the development of more wrapped distributions.



The method of wrapping can be described as follows. Suppose g is a valid probability density function (PDF). If g is defined on the positive real line, then the PDF of the wrapped distribution is


      f  ( θ )  =  ∑  k = 0  ∞  g  θ + 2 k π       



(1)




for   0 ≤ θ < 2 π  . If g is defined on the entire real line, then the PDF of the wrapped distribution is


      f  ( θ )  =  ∑  k = − ∞  ∞  g  θ + 2 k π       



(2)




for   0 ≤ θ < 2 π  .



On the other hand, now suppose g is a valid probability mass function (PMF). If g is defined on the positive real line, then the PMF of the wrapped distribution is


      Pr  Θ =   2 π r  m   =  ∑  k = 0  ∞  g  r + k m       



(3)




for   r = 0 , 1 , … , m − 1  , and   m ≥ 1  . If g is defined on the entire real line, then the PMF of the wrapped distribution is


      Pr  Θ =   2 π r  m   =  ∑  k = − ∞  ∞  g  r + k m       



(4)




for   r = 0 , 1 , … , m − 1  , and   m ≥ 1  .



The most important properties of a circular random variable, say  Θ , are its nth trigonometric moment denoted by   m n  , mean direction denoted by  μ , mean resultant length denoted by  ρ , skewness denoted by   γ 1  , and kurtosis denoted by   γ 2  , defined by


       m n  = E  cos ( n Θ )  + i E  sin ( n Θ )  ,      



(5)






      μ = arcsin   E  sin ( Θ )       E  cos ( Θ )   2  +   E  sin ( Θ )   2     ,      



(6)






      ρ =     E  cos ( Θ )   2  +   E  sin ( Θ )   2    ,      



(7)






       γ 1  =   exp ( − 2 μ )    1 − ρ   3 2    E  sin ( 2 Θ )  ,      



(8)




and


       γ 1  =   exp ( − 2 μ )   1 −  ρ 2    E  cos ( 2 Θ )  −   ρ 4   1 −  ρ 2    ,      



(9)




respectively. For each reviewed distribution, we list expressions for (5)–(9) as well as expressions for the cumulative distribution function (CDF) corresponding to (1)–(4), if they are available. We also discuss data applications as well as the limitations of each reviewed distribution. Section 2 lists all known expressions corresponding to (1)–(2). Section 3 lists all known expressions corresponding to (3)–(4). The properties (5)–(9) not listed in Section 2 and Section 3 could provide readers with avenues for future work.



The expressions listed in Section 2 and Section 3 involve several special functions, including the Lerch function defined by


      Φ  ( z ; s , a )  =  ∑  k = 0  ∞    z k    ( a + k )  s   ;      








the gamma function defined by


      Γ  ( a )  =  ∫ 0 ∞   t  a − 1    e  − t   d t ;      








the lower incomplete gamma function defined by


      γ  ( a , x )  =  ∫ 0 x   t  a − 1    e  − t   d t ;      








the upper incomplete gamma function defined by


      Γ  ( a , x )  =  ∫ x ∞   t  a − 1    e  − t   d t ;      








the standard normal probability density function defined by


      ϕ  ( x )  =  1   2 π     e  −   x 2  2    ;      








the standard normal cumulative distribution function defined by


      Φ  ( x )  =  ∫  − ∞  x   1   2 π     e  −   t 2  2    d t ;      








and the modified Bessel function of the second kind defined by


       K ν   ( x )  =         π csc ( π ν )  2    I  − ν    ( x )  −  I ν   ( x )   ,      if   ν ∉ Z ,            lim  μ → ν    K μ   ( x )  ,      if   ν ∈ Z ;           








the modified Bessel function of the first kind of order  ν  defined by


       I ν   ( x )  =  ∑  k = 0  ∞   1  Γ ( k + ν + 1 ) k !      x 2    2 k + ν   .      








The properties of these special functions can be found in [7,8]. We also set   i =   − 1     throughout.



An R software package (version 4.4.1) for fitting of all of the reviewed distributions has been created by the second author [9]. Three data applications illustrating the R package are given in Section 4.




2. A Review of Continuous Wrapped Distributions


In this section, we review wrapped Akash, wrapped Aradhana, wrapped binormal, wrapped Birnbaum–Saunders, wrapped Cauchy, wrapped chi-square, wrapped exponential, wrapped exponentiated inverted Weibull, wrapped gamma, wrapped generalized geometric stable, wrapped generalized Gompertz, wrapped generalized normal Laplace, wrapped generalized skew normal [10], wrapped generalized skew normal [11], wrapped half-logistic, wrapped half-normal, wrapped [12]’s skew Laplace, wrapped hypoexponential, wrapped Ishita, wrapped Laplace, wrapped length-biased weighted exponential, wrapped Levy, wrapped Lindley, wrapped Linnik, wrapped Lomax, wrapped modified Lindley, wrapped new Weibull–Pareto, wrapped normal, wrapped Pareto, wrapped quasi-Lindley, wrapped Rama, wrapped Richard, wrapped Shanker, wrapped skew Laplace, wrapped skew normal, wrapped stable, wrapped Student’s t, wrapped transmuted exponential, wrapped two-parameter Lindley, wrapped two-sided Lindley, wrapped variance gamma, wrapped weighted exponential, wrapped Weibull, wrapped XGamma and wrapped XLindley distributions.



2.1. Wrapped Akash Distribution


Ref. [13] took g to be the PDF of the Akash distribution to obtain the wrapped Akash distribution. Its PDF and CDF are


      f  ( θ )  =    λ 3   e  − λ θ     1 +  θ 2     1 −  e  − 2 π λ    2  + 4 π  e  − 2 π λ    θ + π + π  e  − 2 π λ   − θ  e  − 2 π λ         λ 2  + 2    1 −  e  − 2 π λ    3         








and


      F ( θ )        =   4 π λ  e  − 2 π λ     1 −  ( 1 + λ θ )   e  − λ θ     1 −  e  − 2 π λ    + π λ  1 −  e  − λ θ     1 +  e  − 2 π λ         λ 2  + 2    1 −  e  − 2 π λ    3                +    1 −  e  − λ θ      λ 2  + 2  − λ θ  2 + λ θ   e  − λ θ       λ 2  + 2   1 −  e  − 2 π λ      ,      








respectively, for   0 ≤ θ < 2 π   and   λ > 0  . The nth trigonometric moment is


       m n  =   λ 3    λ 2  + 2      λ 2  − 2 i n λ −  n 2  + 2    λ − i n  3        








for   n = 1 , 2 , …  . The mean direction, mean resultant length, skewness, and kurtosis are


      μ = 3 arctan   1 λ   − arctan    2 λ    λ 2  + 1    ,      










      ρ =   λ 3    λ 2  + 2         λ 2  + 1  2  + 4  λ 2      λ 2  + 1  2    ,      










       γ 1  =     λ 3    λ 2  + 2         λ 2  − 2  2  + 16  λ 2      λ 2  + 4  3    sin   κ  λ , 2       1 −   λ 3    λ 2  + 2         λ 2  + 1  2  + 4  λ 2      λ 2  + 1  3      3 2    ,      








and


       γ 2  =     λ 3    λ 2  + 2         λ 2  − 2  2  + 16  λ 2      λ 2  + 4  3    cos  (  κ  λ , 2   )  −     λ 3    λ 2  + 2         λ 2  + 1  2  + 4  λ 2      λ 2  + 1  3     4     1 −   λ 3    λ 2  + 2         λ 2  + 1  2  + 4  λ 2      λ 2  + 1  3     2   ,      








respectively, where    κ  λ , 2   = 3 arctan    2 λ    − arctan     4 λ    λ 2  − 2     − 6 arctan    1 λ    + 2 arctan     2 λ    λ 2  + 1      . The wrapped Akash distribution was used on a dataset from [1] regarding the long-axis orientations of 60 feldspar laths in basalt rock. It demonstrated a better fit to the data compared to the wrapped exponential distribution and the wrapped Lindley distribution. Despite having only one parameter, the wrapped Akash distribution proved to be a flexible model. Additionally, it allows for closed form expressions for both its PDF and its CDF.




2.2. Wrapped Aradhana Distribution


Ref. [14] took g to be the PDF of the Aradhana distribution to obtain the wrapped Aradhana distribution. Its PDF and CDF are


      f  ( θ )  =    λ 3   e  − λ θ      λ 2  + 2 λ + 2       ( 1 + θ )  2   1 −  e  − 2 π λ     +   4  ( θ + 1 )  π  e  − 2 π λ      1 −  e  − 2 π λ    2   +   4  π 2   e  − 2 π λ    1 +  e  − 2 π λ       1 −  e  − 2 π λ    3         








and


      F ( θ )        =   1 −  e  − λ θ     1 −  e  − 2 π λ     −   λ θ  λ θ + 2 λ + 2   e  − λ θ       λ 2  + 2 λ + 2   1 −  e  − 2 π λ      +   4 π λ  e  − 2 π λ     ( 1 + λ )   1 −  e  − λ θ    − λ θ  e  − λ θ        λ 2  + 2 λ + 2    1 −  e  − 2 π λ    2                +   4  π 2   λ 2   1 −  e  − λ θ     1 +  e  − 2 π λ     e  − 2 π λ       λ 2  + 2 λ + 2    1 −  e  − 2 π λ    3    ,      








respectively, for   0 ≤ θ < 2 π   and   λ > 0  . The nth trigonometric moment is given by


       m n  =    λ 3    λ 2  + 2 λ −  n 2  + 2 − 2 i n  ( 1 + λ )       λ 2  + 2    λ − i n  3         








for   n = 1 , 2 , …  . The mean direction, mean resultant length, skewness, and kurtosis are


      μ = 3 arctan   1 λ   − arctan    2 ( 1 + λ )    λ 2  + 2 λ + 1    ,      










      ρ =   λ 3    λ 2  + 2 λ + 2         λ 2  + 2 λ + 1  2  + 4  1 +  λ 2       λ 2  + 1  3    ,      










       γ 1  =     λ 3    λ 2  + 2 λ + 2         λ 2  + 2 λ − 2  2  + 16  1 +  λ 2       λ 2  + 4  3    sin   μ 2  − 2 μ     1 −       λ 2  + 2 λ + 1  2  + 4  1 +  λ 2       λ 2  + 1  3      3 2    ,      








and


       γ 2  =     λ 3    λ 2  + 2 λ + 2         λ 2  + 2 λ − 2  2  + 16  1 +  λ 2       λ 2  + 4  3    cos   μ 2  − 2 μ  −     λ 3    λ 2  + 2 λ + 2         λ 2  + 2 λ − 2  2  + 16  1 +  λ 2       λ 2  + 4  3     4     1 −       λ 2  + 2 λ + 1  2  + 4  1 +  λ 2       λ 2  + 1  3     2   ,      








respectively, where    μ 2  = 3 arctan    2 λ    − arctan     4 ( 1 + λ )    λ 2  + 2 λ − 2      . The wrapped Aradhana distribution has only one parameter, which might restrict its versatility and relevance to real-world datasets. However, it does have closed form expressions for the PDF and CDF.




2.3. Wrapped Binormal Distribution


Ref. [15] took g to be the PDF of the binormal distribution to obtain the wrapped binormal distribution. Its PDF is


      f  ( θ )  =        ∑  k = − ∞  ∞    2 π    1   σ 1  +  σ 2     e  −    θ + 2 k π − μ  2   2  σ 1 2      ,      θ ≤ μ ,            ∑  k = − ∞  ∞    2 π    1   σ 1  +  σ 2     e  −    θ + 2 k π − μ  2   2  σ 2 2      ,      θ > μ           








for   0 ≤ θ < 2 π  ,   θ > μ  , and   σ > 0  . The nth trigonometric moment is


       m n  = 2   b n  cos  ( p μ )  −  c n  sin  ( p μ )   + 2 i   b n  sin  ( p μ )  +  c n  cos  ( p μ )   ,      








where


       b p  =  1 2     σ 1    σ 1  +  σ 2     e   −  p 2   σ 1 2   2   +   σ 2    σ 1  +  σ 2     e   −  p 2   σ 2 2   2         








and


       c p  = −  1  π     σ 1    σ 1  +  σ 2     e   −  p 2   σ 1 2   2    ∑  n = 1  ∞       p  σ 1    2     2 n − 1    ( 2 n − 1 ) ( n − 1 ) !   +  2  π     σ 2    σ 1  +  σ 2     e   −  p 2   σ 2 2   2    ∑  n = 1  ∞       p  σ 2    2     2 n − 1    ( 2 n − 1 ) ( n − 1 ) !   .      








The mean direction, mean resultant length, skewness, and kurtosis are


      μ = arctan     b 1  sin  ( μ )  +  c 1  cos  ( μ )     b 1  cos  ( μ )  −  c 1  sin  ( μ )     ,      










      ρ = 2      b 1  cos μ −  c 1  sin μ  2  +    b 1  sin μ +  c 1  cos μ  2    ,      










       γ 1  =        b 2  cos  ( 2 μ )  −  c 2  sin  ( 2 μ )   2  +    b 2  sin  ( 2 μ )  +  c 2  cos  ( 2 μ )   2    sin   μ 2  − 2 μ     1 − 2      b 1  cos μ −  c 1  sin μ  2  +    b 1  sin μ +  c 1  cos μ  2      3 2    ,      








and


       γ 2        =    2      b 2  cos  ( 2 μ )  −  c 2  sin  ( 2 μ )   2  +    b 2  sin  ( 2 μ )  +  c 2  cos  ( 2 μ )   2    sin   μ 2  − 2 μ     1 − 2      b 1  cos μ −  c 1  sin μ  2  +    b 1  sin μ +  c 1  cos μ  2     2              −     2      b 1  cos μ −  c 1  sin μ  2  +    b 1  sin μ +  c 1  cos μ  2     4    1 − 2      b 1  cos μ −  c 1  sin μ  2  +    b 1  sin μ +  c 1  cos μ  2     2    ,     








respectively, where    μ 2  = arctan      b 2  sin  ( 2 μ )  +  c 2  cos  ( 2 μ )     b 2  cos  ( 2 μ )  −  c 2  sin  ( 2 μ )       . The wrapped binormal distribution lacks practicality due to its non-closed-form PDF.




2.4. Wrapped Birnbaum–Saunders Distribution


Ref. [16] took g to be the PDF of the Birnbaum-Saunders distribution to obtain the wrapped Birnbaum–Saunders distribution. Its PDF and CDF are


      f  ( θ )  =    e  δ 2     δ + 1     4   π μ      ∑  k = 0  ∞    θ + 2 k π +   δ μ   δ + 1      θ + 2 k π   3 2     e  −  δ 4      θ + 2 k π   ( δ + 1 )    δ μ   +   δ μ    θ + 2 k π   ( δ + 1 )            








and


      F ( θ )       =  ∑  k = 0  ∞  Φ     δ 2          θ + 2 k π   ( δ + 1 )    δ μ     −     δ μ    θ + 2 k π   ( δ + 1 )                  −  ∑  k = 0  ∞  Φ     δ 2         2 k π ( δ + 1 )   δ μ     −     δ μ   2 k π ( δ + 1 )       ,     








respectively, for   0 ≤ θ < 2 π  ,   0 ≤ μ < 2 π  , and   δ > 0  . The nth trigonometric moment is


       m n  =  1 2   1 +    δ + 1     δ + 1 − 4 n i μ      e   δ    δ + 1   −   δ + 1 − 4 n i μ      2   δ + 1           








for   n = 1 , 2 , …  . The wrapped Birnbaum–Saunders distribution was used on a dataset examined by [1] and originally gathered by [17]. The dataset includes 100 ant directions in reaction to a uniformly lit black target. The wrapped Birnbaum–Saunders distribution fit the data better than both symmetric and asymmetric von Mises distributions.




2.5. Wrapped Cauchy Distribution


Ref. [18] took g to be the PDF of the Cauchy distribution to obtain the wrapped Cauchy distribution. Its PDF is


      f  ( θ )  =  ∑  k = − ∞  ∞   γ  μ (  γ 2  +   ( θ − μ + 2 π n )  2  )   =  1  2 π     sinh γ   cosh γ − cos ( θ − μ )        








for   0 ≤ θ < 2 π  ,   γ > 0  , and   − ∞ < μ < ∞  . The nth trigonometric moment is


       m n  =  e  i n μ − n γ        








for   n = 1 , 2 , …  . The mean direction, mean resultant length, skewness, and kurtosis are


      μ ,      










      ρ =  e  − γ   ,      










      γ 1  = 0 ,     








and


       γ 2  =    e  − 2 γ   −  e  − 8 γ      1 −  e  − γ    2   ,      








respectively. Notably, the wrapped Cauchy distribution has a closed-form expression for its PDF. However, it is a symmetric distribution and, as such, has limited applicability to skewed datasets.




2.6. Wrapped Chi-Square Distribution


Ref. [19] took g to be the PDF of a chi-square distribution to obtain the wrapped chi-square distribution. Its PDF is


      f  ( θ )  =    e  −  θ 2     π   k 2  − 1     2 Γ   k 2     Φ   e  − π   ; 1 −  k 2  ,  θ  2 π         








for   0 ≤ θ < 2 π   and   k > 0  . The nth trigonometric moment is


       m n  =   1 − 2 i n   −  k 2         








for   n = 1 , 2 , …  . The mean direction, mean resultant length, skewness, and kurtosis are


      μ =  k 2  arctan  2  ,      










      ρ =  5  −  k 4    ,      










       γ 1  =    17  −  k 4    sin   k 2  arctan  ( 4 )  − k arctan  ( 2 )      1 −  5  −  k 4      3 2    ,      








and


       γ 2  =    17  −  k 4    cos   k 2  arctan  ( 4 )  − k arctan  ( 2 )   −  5  − k      1 −  5  −  k 4     2   ,      








respectively. The wrapped chi-square distribution faces limitations due to its non-closed-form PDF, as defined in terms of the Lerch function.




2.7. Wrapped Exponential Distribution


Ref. [20] took g to be the PDF of the exponential distribution to obtain the wrapped exponential distribution. Its PDF and CDF are


      f  ( θ )  =   λ  e  − λ θ     1 −  e  − 2 π λ          








and


      F  ( θ )  =   1 −  e  − λ θ     1 −  e  − 2 π λ     ,      








respectively, for   0 ≤ θ < 2 π   and   λ > 0  . The nth trigonometric moment is


       m n  =  λ  λ − i n        








for   n = 1 , 2 , …  . The mean direction, mean resultant length, skewness, and kurtosis are


      μ = arctan   1 λ   ,      










      ρ =  λ   1 +  λ 2     ,      










       γ 1  =   − 2 λ     1 +  λ 2    1 4    4 +  λ 2       1 +  λ 2    − λ   3 2     ,      








and


       γ 2  =   3  λ 2     1 +  λ 2    4 +  λ 2       1 +  λ 2    − λ  2    ,      








respectively. The wrapped exponential distribution adequately fits various real-life distributions, as reported by [1]. It offers straightforward closed-form expressions for the PDF and CDF. Nevertheless, its limitation lies in being a one-parameter distribution, restricting its flexibility.




2.8. Wrapped Exponentiated Inverted Weibull Distribution


Ref. [21] took g to be the PDF of the exponentiated inverted Weibull distribution to obtain the wrapped exponential inverted Weibull distribution. Its PDF is


      f  ( θ )  = c  ∑  k = 0  ∞  λ   ( θ + 2 π k )   − ( c + 1 )      e  −   ( θ + 2 π k )   − c      λ       








for   0 ≤ θ < 2 π  ,   c > 0  , and   λ > 0  . The nth trigonometric moment is


       m n  =  ∑  k = 0  ∞     i t  λ  1 c    k   k !   Γ  1 −  k c   =  b t  + i  c t       








for   n = 1 , 2 , …  , where


       b n  =  ∑  k = 0  ∞      ( − 1 )  k    n  λ  1 c     2 k     ( 2 k ) !   Γ  1 −   2 k  c        








and


       c n  =  ∑  k = 0  ∞      ( − 1 )  k    n  λ  1 c     2 k + 1     ( 2 k + 1 ) !   Γ  1 −   2 k + 1  c   .      








The mean direction, mean resultant length, skewness, and kurtosis are


      μ = arctan    c 1   b 1    ,      










      ρ =    b 1 2  +  c 1 2    ,      










       γ 1  =      b 2 2  +  c 2 2    sin   μ 2  − 2 μ     1 −    b 1 2  +  c 1 2      3 2    ,      








and


       γ 2  =      b 2 2  +  c 2 2    cos   μ 2  − 2 μ  −      b 1 2  +  c 1 2     4     1 −    b 1 2  +  c 1 2      3 2    ,      








respectively, where    μ 2  = arctan     c 2   b 2      . The wrapped exponential inverted Weibull distribution was used to analyze the orientation data of 76 turtles post egg-laying, as documented by [1]. This distribution exhibited a superior fit compared to the wrapped new Weibull–Pareto distribution. Nonetheless, a limitation is noted due to the absence of a closed-form PDF.




2.9. Wrapped Gamma Distribution


Ref. [22] took g to be the PDF of the gamma distribution to obtain the wrapped gamma distribution. Its PDF is


      f  ( θ )  =   λ r   Γ ( r )    e  − λ θ     ( 2 π )   r − 1   Φ   e  − 2 λ π   ; 1 − r ,  θ  2 π         








for   0 ≤ θ < 2 π  ,   r > 0  , and   λ > 0  . The nth trigonometric moment is


       m n  =  λ r    λ − i n   − r        








for   n = 1 , 2 , …  . The mean direction, mean resultant length, skewness, and kurtosis are


      μ = r arctan   1 λ   ,      










      ρ =  λ r     λ 2  + 1   −  r 2    ,      










       γ 1  =    λ r     λ 2  + 4   −  r 2    sin   μ 2  − 2 μ     1 −  λ r     λ 2  + 1   −  r 2      3 2    ,      








and


       γ 2  =    λ r     λ 2  + 4   −  r 2    sin   μ 2  − 2 μ  −    λ r     λ 2  + 1   −  r 2     4     1 −  λ r     λ 2  + 1   −  r 2     2   ,      








respectively, where    μ 2  = r arctan    2 λ     . The wrapped gamma distribution is constrained by its non-closed-form PDF, expressed in terms of the Lerch function.




2.10. Wrapped Generalized Geometric Stable Distribution


Ref. [23] took g to be the PDF of the generalized geometric stable distribution to obtain the wrapped generalized geometric stable distribution. Its PDF and CDF are


      f  ( θ )  =  1  2 π    1 + 2  ∑  k = 1  ∞    α k  cos  ( k θ )  +  β k  sin  ( k θ )         








and


      F  ( θ )  =  1  2 π    1 + 2  ∑  k = 1  ∞     α k  k  sin  ( k θ )  +   β k  k  −   β k  k  cos  ( k θ )    ,      








respectively, for   0 ≤ θ < 2 π  , where


       α k  =           1 +  σ α   k α   2  +    σ α   k α  β tan    π α  2   +  μ *  k  2    −  λ 2    cos  λ arctan     σ α   k α  β tan    π α  2   +  μ *  k   1 +  σ α   k α      ,      if   α ≠ 1 ,               1 +  σ α   k α   2  +    μ *  k −   2  σ α   k α  β  π  log ∣ k ∣  2    −  λ 2    cos  λ arctan     μ *  k −   2  σ α   k α  β  π  log ∣ k ∣   1 +  σ α   k α      ,      if   α = 1           








and


       β k  =           1 +  σ α   k α   2  +    σ α   k α  β tan    π α  2   +  μ *  k  2    −  λ 2    sin  λ arctan     σ α   k α  β tan    π α  2   +  μ *  k   1 +  σ α   k α      ,      if   α ≠ 1 ,               1 +  σ α   k α   2  +    μ *  k −   2  σ α   k α  β  π  log ∣ k ∣  2    −  λ 2    sin  λ arctan     μ *  k −   2  σ α   k α  β  π  log ∣ k ∣   1 +  σ α   k α      ,      if   α = 1           








for   0 < α ≤ 2  ,   λ > 0  ,   σ > 0  ,   − 1 ≤ β ≤ 1  ,   − ∞ μ < ∞  , and    μ *  = μ   mod   2 π  . The nth trigonometric moment is


       m n  =  α n  + i  β n       








for   n = 1 , 2 , …  . The mean direction and mean resultant length are


      μ =       λ arctan     μ *  +  σ α  β tan    π α  2     1 +  σ α        and    2 π ,      if   α ≠ 1 ,           λ arctan    μ *   1 +  σ α        and    2 π ,      if   α = 1           








and


      ρ =           1 +  σ α   2  +    μ *   σ α  β tan    π α  2    2    −  λ 2    ,      if   α ≠ 1 ,               1 + σ  2  +    μ *   2    −  λ 2    ,      if   α = 1 ,           








respectively. The wrapped generalized geometric stable distribution was used to analyze hourly wind direction data collected over three days at a location on Black Mountain, ACT, Australia, as reported by [24] and discussed by [1]. Although the distribution was found to fit the data effectively, its drawback lies in its high number of parameters. Simplified distributions with fewer parameters might prove more practical.




2.11. Wrapped Generalized Gompertz Distribution


Ref. [25] took g to be the PDF of the generalized Gompertz distribution to obtain the wrapped generalized Gompertz distribution. Its PDF and CDF are


      f  ( θ )  =  1  b Γ ( c )    ∑  k = − ∞  ∞  exp  c   θ + 2 π k − a  b  −  e   θ + 2 π k − a  b         








and


      F  ( θ )  =  ∑  k = − ∞  ∞   1  Γ ( c )    Γ  c ,  e   2 π k − a  b    − Γ  c ,  e   θ + 2 π k − a  b     ,      








respectively, for   0 ≤ θ < 2 π  ,   0 ≤ a < 2 π  ,   b > 0  ,   c > 0  , and   θ + 2 π k > a  . The nth trigonometric moment is


       m n  =  e  i n a     Γ  i n b + c    Γ ( c )        








for   n = 1 , 2 , …  . The mean direction, mean resultant length, skewness, and kurtosis are


      μ = a ,      










      ρ =   Γ ( i b + c )   Γ ( c )   ,      










       γ 1  = 0 ,      








and


       γ 2  =     Γ ( 2 i b + c )   Γ ( c )   −     Γ ( i b + c )   Γ ( c )    4     1 −   Γ ( i b + c )   Γ ( c )    2   ,      








respectively. The wrapped generalized Gompertz distribution was used to analyze the orientations of 50 noisy scrub bird nests along a creek bank, as reported by [1]. While this distribution was found to fit the data effectively, it involves several parameters. Thus, there might be alternative distributions with fewer parameters that offer a better fit to the data.




2.12. Wrapped Generalized Normal Laplace Distribution


Ref. [26] took g to be the PDF of the generalized normal Laplace distribution to obtain the wrapped generalized normal Laplace distribution. Its PDF is


      f  ( θ )  =  1  2 π    1 + 2  ∑  k = 1  ∞    α k  cos  ( k θ )  +  β k  sin  ( k θ )         








for   0 ≤ θ < 2 π  , where


       α k  =     e  −  τ 2   k 2      1 +  a 2   k 2    1 +  b 2   k 2       ζ 2   cos  arctan     1 + a b  k 2   cos  ( η k )  +  ( b − a )  k sin  ( η k )     1 + a b  k 2   sin  ( η k )  +  ( b − a )  k cos  ( η k )           








and


       β k  =     e  −  τ 2   k 2      1 +  a 2   k 2    1 +  b 2   k 2       ζ 2   sin  arctan     1 + a b  k 2   cos  ( η k )  +  ( b − a )  k sin  ( η k )     1 + a b  k 2   sin  ( η k )  +  ( b − a )  k cos  ( η k )           








for   − ∞ < η < ∞  ,   − ∞ < τ < ∞  ,   a > 0  ,   b > 0  , and   ζ > 0  . The nth trigonometric moment is


       m n  =     e  i η n −    τ 2   n 2   2      1 − i a n   1 − i b n     ζ       








for   n = 1 , 2 , …  . The mean direction and mean resultant length are


      μ = ζ  η + arctan    a − b   1 + a b        mod    2 π      








and


      ρ =     e  −  τ 2      1 +  a 2    1 +  b 2       ζ 2   ,      








respectively. The wrapped generalized normal Laplace distribution was used to analyze a dataset containing 1827 flight headings of migrating birds, as documented by [27]. It was found that this distribution offers a superior fit compared to a five-parameter mixture of two von Mises distributions but that it is not as effective as a four-parameter mixture incorporating circular uniform and skew normal components.




2.13. Wrapped Generalized Skew Normal Distribution [10]


Ref. [10] took g to be the PDF of the generalized skew normal distribution to obtain the wrapped generalized skew normal distribution. Its PDF is


      f  ( θ )  =  2  σ ( α + 2 )    ∑  k = − ∞  ∞  ϕ    θ + 2 π k − μ  σ    1 + α Φ   λ σ   ( θ + 2 π k − μ )         








for   0 ≤ θ < 2 π  ,   − ∞ < μ < ∞  ,   σ > 0  ,   − ∞ < λ < ∞  , and   α ≥ − 1  . The nth trigonometric moment is


       m n  =  e  i μ n      γ    α 2  −   β + i n  2    1 2      2 λ        








for   n = 1 , 2 , …  . The mean direction, mean resultant length, skewness, and kurtosis are


      μ = arctan   sin μ +  α  α + 2   G  ( δ σ )  cos μ   cos μ −  α  α + 2   G  ( δ σ )  sin μ   ,      










      ρ = η  e  −   σ 2  2    ,      










       γ 1  =    e  −    p 2   σ 2   2     sin  p  2 μ − ω   +  α  α + 2   G  ( p δ σ )  cos  p  2 μ − ω       1 − η  e  −   σ 2  2      3 2    ,      








and


       γ 2  =    e  −    p 2   σ 2   2     cos p ω −  α  α + 2   G  ( δ σ p )  sin p ω  −  η 4   e  − 2  σ 2       1 − η  e  −   σ 2  2     2   ,      








respectively, where   η =   1 +   α  2 + α    G  ( δ σ )     ,   G  ( d )  =    2 π     ∑  n = 0  ∞     d  2 n + 1     2 n  n !  ( 2 n + 1 )       for d real, and   ω = μ −    sin μ +  α  α + 2   G  ( p δ σ )  cos μ   cos μ −  α  α + 2   G  ( p δ σ )  sin μ     . The wrapped generalized skew normal distribution is hindered by its non-closed-form PDF and excessive parameters, potentially outperformed by simpler models.




2.14. Wrapped Generalized Skew Normal Distribution [11]


Ref. [11] took g to be the PDF of the generalized skew normal distribution to obtain the wrapped generalized skew normal distribution. Its PDF is


      f  ( θ )  =  2 w   ∑  k = − ∞  ∞  ϕ    θ + 2 π k − μ  w   Φ  α    θ + 2 π k − μ  w   + β     θ + 2 π k − μ  w   3        








for   0 ≤ θ < 2 π  ,   − ∞ < μ < ∞  ,   w > 0  ,   − ∞ < α < ∞  , and   − ∞ < β < ∞  . No properties were derived for this distribution. The wrapped generalized skew normal distribution was utilized to analyze wind direction data from a meteorological station in Villena, Alicante, Spain. The data, collected in June 2009 using an Oregon Scientific WMR928NX automatic weather station, were split into sea breeze and mountain breeze subsets. The wrapped generalized skew normal distribution appeared to be the most suitable fit for both the entire dataset and the mountain breeze period. However, for the sea breeze period, the Jones and Pewsey sine-skewed distribution demonstrated the best fit.




2.15. Wrapped Half-Logistic Distribution


Ref. [15] took g to be the PDF of the half-logistic distribution to obtain the wrapped half-logistic distribution. Its PDF is


      f  ( θ )  =  ∑  k = − ∞  ∞   1  2 σ    sech 2     θ + 2 k π − μ   2 σ         








for   0 ≤ θ < 2 π  ,   0 ≤ μ < 2 π  , and   σ > 0  . The nth trigonometric moment is


       m n  = 2   b n  cos  ( p μ )  −  c n  sin  ( p μ )   + 2 i   b n  sin  ( p μ )  +  c n  cos  ( p μ )   ,      








where


       b n  =  ∫ 0 a  cos  ( p σ y )    e  − y     1 +  e  − y    2   d y +  ∑  n = 1  ∞    ( − 1 )   n − 1     n  e  − n a      n 2  +  p 2   σ 2      n cos ( p σ a )   − p σ sin (  p σ a  )        








and


       c n  =  ∫ 0 a  sin  ( p σ y )    e  − y     1 +  e  − y    2   d y +  ∑  n = 1  ∞    ( − 1 )   n − 1     n  e  − n a      n 2  +  p 2   σ 2      n sin ( p σ a )   + p σ cos (  p σ a  )   .      








The mean direction, mean resultant length, skewness, and kurtosis are


      μ = arctan     b 1  sin  ( μ )  +  c 1  cos  ( μ )     b 1  cos  ( μ )  −  c 1  sin  ( μ )     ,      










      ρ = 2      b 1  cos μ −  c 1  sin μ  2  +    b 1  sin μ +  c 1  cos μ  2    ,      










       γ 1  =   2      b 2  cos  ( 2 μ )  −  c 2  sin  ( 2 μ )   2  +    b 2  sin  ( 2 μ )  +  c 2  cos  ( 2 μ )   2    cos   μ 2  − 2 μ     1 − 2      b 1  cos μ −  c 1  sin μ  2  +    b 1  sin μ +  c 1  cos μ  2      3 2    ,      








and


       γ 2         =   2      b 2  cos  ( 2 μ )  −  c 2  sin  ( 2 μ )   2  +    b 2  sin  ( 2 μ )  +  c 2  cos  ( 2 μ )   2    sin   μ 2  − 2 μ     1 − 2      b 1  cos μ −  c 1  sin μ  2  +    b 1  sin μ +  c 1  cos μ  2     2               −    2      b 1  cos μ −  c 1  sin μ  2  +    b 1  sin μ +  c 1  cos μ  2     4    1 − 2      b 1  cos μ −  c 1  sin μ  2  +    b 1  sin μ +  c 1  cos μ  2     2   ,      








respectively, where    μ 2  = arctan      b 2  sin  ( 2 μ )  +  c 2  cos  ( 2 μ )     b 2  cos  ( 2 μ )  −  c 2  sin  ( 2 μ )       . The utility of the wrapped half-logistic distribution is restricted by its non-closed-form PDF.




2.16. Wrapped Half-Normal Distribution


If g is the pdf of the half-normal distribution we obtain the wrapped half-normal distribution. Its pdf is


      f  ( θ )  =  ∑  k = 0  ∞   1  2 σ    sech 2     θ + 2 k π − μ   2 σ         








for   0 ≤ θ < 2 π   and   σ > 0  . The nth trigonometric moment is


       m n  = 2   b n  cos  ( p μ )  −  c n  sin  ( p μ )   + 2 i   b n  sin  ( p μ )  +  c n  cos  ( p μ )   ,      








where


       b n  =  ∫ 0 a  cos  ( p σ y )    e  − y     1 +  e  − y    2   d y +  ∑  n = 1  ∞    ( − 1 )   n − 1     n  e  − m      n 2  +  p 2   σ 2       n cos ( p σ a )   − p σ sin  p σ a          








and


       c n  =  ∫ 0 a  cos  ( p σ y )    e  − y     1 +  e  − y    2   d y +  ∑  n = 1  ∞    ( − 1 )   n − 1     n  e  − m      n 2  +  p 2   σ 2       n sin ( p σ a )   p σ cos  p σ a     .      








The mean direction, mean resultant length, skewness, and kurtosis are


      μ = arctan     b 1  sin  ( μ )  +  c 1  cos  ( μ )     b 1  cos  ( μ )  −  c 1  sin  ( μ )     ,      










      ρ = 2      b 1  cos μ −  c 1  sin μ  2  +    b 1  sin μ +  c 1  cos μ  2    ,      










       γ 1  =   2      b 2  cos  ( 2 μ )  −  c 2  sin  ( 2 μ )   2  +    b 2  sin  ( 2 μ )  +  c 2  cos  ( 2 μ )   2    sin   μ 2  − 2 μ     1 − 2      b 1  cos μ −  c 1  sin μ  2  +    b 1  sin μ +  c 1  cos μ  2      3 2         








and


       γ 2         =   2      b 2  cos  ( 2 μ )  −  c 2  sin  ( 2 μ )   2  +    b 2  sin  ( 2 μ )  +  c 2  cos  ( 2 μ )   2    sin   μ 2  − 2 μ     1 − 2      b 1  cos μ −  c 1  sin μ  2  +    b 1  sin μ +  c 1  cos μ  2     2               −    2      b 1  cos μ −  c 1  sin μ  2  +    b 1  sin μ +  c 1  cos μ  2     4    1 − 2      b 1  cos μ −  c 1  sin μ  2  +    b 1  sin μ +  c 1  cos μ  2     2   ,      








respectively, where    μ 2  = arctan      b 2  sin  ( 2 μ )  +  c 2  cos  ( 2 μ )     b 2  cos  ( 2 μ )  −  c 2  sin  ( 2 μ )       .




2.17. Wrapped [12]’s Skew Laplace Distribution


Ref. [28] took g to be the PDF of [12]’s skew Laplace distribution to obtain the wrapped [12]’s skew Laplace distribution. Its PDF and CDF are


      f  ( θ )  =   p c  e  c  β + 2 π − 2 β π − θ    +  ( 1 − p )   e  c + ( 2 π − 1 ) c β      e  2 π c   − 1        








and


      F  ( θ )  =   p  e  c  β + 2 π − 2 β π     1 −  e  − c θ    +  ( 1 − p )   e  ( 2 π − 1 ) c β     e  c θ   − 1     e  2 π c   − 1   ,      








respectively, for   0 ≤ θ < 2 π  ,   − ∞ < β < ∞  ,   c > 0  , and   0 < p < 1  . The nth trigonometric moment is


       m n  =  α n  + i  β n       








for   n = 1 , 2 , …  , where


       α n  =   c 2    n 2  +  c 2     n  e  ( 1 − 2 π ) β c   +  ( 1 − n )   e  ( 2 π − 1 ) β c         








and


       β n  =   n c    n 2  +  c 2      ( n − 1 )   e  ( 2 π − 1 ) β c   − n  e  ( 1 − 2 π ) β c    .      








The distribution was tested on the Black Mountain wind direction dataset [1]. It showed a superior fit compared to other distributions, specifically the wrapped variance gamma distribution and the generalized von Mises distribution, which have more parameters.




2.18. Wrapped Hypoexponential Distribution


Ref. [29] took g to be the PDF of the hypoexponential distribution to obtain the wrapped hypoexponential distribution. Its PDF is


      f  ( θ )  =    λ 1   λ 2     λ 2  −  λ 1      e  −  λ 1  θ    ∑  k = 0  ∞   e  − 2 k π  λ 1    −  e  −  λ 2  θ    ∑  k = 0  ∞   e  − 2 k π  λ 2          








for   0 ≤ θ < 2 π  ,    λ 1  > 0  , and    λ 2  > 0  . The nth trigonometric moment is


       m n  =    λ 1   λ 2      λ 1  − i n    λ 2  − i n         








for   n = 1 , 2 , …  . The mean direction, mean resultant length, skewness, and kurtosis are


      μ = arctan   1  λ 1   +  1  λ 2    ,      










      ρ =    λ 1   λ 2      1 +  λ 1 2    1 +  λ 2 2      ,      










       γ 1  =      λ 1   λ 2      4 +  λ 1 2    4 +  λ 2 2      sin  arctan   2  λ 1   +  2  λ 2    − 2 arctan   1  λ 1   +  1  λ 2        1 −    λ 1   λ 2      1 +  λ 1 2    1 +  λ 2 2        3 4    ,      








and


       γ 2  =      λ 1   λ 2      4 +  λ 1 2    4 +  λ 2 2      sin  arctan   2  λ 1   +  2  λ 2    − 2 arctan   1  λ 1   +  1  λ 2     −    λ 1 4   λ 2 4      1 +  λ 1 2   2    1 +  λ 2 2   2       1 −    λ 1   λ 2      1 +  λ 1 2    1 +  λ 2 2       2   ,      








respectively, The wrapped hypoexponential distribution has a PDF that can be recast into a closed form. It also offers additional flexibility compared to one-parameter models.




2.19. Wrapped Ishita Distribution


Ref. [30] took g to be the PDF of the Ishita distribution to obtain the wrapped Ishita distribution. Its PDF and CDF are


      f  ( θ )  =    λ 3   e  − λ θ     λ + 2      λ +  θ 2    1 −  e  − 2 π λ     +   4 π θ  e  − 2 π λ      1 −  e  − 2 π λ    2   +   4  π 2   e  − 2 π λ    1 +  e  − 2 π λ       1 −  e  − 2 π λ    3         








and


      F ( θ )        =  1   λ 3  + 2   {    λ 3  + 2 −   λ 3  + 2 + λ θ  λ θ + 2    e  − λ θ     1 −  e  − 2 π λ                 +   4 π λ  1 −  ( λ θ + 1 )   e  − λ θ     e  − 2 λ π      1 −  e  − 2 π λ    2               +   4  π 2   λ 2   1 −  e  − λ θ     1 +  e  − 2 π λ     e  − 2 λ π      1 −  e  − 2 π λ    3   } ,      








respectively, for   0 ≤ θ < 2 π   and   λ > 0  . The nth trigonometric moment is


       m n  =   λ 3    λ 3  + 2      λ 3  −  n 2  λ + 2 − 2 i n  λ 2     ( λ − i n )  3        








for   n = 1 , 2 , …  . The mean direction, mean resultant length, skewness, and kurtosis are


      μ = 3 arctan   1 λ   − arctan    2  λ 2     λ 3  − λ + 2    ,      










      ρ =   λ 3    λ 3  + 2         λ 3  − λ + 2  2  + 4  λ 4      λ 2  + 1  3    ,      










       γ 1  =     λ 3    λ 3  + 2         λ 3  − 4 λ + 2  2  + 16  λ 4      λ 2  + 4  3    sin   κ  λ , 2       1 −   λ 3    λ 3  + 2         λ 3  − λ + 2  2  + 4  λ 4      λ 2  + 1  3      3 2    ,      








and


       γ 2  =     λ 3    λ 3  + 2         λ 3  − 4 λ + 2  2  + 16  λ 4      λ 2  + 4  3    cos   κ  λ , 2    −     λ 3    λ 2  + 2         λ 2  − λ + 2  2  + 4  λ 2      λ 2  + 1  3     4     1 −   λ 3    λ 2  + 2         λ 2  − λ + 2  2  + 4  λ 2      λ 2  + 1  3     2   ,      








respectively, where    κ  λ , 2   = 3 arctan    2 λ    − arctan     4  λ 2     λ 3  − 4 λ + 2     − 6 arctan    1 λ    + 2 arctan     2  λ 2     λ 3  − λ + 2      . The wrapped Ishita distribution, despite having closed-form expressions for PDF and CDF, might be unsuitable for some real-life datasets, as its flexibility is restricted by the fact it only has one parameter.




2.20. Wrapped Laplace Distribution


Ref. [31] took g to be the PDF of the Laplace distribution to obtain the wrapped Laplace distribution. Its PDF and CDF are


      f  ( θ )  =   λ κ   1 +  κ 2       e  − λ κ θ    1 −  e  − 2 π λ κ     +   e   λ θ  κ     e   2 π λ  κ   − 1         








and


      F  ( θ )  =  1  1 +  κ 2      1 −  e  − κ λ θ     1 −  e  − 2 π κ λ     +   κ 2   1 +  κ 2      e    λ θ  κ  − 1    1 −  e  −   2 π λ  κ      ,      








respectively, for   0 ≤ θ < 2 π  ,   κ > 0  , and   λ > 0  . The nth trigonometric moment is


       m n  =  1   1 −   i n   λ κ     1 +   i n    λ κ            








for   n = 1 , 2 , …  . The mean direction, mean resultant length, skewness, and kurtosis are


      μ =       arctan   1  λ κ    − arctan   κ λ   ,      for  κ ≤ 1 ,           2 π + arctan   1  λ κ    − arctan   κ λ   ,      for  κ > 1 ,           










      ρ =   λ 2     1 +   ( λ κ )  2        λ 2   κ 2   + 1     ,      










       γ 1  =   − 2 λ     1 +  λ 2    1 4    4 +  λ 2       1 +  λ 2    − λ   3 2     ,      








and


       γ 2  =   3  λ 2     1 +  λ 2    4 +  λ 2       1 +  λ 2    −  | λ |   2    ,      








respectively. The ant orientation data from [17] were analyzed using the wrapped Laplace distribution, which demonstrated a superior fit compared to the von Mises distribution. However, the scope of conclusions is constrained by the limited number of distributions considered. To better evaluate the goodness of fit, it is essential to compare the wrapped Laplace distribution against a broader range of distributions.




2.21. Wrapped Length-Biased Weighted Exponential Distribution


Ref. [32] took g to be the PDF of the length-biased weighted exponential distribution to obtain the wrapped length-biased weighted exponential distribution. Its PDF and CDF are


      f  ( θ )  =    λ ( α + 1 )  2   α ( α + 2 )    e  − λ β     1  1 −  e  − 2 π λ      β +   2 π  e  − 2 π λ     1 −  e  − 2 π λ      −   e  − α β λ    1 −  e  − 2 π λ ( 1 + α )      β +   2 π  e  − 2 π λ ( 1 + α )     1 −  e  − 2 π λ ( 1 + α )            








and


      F ( θ )        =  1  α ( α + 2 )   {     ( 1 + α )  2   1 −  ( 1 + β )   e  − β      1 −  e  − 2 π     +     ( 1 + α )  2  2 π  1 −  e  − β     e  − 2 π      1 −  e  − 2 π    2               +    e  − β ( 1 + α )    1 + β ( 1 + α )  − 1   1 −  e  − 2 π ( 1 + α )     +   2 π  ( 1 + α )   e  − 2 π ( 1 + α )     e  − β ( 1 + α )   − 1     1 −  e  − 2 π ( 1 + α )    2   } ,      








respectively, for   0 ≤ θ < 2 π  ,   α > 0  ,   λ > 0  , and   0 < β ≤ 2 π  . The nth trigonometric moment is


       m n  =     ( 1 − i n )   − 2     1 −   i n   1 + α     − 2      1 −   2 i n   2 + α     − 1         








for   n = 1 , 2 , …  . The mean direction, mean resultant length, skewness, and kurtosis are


      μ = arctan  ( 1 )  + arctan   1  1 + α    − arctan   2  2 + α    ,      










      ρ =    1 +   ( 2 + α )   − 2      2  1 +   ( 1 + α )   − 2      ,      










       γ 1  =   sin   μ 2  − 2 μ    5   1 −    1 +   ( 2 + α )   − 2     −  1 2     2  1 +   ( 1 + α )   − 2        3 2    1 + 4   ( 1 + α )   − 2      1 +    4  2 + α    2      ,      








and


       γ 2  =   cos   μ 2  − 2 μ    5   1 −    1 +   ( 2 + α )   − 2     −  1 2     2  1 +   ( 1 + α )   − 2       2   1 + 4   ( 1 + α )   − 2      1 +    4  2 + α    2      −       1 +   ( 2 + α )   − 2     −  1 2     2  1 +   ( 1 + α )   − 2       4    1 −    1 +   ( 2 + α )   − 2     −  1 2     2  1 +   ( 1 + α )   − 2       2   ,      








respectively, where    μ 2  = arctan  ( 2 )  + arctan    2  1 + α     − arctan    4  2 + α      . The wrapped length-biased weighted exponential distribution was used to analyze the feldspar laths dataset obtained from [33] and published by [1]. Watson’s   U 2   test indicated a good fit of the distribution to the data. No comparisons with other distributions were performed.




2.22. Wrapped Levy Distribution


Ref. [1] took g to be the PDF of the Levy distribution to obtain the wrapped Levy distribution. Its PDF is


      f  ( θ )  =  ∑  k = − ∞  ∞    c  2 π      e  −  c 2   ( θ + 2 π n − μ )      ( θ + 2 π n − μ )   3 2         








for   0 ≤ θ < 2 π  , the summand is zero if   θ + 2 π n − μ ≤ 0  ,   c > 0  , and   − ∞ < μ < ∞  . The nth trigonometric moment is


       m n  =  e  i n μ −   c | n |    1 − i sgn ( n )    =  e  i n μ −   c n    ( 1 − i )         








for   n = 1 , 2 , …  . The mean direction, mean resultant length, skewness, and kurtosis are


      μ +  c  ,      










      ρ =  e  −  c    ,      










       γ 1  =    e  −   2 c     sin    2 c   − 2  c      1 −  e  −  c      3 2    ,      








and


       γ 2  =    e  −   2 c     cos    2 c   − 2  c   −  e  − 4  c       1 −  e  −  c     2   ,      








respectively. The practical utility of the wrapped Levy distribution is hampered by its non-closed-form PDF.




2.23. Wrapped Lindley Distribution


Ref. [34] took g to be the PDF of the Lindley distribution to obtain the wrapped Lindley distribution. Its PDF and CDF are


      f  ( θ )  =   λ 2   1 + λ    e  − λ θ      1 + θ   1 −  e  − 2 π λ     +   2 π  e  − 2 π λ      1 −  e  − 2 π λ    2         








and


      F  ( θ )  =  1  1 −  e  − 2 π λ      1 −  e  − λ θ   −   λ θ   λ + 1    e  − λ θ    −   2 π λ   λ + 1      e  − 2 π λ    1 −  e  − λ θ       1 −  e  − 2 π λ    2   ,      








respectively, for   0 ≤ θ < 2 π   and   λ > 0  . The nth trigonometric moment is given by


       m n  =   λ 2   1 + λ     ( 1 + λ − i n )    ( λ − i n )  2        








for   n = 1 , 2 , …  . The mean direction, mean resultant length, skewness, and kurtosis are


      μ = 2 arctan   1 λ   − arctan   1  λ + 1    ,      










      ρ =    λ 2      ( λ + 1 )  2  + 1      ( 1 + λ )    λ 2  + 1    ,      










       γ 1  =    λ 2    4 +   ( 1 + λ )  2    sin   μ 2  − 2 μ     ( 1 + λ )   4 +  λ 2     1 −    λ 2    1 +   ( 1 + λ )  2    1 2      ( 1 + λ )   1 +  λ 2       3 2     ,      








and


       γ 2  =    λ 2    4 +   ( 1 + λ )  2    cos   μ 2  − 2 μ  −      λ 2    1 +   1 + λ  2       ( 1 + λ )   1 +  λ 2      4     ( 1 + λ )   4 +  λ 2     1 −    λ 2    1 +   ( 1 + λ )  2       ( 1 + λ )   1 +  λ 2      4    ,      








respectively, where    μ 2  = 2 arctan    2 λ    − arctan    2  λ + 1      . The wrapped Lindley distribution was used to analyze a dataset concerning the orientations of 76 turtles after laying eggs, as documented by [1]. This distribution seemed to match the data effectively and performed better than the alternative distribution it was contrasted with, the wrapped exponential distribution.




2.24. Wrapped Linnik Distribution


Ref. [35] took g to be the PDF of the Linnik distribution to obtain the wrapped Linnik distribution. Its PDF and CDF are


      f  ( θ )  =  1  2 π    1 + 2  ∑  k = 1  ∞    cos ( k θ )   1 + σ  k α          








and


      F  ( θ )  =  1  2 π    θ + 2  ∑  k = 1  ∞    sin ( k θ )   k  1 + σ  k α      ,      








respectively, for   0 ≤ θ < 2 π  ,   σ > 0  , and   0 < α ≤ 2  . The nth trigonometric moment is


       m n  =  1  1 + σ ∣ n  ∣ α         








for   n = 1 , 2 , …  . The mean direction, mean resultant length, skewness, and kurtosis are


      μ = 0 ,      










      ρ =  1  1 + σ   ,      










       γ 1  = 0 ,      








and


       γ 2  =     ( 1 + σ )  4  −  1 +  2 α  σ     σ  2 α    1 +  2 α  σ    ( 1 + σ )  2    ,      








respectively. The wrapped Linnik distribution was used to analyze the frequency of traffic accidents throughout the day in Srinagar, India, in 2016, sourced from reports from the National Crime Records Bureau, India. This distribution was also applied to ant data collected by [17]. Results indicated that the wrapped Linnik distribution provided a better fit for both datasets compared to the wrapped stable distribution.




2.25. Wrapped Lomax Distribution


Ref. [36] took g to be the PDF of the Lomax distribution to obtain the wrapped Lomax distribution. Its PDF and CDF are


      f  ( θ )  =  α σ   ∑  k = 0  ∞    1 +   θ + 2 k π  σ    − α − 1        








and


      F  ( θ )  =  ∑  k = 0  ∞    1 +   2 k π  σ    − α   −  ∑  k = 0  ∞    1 +   θ + 2 k π  σ    − α   ,      








respectively, for   0 ≤ θ < 2 π  ,   σ > 0  , and   α > 0  . The wrapped Lomax distribution faces limitations due to its non-closed-form PDF.




2.26. Wrapped Modified Lindley Distribution


Ref. [37] took g to be the PDF of the modified Lindley distribution to obtain the wrapped modified Lindley distribution. Its PDF and CDF are


      f  ( θ )  =   λ  e  − λ θ     1 −  e  − 4 λ π      1 +  e  − 2 λ π   +   e  − λ θ    1 + λ    2 λ θ − 1 +   4 λ π  e  − 4 λ π     1 −  e  − 4 λ π            








and


      F  ( θ )  =   1 −  e  − λ θ     1 −  e  − 2 λ π     +   2 λ π  e  − 4 λ π    1 −  e  − 2 λ θ       ( 1 + λ )    1 −  e  − 4 λ θ    2    −   λ θ  e  − 2 λ θ      ( 1 + λ )   1 −  e  − 4 λ θ      ,      








respectively, for   0 ≤ θ < 2 π   and   λ > 0  . The nth trigonometric moment is


       m n  =  λ  λ − n i   +   λ n i    ( 1 + λ )    ( 2 λ − n i )  2         








for   n = 1 , 2 , …  . The mean direction, mean resultant length, skewness, and kurtosis are


      μ =       π + arctan    β 1   α 1    ,      if    α 1  < 0 ,  β 1  ≥ 0 ,            π 2  ,      if    α 1  < 0 ,  β 1  > 0 ,           arctan    β 1   α 1    ,      if    α 1  > 0 ,            u n d e f i n e d  ,      if    α 1  = 0 ,  β 1  = 0           








and


      ρ =  λ 2     16  λ 4  + 32  λ 3  + 24  λ 2  + 16 λ + 10     ( 1 + λ )  2    λ 2  + 1    4  λ 2  + 1  2     ,      








respectively, where


       α 1  =   λ 2    λ 2  + 1   +   4  λ 2     ( 1 + λ )    4  λ 2  + 1  2         








and


       β 1  =  λ   λ 2  + 1   +   4  λ 3     ( 1 + λ )    4  λ 2  + 1  2    −  λ   ( 1 + λ )    4  λ 2  + 1  2    .      








The wrapped modified Lindley distribution was used on two real-life datasets from [1]. The first set involves 76 turtles’ egg-laying orientations, while the second set has 133 measurements of feldspar lath orientations in basalt. This distribution was compared with the wrapped exponential distribution, transmuted wrapped exponential distribution, and wrapped Lindley distribution for goodness of fit. The wrapped modified Lindley distribution provided a competitive fit for both datasets. It offered the best fit for the turtle dataset but did not outperform the transmuted wrapped exponential distribution for the feldspar lath dataset.




2.27. Wrapped New Weibull–Pareto Distribution


Ref. [38] took g to be the PDF of the new Weibull–Pareto distribution to obtain the wrapped new Weibull–Pareto distribution. Its PDF is


      f  ( θ )  =  ∑  k = − ∞  ∞   1  4 σ    sech 2     θ + 2 k π − μ   2 σ         








for   0 ≤ θ < 2 π  ,   θ > μ  , and   σ > 0  . The nth trigonometric moment is


       m n  =   π σ n   sinh π σ n    e  i n μ        








for   n = 1 , 2 , …  . The mean direction, mean resultant length, skewness, and kurtosis are


      μ ,      










      ρ =   π σ p   sinh π σ p   ,      










       γ 1  = 0 ,      








and


       γ 2  =     2 π σ   sinh ( 2 π σ )   −     π σ   sinh ( π σ )    4     1 −   π σ   sinh ( π σ )    2   ,      








respectively. The wrapped new Weibull–Pareto distribution and the wrapped exponentiated inverted Weibull distribution were tested on the turtle dataset from [1]. Both models fit the data well, but the wrapped exponentiated inverted Weibull distribution slightly outperformed the wrapped new Weibull–Pareto distribution.




2.28. Wrapped Normal Distribution


Ref. [39] took g to be the PDF of the normal distribution to obtain the wrapped normal distribution. Its PDF and CDF are


      f  ( θ )  =  1    2 π   σ    ∑  k = − ∞  ∞   e  −    ( θ − μ + 2 π k )  2   2  σ 2           








and


      F  ( θ )  =  ∑  k = − ∞  ∞   Φ    θ + 2 π k − μ  σ   − Φ    2 π k − μ  σ    ,      








respectively, for   0 ≤ θ < 2 π  ,   − ∞ < μ < ∞  , and   σ > 0  . The nth trigonometric moment is


       m n  =  e  i n μ −    n 2   σ 2   2         








for   n = 1 , 2 , …  . The mean direction, mean resultant length, skewness, and kurtosis are


      μ ,      










      ρ =  e  −   σ 2  2    ,      










       γ 1  = 0 ,      








and


       γ 2  = 0 ,      








respectively. The wrapped normal distribution, commonly used in literature, adequately fits real-life data but is restricted by its non-closed-form PDF.




2.29. Wrapped Pareto Distribution


Ref. [40] took g to be the PDF of a Pareto distribution to obtain the wrapped Pareto distribution. Its PDF is


      f  ( θ )  =   α  −  1 α     Γ   1 α      ∫ 0 ∞    λ s  e  − λ s θ     1 −  e  − 2 π λ s      s   1 α  − 1    e  −  s α    d s      








for   0 ≤ θ < 2 π  ,   λ > 0  , and   α > 0  . The nth trigonometric moment is


       m n  =   α  −  1 α     Γ   1 α      ∫ 0 ∞    1 −   i n   λ s     − 1    s   1 α  − 1    e  −  s α    d s      








for   n = 1 , 2 , …  . The wrapped Pareto distribution is constrained by its non-closed-form PDF.




2.30. Wrapped Quasi-Lindley Distribution


Ref. [41] took g to be the PDF of the quasi-Lindley distribution to obtain the wrapped quasi-Lindley distribution. Its PDF is


      f  ( θ )  =   b  e  − b θ     a + 1      a + b θ   1 −  e  − 2 π b     +   2 π b  e  − 2 π b      1 −  e  − 2 π b    2         








for   0 ≤ θ < 2 π  ,   a > 0  , and   b > 0  . The nth trigonometric moment is


       m n  =  α n  + i  β n       








for   n = 1 , 2 , …  , where


       α n  =     b 4    ( a + 1 )  2  +  n 2   a 2   b 2      ( a + 1 )    b 2  +  n 2     cos  2 arctan   n b   − arctan    n a   b ( 1 + a )          








and


       β n  =     b 4    ( a + 1 )  2  +  n 2   a 2   b 2      ( a + 1 )    b 2  +  n 2     sin  2 arctan   n b   − arctan    n a   b ( 1 + a )     .      








The mean direction, mean resultant length, skewness, and kurtosis are


      μ = 2 arctan   1 b   − a arctan   a  b ( 1 + a )    ,      










      ρ =     b 4    ( a + 1 )  2  +  a 2   b 2      ( a + 1 )    b 2  + 1    ,      










       γ 1  =    β ¯  2   ρ  3 2    ,      








and


       γ 2  =     α ¯  2  −  ρ 4    ρ 2   ,      








respectively, where


        α ¯  2  =     b 4    ( a + 1 )  2  + 4  a 2   b 2      ( a + 1 )    b 2  + 4    cos  2 arctan   2 b   − arctan    2 a   b ( 1 + a )    − 4 arctan   1 b   + arctan   a  b ( 1 + a )          








and


        β ¯  2  =     b 4    ( a + 1 )  2  + 4  a 2   b 2      ( a + 1 )    b 2  + 4    sin  2 arctan   2 b   − arctan    2 a   b ( 1 + a )    − 4 arctan   1 b   + arctan   a  b ( 1 + a )     .      












2.31. Wrapped Rama Distribution


Ref. [42] took g to be the PDF of the Rama distribution to obtain the wrapped Rama distribution. Its PDF and CDF are


      f  ( θ )  = A  e  − λ θ     θ 3  + B  θ 2  + C θ + D       








and


      F  θ  =  A  λ 4    γ  ( 4 , λ θ )  + B λ γ  ( 3 , λ θ )  + C  λ 2  γ  ( 2 , λ θ )  + D  λ 3  γ  ( 1 , λ θ )        








for   0 ≤ θ < 2 π   and   λ > 0  , where


      A =   λ 4     λ 3  + 6   1 −  e  − 2 λ π      ,      










      B =   6 π  e  − 2 λ π     1 −  e  − 2 λ π     ,      










      C =   2 π   e  − 2 λ π   + 1  B   1 −  e  − 2 λ π     ,      








and


      D = 1 +   8  π 3   e  − 2 λ π     e  − 4 λ π   + 4  e  − 2 λ π   + 1     1 −  e  − 2 λ π    3   .      








The nth trigonometric moment is


       m n  =  A    λ 2  +  n 2   4      c 0  +  c 2   n 2  +  c 4   n 4  +  c 6   n 6   + i   d 1  n +  d 3   n 2  +  d 5   n 5  +  d 7   n 7         








for   n = 1 , 2 , …  , where


          c 0  =  λ 7  − 4     λ  6  B π      e   π λ    2   − 4     λ  7  B   π  2     e   2 π λ    − 2    λ 7  C π    e   2 π λ    − 2    λ 5  B    e   2 π λ    −    λ 6  C    e   2 π λ    − 6   λ 4    e   2 π λ    − 12    π 2   λ 6     e   2 π λ                − 8    π 3   λ 7     e   2 π λ    − 12   π  λ 5     e   2 π λ    + 6  λ 4  +  λ 6  C −   λ 7    e   2 π λ    + 2  λ 5  B ,      










          c 2  = −    λ 4  C    e   2 π λ    + 4    λ 3  B    e   2 π λ    + 24   π  λ 3     e   2 π λ    − 12    π 2   λ 4     e   2 π λ    − 24    π 3   λ 5     e   2 π λ    +  λ 4  C − 3   λ 5    e   2 π λ    − 4  λ 3  B − 36  λ 2              + 36   λ 2    e   2 π λ    + 3  λ 5  − 4    λ 4  B π    e   2 π λ    − 6    λ 5  C π    e   2 π λ    − 12    λ 5  B  π 2     e   2 π λ    ,      










          c 4  =    λ 2  C    e   2 π λ    + 6   λ B    e   2 π λ    + 36   π λ    e   2 π λ    + 12    π 2   λ 2     e   2 π λ    − 24    π 3   λ 3     e   2 π λ    − 3   λ 3    e   2 π λ    −  λ 2  C − 6 λ B −  6   e   2 π λ                + 6 + 3  λ 3  − 6   C π  λ 3     e   2 π λ    − 12   B  π 2   λ 3     e   2 π λ    + 4   B π  λ 2     e   2 π λ    ,      










       c 6  = 4   B π    e   2 π λ    − 8    π 3  λ    e   2 π λ    −  λ   e   2 π λ    +  C   e   2 π λ    + 12   π 2    e   2 π λ    + λ − C − 2   λ C π    e   2 π λ    − 4   λ B  π 2     e   2 π λ    ,      










          d 1  = 2  λ 5  C −   λ 6    e   2 π λ    + 6  λ 4  B − 6    λ 4  B    e   2 π λ    − 2    λ 5  C    e   2 π λ    − 24    π 2   λ 5     e   2 π λ    − 8    π 3   λ 6     e   2 π λ    − 3   π  λ 4     e   2 π λ    + 24  λ 3              − 24   λ 3    e   2 π λ    +  λ 6  − 8    λ 5  B π    e   2 π λ    − 4    λ 6  B  π 2     e   2 π λ    − 2    λ 6  C π    e   2 π λ    ,      










          d 3  = − 3   λ 4    e   2 π λ    + 4  λ 3  C + 4  λ 2  B − 4    λ 3  C    e   2 π λ    − 4    λ 2  B    e   2 π λ    − 24   π  λ 2     e   2 π λ    − 48    π 2   λ 3     e   2 π λ    − 24    π 3   λ 4     e   2 π λ    − 24 λ             + 24  λ   e   2 π λ    + 3  λ 4  − 6    λ 4  C π    e   2 π λ    − 12    λ 4  B  π 2     e   2 π λ    − 16    λ 3  B π    e   2 π λ    ,      










          d 5  = 2 λ C + 2  B   e   2 π λ    − 3   λ 2    e   2 π λ    − 2   λ C    e   2 π λ    − 24    π 2  λ    e   2 π λ    − 24    π 3   λ 2     e   2 π λ    + 12  π   e   2 π λ    + 3  λ 2  − 2 B             − 6    λ 2  C π    e   2 π λ    − 12    λ 2  B  π 2     e   2 π λ    − 8   λ B π    e   2 π λ    ,      








and


       d 7  = 1 − 2   C π    e   2 π λ    − 4   B  π 2     e   2 π λ    − 8   π 3    e   2 π λ    −  1   e   2 π λ    .      








The mean direction, mean resultant length, skewness, and kurtosis are


      μ = arcsin     d 1  +  d 3  +  d 5  +  d 7        c 0  +  c 2  +  c 4  +  c 6   2  +    d 1  +  d 3  +  d 5  +  d 7   2      ,      










      ρ =  A    λ 2  + 1  4        c 0  +  c 2  +  c 4  +  c 6   2  +    d 1  +  d 3  +  d 5  +  d 7   2    ,      










       γ 1  =   A  e  − 2 μ      v  3 2      λ 2  + 4  4     2  d 1  + 4  d 3  + 32  d 5  + 128  d 7   ,      








and


       γ 2  =   A  e  − 2 μ      1 −  ρ 2      λ 2  + 4  4      c 0  + 4  c 2  + 16  c 4  + 64  c 6   −   ρ 4   1 −  ρ 2    ,      








respectively. The wrapped Rama distribution boasts closed-form expressions for its PDF and CDF. This feature, coupled with its good fit to various datasets, makes it a compelling choice for statistical analysis. In fact, it outperformed six other widely used distributions (with up to three parameters) when applied to two specific datasets. The first dataset, initially obtained by [33] and later published by [1], consists of long-axis orientation measurements for 60 feldspar laths in basalt, recorded in degrees. The second dataset, also reported by [1], comprises horizontal axis values for 100 outwash pebbles collected from a late Wisconsin outwash terrace near Cary, Illinois, along the Fox River.




2.32. Wrapped Richard Distribution


Ref. [43] introduced a wrapped distribution based on the Richard link function. Its PDF is


      f  ( θ )  =  ∑  k = 0  ∞    k  e  − k  θ + 2 π n      1 −  m  1  1 − m        1 +  ( m − 1 )   e  − k  θ + 2 π n      m  1 − m         








for   0 ≤ θ < 2 π  ,   m ≥ 1  , and   n ≥ 1  . The wrapped Richard distribution is limited by its non-closed-form PDF.




2.33. Wrapped Shanker Distribution


Ref. [44] took g to be the PDF of the Shanker distribution to obtain the wrapped Shanker distribution. Its PDF and CDF are


      f  ( θ )  =   λ 2    λ 2  + 1    e  − λ θ      λ + θ   1 −  e  − 2 π λ     +   2 π  e  − 2 π λ      1 −  e  − 2 π λ    2         








and


      F  ( θ )  =  1  1 −  e  − 2 π λ      1 −  e  − λ θ   −   λ θ  e  − λ θ      λ 2  + 1    +   2 π λ  1 −  e  − λ θ     e  − 2 π λ       λ 2  + 1    1 −  e  − 2 π λ    2    ,      








respectively, for   0 ≤ θ < 2 π   and   λ > 0  . The nth trigonometric moment is


       m n  =    λ 2   1 −  e  − 2 π λ      e  2 π ( i n − λ )   − 1   λ ( i n − λ ) − 1  + 2 π  λ 2   ( i n − λ )   e  2 π ( i n − λ )       λ 2  + 1    1 −  e  − 2 π λ    2    ( i n − λ )  2         








for   n = 1 , 2 , …  . The mean direction, mean resultant length, skewness, and kurtosis are


      μ = 2 arctan   1 λ   − arctan   λ   λ 2  + 1    ,      










      ρ =    λ 2       λ 2  + 1  2  +  λ 2        λ 2  + 1  2   ,      










       γ 1  =      λ 2       λ 2  + 1  2  + 4  λ 2        λ 2  + 1    λ 2  + 4    sin  κ  2 , λ      1 −    λ 2       λ 2  + 1  2  +  λ 2        λ 2  + 1  2     3 2    ,      








and


       γ 2  =      λ 2       λ 2  + 1  2  + 4  λ 2        λ 2  + 1    λ 2  + 4    cos  κ  2 , λ   −      λ 2       λ 2  + 1  2  +  λ 2        λ 2  + 1  2    4     1 −    λ 2       λ 2  + 1  2  +  λ 2        λ 2  + 1  2    2   ,      








respectively, where    κ  λ , 2   = 2 arctan    2 λ    − arctan     2 λ    λ 2  + 1     − 4 arctan    1 λ    + 2 arctan    λ   λ 2  + 1      . The wrapped Shanker distribution has closed-form expressions for the PDF and CDF, but it might have limited utility for real-life data modeling due to the fact it only has one parameter.




2.34. Wrapped Skew Laplace Distribution


Ref. [45] took g to be the PDF of a skew Laplace distribution to obtain a wrapped skew Laplace distribution. Its PDF is


      f  ( θ )  =  1  2 σ     e  −   ∣ θ − μ ∣  σ    +    e   θ − μ  σ   +  e   μ − θ  σ      e   2 π  σ   − 1   + A  θ ;  λ 1  ,  λ 2  ,  λ 3         








for   0 ≤ θ < 2 π  ,   − ∞ <  λ 1  < ∞  ,    λ 2  > 0  ,   − ∞ <  λ 3  < ∞  ,   − ∞ < μ < ∞  , and   σ > 0  , where


      A  ( θ )  =  ∑  k = − ∞  ∞   e  −   θ + 2 π k − μ  σ     1 −  e  −  g    θ + 2 π k − μ  σ        sign  g    θ + 2 π k − μ  σ         








and


      g  ( x )  =    λ 1  x +  λ 3   x 3     1 +  λ 2   x 2     .      








The nth trigonometric moment is


       m n  =  α n  + i  β n       








for   n = 1 , 2 , …  , where


       α n  =   cos  ( n μ )  + 2 ∇  e  − ξ   sin  ( n μ )   ξ n     n 2   σ 2  + 1   −   Δ n σ sin ( n μ )    n 2   σ 2  + 1   −  Δ 2   C n  ,      










       β n  =   sin  ( n μ )  − 2 ∇  e  − ξ   cos  ( n μ )   ξ n     n 2   σ 2  + 1   −   Δ n σ cos ( n μ )    n 2   σ 2  + 1   −  Δ 2   S n  ,      










      ∇ =       sign   λ 1   ,      if    λ 1   λ 3  < 0 ,           0 ,      if    λ 1   λ 3  ≥ 0 ,           










      Δ =       0 ,      if    λ 1  =  λ 3  = 0 ,           sign   λ 3   ,      if    λ 1  = 0 ,  λ 3  ≠ 0 ,           sign   λ 1   ,      if    λ 1  ≥ 0 ,           










       C n  =  1  2 σ    ∑  k = − ∞  ∞   ∫ 0  2 π   cos  ( n θ )   e  −   θ + 2 π k − μ  σ     e  −  g    θ + 2 π k − μ  σ       sign  g    θ + 2 π k − μ  σ    d θ ,      










       S n  =  1  2 σ    ∑  k = − ∞  ∞   ∫ 0  2 π   sin  ( n θ )   e  −   θ + 2 π k − μ  σ     e  −  g    θ + 2 π k − μ  σ       sign  g    θ + 2 π k − μ  σ    d θ ,      










       ξ n  = sin  ( ξ n σ )  + n σ cos  ( ξ n σ )  ,      








and


      ξ =         −   λ 1   λ 3     ,      if    λ 1   λ 3  < 0 ,           0 ,      if    λ 1   λ 3  ≥ 0 .           








The mean direction, mean resultant length, skewness, and kurtosis are


      μ = arctan   1  σ Δ −  Δ 2   S 1   1 +  σ 2   − 2 ∇  e  − ξ    ξ 1     ,      










      ρ =    σ Δ    σ 2  + 1   −  Δ 2   S 1  −   2 ∇  e  − ξ    ξ 1     σ 2  + 1    sin μ +   cos μ    σ 2  + 1   ,      










       γ 1  =    2 σ Δ −  Δ 2   S 2   4  σ 2  + 1  − 2 ∇  e  − ξ    ξ 2   cos  ( 2 μ )  − sin  ( 2 μ )     4  σ 2  + 1    ( 1 − ρ )   3 2     ,      








and


       γ 2  =    2 σ Δ −  Δ 2   S 2   4  σ 2  + 1  − 2 ∇  e  − ξ    ξ 2   sin  ( 2 μ )  − cos  ( 2 μ )  −  4  σ 2  + 1   ρ 4     4  σ 2  + 1    ( 1 − ρ )  2    ,      








respectively. The wrapped skew Laplace distribution was used on the turtle and ant datasets discussed by [1]. It was observed that this distribution provided a better fit for the first dataset compared to the wrapped Lindley, exponential, transmuted wrapped exponential, and non-negative trigonometric sums distributions [46]. Similarly, for the second dataset, the wrapped skew Laplace distribution outperformed the symmetric wrapped Laplace and non-negative trigonometric sums distributions.




2.35. Wrapped Skew Normal Distribution


Ref. [47] took g to be the PDF of the skew normal distribution to obtain the wrapped skew normal distribution. Its PDF is


      f  ( θ )  =  2 η   ∑  k = − ∞  ∞  ϕ    θ + 2 π r − ξ  η   Φ  λ    θ + 2 π r − ξ  η         








for   0 ≤ θ < 2 π  ,   − ∞ < ξ < ∞  ,   η > 0  , and   − ∞ < λ < ∞  . The nth trigonometric moment is


       m n  =  e  i n ξ −  1 2   n 2   η 2     1 + i J ( δ η n )       








for   n = 1 , 2 , …  , where


      J  ( x )  =  ∫ 0 x  b  e   u 2  2   d u      








and   δ =   λ   1 +  λ 2       . The mean direction, mean resultant length, skewness, and kurtosis are


      μ = arctan    sin ξ + J ( δ η ) cos ξ   cos ξ − J ( δ η ) sin ξ    ,      










      ρ =  e  −   η 2  2      1 +  J 2   ( δ η )    1 2   ,      










       γ 1  =     ω 4   J  ( 2 δ η )   1 −  J 2   ( δ η )   − 2 J  ( δ η )     1 +  J 2   ( δ η )      1 −  e  −   η 2  2      1 +  J 2   ( δ η )    1 2     3 2    ,      








and


       γ 2  =      ω 4   1 −  J 2   ( δ η )  + 2 J  ( δ η )  J  ( 2 δ η )     1 +  J 2   ( δ η )    −    e  −   η 2  2      1 +  J 2   ( δ η )    1 2    4     1 −  e  −   η 2  2      1 +  J 2   ( δ η )    1 2    2   ,      








respectively. The wrapped skew normal distribution was used to analyze bird heading data from the autumn migration of 1987 [27]. Although it fit the data well, its PDF does not have a simple mathematical expression, which might restrict its practical utility.




2.36. Wrapped Stable Distribution


Ref. [48] took g to be the PDF of the stable distribution to obtain the wrapped stable distribution. The nth trigonometric moment is


       m n  =        e  −  γ α   n α     1 + i β    ( γ n )   1 − α   − 1  tan    π α  2    + i  δ 0 *  n ,      if   α ≠ 1 ,            e  − γ n    1 +   2 β i  π  log  ( γ n )   + i  δ 0 *  n ,      if   α = 1           








for   n = 1 , 2 , …  , where   0 < α ≤ 2  ,   − 1 ≤ β ≤ 1  ,   γ > 0  ,   − ∞ <  δ 0  < ∞  , and    δ 0 *  =  δ 0    mod   2 π  . The mean direction, mean resultant length, skewness, and kurtosis are


      μ =        δ 0 *  + β   γ α  − γ  tan    π α  2      mod   2 π ,        if   α ≠ 1 ,            δ 0 *  −   2 β γ  π  log γ    mod   2 π ,        if   α = 1 ,           










      ρ =  e  −  γ α    ,      










       γ 1  =    β ¯  2    ( 1 − ρ )   3 2    ,      








and


       γ 2  =     α ¯  2  −  ρ 4     ( 1 − ρ )  2   ,      








respectively, where


        α ¯  2  =        ρ  2 α   cos  β  γ α    2 α  − 2  tan    π α  2    ,       if   α ≠ 1 ,            ρ  2 α   cos  −   2 β γ log 2  π   ,       if   α = 1           








and


        β ¯  2  =        ρ  2 α   sin  β  γ α    2 α  − 2  tan    π α  2    ,       if   α ≠ 1 ,            ρ  2 α   sin  −   2 β γ log 2  π   ,       if   α = 1 .           








The wrapped stable distribution demonstrated a slightly superior fit compared to a mixture distribution incorporating circular uniform and wrapped skew normal components when analyzing the bird heading data from [27].




2.37. Wrapped Student’s t Distribution


Ref. [49] took g to be the PDF of the Student’s t distribution to obtain the wrapped Student’s t distribution. Its PDF is


      f  ( θ )  =  c λ   ∑  k = − ∞  ∞    1 +    θ + 2 π k −  μ 0   2    λ 2  ν     −   ν + 1  2         








for   0 ≤ θ < 2 π  ,   0 ≤ μ < 2 π  ,   λ > 0  , and   ν > 0  , where


      c =   Γ    ν + 1  2     Γ   ν 2     π ν     .      








The nth trigonometric moment is


       m n  =    K  ν 2    n  ν     n  ν    ν 2     Γ   ν 2    2   ν 2  − 1          








for   n = 1 , 2 , …  . The mean direction, mean resultant length, skewness, and kurtosis are


      μ ,      










      ρ =    K  ν 2    λ  ν     λ  ν    ν 2     Γ   ν 2    2   ν 2  − 1     ,      










       γ 1  =    e  −   2 c     sin  (   2 c   − 2  c  )     1 −  e  −  c      3 2    ,      








and


       γ 2  =    e  −   2 c     cos    2 c   − 2  c   −  e  − 4  c       1 −  e  −  c     2   ,      








respectively. The wrapped Student’s t distribution was used on a dataset of 104 cross-bed measurements from Himalayan molasse in Pakistan, as discussed by [1]. The wrapped Student’s t distribution yielded a better fit to this dataset compared to the von Mises distribution.




2.38. Wrapped Transmuted Exponential Distribution


Ref. [50] took g to be the PDF of the transmuted exponential distribution to obtain the wrapped transmuted exponential distribution. Its PDF and CDF are


      f  ( θ )  =   2 λ Λ  e  − λ θ     e  − θ λ   − 1    c 2   −   λ  e  − λ θ    ( Λ + 1 )   c       








and


      F  ( θ )  =     e  − λ θ   − 1   c + Λ  1 + c −  e  − λ θ       c 2   ,      








respectively, for   0 ≤ θ < 2 π  ,   λ > 0  ,   | Λ | ≤ 1  , and   c =  e  − 2 π λ   − 1  . The nth trigonometric moment is


       m n  =   λ  ( λ + i n )   ( 2 Λ + c + c Λ )    ( c + 1 )   e  2 π n i   − 1     c 2    λ 2  +  n 2     −   2 λ Λ  ( 2 λ + i n )     ( c + 1 )  2   e  2 i π n   − 1     c 2   4  λ 2  +  n 2          








for   n = 1 , 2 , …  . The mean direction, mean resultant length, skewness, and kurtosis are


      μ = arctan   c − 2 Λ + 4  λ 2  Λ + 4 c  λ 2  − c Λ + 2 c  λ 2  Λ   λ  4 c  λ 2  − 6 Λ + c − 3 c Λ    ,      










      ρ =     λ 2    2 Λ − c + c Λ  2  + 4  c 2   λ 4     c 2   4  λ 2  + 1    λ 2  + 1     ,      










       γ 1  = −     λ ( λ sin 2 μ − 2 cos 2 μ ) ( 2 Λ + c + c Λ ) )   c   λ 2  + 4    −   λ Λ ( c + 2 ) ( cos 2 μ − λ sin 2 μ )   c   λ 2  + 1       1 −     λ 2    2 Λ − c + c Λ  2  + 4  c 2   λ 4     c 2   4  λ 2  + 1    λ 2  + 1       3 2    ,      








and


       γ 2  =      λ 2   2 Λ + 2 c + Λ c  + 2 c  ( 1 − Λ )  − 4 Λ   c   λ 4  + 5  λ 2  + 4    λ sin 2 μ +   c λ  1 +  λ 2  − 3 Λ  − 6 λ Λ   c   λ 4  + 5  λ 2  + 4    λ cos 2 μ −      ( 2 Λ − c + Λ c )  2  + 4  λ 4   c 2   2    c 4    4  λ 2  + 1  2     λ 2  + 1  2       1 −     λ 2    2 Λ − c + c Λ  2  + 4  c 2   λ 4     c 2   4  λ 2  + 1    λ 2  + 1      2   ,      








respectively. The transmuted wrapped exponential distribution was used on the turtle dataset from [1]. It outperformed the wrapped exponential and wrapped Lindley distributions. It offers closed-form expressions for the PDF and CDF. Additionally, it is more flexible than commonly used one-parameter distributions.




2.39. Wrapped Two-Parameter Lindley Distribution


Ref. [51] took g to be the PDF of the two-parameter Lindley distribution to obtain the wrapped two-parameter Lindley distribution. Its PDF and CDF are


      f  ( θ )  =    ξ 2   ξ + α    e  − ξ θ       1 + α θ   1 −  e  − 2 π ξ     +   2 π α  e  − 2 π ξ      1 −  e  − 2 π ξ    2         








and


      F  ( θ )  =  1  1 −  e  − 2 π ξ      1 −  e  − ξ θ   −   α ξ θ   α + ξ    +   2 π α ξ   α + ξ    1 −  e  − ξ θ      e  − 2 π ξ     1 −  e  − 2 π ξ    2   ,      








respectively, for   0 ≤ θ < 2 π  ,   ξ > 0  , and   α > − ξ  . The nth trigonometric moment is


       m n  =    ξ 2   ( ξ + α − i n )    ( ξ + α ) ( ξ − i n )        








for   n = 1 , 2 , …  . The mean direction, mean resultant length, skewness, and kurtosis are


      μ = 2 arctan   1 ξ   − arctan   1  ξ + α    ,      










      ρ =    ξ 2      ( ξ + α )  2  + 1   1 2      ( ξ + α )    ξ 2  + 1    ,      










       γ 1  =      ξ 2      ( α + ξ )  2  + 4      ( α + ξ )   4 +  ξ 2     sin   μ 2  − 2 μ     1 −    ξ 2      ( α + ξ )  2  + 1      ( α + ξ )   1 +  ξ 2       3 2    ,      








and


       γ 2  =      ξ 2      ( α + ξ )  2  + 4      ( α + ξ )   4 +  ξ 2     cos   μ 2  − 2 μ  −      ξ 2      ( α + ξ )  2  + 1      ( α + ξ )   1 +  ξ 2      4     1 −    ξ 2      ( α + ξ )  2  + 1      ( α + ξ )   1 +  ξ 2      2   ,      








respectively, where    μ 2  = 2 arctan    2 ξ    − arctan    2  α + ξ      . The two-parameter wrapped Lindley distribution was used for analyzing two datasets: the feldspar lath dataset from [1], Appendix B5, and a dataset on wind directions observed at Gorleston, England, during summer Sundays in 1968 [52]. It was found that this distribution provided a better fit for the first dataset compared to the wrapped exponential distribution and the wrapped Lindley distribution. Additionally, for the second dataset, it was observed that the wrapped two-parameter Lindley distribution outperformed the wrapped Lindley distribution in terms of fitting.




2.40. Wrapped Two-Sided Lindley Distribution


Ref. [53] took g to be the PDF of the two-sided Lindley distribution to obtain the wrapped two-sided Lindley distribution. Its PDF and CDF are


      f  ( θ )  =   e  − α θ    2  Λ α   Λ β      α 2   e  2 π α    Λ β    ( θ + 1 )   e  2 π α   − θ + 2 π − 1  +  β 2   e  θ ( α + β )    Λ α    ( 2 π + 1 − θ )   e  2 π β   + θ − 1        








and


      F ( θ )       =    e  α ( 2 π − θ )    2  Λ α       ( α + 1 )   e  α ( θ + 2 π )   +  ( 2 π − 1 ) α − 1   e  α θ   + α  ( θ − 2 π + 1 )  −  e  2 π α    ( α θ + α + 1 )  + 1            +   1  2  Λ β       e  β θ    β ( θ − 1 ) − 1  + β −  e  2 π β    2 π β + β + 1  +  e  β ( θ + 2 π )    − β θ + 2 π β + β + 1  + 1  ,     








respectively, for   0 ≤ θ < 2 π  ,   α > 0  , and   β > 0  , where    Λ α  =    e  2 π α   − 1  2   ( α + 1 )    and    Λ β  =    e  2 π β   − 1  2   ( β + 1 )   . The nth trigonometric moment is


       m n        =     α 2    n + i α  2    2  Λ α      e  2 i π n     e  2 π α   − 1   2 π α −  e  2 π  α − i n    − 2 i π n + 1            +    α 2   2  n + i α   Λ α       e  2 π α   −  e  2 i p n     2 π +  e  2 π α   − 1            +    β 2   2  Λ β    β + i n  2      1 −  e  2 π β     1 +  e  2 π  β + i n     2 π β + 2 i π n − 1             +    β 2   2  β + i n   Λ β      1 −  e  2 π  β + i n      1 −  ( 1 + 2 π )   e  2 π β        








for   n = 1 , 2 , …  . The wrapped two-sided Lindley distribution has been applied to the ant dataset discussed by [1] and was shown to provide a good fit to this dataset.




2.41. Wrapped Variance Gamma Distribution


Ref. [54] took g to be the PDF of the variance gamma distribution to obtain the wrapped variance gamma distribution. Its PDF is


      f  ( θ )  =    γ  2 λ    e  β ( θ − μ )      π  Γ  ( λ )    ( 2 α )   λ −  1 2       ∑  m = − ∞  ∞     e  2 π m β    K  λ −  1 2     α | θ + 2 m π − μ |     | θ + 2 m π − μ |   λ −  1 2          








for   0 ≤ θ < 2 π  ,   α > 0  ,   β > 0  ,   0 ≤ | β | < α  , and   λ ∈ R  . The nth trigonometric moment is


       m n  =  e  i μ n      γ    α 2  −   ( β + i n )  2       2 λ        








for   n = 1 , 2 , …  . The mean direction, mean resultant length, skewness, and kurtosis are


      μ ,      










      ρ =    γ     α 2   − ( β + i   2    )   1 2       2 λ   ,      










       γ 1  = 0 ,      








and


       γ 2  =      γ  (  α 2  −   ( β + 2 i )  2      2 λ   −    γ  (  α 2  −   ( β + i )  2  )     8 λ      1 −    γ   α 2  −   ( β + i )  2      2 λ    2   ,      








respectively. The wrapped variance gamma distribution was used to analyze the Black Mountain wind direction dataset from [1]. It fit the data well, but its practical utility is limited because it lacks a closed-form PDF or CDF.




2.42. Wrapped Weighted Exponential Distribution


Ref. [55] took g to be the PDF of the weighted exponential distribution to obtain the wrapped weighted exponential distribution. Its PDF is


      f  ( θ )  =   α + 1  α  λ  e  − λ θ    ∑  k = 0  ∞   e  − 2 k π λ    1 −  e  − α λ ( θ + 2 k π )         








for   0 ≤ θ < 2 π  ,   α > 0  , and   λ > 0  . The nth trigonometric moment is


       m n  =  α n  + i  β n  ,      








where


       α n  =    λ 2  cos  arctan   n λ    2 + α   1 + α          λ 2  +  n 2       λ 2  +   n 2    ( 1 + α )  2            








and


       β n  =    λ 2  sin  arctan   n λ    2 + α   1 + α          λ 2  +  n 2       λ 2  +   n 2    ( 1 + α )  2       .      








The mean direction, mean resultant length, skewness, and kurtosis are


      μ = arctan    2 + α   λ ( 1 + α )    ,      










      ρ =   λ 2      λ 2  + 1      λ 2  +  1   ( 1 + α )  2       ,      










       γ 1  =    λ 2  sin  arctan   2 λ    2 + α   1 + α    − 2 arctan   1 λ    2 + α   1 + α          λ 2  + 4      λ 2  +  4   ( 1 + α )  2       ( 1 − ρ )   3 2     ,      








and


       γ 2  =    λ 2  cos  arctan   2 λ    2 + α   1 + α    − 2 arctan   1 λ    2 + α   1 + α     −  ρ 4       λ 2  + 4      λ 2  +  4   ( 1 + α )  2       ( 1 − ρ )  2    ,      








respectively. The wrapped weighted exponential distribution is a flexible model with a PDF that can be recast into a closed form.




2.43. Wrapped Weibull Distribution


Ref. [40] took g to be the PDF of the Weibull distribution to obtain the wrapped Weibull distribution. Its PDF is


      f  ( θ )  =  ∑  k = 0  ∞   1  2 σ    sech 2     θ + 2 k π − μ   2 σ         








for   0 ≤ θ < 2 π   and   c > 0  . The nth trigonometric moment is


       m n  =  ∑  k = 0  ∞      i  k   n k    k !   Γ  1 +  k c   =  b n  + i  c n  ,      








where


       b n  =  ∑  k = 0  ∞      ( − 1 )  k   t  2 k     ( 2 k ) !   Γ  1 +   2 k  c        








and


       c n  =  ∑  k = 0  ∞      ( − 1 )  k   t  2 k + 1     ( 2 k + 1 ) !   Γ  1 +   2 k + 1  c   .      








The mean direction, mean resultant length, skewness, and kurtosis are


      μ = arctan    c 1   b 1    ,      










      ρ = 2      b 1  cos μ −  c 1  sin μ  2  +    b 1  sin μ +  c 1  cos μ  2    ,      










       γ 1  =      b 1 2  +  c 1 2    sin   μ 2  − 2 μ     1 −    b 1 2  +  c 1 2      3 2    ,      








and


       γ 2  =      b 1 2  +  c 1 2    cos   μ 2  − 2 μ  −      b 1 2  +  c 1 2     4     1 −    b 1 2  +  c 1 2     2   ,      








respectively, where    μ 2  = arctan     c 2   b 2      . The wrapped Weibull distribution is limited by the fact that it does not admit a closed-form PDF.




2.44. Wrapped XGamma Distribution


Ref. [56] took g to be the PDF of the XGamma distribution to obtain the wrapped XGamma distribution. Its PDF and CDF are


      f  ( θ )  =    λ 2   e  − θ λ      ( λ + 1 )   1 −  e  − 2 π λ       1 +   λ  θ 2   2  + 2 π λ   ( π − θ )   e  − 2 π λ   +  ( θ + π )     e  − 2 π λ     1 −  e  − 2 π λ    2         








and


      F ( θ )        =  1 −   1 + λ  ( 1 + θ )  +    θ 2   λ 2   2    λ + 1    e  − θ λ     1  1 −  e  − 2 π λ     +   2 π λ   λ + 1    1 −  ( 1 + θ λ )   e  − θ λ      e  − 2 π λ     1 −  e  − 2 π λ    2               +   2  π 2   λ 2    λ + 1    1 −  e  − θ λ       e  − 2 π λ    1 +  e  − 2 π λ       1 −  e  − 2 π λ    3   ,      








respectively, for   0 ≤ θ < 2 π   and   λ > 0  . The nth trigonometric moment is


       m n  =    λ 2    λ 2  + λ  ( 1 − 2 i n )  −  n 2      ( λ + 1 )    λ − i n  3         








for   n = 1 , 2 , …  . The mean direction, mean resultant length, skewness, and kurtosis are


      μ = 3 arctan   1 λ   − arctan    2 λ    λ 2  + λ − 1    ,      










      ρ =   λ 2   λ + 1         λ 2  + λ − 1  2  + 4  λ 2      λ 2  + 1  3    ,      










       γ 1  =     λ 2   λ + 1         λ 2  + λ − 4  2  + 16  λ 2      λ 2  + 4  2    sin   κ  λ , 2       1 −   λ 2   λ + 1         λ 2  + λ − 1  2  + 4  λ 2      λ 2  + 1  3      3 2    ,      








and


       γ 2  =     λ 2   λ + 1         λ 2  + λ − 4  2  + 16  λ 2      λ 2  + 4  2    cos   κ  λ , 2    −     λ 2   1 + λ         λ 2  + λ − 1  2  + 4  λ 2      λ 2  + 1  3     4     1 −   λ 2   λ + 1         λ 2  + λ − 1  2  + 4  λ 2      λ 2  + 1  3     2   ,      








respectively, where    κ  λ , 2   = arctan    2 λ    − 6 arctan    1 λ    + 2 arctan     2 λ    λ 2  + λ − 1     − arctan     4 λ    λ 2  + λ − 4      . The wrapped XGamma distribution was used to analyze the feldspar lath dataset from [1]. It demonstrated superior fit compared to the wrapped exponential and the wrapped Lindley distributions.




2.45. Wrapped XLindley Distribution


Ref. [57] took g to be the PDF of the XLindley distribution to obtain the wrapped XLindley distribution. Its PDF and CDF are


      f  ( θ )  =    λ 2   e  − θ λ       ( λ + 1 )  2    1 −  e  − 2 π λ    2      1 −  e  − 2 π λ     ( λ + θ + 2 )  + 2 π  e  − 2 π λ         








and


      F  ( θ )  =   1 −  e  − θ λ    1 +   λ θ    ( λ + 1 )  2      1 −  e  − 2 π λ     +   2 π λ  e  − 2 π λ    1 −  e  − θ λ        ( λ + 1 )  2    1 −  e  − 2 π λ    2    ,      








respectively, for   0 ≤ θ < 2 π   and   λ > 0  . The nth trigonometric moment is


       m n  =   λ 2   ( λ + 1 ) ( λ − i n )   +    λ 2   ( 1 + λ − i n )      ( λ + 1 )  2    ( λ − i n )  2         








for   n = 1 , 2 , …  . The mean direction, mean resultant length, skewness and kurtosis are


      μ = 2 arctan   1 λ   − arctan    λ + 2    ( λ + 1 )  2    ,      










      ρ =    λ 2      ( λ + 1 )  4  +   ( λ + 2 )  2        ( λ + 1 )  2    λ 2  + 1    ,      










       γ 1  =    λ 2    4    λ 2  + 2  2  +   ( λ + 1 )  4    sin   μ 2  − 2 μ      ( λ + 1 )  2    λ 2  + 4    1 −    λ 2      ( λ + 1 )  4  +   ( λ + 2 )  2        ( λ + 1 )  2    λ 2  + 1      3 2     ,      








and


       γ 2  =      λ 2    4    λ 2  + 2  2  +   ( λ + 1 )  4    cos   μ 2  − 2 μ      ( λ + 1 )  2    λ 2  + 4    −    λ 8      λ + 2  2  +   ( λ + 1 )  4   2      ( λ + 1 )  8     λ 2  + 1  4       1 −    λ 2      ( λ + 1 )  4  +   ( λ + 2 )  2        ( λ + 1 )  2    λ 2  + 1     2   ,      








respectively, where    μ 2  = 2 arctan    2 λ    − arctan     2 ( λ + 2 )    ( λ + 1 )  2      . The wrapped XLindley distribution was used to analyze two datasets: one consisted of sun directions recorded from 50 starhead topminnows under overcast conditions [1], and the other included 349 transactions occurring between 1 January 2020 and 29 July 2020 [58]. Although the wrapped XLindley distribution outperformed some distributions based on certain goodness-of-fit measures, it was not consistently superior in all cases.





3. A Review of Discrete Wrapped Distributions


In this section, we review wrapped binomial, wrapped discrete Cauchy, wrapped discrete exponential, wrapped discrete Mittag–Leffler, wrapped discrete skew Laplace, wrapped geometric, wrapped negative binomial, wrapped Poisson, wrapped Poisson–Lindley, and wrapped zero-inflated Poisson distributions.



3.1. Wrapped Binomial Distribution


Ref. [59] took g to be the PDF of the binomial distribution to obtain the wrapped binomial distribution. Its PMF is


      P  Θ =   2 π r  m   =  ∑  k = 0     n − r  m      n  r + k m     p 1  r + k m    q 1  n − r − k m        








for   0 ≤ θ < 2 π  ,   r = 0 , 1 , … , m − 1  ,   m ≥ 1  ,   n ≥ m − 1  ,   0 <  p 1  < 1  , and    q 1  = 1 −  p 1   . The nth trigonometric moment is


       m n  =    q 1  +  p 1  cos    2 n π  m   + i  p 1  sin    2 n π  m    n       








for   n = 1 , 2 , …  . The mean direction, mean resultant length, skewness, and kurtosis are


      μ = n arctan     p 1  sin    2 π  m      q 1  +  p 1  sin    2 π  m      ,      










      ρ =    p 1 2  +  q 1 2  + 2  p 1   q 1  sin    2 π  m     n 2   ,      










       γ 1  =    β 2  cos  ( 2 μ )  −  α 2  sin  ( 2 μ )     ( 1 − ρ )   3 2    ,      








and


       γ 2  =    α 2  cos  ( 2 μ )  +  β 2  sin  ( 2 μ )  −  ρ 4     ( 1 − ρ )  2   ,      








respectively, where


       α 2  =    p 1 2  +  q 1 2  + 2  p 1   q 1  cos    4 π  m     n 2   cos  2 arctan     p 1  sin    4 π  m      q 1  +  p 1  cos    4 π  m            








and


       β 2  =    p 1 2  +  q 1 2  + 2  p 1   q 1  cos    4 π  m     n 2   sin  2 arctan     p 1  sin    4 π  m      q 1  +  p 1  cos    4 π  m       .      








The wrapped binomial distribution faces practical limitations due to its non-closed-form PMF.




3.2. Wrapped Discrete Cauchy Distribution


Ref. [60] introduced the wrapped discrete Cauchy distribution. Its PMF is


      P  Θ =   2 π r  m   =    1 −  a 2    1 +  a  2 m   − 2  a m  cos  ( m μ )     m  1 −  a  2 m     1 +  a 2  − 2 a cos  ( θ − μ )          








for   0 < a < 1  ,   0 ≤ θ < 2 π  ,   r = 0 , 1 , … , m − 1  , and m is a positive integer. The nth trigonometric moment is


       m n  =    1 −  a 2    1 +  a  2 m   − 2  a m  cos  ( m μ )     m  1 −  a  2 m       ∑  r = 0   m − 1     e   n θ    1 +  a 2  − 2 a cos  ( θ − μ )         








for   n = 1 , 2 , …  . The wrapped discrete Cauchy distribution has the advantage of having a closed-form PMF.




3.3. Wrapped Discrete Exponential Distribution


Ref. [61] introduced the wrapped discrete exponential distribution. Its PMF and CDF are


      P  Θ =   2 π r  m   =   e  − λ θ    1 −  e  − 2 π λ      1 −  e  −   2 π λ  m          








and


      F  ( Θ ≤ k )  =   1 −  e  −   2 π λ ( k + 1 )  m      1 −  e  − 2 π λ     ,  k = 0 , 1 , … , m − 1 ,      








respectively, for   λ > 0  ,   r = 0 , 1 , … , m − 1  , and m is a positive integer. The nth trigonometric moment is


       m n  =   1 −  e  −   2 π λ  m      1 −  e  − 2 π λ        1 −  e  − 2 π λ + 2 π i n     1 −  e  −   2 π λ  m  +   2 π i n  m            








for   n = 1 , 2 , …  . The mean direction, mean resultant length, skewness, and kurtosis are


      μ = arctan     e  −   2 π λ  m    sin    2 π  m   −  e  −   4 π λ  m    sin    2 π  m     1 −  e  −   2 π λ  m    cos    2 π  m   −  e  −   2 π λ  m    +  e  −   4 π λ  m    cos    2 π  m      ,      










      ρ =      1 −  e  −   2 π λ  m    cos    2 π  m   −  e  −   2 π λ  m    +  e  −   4 π λ  m    cos    2 π  m    2  +    e  −   2 π λ  m    sin    2 π  m   −  e  −   4 π λ  m    sin    2 π  m    2     1 +  e  −   4 π λ  m    − 2  e  −   2 π λ  m    cos    2 π  m    2    ,      










       γ 1  =        1 −  e  −   2 π λ  m    cos    4 π  m   −  e  −   2 π λ  m    +  e  −   4 π λ  m    cos    4 π  m    2  +    e  −   2 π λ  m    sin    4 π  m   −  e  −   4 π λ  m    sin    4 π  m    2     1 +  e  −   4 π λ  m    − 2  e  −   2 π λ  m    cos    4 π  m    2    sin   μ 2  − 2 μ     1 −      1 −  e  −   2 π λ  m    cos    2 π  m   −  e  −   2 π λ  m    +  e  −   4 π λ  m    cos    2 π  m    2  +    e  −   2 π λ  m    sin    2 π  m   −  e  −   4 π λ  m    sin    2 π  m    2     1 +  e  −   4 π λ  m    − 2  e  −   2 π λ  m    cos    2 π  m    2      3 2    ,      








and


       γ 2         =        1 −  e  −   2 π λ  m    cos    4 π  m   −  e  −   2 π λ  m    +  e  −   4 π λ  m    cos    4 π  m    2  +    e  −   2 π λ  m    sin    4 π  m   −  e  −   4 π λ  m    sin    4 π  m    2     1 +  e  −   4 π λ  m    − 2  e  −   2 π λ  m    cos    4 π  m    2    cos   μ 2  − 2 μ     1 −      1 −  e  −   2 π λ  m    cos    2 π  m   −  e  −   2 π λ  m    +  e  −   4 π λ  m    cos    2 π  m    2  +    e  −   2 π λ  m    sin    2 π  m   −  e  −   4 π λ  m    sin    2 π  m    2     1 +  e  −   4 π λ  m    − 2  e  −   2 π λ  m    cos    2 π  m    2     2               −        1 −  e  −   2 π λ  m    cos    2 π  m   −  e  −   2 π λ  m    +  e  −   4 π λ  m    cos    2 π  m    2  +    e  −   2 π λ  m    sin    2 π  m   −  e  −   4 π λ  m    sin    2 π  m    2     1 +  e  −   4 π λ  m    − 2  e  −   2 π λ  m    cos    2 π  m    2    2    1 −      1 −  e  −   2 π λ  m    cos    2 π  m   −  e  −   2 π λ  m    +  e  −   4 π λ  m    cos    2 π  m    2  +    e  −   2 π λ  m    sin    2 π  m   −  e  −   4 π λ  m    sin    2 π  m    2     1 +  e  −   4 π λ  m    − 2  e  −   2 π λ  m    cos    2 π  m    2     2   ,      








respectively. The wrapped discrete exponential distribution is a simple model with a closed-form PMF. For this reason, some may consider it more practical than competing distributions.




3.4. Wrapped Discrete Mittag–Leffler Distribution


Ref. [62] introduced the discrete Mittag–Leffler distribution. Its nth trigonometric moment is given by


       m n  =   1 +   1 − δ  δ    1 −  e   2 π i n  m    α    − 1        








for   n = 1 , 2 , …  , where   0 < δ < 1  ,   0 < α < 1  , and   m = 1 , 2 , …  . The wrapped discrete Mittag–Leffler distribution has the disadvantage of having a non-closed-form PMF.




3.5. Wrapped Discrete Skew Laplace Distribution


Ref. [63] obtained the wrapped discrete skew Laplace distribution. Its PMF and CDF are


      P  Θ =   2 π r  m   =   ( 1 − p ) ( 1 − q )   1 − p q       q  m − r    1 −  p m   +  p r   1 −  q m      1 −  p m    1 −  q m           








and


      F  Θ ≤ s  =   ( 1 − p ) ( 1 − q )    ( 1 − p q )   1 −  p m    1 −  q m         1 −  p m     q m  −  s m   q   q − s   +    1 −   ( p s )  m    1 −  q m     1 − p s    ,  s = 0 , 1 , … , m − 1 ,      








respectively, for   m ∈ N  ,   r = 0 , 1 , … , m − 1  , and   λ > 0  . The nth trigonometric moment is given by


       m n  =   ( 1 − p ) ( 1 − q )    1 − p  e   i 2 π n  m     1 − q  e  −   2 i π n  m            








for   n = 1 , 2 , …  . The mean direction, mean resultant length, skewness, and kurtosis are


      μ = arctan     ( p − q )  sin    2 π  m     1 + p q −  ( p + q )  cos    2 π  m      ,      










      ρ =   ( 1 − p ) ( 1 − q )      1 + p q −  ( p + q )  cos    2 π  m    2  +    ( p − q )  sin    2 π  m    2     ,      










       γ 1  =     ( 1 − p ) ( 1 − q )      1 + p q −  ( p + q )  cos    4 π  m    2  +    ( p − q )  sin    4 π  m    2     sin   μ 2  − 2 μ     1 −   ( 1 − p ) ( 1 − q )      1 + p q −  ( p + q )  cos    2 π  m    2  +    ( p − q )  sin    2 π  m    2       3 2    ,      








and


       γ 2  =     ( 1 − p ) ( 1 − q )      1 + p q −  ( p + q )  cos    4 π  m    2  +    ( p − q )  sin    4 π  m    2     cos   μ 2  − 2 μ  −    (  ( 1 − p )   ( 1 − q )  )  2     1 + p q −  ( p + q )  cos    2 π n  m    2  +    ( p − q )  sin    2 π n  m    2       1 −   ( 1 − p ) ( 1 − q )      1 + p q −  ( p + q )  cos    2 π  m    2  +    ( p − q )  sin    2 π  m    2      2   ,      








respectively, where    μ 2  = arctan      ( p − q )  sin    4 π  m     1 + p q −  ( p + q )  cos    4 π  m        . The wrapped discrete skew Laplace distribution may be considered more practical than certain other models due to it having a closed-form PMF.




3.6. Wrapped Geometric Distribution


Ref. [62] obtained the wrapped geometric distribution. Its PMF and CDF are


      P  Θ =   2 π r  m   =   δ   ( 1 − δ )  r    1 −   ( 1 − δ )  m         








and


      F  Θ ≤ y  =  ∑  r = 0  y    δ   ( 1 − δ )  r    1 −   ( 1 − δ )  m    ,  y = 0 , 1 , … , m − 1 ,      








respectively, for   m ∈ N  ,   r = 0 , 1 , … , m − 1  , and   δ > 0  . The nth trigonometric moment is


       m n  =  δ  x − i y   ,      








where   x = 1 −  ( 1 − δ )  cos    2 π n  m     and   y =  ( 1 − δ )  sin    2 π n  m     for   n ≠ 0   (mod m),   n = 1 , 2 , …  . The mean direction, mean resultant length, skewness, and kurtosis are


      μ = arctan     ( 1 − δ )  sin   2 π  m    1 −  ( 1 − δ )  cos   2 π  m     ,      










      ρ =  δ    δ 2  + 2  ( 1 − δ )   1 − cos   2 π  m      ,      










       γ 1  =   δ sin   μ 2  − 2 μ        1 −  ( 1 − δ )  cos    4 π  m    2  +    ( 1 − δ )  sin    4 π  m    2      1 −  δ    δ 2  + 2  ( 1 − δ )   1 − cos    2 π  m         3 2     ,      








and


       γ 2  =     δ cos   μ 2  − 2 μ       1 −  ( 1 − δ )  cos    4 π  m    2  +    ( 1 − δ )  sin    4 π  m    2     −   δ 4     δ 2  + 2  ( 1 − δ )   1 − cos    2 π  m     2      1 −  δ    δ 2  + 2  ( 1 − δ )   1 − cos    2 π  m        2   ,      








respectively, where    μ 2  = arctan      ( 1 − δ )  sin   4 π  m    1 −  ( 1 − δ )  cos   4 π  m       . The wrapped geometric distribution is a simple discrete circular model with the practical advantage of having a closed-form PMF.




3.7. Wrapped Negative Binomial Distribution


Ref. [64] introduced the wrapped negative binomial distribution. Its PMF and CDF are


      P  Θ =   2 π r  m   =  ∑  k = 0  ∞     r + k m + n − 1   n − 1     p 1 n   q 1  r + k m        








and


      F  Θ ≤ y  =  ∑  r = 0  y     r + k m + n − 1   n − 1     p 1 n   q 1  r + k m   ,  y = 0 , 1 , … , m − 1 ,      








respectively, for    p 1  ∈  [ 0 , 1 ]   ,    p 1  +  q 1  = 1  , and   n ∈  Z +   . The nth trigonometric moment is


       m n  =      p 1   1 −  q 1  cos    2 π n  m    + i  p 1   q 1  sin    2 π n  m     1 +  q 1 2  − 2  q 1  cos    2 π n  m      n       








for   n = 1 , 2 , …  . The mean direction, mean resultant length, skewness, and kurtosis are


      μ = n arctan     p 1   q 1     2 π  m      p 1   1 −  q 1  cos    2 π  m       ,      










      ρ =     p 1    1 +  q 1 2  − 2  q 1  cos    2 π  m       n  ,      










       γ 1  =       p 1    1 +  q 1 2  − 2  q 1  cos    4 π  m       n  sin   μ 2  − 2 μ     1 −     p 1    1 +  q 1 2  − 2  q 1  cos    2 π  m       n    3 2    ,      








and


       γ 2  =       p 1    1 +  q 1 2  − 2  q 1  cos    4 π  m       n  cos   μ 2  − 2 μ  −     p 1    1 +  q 1 2  − 2  q 1  cos    4 π  m        4 n      1 −     p 1    1 +  q 1 2  − 2  q 1  cos    2 π  m       n   2   ,      








respectively, where    μ 2  = n arctan      p 1   q 1  sin    4 π  m      p 1   1 −  q 1  cos    4 π  m         . The wrapped negative binomial distribution does not have a closed-form PMF.




3.8. Wrapped Poisson Distribution


Ref. [39] obtained the wrapped Poisson distribution. Its PMF and CDF are


      P  Θ =   2 π r  m   =  ∑  k = 0  ∞     e  − λ    λ  r + k m     ( r + k m ) !        








and


      F  Θ ≤ y  =  ∑  r = 0  y  P  θ =   2 π r  m   ,  y = 0 , 1 , … , m − 1 ,      








respectively, for   m ∈ N  ,   r = 0 , 1 , … , m − 1  , and   λ > 0  . The nth trigonometric moment is


       m n  =  e  − λ  1 − cos    2 π n  m    + i   sin    λ 2 π n  m          








for   n = 1 , 2 , …  . The mean direction, mean resultant length, skewness, and kurtosis are


      μ = λ sin    2 π  m   ,      










      ρ =  e  − λ  1 − cos    2 π  m      ,      










       γ 1  =    e  − λ  1 − cos    4 π  m      sin  λ sin    4 π  m   − 2 μ     1 −  e  − λ  1 − cos    2 π  m        3 2    ,      








and


       γ 2  =    e  − λ  1 − cos    4 π  m      cos  λ sin    4 π  m   − 2 μ  −  e  − 4 λ  1 − cos    2 π  m         1 −  e  − λ  1 − cos    2 π  m       2   ,      








respectively. The wrapped Poisson distribution lacks a closed-form PMF, limiting its practical usefulness.




3.9. Wrapped Poisson–Lindley Distribution


Ref. [65] obtained the wrapped Poisson–Lindley distribution. Its PMF and CDF are


      P  Θ =   2 π r  m   =    θ 2    ( 1 + θ )  m    ( r + θ + 2 )     ( 1 + θ )  m  − 1  + m      ( 1 + θ )   r + 3       ( 1 + θ )  m  − 1  2         








and


      F  Θ ≤ y        =     ( 1 + θ )   m − y − 3       ( 1 + θ )  m  − 1  2    [ 1 −   ( 1 + θ )  m  − θ  m +  ( 3 + y + θ )     ( 1 + θ )  m  − 1             +   ( 1 + θ )   1 + y    − 1 − 2 θ + m θ −  θ 2  +   ( 1 + θ )   2 + m    ] ,  y = 0 , 1 , … , m − 1 ,     








respectively, for   m ∈ N   and   r = 0 , 1 , … , m − 1  . The wrapped Poisson–Lindley distribution was used to analyze the turtle dataset and the Gorleston wind direction dataset discussed by [1]. Additionally, it was applied to a dataset consisting of arrival directions of low showers of cosmic rays, with declination and right ascension as the coordinate system [66]. The goodness of fit of the wrapped Poisson–Lindley distribution was compared to that of the wrapped geometric distribution. The wrapped Poisson–Lindley distribution showed the best fit for the first and third datasets, but not for the second dataset.




3.10. Wrapped Zero-Inflated Poisson Distribution


Ref. [67] introduced the wrapped zero-inflated Poisson distribution. Its PMF and CDF are


      P  Θ =   2 π r  m   =  ∑  k = − ∞  ∞  p  ( r + k m )       








and


      F  Θ ≤ y  =  ∑  r = 0  y  P  θ =   2 π r  m   ,  y = 0 , 1 , … , m − 1 ,      








respectively, for   m ∈ N  ,   r = 0 , 1 , … , m − 1  ,   λ > 0  , and   w ∈ [ 0 , 1 ]  , where


      p  ( x )  =       w +  ( 1 − w )   e  − λ   ,      if  x = 0 ,              ( 1 − w )   e  − λ    λ x    x !   ,      if  x = 1 , 2 , … .           








The nth trigonometric moment is


       m n  = w +  ( 1 − w )   e  − λ + λ  e  i n          








for   n = 1 , 2 , …  . The mean direction, mean resultant length, skewness, and kurtosis are


      μ = arctan     ( 1 − w )   e  − λ  1 − cos    2 π  m      sin  λ sin    2 π  m      w +  ( 1 − w )   e  − λ  1 − cos    2 π  m      cos  λ sin    2 π  m       ,      










      ρ =    w 2  +   ( 1 − w )  2   e  − 2 λ  1 − cos    2 π p  m      + 2 w  ( 1 − w )   e  − λ  1 − cos    2 π p  m      cos  λ sin    2 π p  m      ,      










       γ 1  =   w sin 2 μ +  ( 1 − w )   e  − λ  1 − cos    4 π  m      sin  λ sin    4 π  m   − 2 μ     1 −    a 1 2  +  b 1 2  + 2  a 1   b 1  cos  λ sin    2 π  m        3 2    ,      








and


       γ 2  =   w cos 2 μ +  ( 1 − w )   e  − λ  1 − cos    4 π  m      cos  λ sin    4 π  m   − 2 μ  −    a 1 2  +  b 1 2  + 2  a 1   b 1  cos  λ sin    2 π  m     2     1 −    a 1 2  +  b 1 2  + 2  a 1   b 1  cos  λ sin    2 π  m       2   ,      








respectively, where    a 1  = w   and    b 1  =  ( 1 − w )   e  − λ  1 − cos     2 π  m        . The wrapped zero-inflated Poisson distribution, a more flexible alternative to the one-parameter wrapped Poisson distribution, is useful for directional data with a high number of zero counts.





4. Data Applications


All of the distributions reviewed in Section 2 and Section 3 can be fit by using the package Wrapped due to [9]. The package computes the PDF, CDF, quantile function, random samples, maximum likelihood estimates, standard errors, confidence intervals, and measures of goodness of fit associated with (1)–(2) for any specified g. In this section, we illustrate three data applications by fitting all of the reviewed distributions using Wrapped. In each data application, the following distributions gave the best fits: wrapped exponential, wrapped gamma, wrapped Weibull, wrapped Pareto, wrapped normal, wrapped Cauchy, wrapped Laplace and, wrapped t distributions. Hence, the tables and figures will be limited to these distributions.



4.1. Dataset 1


This data taken from [1] contain arrival times on a 24 h clock of 254 patients at an intensive care unit over a period of about 12 months. The maximized log-likelihood values as well as the corresponding values of AIC and BIC are given in Table 1.



We see that the wrapped gamma distribution gives the best fit in terms of AIC and BIC. The wrapped exponential distribution gives the worst fit in terms of AIC and BIC. These findings are confirmed by the density plots shown in Figure 1.




4.2. Dataset 2


These data taken from [1] contain measurements of the directions taken by 76 turtles after treatment. The maximized log-likelihood values as well as the corresponding values of AIC and BIC are given in Table 2.



We see that the wrapped Cauchy distribution gives the best fit in terms of AIC and BIC. The wrapped Pareto distribution gives the worst fit in terms of AIC and BIC. These findings are confirmed by the density plots shown in Figure 2.




4.3. Dataset 3


These data taken from [1] contain measurements of long-axis orientation of 133 feldspar laths in basalt. The maximized log-likelihood values as well as the corresponding values of AIC and BIC are given in Table 3.



We can see that the wrapped normal distribution gives the best fit in terms of AIC, whereas the wrapped exponential distribution gives the best fit in terms of BIC. The wrapped Pareto distribution gives the worst fit in terms of AIC and BIC. These findings are confirmed by the density plots shown in Figure 3.





5. Conclusions


In this paper, we have reviewed 45 wrapped distributions for continuous circular data and 10 wrapped distributions for discrete circular data by listing their probability density/mass functions, cumulative distribution functions, trigonometric moments, mean directions, mean resultant lengths, skewness, and kurtosis (whenever they are available). We have also discussed data applications and limitations of the reviewed distributions. This paper could be a source of reference and may encourage further developments in the area of wrapped distributions.



Future work may provide similar reviews for wrapped bivariate distributions, wrapped multivariate distributions, wrapped matrix variate distributions, and wrapped complex variate distributions. Another future possibility is to write R packages for fitting wrapped bivariate distributions, wrapped multivariate distributions, wrapped matrix variate distributions, and wrapped complex variate distributions.
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Figure 1. Histogram of the data and fitted densities for dataset 1. 
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Figure 2. Histogram of the data and fitted densities for dataset 2. 
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Figure 3. Histogram of the data and fitted densities for dataset 3. 
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Table 1. Fitted distributions and values of   log L  , AIC, and BIC for dataset 1.






Table 1. Fitted distributions and values of   log L  , AIC, and BIC for dataset 1.





	Distribution
	    log L    
	AIC
	BIC





	Wrapped exponential
	−468.6
	939.2
	942.8



	Wrapped gamma
	−436.9
	877.8
	884.9



	Wrapped Weibull
	−441.0
	886.1
	893.1



	Wrapped Pareto
	−446.1
	896.2
	903.3



	Wrapped normal
	−438.5
	881.1
	888.1



	Wrapped Cauchy
	−443.6
	891.2
	898.2



	Wrapped Laplace
	−443.4
	890.8
	897.9



	Wrapped t
	−438.5
	883.1
	893.7










 





Table 2. Fitted distributions and values of   log L  , AIC, and BIC for dataset 2.






Table 2. Fitted distributions and values of   log L  , AIC, and BIC for dataset 2.





	Distribution
	    log L    
	AIC
	BIC





	Wrapped exponential
	−122.3
	246.7
	249.0



	Wrapped gamma
	−119.6
	243.2
	247.9



	Wrapped Weibull
	−120.6
	245.3
	249.9



	Wrapped Pareto
	−135.9
	275.8
	280.5



	Wrapped normal
	−125.1
	254.1
	258.8



	Wrapped Cauchy
	−113.9
	231.9
	236.6



	Wrapped Laplace
	−116.7
	237.3
	242.0



	Wrapped t
	−113.7
	233.5
	240.5










 





Table 3. Fitted distributions and values of   log L  , AIC, and BIC for dataset 3.






Table 3. Fitted distributions and values of   log L  , AIC, and BIC for dataset 3.





	Distribution
	    log L    
	AIC
	BIC





	Wrapped exponential
	−243.9
	489.8
	492.6



	Wrapped gamma
	−243.9
	491.8
	497.5



	Wrapped Weibull
	−243.9
	491.8
	497.5



	Wrapped Pareto
	−247.6
	499.2
	505.0



	Wrapped normal
	−242.4
	488.7
	494.5



	Wrapped Cauchy
	−242.7
	489.5
	495.3



	Wrapped Laplace
	−243.9
	491.9
	497.6



	Wrapped t
	−242.4
	490.7
	499.4
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